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Abstract: Let (g5);>0 be a sequence of independent p—dimensional random vectors and
7 > 1 a given integer. From a sample €1,---,e74, of the sequence, the so-called lag-
auto-covariance matrix is Cr = 71 Zj:l Ertj 53.. When the dimension p is large compared
to the sample size T', this paper establishes the limit of the singular value distribution of
C; assuming that p and T grow to infinity proportionally and the sequence has uniformly
bounded fourth order moments. Compared to existing asymptotic results on sample covari-
ance matrices developed in random matrix theory, the case of an auto-covariance matrix
is much more involved due to the fact that the summands are dependent and the matrix
Cr is not symmetric. Several new techniques are introduced for the derivation of the main
theorem.
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1. Introduction

Let e1,...,er4+ be a sample from a stationary process with values in RP. The p x p matrix
1 X
C, = T ZeTﬂ-eé, (1.1)
j=1

is the so-called lag—7 sample auto-covariance matriz of the process (here u® denotes the transpose
of a vector or matrix ). In a classical low-dimensional situation where the dimension p is assumed
much smaller than the sample size T, C; is very close to EC, = Ee14.,£% so that its asymptotic
behavior when T' — oo (so p is considered as fixed) is well known. In the high-dimensional con-

text where typically the dimension p is of same order as T, C'; will not converge to EC, and
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its asymptotic properties have not been well investigated. In this paper, we study the empirical
spectral distribution (ESD) of C;, namely, the distribution generated by its p singular values.
The main result of the paper is the establishment of the limit of this ESD when (¢;) is an inde-
pendent sequence with elements having a finite fourth moments while p and T grow to infinity
proportionally.

In order to understand the importance of the limiting spectral distribution (LSD) of singular
values of the auto-covariance matrix C;, we describe a statistical problem where these distributions

are of central interest. A recent paper Lam and Yao [8] considers the following factor model

where {z;; 0 <i < T} is an observed p-dimensional sequence, {f;} a sequence of m-dimensional
“latent factors” (m < p) uncorrelated with the error process {¢;} and p € RP is the general mean.
A particularly important question here is the determination of the number m of factors. For any
stationary process {w;}, let ¥, = cov(w;, w;—1) be its (population) lag-1 auto-covariance matrix.
We have

Y, = AX A"
It turns out that X, has exactly m non-null singular values so that based on a sample xg, x1,...,x

it seems natural to infer m from the singular values of the sample lag-1 auto-covariance matrix

r, = ZAfj+€] Af] 1+¢€5- 1)

T T
1 1
= Zfa joa | AT+A TE:fﬁ;‘q + TE eiff 1 | AT+ Cy .
=1 o

Because A has rank m, the first three terms all have rank bounded by m and I', appears as a
finite-rank perturbation of the lag-1 auto-covariance matrix C; which in general has rank p > m.
Therefore, understanding the properties of the singular values of C; will be of primary importance
for the understanding of the m largest singular values of the matrix of I';, which are, as said above,
fundamental for the determination of the number of factors m. Actually in a following paper in
Li, Wang and Yao [9], we established a phase transition phenomenon: a factor singular value [;
of I';, will tend to a limit outside the support of the LSD of C if and only if the corresponding
population factor strength exceeds some critical value. Based on this transition phenomenon, we
proposed a consistent estimator of the number of factors by counting the number of eigenvalues
lying outside that support. Notice however that this statistical problem is given here to describe
a potential application of the theory established in this paper, but this theory on singular value
distribution is general and can be applied to fields other than statistics.

If we take 7 = 0 in (1.1), the matrix S = + Zle gj¢5 is the sample covariance matrix from

the observations. The theory for eigenvalue distributions of S has been extensively studied in
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the random matrix literature dating back to the seminal paper [11] where the famous Mardenko-
Pastur law as limit of eigenvalue distributions has been found for a wide class of sample covariance
matrices. Further development includes the almost sure convergence of these distributions ([13])
and conditions for convergence of the largest and the smallest eigenvalues. Meanwhile, book-length
analysis of sample covariance matrices can be found in [3], [1], [12] and [5]. The situation of an auto-
covariance matrix C; is however completely different. We know only four references treating auto-
covariance matrices, [6], [4],[14] and [10]. All the references considered the LSD of the symmetrized
auto-covariance matrix B = %(CT + Ct). The former three assumed that the vectors €1, , e,
are independent, while the latter allowed them to be temporally dependent. It is noticed that
the singular value of C are not directly comparable to the eigenvalues of the symmetric part B.
Indeed, let A = 1(C; — C!) be the anti-symmetric part of C;. Then C;C% = B? — A% and we
see that the square of the singular value of C; and the square of the eigenvalue of B are different
precisely because C is not symmetric, that is A #£ 0.

Technically, there are basically two major differences between C,. and S. First, while S is a non-
negative symmetric random matrix, C; is even not symmetric and we must rely on singular value
distributions which are in general much more involved than eigenvalue distributions. Secondly,
because of the positive lag 7, the summands in C; are no more independent as it is the case
for the sample covariance matrix S. This again makes the analysis of C, more difficult. As a
consequence of these major differences, several new techniques are introduced in the paper in order
to complete the proofs, although the general strategy is common in the random matrix theory (see
Bai and Silverstein [3], Pastur and Shcherbina [12]). For example, the characterization of the
Stieltjes transform of the limiting distribution is obtained via a system of equations due to the
time delay 7 where for the case of sample covariance matrix, the characterization is given by a
single equation([11], [13]).

The rest of the paper is organized as follows. The main theorem of the paper is introduced
in Section 2. Section 3 details the proof of the main theorem when time lag 7 = 1. Section 4
generalizes the proof from time lag 7 = 1 to any given positive number. Meanwhile, in contrast to
other aspects discussed above, the preliminary steps of truncation, centralization and standard-
ization of the matrix entries are similar to the case of a sample covariance matrix. They are given

in Appendix A. To ease the reading of the proofs, technical lemmas are grouped in Section 5.

2. Main Results

In this paper, we intend to derive the limiting singular value distribution of the lag—7 auto-
covariance matrix defined in (1.1). It will be done in two steps. We derive the main result first

for the lag-1(7 = 1) sample auto-covariance matrix C; = % Zthl gjef_y. It turns out that the
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general case 7 > 1 is essentially the same and the extension is easily obtained. The details of the
extension are given in Section 4.

