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Strongly interacting p-wave Fermi gas in two dimensions: Universal relations and breathing mode
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The contact is an important concept that characterizes the universal properties of a strongly interacting
quantum gas. It appears in both thermodynamic (energy, pressure, etc.) and dynamic quantities (radio-frequency
and Bragg spectroscopies, etc.) of the system. Very recently, the concept of contact was extended to higher
partial waves; in particular, the p-wave contacts have been experimentally probed in recent experiments. So
far, discussions on p-wave contacts have been limited to three dimensions. In this paper, we generalize the
p-wave contacts to two dimensions and derive a series of universal relations, including the adiabatic relations,
high-momentum distribution, virial theorem, and pressure relation. At the high-temperature and low-density

limit, we calculate the p-wave contacts explicitly using virial expansion. A formula which directly connects the
shift of the breathing-mode frequency and the p-wave contacts is given in a harmonically trapped system. Finally,
we also derive the relationships between interaction parameters in three- and two-dimensional Fermi gases and
discuss possible experimental realization of a two-dimensional Fermi gas with p-wave interactions.
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I. INTRODUCTION

In cold atomic gas, the resonance p-wave interaction was
realized experimentally quite some time ago in both “°K
and °Li [1-10]. It was observed that the system in general
suffers significant loss close to resonance, preventing the
systematic study of the many-body system in equilibrium
and, in particular, the achievement of the superfluid regime.
Recently, radio-frequency spectroscopic measurement of “°K
showed that the normal state of a p-wave Fermi gas close
to resonance can achieve a quasiequilibrium state with
equilibration between scattering fermions and the shallow
p-wave dimers within the p-wave centrifugal barrier, thus
establishing a strongly interacting p-wave system [11]. The
extracted free-energy reduction close to resonance is of the
order of the Fermi energy. Furthermore, it was shown that just
as in the s-wave case [12—15], the p-wave Fermi gas also has
universal relations, except that now both the p-wave scattering
volume v and the effective range R are relevant. Apart from
this, there now appear several molecular states due to the
different orientations of the angular momentum quantization
of the molecule. As a result, the contact parameters have to
be generalized, which leads to a set of universal relations that
has been discussed in detail in recent works [16-22]. Explicit
calculation of the p-wave contact within the Noziéres and
Schmitt-Rink formula has been carried out and has generally
good agreement with the experimental findings [23].

So far, p-wave contacts have been defined and discussed
mostly in the three-dimensional case. In two dimensions, the
derivation of these universal relations proceeds essentially
in the same manner as in three dimensions, except that
while in three dimensions, one is dealing with a power-law
divergence; in two dimensions, one has to deal with the
logarithmic divergence. This requires a slight generalization,
especially in dealing with the p-wave effective range. Another
interesting aspect of two-dimensional systems is the apparent
scale invariance in the s-wave §-function interaction [24],
which would predict a breathing-mode frequency exactly
at twice the trap frequency. Here we investigate a similar
problem in two-dimensional (2D) p-wave resonance, derive
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the equation of motion for the breathing mode, and show that
the p-wave contactis also implicated in the equation of motion.
In particular, we show that at resonance, the contact parameter
related to the effective range breaks the scale invariance and
determines the breathing-mode frequency shift.

In this paper, we extend the concept of p-wave contacts to
two dimensions. In Sec. II, we review some basic facts about
low-energy scattering, in particular, the scattering amplitude
for p-wave interaction and its associated weakly bound state.
In Sec. III, we define the p-wave contacts in two dimensions
and derive the adiabatic theorem. Universal relations for the
tail of momentum distribution, the virial theorem, and the
pressure relation are given in Sec. IV. In Sec. V, we give
explicit calculation of the two contacts in two special cases:
a two-body bound state and high temperature. We apply the
theory to the trapped case in Sec. VI and derive the frequency
shift of the breathing mode in terms of the p-wave contact.
A general expression for the frequency shift is obtained, and
its explicit evaluation is given at high temperature. We give
a summary in Sec. VII. Two appendixes discuss the detailed
derivations of the frequency shift of the breathing mode and
virial theorem in a trap and the relation between effective
p-wave scattering parameters in two dimensions and those of
three dimensions.

II. TWO-BODY SCATTERING AND BOUND STATES

For spinless Fermi gas, the s-wave interaction is totally
suppressed due to the Pauli principle. So at low energy, it is the
p-wave scattering channel that dominates. For a short-range
potential, as is usually the case in cold-atom experiments, the
effective range expansion for a p-wave in two dimensions is
[25-28]

2 1 1
k2|:c0t81 - —ln(pk)] = — 4+ —rnk*+ 03¢k, Q)
T a 2

where §; is the p-wave phase shift and r; is a dimensionless
parameter; a and p are the scattering area and effective range,
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respectively. The above equation can be rewritten as

k%ota——l 2—]‘21 Rk) + O(k* 2
| = a+nn( )+ O(KY). ()

Hereafter, we will refer to R = p exp(zrr;/4) as the p-wave
effective range.

The Schrodinger equation for the relative motion of the
two scattering fermions in two dimensions is given by (setting
h=1andmass M = 1)

19 0 1 9?
——\r—= )+ 5=+ -U =0 (3
[r 8r<r8r)+r2 892+ (r)i|1,h(r ) ©)
The radial and angular parts of the wave function v (r,6) can
be separated for a central potential U (r), ¥ (r,0) = Ry (r)T (0),
where T'(0) satisfies the following equation:
a1 +m’T =0 4)
—_ m — s
do?
and its solution is given by

o=
21
where m € Z is the quantum number of the angular part and

m = %1 for p-wave scattering. The radial part of the wave
function satisfies

1d( dR(r) 5 m?
-— k“—U@r)— —|R =0. (5
. (r o ) + [ (r) = —5 | Re(r) 5)
Let the range of the potential U(r) be ro. Then for r > ry,

the radial wave function Ry (r) can be written as a linear
combination of two linearly independent Bessel functions,

T®) =

Ri(r) = %k[cot S (k)T (kr) — Ny (kr)]. (6)

Here J,, and N, are the Bessel functions of the first and second
kinds. When r >> 1/k, using the asymptotic expressions for
Bessel functions, the wave function Ry (r) becomes

1 2 : mm s : mim ps
Ri(r) o¢ 5 =[S/ @ =2 7% 70520 ()
2V mwkr

where we have defined the S matrix in terms of phase shift §,,,

I +itané ;
S=—— " =¢" (8)
1 —itané,,
The scattering wave function can be written as
Vf — eikx + ieikr — eikrcos(f + ieikr’ (9)
NG Jr

where f =3 f,e?//21 is the scattering amplitude in
two dimensions. Taking the mth angular component of the
scattering wave function,

wm — ime(kr)eimQ 4 %eimOEikr’ (10)

and comparing with R (r) when kr >> 1, we get the scattering
amplitude of the mth wave as

N 7 B
R B 11
Im=e \/;cotSm(k)—i (b
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FIG. 1. The variations of binding energy of bound state | E},| with

1/a (fixed R). Near the resonance 1/a — 0., the bound-state energy
approaches zero.

For p-wave scattering with m = %1 in two dimensions, using
the effective range expansion equation (2), we obtain

f 1'7'[/4\/Z k2 (12)
=e - 5 .
= k—1 4 2% n(Rk) — ik?

The total scattering cross section (taking into account the
degeneracy of m = £1)

167 sin?(8;)
. .

As we shall show later, the effective range R is always
positive, and as a result, it is possible that a shallow two-body
bound state emerges when a > 0. The binding energy of the
shallow two-body bound state must be much smaller than 1/r3
in order to be consistent with effective range expansion. Letting
k = ik, one finds that the imaginary part in the denominator
of Eq. (12) vanishes identically, and the real part is zero when
(a > 0)

2
. =f U1l + 1A P1d0 = (13)
0

2 T R?
x“In(x)=———, (14)
2 a
where x = Rk and the bound-state energy is given by E;, =
—k?2. The above equation can be solved using Lambert’s W
function, which is x = exp[%W_l(—nRz/a)]. In the limit
when 1/a — 0., one finds that E, ~ 7/[aIn(r R?/a)] and
E}, tends to O_. The other solution of Eq. (14) is of the order
of or larger than 1/ rg and has to be discarded. The energy of
the shallow bound state is shown in Fig. 1.
At low energy when k < 1/ry, the radial wave function
Ry can be expanded in terms of powers of k2, e.g., Ry(r) =
uo(r) + K*uy(r) + O(k*), and each satisfies

d({ d 1
|:———<r—)+U(r)+ﬁi|MO(r):O’ 15)
1 1
|:——i<ri) +Ur) + r—z}ul(r) = Kup(r).  (16)

dr

For r > ry, the radial wave function Ry (r) is given in Eq. (6).
Using effective range expansion for the scattering phase shift
in Eq. (2) and considering the regime where ry < r < 1/k,
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the radial wave function, and hence uq (r), can be written as

1 nr
ug(r) = - + 1 (17)
roomr
ui(r) = HE - %, (18)

where R = 2exp(1/2 — yg)R and yg ~ 0.577 is the Euler-
Mascheroni constant. At the same time, the wave function near
the origin should be regular, which satisfies Ry(r =0) =0
and (roRy/0r)|,—o = 0 for a not very singular interatomic
potential.

Bethe’s integral formula for a three-dimensional s-wave
effective range [29] has been generalized to arbitrary partial
waves [30] and arbitrary dimensions [26]. For our two-
dimensional p-wave case, it takes following form:

e evr /2 wrr it
dr =1 — —_— 19
/0 rydr = I e a1

where r. >> ry is a cutoff length scale. Note that the nor-
malization of the wave function is slightly different (up to
a factor «/m/2r) from that in Ref. [26]. Because the left-hand
side of Eq. (19) is positive definite, the effective range is
bounded by 0 < R < e¥#ry/2 >~ 0.89r close to resonance
(a — 00). Note that in the following, we will always refer
to “resonance” as 1/a = 0, just as in the three-dimensional
case where the s-wave scattering length 1/a, — 0. Bethe’s
formula for effective range [Eq. (19)] will play an important
role in the derivation of the breathing-mode frequency shift in
Sec. VL.