Therefore, we consider the lag-1 sample auto-covariance matrix C = % erzl 5]45;71. By defi-
nition, it is equivalent to study the limiting spectral distribution (LSD) of the matrix

T T

1
A=CCl = ﬁ(z 5j5§71)(z aj,laz-).

j=1 j=1
Alternatively,

1

A= XYY Xt

T2
where X = (g1, - ,ET)pr, Y = (gq, - ,sT_l)pr. Here we define a modified version of the A
matrix,

1 P P
B=Y'YX'X = > spst > e,
j=1 j=1

where s; = ﬁ (€j0,€41," ,€j7T_1)t is the j-th row of Y, and r; = ﬁ (€j1,€52, - ,5j7T)t the

j-th row of X. As A and B have same nonzero eigenvalues, the LSD of A can be derived from the
LSD of B.

The main result of the paper is
Theorem 2.1. Let the following assumptions hold:

(a) &; = (€14, - spi)t ,1=0,1,2,--- ,T are independent p-dimensional real-valued random vec-
tors with independent entries satisfying condition:
E(ei) =0, B(e%) =1, sup E (|5it|4+5) < M,
1<i<p,0<t<T
for some constant M and arbitrarily small positive 8;

(b) As p — oo, the sample size T =T (p) — oo and p/T — ¢ > 0.
Then,

(1) as p, T — oo, almost surely, the empirical spectral distribution FP of B, converges to a non-
random probability distribution F whose Stieltjes transform x = z(a), a € C\ R, satisfies
the equation

o?2® =20 (c—1)a*+ (c— 1)’z —az—1=0. (2.1)

(2) Moreover, for « € Ct = {z : Jmz > 0}, equation (2.1) admits a unique solution o — ()

with positive imaginary part and the density function of the LSD F is:
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1 5(c—1)2  2Y3@Bu+ (c— 1)) (c—1) 223(c—1)d(u)"/3
fw) =24 {_“ T3 3d(u)1/3 3
1/3(34 4 (¢ — 1)2 2y 1/2
+ % [—8(c— 4 22 ((;u;/g Sa 22/Bd(u)”‘r”} } :

where d(u) = —2(c — 1)® + 9(1 + 2¢)u + 3v/3/u(—4u2 + (=1 + 4c(5 + 2¢))u — de(c — 1)3).

Moreover, the support of f(u) is (0,b] for 0 < ¢ <1, and [a,b] for ¢ > 1, where
1 1
a=g(-1+20c+ 8¢z — (1+8¢)%?), b= g(-1+20c+ 8¢ + (1 +8¢)*/?).

It’s easy to check that when ¢ < 1, the LSD of B has a point mass 1 — ¢ at the origin since
rank(B) = p < T for large p and T, and at the same time we have

b
(wWdu=r¢, 0<ec<l,

f
0,
/ flwdu=1, c¢>1.

Since the matrix A we are interested in has the same non-zero eigenvalues as B, the following

proposition holds.

Proposition 2.1. Under the conditions of Theorem 2.1, the ESD of A converges a.s. to a non-
random limit distribution

1 1
F=_F+(1- )&,

ot
whose Stieltjes transform y = y(a), a € C\ R, satisfies the equation

o2y +aclc—1)y  —ay—1=0.

In particular, F' has the density function

1
—f(u), we (0,b], for 0 <ec<1,
c
1
—f(u), u € [a,b], forc>1.
c
where in the later case ¢ > 1, F has an additional mass (1 — %) at the origin.

The following details the density function of LSD of A for different values of c.

e When ¢ =1, the support is 0 < u < % and the density function is

u d(u)'/? 7'
—u+3 (22/3d(u)1/3 + 6 x 21/3) ’

where d(u) = 27u + 3v/3 x /u(—4u2 4 27u). It’s easy to see that as u — 0, f(u) — oo.

o If ¢ < 1, it can be seen from the explicit form of f(u) that when v — 04, %f(u) — 0

1 1
Ef(“)za

because the u in the denominator of the density function cannot be completely canceled out.
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e If ¢ > 1, the shape of the density function turns out to be a little different from the case
¢ < 1. Nevertheless it’s quite intuitive because the lower bound of the support is positive

and the density function is bounded.

The density functions of LSD of A for ¢ = 0.5, 1,2, 3 are displayed on Figure 1.

Density function{c=0.5) Density function{c=1)
7 B
B 5
A
4
S 4 =
T T3
= 3 =
2
2
1 1
b=2.77 bh=f.7§
a L 0
] 1 2 3 4 0 2 4 5 g
u u

Density function{c=3)

{1/e3u)

40

F1c 1. Density plots of the LSD of B.Top to bottom and left to right: ¢=0.5,1,2 and 3, respectively

3. Proofs
3.1. Proof of Theorem 2.1

The proof of the theorem follows the general strategy based on the Stieltjes transform as presented
in Silverstein [13], Bai and Silverstein [3] and Pastur and Shcherbina [12]. However, the random
matrix B here is no longer a covariance matrix as considered in these references. Almost all the
steps of the proof need new arguments and ideas compared to the case of sample covariance
matrices considered so far in the literature. Following this method, the first step is to truncate the
entries {¢;;} at a convenient rate using Assumption (a). After truncation and the follow-up steps

of centralization and standardization, we may assume that, for some constant M, n and arbitrarily
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small 9,

leij] < nT/4, E(e;;) =0, Var(s;j) =1, sup E (|5ij|4+5) < M.
1<i<p,0<;<T

The details of these technical steps are given in Appendix A.
By the rank inequality (Theorem A.44 of [3]), it is enough to consider

B = Zspé Zrﬂ"; = Plc'PfC',

j=1 j=1
where

slzPr-:i(Os- cee s )t OZXP:S.S? C’:ir-rt- P = 0 0

J 175 \/T » il » <5, T—1) » = 795 = VANE 1 Ly ©
At this stage, the important observation is that here we have replaced s; = ﬁ (£j0,€j1, 7 yE5m—1)"
by 5; = ﬁ(o,sﬂ, -+ ,g5r—1)" without altering the LSD of B since when T' — oo, the effect of

this substitution will vanish. For the sake of convenience, we still use s; to denote §;.

For ae € C\ R, define

B(a) = Z s;8" errj» — olr.

j=1 j=1
Let

= Lu(B @), wo=tr(CB (), 2= =tr(B()C)

J}Q—T’I" O[, yo—TT Oé, ZO—T’F (0] .

The method consists in finding a system of two asymptotic equations satisfied by xy and yp.
Solving the system yields an asymptotic equivalent for x¢ and finally leads to the equation (2.1)
satisfied by the limit of zg. Meanwhile, x( is the Stieltjes transform of the matrix B which can be

recovered from the inversion formula.

Let
B (a) = ZsksLZrirf —alp, C;j=C-—s5st, C;=C—ryt, 1<j<p,
k#j i#£]
then
B(a) = Bj (a) + Z sjshrirt + Z kST 4 8585TTY
oy oy
= Bj(a) + 5j5§6~'j + C’jrjr§- + sjsg-rjr;.

We have

p P
I+ = B(a)B™ (o) = ZSJS? Zrﬂ"; B7'(a) —aB™' (a).

j=1 j=1

Taking the trace and dividing both sides by T, we get
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1 & A 1 _

1= 7 Z siCB™ (o) s; — ozftr (B~ (). (3.1)
j=1

Note that zo = %tr(B~1(a)) is the Stieltjes transform of the ESD of the matrix B, and its limit

will be found by letting p, T — oo on both sides of the equation.

Consider sz-C'B_l (c) s, using the identities

-1
m B—la
B-l—Zabt a = = —— ,
= 1+> 0,058 a
we have
A tC (B (o) + Cyryrt) " 's;
850371 (Oé) S] = (~ ]( ) 7% ]) 71_]
14 s5C (Bj () + Cyryrt) s
g 1
=1- _ _ _
L+ 5505 (Bj (@) + Cyryr}) s + siryry (Bj (@) + Cyryry) s

1
:1—77
14+Li+ Lo

where L and Lo are implicitly defined.

For Li, by the following equation
B'-D'=B'(D-B)D™,
and Lemma 5.1, or equivalently by Lemma 2.7 of [2], we have
L1 = s
C;B: ' (a)s; — 5§-C~’j3j (a)" Cyryrs (B; (o) + erjr}%)il 85
1

- e stCiB; ! (a) Cyryrt By () s;
1+ 7B (o) Cyry

For Ly, we have

5§-rjr§-Bj_1 () C’jrjr;Bj_l(oz)sj

1+ T;B{l (Oé) Cj’l“j

(rtP{r;) - wtr (B H()Cy) - #tr (B () Pr)
1+ %tr (Bj_1 (@) C'j)

Ly = strjrt (Bj () + Cyrjrt) ' sj = shryri By (a) 55 —

A AN]

L (B; ' (o) P1) —

= (5Pn) - e (5

+ Oa.s.(l) = Oa.s.(1)~
Therefore, by equation (3.1), we have

1+ a%tr(B_l(a)) — 0us (1)+ (3.2)

1,
- L+ Ztr(B~1(a)C)

(1 + %tr (Bl(a)C)) (1 + ;W(C‘BW@)) - %tr (CB~1(a)CP}) - %tr (B~ (a) Py)

Nl
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Here, we have used the following equivalences, uniformly in j, as p, T — oo,

%t’l" (B;l (a) Cg) =20+ Oa.s.(]-)a
%tr (B; ' (@) = 20 + 04.s.(1),
%“" (CiB;7 ' () = yo + 0a.s.(1).

Similar to equation (3.1), we have

Z a)Cr; — a%tr (B~ (). (3.3)

H \

Considering réB_1 (a) Crj, we have

rt (B, (a) + s;s
réB_l(oz)C’rj: ]( i (@) + 5

=1—-

L1 (Bj () +5585C5) " Cyry 7% (By (0) + 5;85C5) ™ sjstr
1
1+W1+W2’

!

where Wy and Wy are implicitly defined.

For W1, we have

Wi = 7k (Bj(a)+s;565C;) " Cyry
1 (a) Cjr; — erj_l () sjsz-é'j (Bj () + sjsﬁé’j)_l Cjr;
rg-Bj_l () sjsg-éij_l (o) Cyr;
1+ sg-C'jB»_l (@) s,
_ gtr (C3B7 ! (o) CiPY) - gtr (B; (o) Pr)
1+%tr(CjB (@)~ )

+ 04.5.(1).

For W5, we have

Wy =71t (B (o) + sjsééj) ! 5785

i T’J*TB ( )sjsgv'rjf

rﬁB{l( a) s; ]CB Ha )838§7"J
! )s

1+ sijBj (a)s;
(séPfsj) . %tr (CN’jB;l(oz)) . %tr (B;l () Pl)
1+ 5tr (C;B; (@)

= (s4Ps;) - et (B} (@) ) - + 0. (1) = 04.0.(1).

Therefore, by equation (3.3), we have

1+ a%tr(B’l(a)) — 0ns (1)+ (3.4)

1 1 ~
- 1+ Ttr(B ()C)

(1 + %tr (Bl(a)C’)) (1 + jl,tr(C'Bl(a))> - %tr (CB~1(a)CP}) - %tr (B~ (a) P1)

Nl
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Thus, according to equations (3.2) and (3.4), we have

1 ~ 1

—tr(B7(a)C) = =tr(B~Y(a)C) + 04.5.(1).

T T

%tr((i'_, B;l((y)(/'_, Pr)%t'r(B;l ((}')Pl)
1+%tr(Bj(a)_le)

Ftr (PfC'ij (a)" Cj) and £ tr (Bj (o)™ Cj) are non-negative and bounded as p, T — oo, there-

is 04.5.(1) since both

By Lemma 5.2, the second term of L,

fore,

1 P
L, = Ttr (C’ij 1(04)) + 04.5.(1) = yo + 04.5.(1).

Finally, by equation (3.2), we find

p 1
1 ==1(1- 1). 3.5
+ axg T( 1—|—y0>+0a's'( ) (3.5)

To find a second equation satisfied by zg and yg, using Lemma 5.1 and Lemma 5.2,

S = + 0a.5.(1
T z_:l L rﬁBJl(a)sjs§-C]B71(a)erj S
=1+ By (a)Cyry — =
1+ sLC;B; (a)s;
1
—tr(B~H(a))
— % . Tl + 04.5.(1)
1+ ftr(Bfl(a)C’)
This leads to
p Lo
= 5" + Oa.s. 1). 3.6
=2 o) (3.
In conclusion, (zg,yo) satisfy the system
€Yo
14+ axg = + 1),
0 + a.s ( )
CX(
+ a.s. 1 .
Yo 1+ 40 (1)
Notice that for any T, |zo| < \jmil(aﬂ is bounded, and by equation (3.6), |yo| is also bounded as

T — oo, otherwise (3.6) cannot hold. Therefore, both {x¢} and {yo} are bounded sequences. Let
be two subsequences {x:_ },{yt,} so that x;, — x and y, — y as n — oo. It can be concluded

that the limiting functions (x,y) satisfy the system of equations:

cy
l+ar=—"— (1
14y (1)

Cx

(2)

y:
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By eliminating y, we finally find the equation (2.1) satisfied by the limiting function z. Denote
by F all the analytic functions {f : CT — C*}. Because according to the following proof we have
one unique solution on F that satisfies equation (2.1), the whole bounded sequence {zo} has one
unique limit z in F.