Before we end this section, we would like to derive two
relations that relate the change of scattering parameters to the
variation of interatomic potential U(r) — U(r) + dU(r). As
in the case of three-dimensional p-wave scattering [17], two
important relations related to the scattering parameters (a and
R) can be obtained:

8(1/a) = —; /000 rS(U)u%(r)dr, (20)

S(InR) = 2/ ré$(Uuo(ru(r)dr. 21
0

III. DEFINING THE p-WAVE CONTACTS

To define the p-wave contacts in two dimensions, we follow
the route of Ref. [17]. Let us consider the two-body density
matrix

p2(F1, 725, 71) = (W FOY T E)Y P (7))
—pz(r{»’_’é’r%rl) (22)

written in terms of second-quantized field operators . p, is a
Hermitian matrix, so it can be diagonalized,

paF1 s PP = Y mi} (Frigi(FlL ). (23)
i

Here n; and ¢; are its eigenvalues and eigenfunctions. For
a spinless Fermi gas, the eigenfunction ¢; is odd under
exchanges of two fermions ¢; (¥1,72) = —¢;(¥2,71). When two
particles come very close to each other, the eigenfunction
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can be expanded using a two-body wave function (using
translational invariance),

¢ P-R gimd

Bp it (F1.72) = ——=
P.m=+11,"2 AV

ap i Ri(r). (24)
k

Here P = jp; + prand R = (71 + 72)/2 are the center-of-mass
momentum and posmon 0 describes the angle of relative
coordinates ¥ =¥} — ». a3 Pk is the expansion coefficient
introduced such that (1) f dr\dr|¢(F1,72)| = 1 is normalized
and (2) the radial wave function Ry (r) in the asymptotic regime
ro K r K 1/k is given by Egs. (17) and (18). As a result, we
have

eiﬁ-(}?—ﬁ’)eim(e—e’)

e i
p2(r1,r2ry,ry) = an,m

< 2V

P.m

X Zap (5 i RE)RE (). (25)
k,k’

Here ' and 6’ are defined accordingly. As in Ref. [17], we
have included possible bound states in the sum over k. The
interaction energy can be expressed as [short-range potential

U(r)]

1
(U) = E/dzrldzrzU(m — r2)p2(r1,r2512,11)

= CafdrrU(r)ué(r)+2CR/drrU(r)uo(r)ul(r),
(26)

where we have defined two p-wave contacts C, and Cy as

1

Co=5 D npndhpapmi. 27
P.m.k'k
1
CR = — Z np,mapmk,ap,m,k(k/z + k2)~ (28)
P.m.k'k

By definition, C, > 0, while Cg has no definite signs. The
variations of free energy F as the interatomic potential is
varied by §U are given by

§F = §(U)

= Ca/drr&Uu%(r)+2CR/drr6Uu0(r)u1(r).

(29)
Using Egs. (20) and (21), we obtain two adiabatic relations,
oF b4
— = ——=0C,, 30
da~! 2 (30)
oF _ C 3D
amR ~©

Similar to the cases of s- and p-wave scattering in three dimen-
sions, the above two equations give important relationships
between the two contacts (C,,Cr) and the thermodynamics of
the system. Here we should mention that for a p-wave resonant
Fermi gas in two dimensions, the effective potential resulting
from the three-body correlation could support the so-called
super Efimov states, for which the energy for three bodies has
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a double-exponential scaling law [31-33]. Very recently, the
three-body contact arising from the super Efimov states was
discussed in Ref. [34]. However, in the present paper, we shall
focus on contacts arising from two-body correlations.

IV. UNIVERSAL RELATIONS

The utility of contacts lies in the fact that they relate various
physical observables and provide a crucial consistency check
on theory and experiments.

A. Tails of momentum distribution

The derivation of momentum distribution follows that of
Ref. [17]. The momentum distribution n; is related to single-
particle density matrix p(r,r’),

— - >/ 1 igp
P = WIOYE) = 3 e g, (32)
q

where p = ¥’ —  and we have used the translational invariance
of the system. In terms of a many-body wave function
W(F1,72, ...,Fy), the single-particle density matrix can be
written as

L) = N/d?z PNV FLR )
X ‘I‘(?i,?z, .. ,FN). (33)
As a result,

1 I
ng = V/dzrdr’pl(r,r e (34)

N = 357 1> - —ig-(r—7r" > - -
= V/dzrdr diy - - diye CTTOURFE L)
X q—’(?’,;z, ...,VN). (35)

Now, we need 7 to be close to 7’ in order to extract the high-
momentum distribution. This requires one of the coordinates
75 - - - Ty to be close to both 7 and 7/, which gives the singular
contribution to the one-body density matrix. Note that in total
there are N — 1 possibilities, and we finally obtain n; in terms
of the singular part of the two-body density matrix,

1 T S
Lo R * N 2= 9221 i(P/2—q)-(r—r")
ng =7z E NBm @G 1 Pm k d°rdre
Pmk'k

eim@ e—ime/
x {/dz?lﬁﬁ @ [
|F —ri| |r" —r]

Ol =il 1Tl ﬂe—fa’q 36)
2 R |r—nr]
2n)? .
= % Z nﬁ,maﬁﬁm,k/aﬁ,m,k
Pmk'k
1 (K2+k)+P.G— P4
X{;-‘r( + )+q4 ¢-P/ } 37)
That is,
4 Ca 2CR - Cp
R P 9
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where

T
— * 2
Cp = ) E NpmAp 1 aPm kP, (39)
P.m,k'k

which arises from the center-of-mass motion of the pairs. In
the above derivation, we have assumed that the system respects
inversion symmetry so that the linear term in P vanishes.