As for the second statement of Theorem 2.1, in order to find the density function of the LSD F

of B, we use the inversion formula:

o1 .
flu) = s1_1%1+ —Jmz (u + ie)

where z () is the Stieltjes transform of F. Write

lim z(u+ i) = Y(u) +ip(u),

e—04

both 1 and ¢ are real-valued functions of u. By substituting o = u + i, x = 1) + i¢ into equation
(2.1) and letting € — 04, both the real part and the imaginary part of the LHS of equation (2.1)
should equal to 0, i.e.

u2¢3—3u2¢-¢2—2u(c—1)(¢2—¢2)—(u—(c—1)2)¢—1:0 (3)

—u?¢? + 3uP? —du(c— 1)y — (u —(c— 1)2) =0 (4)
By plugging (4) into (3), we get
2,3 2 2 2(c—1)°
—8u Y’ + 16u(c — 1)¢p* + (2u — 10(c — 1)*)p + ———— —2c+1 = 0.
u
Solving this equation and substituting for ¢ in (4), we get
132 4/3 12 (e — 1 2/3( . _ 1/3
62(u) = % o 5(c—1)*  23@Bu+(c—1)%)(c—1) n 223 (c — 1)d(u)
u 3 3d(u)t/3 3
1 2 x 21/3(3u + (c — 1)2) 2
N -1 22/3 1/3
+ 18 [ 8(c—1)+ FTOLE + d(u) ,

2 (u) = 1 {_u_ 5(c—1)? Ll +iv3 2Y3Bu+ (c—1)*)(c—1) N 1—iv3 22/3(c—1)d(w)'/?

2 2 3 2 3d(u)l/3 2 3
+418[_8(6_1)+1+2i\/§.2X21/3§?Z)—1’_/§c_1)2)+1_2i\/§.22/3d(U)1/3:|2}’
) 1 5(c—1)2 1—-4iV/3 2*3Bu+ (c—1?)(c—1)  14+iv3 223(c—1)d(u)'/?3
)= g - NG LB 2RO e | 1S 2R
s % [_8(6_1)+1—21'\/3.2><21/3((i?z)41—/§c—1)2)+1+2i\/§.22/3d(u)1/3r}7

d(u) = —2(c — 1)® + 9(1 + 2¢)u + 3vV3/u(—4u2 + (=1 4 4¢(5 + 2¢))u — 4c(c — 1)3).  (3.7)
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It can be checked that only the first solution is compatible with the fact that both ¢ and ¢ are

real-valued functions of w, i.e.

a1 5(c—1)2 243Bu+ (c—1)H)(c—1) 223(c—1)d(u)'/?
o(u) =2 {_“ T3 3d(u)1/3 3
1/3(3 4 (¢ — 1)2 ] RE
N % [—8(0— 1+ 2% 2 ;?U)T/;g 1)%) +22/‘5d(u)1/3] } '

From the explicit form of ¢?(u) we see that, necessarily,
u(—4u? + (=14 4e(5 + 2¢))u — 4e(c — 1)3) > 0,
since u > 0. Solving this quadratic inequality, we get two roots,
a= é(—1 +20c+ 82 — (1+8¢)%?), b= é(—l +20c + 8¢% + (1 + 8¢)%/2). (3.8)

It’s very easy to see that a is an increasing function of ¢ and a = 0 when ¢ = 1.

In other words, if 0 < ¢ < 1, f% < a < 0, then the support of the density function should be
(0,b). If ¢ > 1, a > 0, then the support of the density function is (a,b).

Then the density function of the limiting spectral distribution of the 7' x T" dimensional multi-

plied lag-1 sample auto-covariance matrix B is

1 5(c—1)2  243Bu+ (c—1)%)(c—1) 2%3(c—1)d(u)'/?
f(“)_m{_“_ 3 3d(u)1/3 * 3
1/3(3 4 (¢ — 1)2 2)1/2
& [ s 22 e )

where 0 < u < b, for 0 < ¢ <1and a <u <b, for ¢ > 1, with (a,b) given in equation (3.7)
and d(u) given in equation (3.8). Therefore, equation (2.1) admits at least one solution o +— z(«)
that corresponds to this density function of the LSD F. As for the uniqueness, suppose there
exists another solution z(«) that satisfies equation (2.1), then there should be another density
f1(u) that corresponds to x1(«) while fi(u) # f(u). However, it can be seen from the previous
deductions that the density function is unique. Therefore, fi(u) = f(u), 1(a) = z(«). Equation

(2.1) admits one unique solution.

3.2. Proof of Proposition 2.1

Under the same conditions in Theorem 2.1, the ESD of A converges to a non-random limit
distribution F with Stieltjes transform y = y(a). On the other hand, the ESD of B converges to

F with Stieltjes transform = = z(«a) satisfying

2z —2a(c—1)2? + (c— 1)’z —ax — 1 =0.
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Since it’s known that

1 1
F=-F+ (1 - 7)607
C c

conclusively we have
1
(1= e)(=) +eyla) = a(a)
Substituting into the equation of x we can get the equation of y, which is

o2y +aclec—1)y* —ay —1=0.

4. Extension to lag-T7 sample auto-covariance matrix

So far in previous sections, we have focused on the singular value distribution of the lag-1 sample
auto-covariance matrix C; = 71 Z?:l Ejfé-il, while in this section, for any given positive integer
7, we discuss the singular value distribution of the lag-7 sample auto-covariance matrix C
T-1 Z]T:l jE5_.

Here we follow exactly the same strategy used in the derivation of the LSD of the lag-1 sample
auto-covariance matrix. It’s easy to see that the difference between Cy and C lies in that we have

now for C,

=Plr;= 0,---,0,e51, -+ ,€jr—7), B:ZSJS Zrﬂﬁ PIC(PI)C.

J=1 Jj=1

\F

T 0's
Meanwhile, the other matrices and notations remain the same using however the new definition
of the s;'s above. Consequently, equation (3.2) becomes

1+ a%tr(Bfl(a)) = 04.5.(1)+ (4.1)

1 -1
. 1+ Ttr(B ()C)

Nl

<1 ¥ tr (Bl(a)C’)) (1 4 ;W@Bl(a») — 2t (OB (@) C(Py)') - Zir (B (a) PY)

Equation (3.4) becomes

1+ Oz%tr(B’l(a)) = 04.5.(1)+ (4.2)

1+ tr(B~'(a)C)

C
(1 + %tr (Bl(a)C)) (1 + %tr(CB ) - —tr ( P{)t) - %tr (B~!(a) PT)

1—

Nl

Thus, according to equation (4.1) and (4.2), we still have

1 S D
Fr(B™H()C) = =tr(B™(a)C) + 00.s.(1).
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Meanwhile, by Lemma 5.3, we still have

1
Tﬁ(B*@ﬂ{):%&uL (4.3)
then by equation (4.1), we have
p 1
1 ==(1- a.s.(1). 4.4
+aa =1 (1= )+ o) (44

Similarly, as for the second equation satisfied by z¢ and g, equation (3.6) persists.

_ P _*
T 14+yo

Yo + Oa.s.(l)' (45)

Therefore, the system of equations satisfied by zg and gy, remains the same when the time lag
changes from 1 to 7. In other words, for a given positive time lag 7, the singular value distribution

of C is the same with that of C; established in Theorem 2.1.

5. TECHNICAL LEMMAS

Lemma 5.1. Under the same assumptions in Theorem 2.1, we have, for any fired k, 1 < k < T,

V1 < j <p, almost surely,

$iB; (a)sj = tr(ByH(a) + 0a.s. (1), (5.1)
ﬁgﬂ@ﬁmz%m@ﬂ@ﬁymmuy (5.2)
HCyB (@) Py = 2itr(CoB; (0)PE) + 00, (1), (53
st B ()Cys; = %tr(Bgl(a)Cj) + 0a.6.(1), (5.4)

where the 045 (1) terms are uniform in 1 < j < p.

Proof. We detail the proof of (5.1) and the proofs of (5.2), (5.3) and (5.4) are very similar, thus

omitted.
Denote Bj_l(oz) by (yu) =Y, s; = ﬁ(%‘o, -+ ,g5r—1)", then we have
1 1
lyre|l < =, lewel <nT'%, sup E|5it|4+§ <M,
v 1<i<p,0<t<T
where v is the imaginary part of «.

Following the scheme of Lemma 9.1 of [3] it’s easy to see that
2r
2r

1
E sz-Ysj - ftr(Y)

1 & 1 &
=E T kzl;l Ejk—1YRIEj -1 ~ ;ykk

2r

1
2
=E (€ k—1 — Dy + T > eik-1Ungji
1 o
E|S;[*" + E|S, |

2 )

N
M=

>
Il

=E|S; + S| <27
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where

1
51 = TZ Sh—1— DYk S2= 7% > YkEik-1801,

k=1 1<k#£I<T

What’s more,

T
. 1
E[S[*" =E T Z(E?,k—l — D)ykk

—1
S — : : z : 27" 'H ]kl 1 ) yklk)l
t=1 1<k << ST frd i =2r
122, iy >

1 2r)! T )4

§T2r. ZTZ Z (tr)-|.]\4t(77 41)4,5
v i1t ig=2r Hl:1 u- (77T4)
122,122

L1 ZT por e (TE) 1

S T27‘ . ,UQT 2 Tt*"M (nTi)th = O(F),

1
2T e — . . e . . .. .. . . e .. .. . .
E[Se|*" = T2r E Yiri Yeaby " Yipjo Yt B(E,01€5,51 €0 €y " €4,60€5,50 €t €l )-

Consider a graph G with 2r edges that link i; to j; and I to k¢, t = 1,--- ,r. It’s easy to see that
for any nonzero term, the vertex degrees of the graph are not less than 2. Write the non-coincident
vertices as vy, - , Uy, With degrees py,--- ,p,, greater than 1, then, similarly in Lemma 9.1 of Bai

and Silverstein [3], we have,

(nT%)2(2r—m)’

IE(€5,i1 5,51 €461 €+ €4sinEginEditr €t )| <

- 1 1

1 .
ElSZ‘Qr < m Z Tm/Q(nTZ)2(2r—m)m4'r — O(ﬁ)

m=2

Therefore, by the Borel-Cantelli lemma, we have, V1 < 5 <p,

$5Bj(a) sy = tr(By(a) ™) + o0 (1),

where the 0,4.5.(1) terms are uniform in 1 < j < p. O
Lemma 5.2. Under the same assumptions in Theorem 2.1, we have, V1 < j <p, 1 <k <T-1,
almost surely,

J

T‘tB] (a )P1 r; = ;tr (B_1 () Plk) + 04.5.(1) = 04.5.(1),

. 1 .
T;»C’ij_l(a)Plkrj = Ttr (C’B_1 () Plk) + 04.5.(1) = 04.5.(1),
where the 0,45 (1) terms are uniform in 1 < j <p.

Proof. Notice that, for 1 <k <T —1,

P = , Plk = , PlT =0, Sj = Pl’l“j.
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Here Pl represents the T'th power of the T' x T matrix Py, we use P{ to denote the transpose of

matrix P;. Denote, for 1 <k < T,

1 -1 _ 1 -1 _ -1 —
Ttr (B~ (a)) := o, Ttr (B~ (a)C) = =tr (CB~(a)) := o,

Ttr (B_l(a)Plk) = Ty,
It’s easy to see that

rr =Yyr = 0.
In addition, since
1 1 1
(BA—al){ —B(AB—aol) " A— -1
@ @
1 _ _ 1
=-BAB(AB—ol) ' A—B(AB—al) ' A— —BA+1
@ @
1 1
——B (I+ a(AB — aI)*l) A-B(AB—al) ' A— —BA+I=1,
@ @
the following equation holds

B(AB —ol)™*A =1+ a(BA —al) ™%, (5.

ot
ot
=

then we have, for any 1 < j < p,

siCi By H(@)Ciry = 5C; (CC; — olr) " Cjr
= - 8;- (éjCj — OéIT)_l ’I’j + S;Tj + Oa.s.(l)

= - Ij (CJCN’J — (XIT)_l Sj + 0u4s.(1)

1
= ()[ftT(Bil(a)Pl) + 0(1,45.(1) = axy + O(I-S»(l)'

Now we can derive the recursion equations between xj and yy.
Firstly, for x, 1 <k < T — 1, since
P

p
Pf= > ssiy rri | BN @)Pf —aB ™' (a)PY,
j=1 J

)
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taking the trace and dividing by 7" on both sides of the equation, we get

I
—
gf’L
@)
3
2
9
>
QCr
I
Nl
V)
Sk
@}
—
&
B
_|_
8
_w*,
m.ﬁ.w
+
QOD
'wdbu.
@)
~—
|
-l
&

—1 .
(Bj(e) +Cjryry) " Phs;
— —1
1€ (Bile) + Cyryrf) T,
1 & stCi (Bi(a) + Coryrt) ™! Pl
L~ G (Bile) + Corarg) Psi g

— —~ —1
TS 145G (Bj(a) + Cyryrf) s

.SSCV]BII(Q)CJTJY;B;l((X)Plké]