B. Pressure relation and virial theorem

To derive the pressure relation and the virial theorem,
it is enough to invoke the dimensional analysis. The free
energy F of the system should be of the form F =
NeFf(T/TF,k%a,kpR), where f is a dimensionless func-
tion, € = Tp = k%/2 = 27n is Fermi energy (kz = 1), kr
is Fermi momentum, and n is particle density. From the
thermodynamic relation,

9F  OF kg
s _r ok 40
P="%v = "ok av (40)
E 17C, Cg
-4 LR (41)

V'V 2 2V
In the last line we have used the adiabatic theorems. Similarly,
one can extend the virial theorem in a harmonic trap Vi, (r) =
%M w?r?; then the total energy can be written as

E = E(N,w,a,R) =hwe(N,a/®,R/0), (42)

where ¢ is a dimensionless function and ¢ = /i/Mw is the
oscillator length. Taking the derivative with respect to the
oscillator frequency w, we have

9E - 2{Virap) (43)
dw ®w

Carrying out manipulations similar to those in the uniform
case, we find

2(Vtrap> =FE+-——+4+ —. (44)

In both Egs. (41) and (44), when a — 400 (at resonance),
the second contact Cg breaks the scaling invariance of the
two-dimensional p-wave Fermi gas at resonance.

V. EXPLICIT CALCULATIONS

To gain more insight into the behavior of p-wave contacts
defined by the adiabatic theorem, we discuss two explicit
calculations of them in the following.

A. Two-body bound state

Let us choose a cutoff scale r, as before and write down
the wave function for r > r, (r. > r¢) in the center-of-mass
coordinates as

Y7 (r) = aKi(kr), (45)

where « is a normalization constant and K (r) is the modified
Bessel function of the second kind. The bound-state energy

E, = —k2.For 0 < r < r, the wave function is
< Kl(KrC)
Yo(r) = a————uo(r). (46)
uo(re)
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The normalization constant « is determined by, near resonance
1/a ~ 0,

. 271{/r"drr|w<<r>|2+/°°drr|w><r>|2}
0
T

o v
2rd
+ 64a2]

2 2
+ F[—I/Z —ve+1In2 —In(kre) + O((kre))]

evEr. /2 nrcz

_ 2n 1
K2 (-1 + %)2 R 4a

__27[InkR) + 1/2]

o~ 5 “7

K

Here we have used Bethe’s integral formula. Expanding the
wave function when kr < 1,

[y~ ()* = &?|K (k)] (48)

1
:(x2<ﬁ+lnr+-~) (49)
K“r

KZ

1
=_2ﬂmMRy+Uﬂ<K%2+Mr+~”> (50)

at low energy, k R < 1. We can now read off the contacts from
the above equation:

-1
ez oY
P
(52)

Cr=—— <0
R R +1/2

Using the equation for the bound-state energy (14), one can

verify the adiabatic theorems, namely, that 33 fjﬁ = —%Ca and
IE, _
amR — —R-

B. Virial expansion

In this section, we calculate the contact parameters at high
temperature by virial expansion [35,36]. The pressure p and
the inverse volume (area) 1/v can be expanded in terms of
powers of fugacity z = /T [37]:

p 1
=32 b, (53)
1
1—1\//V— ! > b (54)
o =32 : 12 .

Here T is temperature, A = /2 /T (kg =h = 1) is the de
Broglie wavelength, and  is the chemical potential. The grand
potential is

1
Q:—pV:—TVﬁZblzl. (55)
1

The equation of state can be obtained by eliminating the
fugacity z,

pv ad A2\ !
7=Zal(r>(7) : (56)
=1
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where ¢ is virial coefficient. For example,

ay=b =1, ay=—by, a3=4b}—2bs,

ay = —20b3 + 18bybs — 3by. (57)
For a 2D ideal Fermi gas, the inverse area % =
NV = ¥, 2 = 0 = LY (-1 s0 b =

(—1)!~'/12. Including the interaction effects, the correction to
the second virial coefficient is given by

L[> 2
Aby = 4{ Do BTy —f dk—le"‘z/T}. (58)
b 0

T dk

The summation on the right-hand side includes the effects of
possible bound states, while the integral takes into account
the scattering fermions. The phase shift §; was given before
explicitly,