1 1+ o t A p—1 k
=— : s:C;B: () Pl's; — — + 04.5.(1)
T = (1 + y())2 — (YCI% I L 1+ T;Bj 1(()4)Cj7’j
D 1T+ o 1 A y—1 k ary 1 -1 k41
=~ |—tr(CB P — - —tr (B P, a.s. (1),
i | prCB @R = (25 L (57 @) PEY)| 0 )
i.e.
p L+ P azy
_pr __ 7% ., P we(1), 1<E<T—1. (56
W= (14 yo)? — aa? Yk (14 yo)? — aa? Zht1 + 0. (1) (5:6)
In particular, for K =T — 1, we have
P L+o
== yp_ a.s.(1). 5.7
WIA= T Ty —aay Yt F s ) (5.7)
Similarly, for yg, 1 < k < T,
1 A1 k
Yk = Ttr (C’B (a)Pl)
1 - tp—1 k 1 tp—1 k
= ?tr erer ()P | = ?ZTJB (o) Py'r;
j=1 j=1
=\ —1
1 rt (B;(a) + s;stC Py
—TZ J( ]( ) 17 ]2 711 J +0a.s‘(1)
=1+ 7‘5» (B](a) + S]SEC]) Cjr;
1< 1 rtB71(a)s;stC; BT (o) Phr;
_72 +2yo . T?Bil(a)PlkT]— 305 ( )tJNj J71] ( ) 175 Oas.(l)
T (L +yo)? —aw 1+ sC;B;  (a)s;
P L+ 1 -1 k T ~ -1 k-1
— £ —tr(B — —tr (CB P, a.s 1 )
e g B @) - TE o OB @A) o)
i.e.
P 1+ yo p T1
_ P 2T P T 4 0us (1), 1<k<T-1. (58
=T Oryp)—az? 7T (A +y)?—a? Uit + 0as. (1) (58)
Particularly, for £k = T, we have
P 1+ yo P T
A T VSN () 5.9
Y= T T dger—a? TTT Ty —am Y1t Hoesd) (5.9)

Note that

zp =yr =0,
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so we have either 21 = 04.5.(1) or yr—1 = 04.5.(1).

If 21 = 04.5.(1), let (k= 1) in equation (5.8), then we have y; = 0,.5.(1), we denote it by

= 0q.s 1 : = Oq.s 1
21 = 04.5.(1) = (1)
consecutively, we have
(5.6) (5.8) (5.6) (5.8)
— Oq.s 1 = Oq.s. 1 - a,.s.l = Oq.s. 1 = Oq.s. 13
Y1 = 0q.5.(1) iy 2T (1) iy T (1) iy O (1) iy BT (1)

Then, recursively, we have for all 1 <k <T —1,
T = Yk = Oa.s.(l)'

On the other hand, if yr_1 = 04.5.(1), since zp = ypr =0, let (k =T') in equation (5.8), then

(5.6) (5.8) (5.6) (5.8)

7:0,31 7:a.s.1 7:0,.5.1 7:a.s.1 7i:a.s.1a
YT-1 = Oa. ( ) (k=T-1) = ( ) (k=T-1) br-2 =0 ( ) (k=T-2) 2= ( ) (k=T-2) Yr-s =0 ( )
Therefore, recursively, we still have for all 1 < k < T — 1,

Ty =Yk = Oa.s.(l)-
Thus we have, V1 < j <p, 1 <k <T — 1, almost surely,
. 1 ,
r?B;l(a)Pf’T,7 = TW (B_1 (o) Pll‘) + 04.5.(1) = 04.5.(1),
~ ) 1 ~ ,
T?CjBfl(a)Pf’rj = Ttr (CB_1 () Plk) + 04.5.(1) = 04.5.(1),
where the 04 5 (1) terms are uniform in 1 < j < p. O

Lemma 5.3. Ezxtension of Lemma 5.2 to time lag 7:
we have, V1 < j<p, 1 <k < [%], almost surely,
_ 1 _
riBy () (P])*ry = Ztr (B (@) (P])*) + 0a.s.(1) = 0a.s.(1),
. T 1 .
r?Cij Ya)(P )krj = Ttr (CB o) (Pf )k) + 04.5.(1) = 04.5.(1),

where the 045 (1) terms are uniform in 1 < j < p.

Proof.

Denote, for 1 < k < [L],

%tr (B~!(@)) := o, %tr (B~H@)C) = %tr (CB7Y(a)) = yo,
%W (B )(PT)") = %tr (CBY(a)(P)*) = ys.

It’s easy to see that
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In addition, for any 1 < j < p,

£ A

1
st’jB;l(a)erj = aftr(B_l(a)Pf) + 04.5.(1) = az1 + 04.5.(1).

Now we can derive the recursion equations between xy and yg.

Firstly, for x5, 1 <k < [L],

1
o Tt'r (B Ha)(P)¥) = 04.6.(1)+
p 1+ o 1 A y—1 \k ar; 1 1 k41
2~ 79 | —#(CB P — -=tr (B P
T (1+y)? — o} Tr( ()(F1)) 1T+ o TT( (@@ |
ie.
P 1+ o P oz T
_r __1*% P o ws (1), 1<k<|=|. (510
QT T 1+y0)? - an? Yk T U +90) —a? ZLit1 + 0a.s.(1) [T] ( )

Similarly, for yg, 1 <k < [%] +1,

g = tr (CB7 (@)(P)F)

P L+ o 1 -1 k L U k-1
—_ |\ =tr(B T — - —tr (CB Py a517
T [P B @D - e (OB @)(PD ) + o)
ie.
p 1+ o P ! T
=P 2T P T 4 oes (1), 1<k< |2 +1. (511
WL Wl e T T Trgep —ag Wt ool HEE
Particularly, for k = [g] + 1, we have
p 1+y0 P T
- L___"T%h . S — ws.(1). 12
Y£+1 =7 1+ 90 — a2 I[Z)r — 1+ yo)? — aa? y[g}—f—o‘ (1) (5.12)

Note that
Tz T Y =0

following the same arguments as in Lemma 5.2, we have, V1 < j <p, 1 <k < E], almost surely,

By (@) (P = ity (B~ (@) (P))Y) + 00 (1) = 00 (1),

r§-C~'jB;1(a)(Pf)krj = %tr (CN’B*1 () (Pf)k) + 04.5.(1) = 04.5.(1),

where the 0,4.5.(1) terms are uniform in 1 < j < p.

Appendix A: Justification of truncation, centralization and standardization

Recall that ey = (14, - ,apt)t, ;¢ are independent real-valued random variables with E (g;;) =

0,E (\éit|2) =1, and we are interested in is the LSD of time-lagged covariance matrix
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T T
_ 1 _t e
T2 51’62’71 Ejflsj
i=1 j=1

The assumed moment conditions are: for some constant M, n and arbitrarily small positive 4,

sup E (|€it|4+5) < M,
1<i<p,0<t<T

The aim of the truncation, centralization and standardization procedure is that after these

treatment, we may assume that

el <nTYY, E(ew) =0, Var(ex)=1, E(lea*™) <M.

Since the whole procedure is the same for any time lag 7, we focus on the case of lag-1 sample

auto-covariance matrix.

A.1. Truncation

- N - N
Let &, = 5jt[(\ajt\<nT1/4)’ € = (é1t,- -+ ,€pt) , M can be seen as a constant.

Define

T
AT2< 5121> Zsj 16 ,

=1

then according to Theorem A.44 of [3] which states that

* * 1
|FA4" — FBBY|| < —rank (A — B),
p

we have

=
S
B
_>
A
J
o
=
=
N
Nl
-
S)z
oy
L
|
Nl
o
smbﬁ
|
-
~

i=1 =1
T T
1 1 _ 1 1
< 5rank (T ;s:z(sf_l €i_1)> + —rank (T ;(51 €;)€; 1)
1< 1_ , 1 <& 1. ;
< » Zrank Tsl(gl 1—€i_1) |+ , Zrank T(El —€i)Ei_1
i=1 i=1
2 o~
< 22 Lz
Pi=0i=

SE N

33 <1 ~ |eatl
E(=>D Ljeulznri EZZE o T el 20T/

t=0 i=1 t=0 i=1
1
~ T

T
ZE ‘git|4l(|5“\2nT1/4)) == 0(1)7
1 t=0

M-I

2
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-

Var (I(|5it|ZnT1/4))

T p
V‘””( ZZI(IEu>nT1/4)> =

t=0 i=1

3| -

M= 1D~
M1

SRR

1

E (I(|€u,\2nT1/4)) =o0 <T> .

<

2| =
-
I
o
N
i

1

Applying Bernstein’s inequality

2
P(|S,|>¢e)<2 B a—
(1,12 &) < 2ewp (- 5o )
where S, = 31" | X;, B2 = ES2, X, are i.i.d. bounded by b, we can get that, for any small ¢ > 0,
1 e & c2
P <p ZZI(\EitIZnT1/4) > 5) < 2exp —m = 2exp (—K.p),

- £ =
=5 = 4o (4

which is summable, then by Borel-Cantelli lemma,
a.s.|F4 = FA| = 0,as T — c.

A.2. Centralization

Let & = & — B (u), & = (un o 6p), A= (S 260,) (Tiii602)).
With Corollary A.42 of [3],

Lt (FAA* : FBB*) < ]%tr (AA* + BB*)tr ((A— B) (A— B)"),

we have

i=1 j=1 i=1 j=1
T T T
1 A at " .
tr| - Ei&i_1 — Ei€i_1 Ej—1€5 — Ej—1€;
i=1 i=1 j=1 j=1
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For Ns,
1 T T T T
Ny=tr| = (Z giét | — Zélé§—1> Zej_léJ - &g
i=1 =1 j=1 Jj=1
1 T
=tr <T2 S (EE)E(E) -E@E)éE_, —&E(8,))
=1
Z (E (E)E (5271) —E(&)é&_, —&E (521))t>
=1
1 <& ’
= fz (EE)E(E_) —E@E)e_ —&E(E_,))
=1 F
1 & ’ 1 & ’
<2 f;E(éz)E(sf DIl +2 TZE g, 2 T;gim &t B (A1)

where ||-|| » represents for the Frobenius norm of a matrix. Consider the second term, we have

2
TZIE &) &, T22<Z€gt 1E( €zt>

F 3,7=1
1
2 . . . -
T2 Z ZEJt L EE)" + 7 Z > &18j1E (G E (Ei,)
i,j=1t=1 i,j=11t1#t2

:ZMl + MQ.

2

)
Notice that sup;<;c, j<;<7 E (€} %) < M, we have pTZ 121& 0 (\€it|4f(|5“\277:r1/4)) =
o (1), then

=
g
Il
|~
M*@
M=
=
=
mmm
:/
=
=
=

.
&,
I
—
-
—

T

Z (leatll e, t\>77T1/4)))2

A
s
“ME -

&
<.
Il
-
o~
Il
A

1 2
1o - T3/2 (E (letl* I (jep 5nr174)))

Il
—

IA
3| Q
[M]=

N

&
Il
—

Il

S N
/N

A

Nl "

Moreover,

Var (M) =

p 2
j t— 1 (E 5175 )
=1

D 2
(&5.4-1) <Z |€zt|f<|sit|>n4T1/4)))2>

i=1

3=
M=
M=
=
o

<
I
—
-
Il
—

A
3=
[M]=
J<!
l

<
Il
—
-
Il
—

2
|62t|41(|51t|271‘T1/4)))2> =0 (Tﬁs) :

.

Il
-
o~

Il
_

INA
30
M=
N
3~
N
M@

s
I
—
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Therefore, a.s. M; — 0,as T — oc.

For the term Ms, we have

1 & 3 5 5 5
E(Mz) = 7 > E (&j,t1-18j,t2-1) E (Eity) E (Eit,)
4,J=1t1#t2
T
=72 > E(&j,t,-1) E (€j4,-1) B (€31, ) E (Eit,)
i,j=1t1F#ts
R 1 *
< — sup €; 415_ 1 ) =0 (T,
72 ”2:21 t17#ts 7712 T3 <1§2§p,0St§T (| t‘ (Iesel2nT /4)) ( )
P p 2
Var (Mg) = sz Z ar t’:‘] t1— 16’:‘] to—1 <ZE(§”1)E(5“2)>
G=1 t1Ets i=1
12 p 2\ 2
< — E(2, )E(&, _ ( sup Eéi>

2

Cs <& 1 2 -
= ?iz T3 (Z< e (|€“|4I(|Enl>n-T1/4))> ) =0,

TP,V

Therefore, a.s. My — 0, as T — oo.

2
Consequently, ‘% ZiT:1 E (&) §§_1H — 0,a.s. Similarly, we can prove that the last term in
F

equation (A.1) tends to zero almost surely. As for the first term, we have

2 p 1 T 2
= Z ( ]E(éit)E(éj,t—l))>

= % Z > D ECGu)ECu-1)E (Ein) E (1)

|

Cy p T T 1 4
3242223( _sup IE(|5it|4]<sit|>n-T1/4))) =0(T7).