08() _ 2(gs +50)
ok 1+ (_% + 21n(Rk))2'
a o

The contacts can be obtained from the thermodynamics
potential €2,

(59)

a0 2 9Ab
2 T = v i (60)

a1 2 AZ 9a~!
0 _ g, 204k 61

alnR) ~ * T A2 9InR’

where z can be obtained approximately from the equation of

state for a classical ideal gas, e.g., z = ™ — 1~ ni2% Soone
finally obtains

2 IAb, 2 JAD
C,=2Tvn® 2222 — ZoaNn =22, (62)
T da—! T da—!
JAD dAD
Cp=—TVn®2°22 — o N2, (63)
dlnR dlnR

where N is the particle number and n is particle density.
Figure 2 shows how the second virial coefficient Ab, and the
contacts C, and Cy change as a function of interaction param-
eters 1/a at fixed R. Because C, > 0, Ab, is monotonically
increasing with a~!. Generally speaking, close to resonance

5 | 1
T = 050"/ R? T = 0512/ R?
30
4 —e—T=1*/R? ——T = 1*/R? 0
S| =T =50/R ——T = 512/ R? b
< Uﬁ Qﬁf T = 0.50*/R?
3 N ——T = 1’/ R?
o7 = 50?2
10
2
M g IS ¢ “M )
-0.1 0 0.1 -0.1 0 0.1 -0.1 0 0.1
R%/a R%/a R%/a

FIG. 2. The variations of contacts C, and Cr with the interaction
parameter 1/a for different temperatures. Here we use the effective
range R as the fundamental length scale, and the units of C, and Cg
as plotted are 27 Nn R%i* /M and 27 Nnli*/ M, respectively.
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1/a ~ 0, the interaction effects Ab, diminish with increasing
temperature. Because the contribution of bound states to the
contact Cp is negative, with increasing attractive interaction
(1/a — 04), the contact Cg decreases and eventually becomes
negative.

VI. BREATHING MODE AND CONTACTS

It is known that for scaling-invariant interactions in two
dimensions, U(Ap) = U(p)/ A2, where A is an arbitrary scaling
factor, the system has SO(2,1) symmetry, and the frequency
of the breathing mode in the harmonic trap is exactly twice
the trap frequency 2w [24]. This applies, for example, for
the cases of delta contact 82(F; — 7») or the inverse-square
potential 1/|7; — 7,|>. However, true interatomic interactions
break the scaling invariance, and this leads to the frequency
shift of breathing modes. In a two-component Fermi gas with
s-wave interactions, one finds that this shift is related to the
contact of the system [38,39], and in particular, at unitarity, the
scaling invariance is regained [40]. However, quite differently
from a single-component Fermi gas with p-wave interaction in
two dimensions, the scaling invariance is also broken even at
resonance when a — oo due to the existence of the contact Cg.
In the following, we calculate the breathing-mode frequency
shift and relate it to the two p-wave contacts C, and Ckg.

The Hamiltonian in a trapped system is given by H =
Ho + Vigap + Hint, Where Hy = % > pl.2 is the kinetic energy
(recall M =h = 1). We consider the isotropic harmonic trap
in two dimensions,

a)Z
2
Vtrap = 7 ri,

i

(64)

where w is the trapping frequency. The interaction between

the atoms Hiy, is of the standard form Hiy = >, _ ;U (F; = F)).
The excited operator of the breathing modes
0=>rl= 2y (65)
= i = a)2 trap -

The equation of motion of operator O

0@ N2 22y
i— _[O,H]_Xi:[ri,p[/Z]_ZtD. (66)

Here D = Y .[F; - p; + p; - ;1/2 is the dilation operator. The
equation of motion of D is given by

.0D
i = [D,H] = [D,Ho + Virap + Hintl- (67)

The various commutators can be evaluated explicitly. In
particular, we have

[D,Hy] = 2i Hy, (68)
[D, Vtrap] = -2 Vlrapv (69)

and

N a N
[D,Hyy] = —i Z [VU . ﬁ]U(h‘ —rj), (70)

i<j 1
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where 7;; = 7; — F;. As aresult, one finds that

20(1) ,0D an
a2~ T ot
- 0 L
=4H) — 4Viap — 2 ; [ri,- . 87ij]U(r,- — 7).
(72)

Using the fact that p,(F,1) =23, _; 82[F(t) — 74j1, we can
write down the equation of motion for the average value of
O as

*(0)

= 4(H) — 40*(0)

= /d27[2U(r)+7- o)

7

]pz(r,l)- (73)

In the case of a scaling-invariant potential in two dimensions,
2U(r) +7 - % = 0, the interaction effects on the breathing-
mode frequency shift vanish exactly. In the Appendix A, we
show that the interaction correction can be written in terms of

p-wave contacts,

/ d27[zu<r>+7- il }(ﬁz(r,t))=—@ — 2C(0).

(74)

As a result, the equation of motion for the breathing-mode
operator O is given by, when taking the expectation value of
the many-body state,

2
0w _ 4E — 40*(0(1)) +

2w C,(t)
ot? a

+2Cg(). (75)

The time dependences of the contacts give rise to the
correction of the breathing-mode frequency. We note that the
average energy E = (H) does not depend on time ¢ because
of [H,H] =0. In a stationary state, the virial theorem is
recovered:

Cr

b
2Vtrap=E+ZCa+ )

(76)
When the p-wave contacts are zero, the scaling invariance is
restored, and the frequency of the breathing mode is exactly
2w. Near the resonance 1/a — 0, although the C, term
vanishes, Cy is still finite, and this breaks the scaling invariance
even at resonance.