1<i<p,0<t<T

Therefore

1 T T T
A at ~ ~t 2 at = =t
Ng =tr T2 E Ei€i_q1 — E Eifi_1 E €j_1€; — g €j—1€; —0,a.s.

Now, we consider Ny,

T T
;(Zééf 1) Zéjfléé' +;2<25i5§1> Zéj—léz- =:M3 + My,

=1

Firstly, for M3, since E (&;;) = 0,

1 & [(E ’
o £ ()
ij=1 \t=1
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Moreover,

2

p T 2
Var (Ms) = Z (Zéitéj,t1> — (E (M3))*

p T 1
A2 22 A A A A
4T4 E : E €it€it—1 4T4 E : ity €4,t1—18ita€f,to—1 + O (TQ)

i,j=1t15#ts

<0(%2)+0(T2)+0( )— ()

Therefore M3 — 0, a.s. Next for My,

2
E(My) =E 2T2 Z (anagt 1)

3,7=1

2 P Z ZEgztEgjt 1+t =573 2T2 Z Z 511‘1 5]yt1—1)E(éit2)E(§j7t2—1)

i,j=11t=1 i,j=11t1#to

4
1
<0 () P2T? Z Z 12T3 ( Sup (|5it|4‘r(EuIZnT”‘*))) =0 <T>

ii=1t #tz 1<i<p, O<t<T

2
1
Var (M4) = ]W Z (Zgltgjt 1)
4,g=1

2
T

2
1 p
< 2 (Do)
p 1,7=1

2 2
p

1 Pz 1
_ E ~2 ~2 +7E ~ = ~ =
= piT? Eit€j,t—1 P Eit1€5,t1—1€it, € ta—1
ij=1t=1

1,j=1t17t2
1 1 1
<0 () +0(7)=0(7)-

Therefore, My — 0, a.s.. All in all,

Lt (FA, Ff“) < Ny - No < 4 (M; + My) (M + M) — 0,a.5.T — 0.

A.3. Rescaling

~ _ A _ = ~ A2 A 2 _ ~ ~ 2 — _ E‘
Define Eit — Eit]{|€ir,|§77T1/4}’ Eit = €4t — E&'Z‘t, O = Elgit| = E|Eit — EEit| and Eit — &:,
show that 62s tend to 1 uniformly.

. . 7 T A4 T A A =5 T T _
We consider the distance between A = % (thl 5t5£_1) (thl st_leﬁ) and A = % (thl €t€§_1> (thl st_lsi).
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Since eit = &t + €itl{|c,,|>yr1/4} = Eit + Tit, we have 0 = E (it +13¢) = E (i) + E(riz). Next,
1=Var(ey) =Var (&g +ry) =Var (&) + Var (ry) + 2Cov (4, 141)
=Var (gzt> + Var (rit) +2 [E (éitrit) —E (git) E (rit)]

= Var (&) + Var (rie) + 2 [E (1)),

so that
1—Var(¢4) =E (r2) + [E (ru)]” < 2E (r2) .

It follows that

E (€5 {je.0|>nT1/1)

max (1-67) < 2 max
1<i<p,0<t<T 1<i<p,0<t<T
6{1+6
< 2 max E LI . 1/4
< I<isposi<T €3t+5 {leit|>nT1/4}
; max E (54+6I )
772+6T1/2+6/4 1<i<p,0<t<T it {|5i1‘>"7T1/4}
2M
7772+5T1/2+5/4 — 0, as T" — o0,

where the last step uses the uniform bound sup;<;<, o<;<7 E (‘Eit|4+5) <M. As

~2

1 — 4
1= 6y =it <162,
1+ )
we have
kr :ZII%{%X(I—&%)—)O, 1_kT§a'it§17 Vi,t
and
1
0<——-1< —1—0, asT — oo.
Git 1—kr

According to Corollary A.42 of [3], we have

2 (|1 <& (s ’
4 A A A — —t
L (F JF ) <5 fZ&eﬁ_l + ngtgt—l
p t=1 F t=1 F
1« 1« ’
At _
TZEtft_l — TZEtft_l .
t=1 t=1 F
Firstly, consider
11 & o & ’
A at = =t A at = at = at = =t
(= Z (&6i_1 —EEi_1)|| = 7 Z (81€i_1 —Eefi_1 +E81_1 —EEr_q)
t=1 F t=1 F
T 2 T 2
11 . o 11 A _
<2| |7 Z (&1 —=é_y)| +-= 7 Z (Eiél_1 —EEl_y)
p t=1 F p t=1 F

= 2(M5+M6),
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ity

2
1 S 1 1\, . L
+ ]WE ( > > (1 - mﬁ) (1 - A) €it1 €501 —18it2€ 5,1, -1

2
p . 4, 1 . 4 1
Sﬁnﬁx(ozt—l) +ﬁH%,%X(O'it—1) :O(T2+a),

Therefore M5 — 0, a.s.

Similarly for Mg,

2
1 ro L 1 1 1Y, . .
+ W]E (; . (1 - ) (1 - )ffitlfj,tll@itzﬁj,tzl

Oit, 0 i — Oifo—
=1ty Ets ity Yila Jt1—1 Jrta—1
2
p A 4 1 ~ 4 1
< —max(6; — 1) + —max (65 — 1) = O(——
= T2 it (Gie —1) T2 it (Gie = 1) (T2+5)’

2
11 T A at = =t .
Therefore, HT > o1 (E€h_y — 5t6t_1)HF — 0, a.s.

Secondly, consider

T 2 T 2
1 1 o 1 _
G > oad | + T > EE
t=1 F t=1 F
T T T T
1 1 1 1 1 1
= —ir — Z étét_1> ( Zét_léztS)) + —tr (( Zé‘té‘i_1> ( Z5t—1€§>>
p ((T t=1 T p T T
= M7 + My

. T .. T . 4
Consider My = —itr ((thl sta’,f_l) (thl st_leﬁ)),
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2

14 T 2
E (]\[7 T2 Eit€ji—1
i,j=1 \t=1
2 2
D T
22 A2
2T4 Eit€,t—1 2T4 Elhg? t1— 18215287,152 1
i,j=11t=1 i,j=11t1#to
1
Moreover,
P T 2\ ?
1 Eit €541
E (]Wg) = —— E E LA Lo}
p*T =1 \i=1 Git Ojt—1
2
1 p T L9 £2
_ E E E A L
T pT 52 52
i,j=1t=1 it Tjt-1
p T N N
I Sity  Ejm=1 Gits Eit=1 | _ 5y
i IDID YU e
p i,j=1t1 £tz Uztl O'],tlfl Oity  Ojta—1
Therefore

Lt (F/‘,FZ) < 2(My + M) - 2(Ms + Mg)
— A(M7Ms + My Mg + Mg Ms + MgMg),

since E|M;M;| < (IEI(J\/J’?))U2 (I[:’*l(]ﬂg))l/2 = ()(ﬁ), we have M7Mps — 0, a.s. and similarly

for M7 Mg, MgMs, MgM;g, therefore, L* (FA,FZ> — 0, a.s.
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