In the following, we will investigate the breathing-mode
frequency shift in the high-temperature limit. We write the
density distribution in the trap during the breathing motion of
the cloud in the following scaling form:

i | 7
it = y%r)””(%)’ 77

where y(t) = 1 + Ay(t), Ay(t) <« 1 for small oscillations.
Here no(F) is the density distribution of the equilibrium,
and the particle number N = f d*#no(r). On the other hand,
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the expectation value of the breathing-mode operator can be
written as

(0()) = / d’rrin(i,1) = y*(1) / d*irtng(F)  (78)
~ [14+2Ay1{0), (79)

where (O) = f d*rr’ny(7) is the average value of O in equi-
librium. Similarly, from the high-temperature virial expansion,
Egs. (62) and (63), and using the local-density approximation,
we get

Ca
Ca(t) = < 2>, (80)
Y
C
Crlty = ’§>. 81)
Y
Here (Co) = 2TX*28% [@%Fnd(F)  and (Cg) =

20Aby 22207 . e
—TA*50% [dPrng(F) are contact values in equilibrium.

Ay @) 21 (Cy)/a + 2(Cr)
ar? (0)

One thus finds that for a small breathing motion of the cloud,
the frequency is given by

i [4& + :|Ay(t) =0. (82)

27 (C 2(C
oy = J4a? + /et 2HCR) (83)
(0)
Assuming that the shift is small, one can expand w}, and find
1 (Cq)
Aw = wp — 20 = Cr) | 84
w=w, - 20 2w(0>[ P +<R>] (84)

One can evaluate the frequency shift at high temperature,
where the density distribution can be approximated by the
classic Boltzmann distribution no(F) = A exp (—w?r?/2T),
where A = Nw?/(2nT) and N is the particle number. So the
frequency shift becomes

_ Na)3 28Ab2 8Ab2
T 8T%|a da!  dlnR |

Near the resonance 1/a — 0, the frequency shift arises only
from the contact of effective range Cr. Note that unlike
the p-wave contacts for three dimensions, Cx does not
vanish at resonance. Here we take T = 2E; with the Fermi
energy related to the radial trap frequency Ep =/liw~/2N
in two dimensions, and the breathing-mode frequency shift
Aw at high temperature T =0.1/R? is given in Fig. 3.
Note that it is finite at resonance when 1/a = 0 and can be
negative on the BCS side of the resonance when 1/a < 0.
On the Bose-Einstein condensate side of the resonance
1/a > 0, the frequency shift is always positive and becomes
larger and larger as the attractive interaction becomes strong
(a = 04).

Aw

(85)

VII. SUMMARY

In this paper, we have extended the concepts of p-wave
contacts to two dimensions and have derived the related
universal relations. In particular, we have shown how the p-
wave contacts change the breathing-mode frequency from the

PHYSICAL REVIEW A 95, 023603 (2017)

Aw/(2w)
0.10

0.08
0.06+
0.04

0.02

L L L L L 2
_ —00 0.02 0.04 00672

FIG. 3. The frequency shift Aw/(2w) of breathing modes as a
function of R?/a near the resonance.

scaling-invariant result. Specific results were obtained in the
high-temperature limit where the 2D system is more stable. It
would be interesting if further experiments in two dimensions
could be conducted, and in the Appendix B, we consider
realistic trap parameters and show how the effective two-
dimensional scattering parameters depend on the magnetic
field.
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APPENDIX A: DERIVATION OF EQUATION (74)

According to the definition of the p-wave contacts, the
two-body density matrix ,02(71 ,?2; ?2,71) [= )OZ(’_;I — ?2)] in the
short range can be written as

Ci , 2Cg
p2(r) = —up(r) + ——uo(r)ui(r), (AD)
b4 b4
where r = |F| — »|. This gives the possibility of finding two
two-particle distance r apart. So Eq. (73) can be written as
9*(0))

o = 4(H)

o7 —40*(0(1)) — (A + B),

(A2)
where

aU(r)

A= 2Ca/drr[2U(r) +r ]u%(r), (A3)

aU(r)
B =2Cp / drr |:2U(r) + r7i|2u0(r)u1(r). (A4)

Our task below will be to evaluate the above two expressions.
One useful fact to notice is that since U(r) is a short-range
function, the integrals are effectively cut off at r. because
U(r) =0 when r > r.. As a result, we can write A, and
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integrating from zero to r,, we find

A= 2Ca/drr[2U(r)+ L] 0( r)

8uo(r)

= —4Cafdrr U(r)up(r) (AS)

In the above derivation, we have integrated the second term
by parts and used the fact that U(r)rzu%(r)|6‘ = 0. Using a
differential equation for uo(r),

19 0 1 —U A6
[;5 <r5> — ﬁ]uo(r) = (7‘)“0(”), ( )

and multiplying both sides by r2u6(r) and integrating from
zero to r., we find, using ug(r =0) =0, r a”i;)r(’) l;—0 = 0, and

Eq. (17),
9 2 re
A= —2Ca|:<rM) - u%(r)}
ar 0
’C 1 +nrc 2 1 +7trc 2
N “UWNre  4a re 4a
Cy
= 2r—. (A7)
a

The calculation of B needs more effort. Let us first consider
the following integral:

26 / drr |:2U(r) br %}R,& (A8

where Ry (r) = uo(r) + k*u(r) is the radial wave function
expanded to second order in k. B is simply given by the
coefficient of k% in the above integral. Ry(r) obeys the
following differential equation:

19/ 8 1 s
[__(r_> _ _Z}ka +R(r) = UCR(r). (A9)
ror\ or r

Multiply both sides by rzR;c(r) and integrating it by parts, one
finds

/ ' U(r)r* R, (r)Ry(r)dr
0

re 2 re
— sz P2 RL(F)Re(r)dr + %|:<r 812“”) - R,%(r)i| .
0 r 0

(A10)

Like for A, we have

/ drr[ZU(r) +r algir)]R,%(r)

8Rk(r)

= /a’rr U(r)Ri(r)

re 2 e
= —2k* / r R, (r) Ry (r)dr — [(r%) —R,f(r)} :
0 r

0
(All)

The coefficient of k? in the above expression determines B (up
toafactor 2Cg). Now, since {(r 22:2)2 /2 — [R2(r)]?/2}|,=0 =

PHYSICAL REVIEW A 95, 023603 (2017)

0 and Ri(r. > ro) = uo(re) + k2ui(re), the coefficient of &2 is
given as

1 n2r4 Fe ) ,
—4Cgr| < 3 6aa2 + In —~+ drrug(rjuy(r)|. (Al2)

The integral for ¢ drrzuo(r)ué(r) can be calculated from Bethe’s
integral formula. We first transform the limit of integration
Fe = Arg,

2)\4,.4

eVEAr. /2 nkzrf X
- i (A13)

R da

Are
/ ru%(r)dr =In
0

Then we can change the integral variable r = Ax,
/rc 2500d i evErr /2 52 JTI’C2 n b/
= n--———- —_— .
, o R 4a | 64a?
(A14)

2)\‘2r2t

Taking the derivative with respect to A and then setting A = 1,
we get

f 2o dx = —In &l L LT sy
= —In — .
A X uo(0)ug(x)dx R > T sda2
Finally, we obtain
2
A+B=—-——C,—2Cp (A16)
a
and
32(0(1)) ) 2
0 =4E — 40°(0(1)) + 7Ca(t) + 2CRr(1). (A17)

APPENDIX B: THE RELATION BETWEEN THE
EFFECTIVE SCATTERING PARAMETERS (a AND R) IN
TWO DIMENSIONS AND THE THREE-DIMENSIONAL
p-WAVE SCATTERING PARAMETERS

It is suggested that the 2D strongly interacting p-wave
Fermi gas might be more stable than its three-dimensional
(3D) counterpart [41]. The 2D fermion gas may be produced
from 3D fermion gas by using strong harmonic confinement
along the Z direction [42,43]. Let us then consider two spinless
fermions moving in a harmonic potential of the form

Vo(x,y.2) = sMalz, (B1)

Thus the potential energy of the two particles is %(2M )wa 2+

%%zz, where 27 = z1 + zp is twice the center-of-mass z
coordinate and z = z; — zp gives the relative coordinates.
Since the center-of-mass motion is separated in the harmonic
trap, one can write the Hamiltonian for the relative motion,

1
Spwlz’, (B2)

1
5 Pet P D)+ 3

Hrel = 2M

where u = M /2 is the effective mass. In the following, we use
units such that M =1, so 2u = M = 1. We introduce p =
xX + y¥ as the xy-plane projection of the relative coordinate
¥ =7 —r and p = /x2 + y2. The free Green’s function for
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the relative motion is given by

1
G E) = (Pl I72): (B3)
E+ m—= rel
In the following, we shall shift the reference point of energy
€ = FE — w,/2. We are interested in the scattering of two
fermions in the xy plane, so let us set z; =z, =0 and
introduce a complete set of harmonic oscillator states:

ik-p *
£, _ L e ¢,(0)¢;(0)
Glo=y %:eiin—(k§+k§+nwz)'

(B4)

Here k = (ky,ky) lies in the xy plane. G*(p) describes the
outgoing and incoming waves in two dimensions. Harmonic
oscillator wave functions

1/2
Pn(z) = [ } H,(az), (BS)

o
Vm2tn!

where @ = /uw,/h = /o, /2. The scattering wave function
of the relative motion can then be written as

- +
v = 3G~ (p) SBG (p)‘ (B6)
ap ap
The stationary scattering wave function of the relative motion
is a superposition of the incoming and the outgoing waves,
the coefficient of which is the diagonalized S-matrix element
S = exp(2i4;) in terms of the scattering phase shift §;. In the
following, we consider low-energy scattering when 0 < € <
w,. To proceed further, we split the summation over n into
two parts, one with n = 0 and another with n > 0, G*(p) =
GE(p) + GE(p), with

i L @R Pgn(0)g(0)
Gio) = 5 §k T (e’ (B7)
1 7, (0)¢7(0
G;E(,o) - - Z e'"" 9, (0)p, (0) (B8)

o € +in— (k)% + k% + na)z)
Using the form of ¢,(0) and carrying out integrations, one

finds

GE(p) = /;vz FilJo(/€p) £ iNo(/ep)] (89)

4 9
2
o —w;p €t
G:l: et “r 4
()= 2 47 / xp |: 2t + 2a)zi|
X | —=-—1
[ 1 —e™! ]

Note that for G;E, it is independent of the sign of the
infinitesimal imaginary part in the denominator, and we shall
denote it as simply G in the following. Let G, = 0G,/dp,

. w, w.p [ dt —w.p> et
Gap) = |2 ad
20 =\ 5 an /0 2 eXp[ % 2,

Nl
X | ——1].
1—e?

(B10)

(B11)
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Then the wave function can be written as

”_ /;u_z —iﬁ[h(ﬁpj—ml(ﬁp)] G

S[ w, i «/—[Jl(fp)+zN1(fp) }
271 4

an §;

o Ji(vep) — tan N1 (Vep) + 220G, (B12)

Here A = /;—;%. In the following, we set k = /€. When

p’w, < 1, the wave function looks like a 3D p-wave function.

¥ o ji(pp) — tan(8*?)n(pp)

o cot(8>”) ji(pp) — ni(pp)

1 p2 1

Here V3P and R3P are the p-wave scattering volume and
effective range in three dimensions, respectively [17]. The
energy E = p?> = k> + w. /2. In the above equation, the effec-
tive expansion for the 3D p-wave phase shift p? cot(§°P) =
—1/V3P — p?/R3P has been used. j; and n; are spherical
Bessel functions. At small p, we need to calculate the
coefficients of p and p~2 from J;, N;, and G, and then
compare the above two formulas to get the effective 2D p-wave
interaction parameters in terms of 3D p-wave parameters V3P
and R*”. As p — 0, the most divergent term is proportional
to 1/p2, which comes from

/wz W, p dt —a)zp2 4 €t 1
27 4 2t 2w, t

(B14)

471,0

As aresult, the coefficient of 1/p? is %22t in Eq. (B12).

Next, we calculate the coefficient of p. There exist plnp
and 1/p terms in the expansion of Bessel’s function N;(kp)
near the origin. However, there are no such terms (p In p and
1/p) in the 3D scattering wave function (j; and n;). In fact,
it can be shown that these singular terms from N;(kr) are
exactly canceled by those from G,. Here we need to isolate
these singular terms with a formula:

AG,=Gr— g

w, wz,o —w.p> Kkt 1
= [= exp + o —
27 4 0 % 2w || ST

- 5te!
Lo B +te—f]. (B15)
Jt 4
Here g, gives all the mainly singular terms, e.g.,

1/p%1/p,p1n p, occurring in G, as p — 0. Then AG, is
not singular compared with the linear term p as p — 0, e.g.,
AG,/p ~ O(1). When p — 0, we have

AG, = (B16)

2B w0
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and

B o) /"0 di k2t 1 .
w,) = —exp| — || — —
: 0 l2 P 2wz 1 —et

e! _t 5te”?

——+e

Ji 4

Collecting all the linear terms of p from J;,Ny,g», and AG,
and comparing the coefficients of p and 1/? in Egs. (B12) and
(B13), we can get the effective p-wave interaction parameters
a and R in two dimensions in terms of V3 and R3?:

+ te_’i|. (B17)

3z V3P (B18)
a= ,
227l + Y 4+ V(6 — 7/T + 6B(0)]
EN2
e s 2 V2nly
R= e W, (B19)

NG

where [, = /i/Mw, and B(0) &~ 1.01353. The coefficient y
is given by

/OO dt[ 1 | e’ bt
= ————-1——+c¢
4 o I LJ/1—e! Vit
5 te”!
- \/;e +tet]’

which is approximately 0.3915.

In the following, one can choose the parameters which are
experimentally accessible in “°K [11]. Consider a harmonic
trap with frequency of the order of w, = 27 x 120 kHz, and

then use
A
3D v
v =v(1-55)

(B20)

(B21)
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FIG. 4. The scattering area a as a function of magnetic field 6 B
(relative to 3D resonance point). The inset shows the variations of
effective range R with magnetic field § B.

where the (magnetic) width of the resonance is Ay = 20 G.
Vig = (100ag)? is the background scattering volume. ay is the
Bohr radius. For the effective range, we have

11 H_aB
R3D " Ry, Ar )’

where Ar = —20 G and Ry, = 50a9. The above experimental
parameters can realize a quasi-2D Fermi gas which satisfies
R3P « I, < 1/kp [44]. In order to realize a true 2D Fermi
gas where R3P ~ [, « 1/kr one needs a trap frequency of
the order of w, ~ 10 MHz. In Fig. 4, for v, = 10 MHz, we
show the variations of the effective 2D scattering area a and
the effective range R when magnetic field § B (relative to the
3D resonance point) varies. Note that the resonance position
is shifted by the external trap potential.

(B22)
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