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Abstract

An analytical model based on lubrication approximation is developed for rotating
electroosmotic flow in a narrow slit channel, of which the wall shape and surface poten-
tial may vary slowly in the direction of applied fields. The primary and secondary flow
fields and the induced pressure gradient, which vary periodically with axial position
owing to the gradually varied channel height and surface potentials, are deduced as
functions of the inverse Ekman number and the Debye parameter. By studying some
limiting cases of special interest, the combined effects of system rotation and the inter-
action between the geometrical and potential variations are investigated. It is shown
that non-uniformity in the channel height and wall potential can qualitatively modify

the relationship between system rotation and the primary and secondary flow rates.
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1 Introduction

Fluid pumping is an essential function in microfluidic systems [1]. In recent years, electroos-
motic pumps have been increasingly employed to perform this function [2,3]. When an electric
potential difference is applied between the ends of a channel, fluid will be driven into motion
by electric body force, which arises because of free charges in the near-wall electric double
layer (EDL). The thickness of the EDL depends on the bulk ionic concentration and electrical
properties of the electrolyte [4]. Outside the EDL where the electric body force is absent due
to charge neutrality, bulk flow is induced by viscous action. Pure electroosmotic (EO) flow
in uniform channels has the feature that its velocity profile is plug-like (a constant velocity
over the cross-section except within the EDL close to the channel wall). As a result, Taylor
dispersion of solutes is negligible in pure EO flow [5], which is desirable for electrophoretic
separation of chemical species but undesirable for mixing. Electroosmosis counts on the ex-
istence of interfacial charges at solid/liquid interface, which can be affected by a variety of

mechanisms such as ionization of solid surface groups and isomorphic substitution [6,7].

Another technique for moving small quantity of fluids in narrow confinements is by means
of centrifugal force in a rotating system, which is frequently utilized in the so-called compact
disc (CD)-based microfluidics. As centrifugal pumping is relatively insensitive to physic-
ochemical properties such as pH, ionic strength, or chemical composition of solutions (in
contrast to EO-based pumps), a CD-based system may manipulate broader types of liquids.
Aqueous solutions, solvents, surfactants, and biological fluids (blood, milk, and urine) have
all been pumped successfully [8]. Due to significant hydrodynamic dispersion produced by
system rotation, mixing in CD-based microfluidic devices can be easily achieved. Unlike EO
flow, which is determined by many parameters, the control of flow in CD-based microfluidics
lacks flexibility, however. Its only control is the spinning speed, and the rest is left to a
complicated circuitry involving hydrophobic burst valves to be hardwired on a CD [9]. To
make full use of advantages offered by both EO and centrifugal pumping, a dual-pumping
system can be developed. Wang et al. [10] designed a dual-pumping CD-like microfluidic
system aiming at improving biomedical separation efficiency. The fundamental principle of
their design was to make electric body force acting in a direction opposite to the centrifugal

force. Their system was found to have other advantages like low joule-heat generation, low



chemistry reaction and steady ion concentration [10]. Chakraborty [11] can be consulted for

details about the centrifugal microfluidics.

Chang and Wang [12] were among the first to present a theoretical study on rotating
EO flow. They derived analytical solutions in terms of the rotation speed and the Debye
parameter for two configurations, namely, flow over a single plate and flow between two
parallel flat plates. More recently, Ng and Qi [9] considered EO flow in a rotating rectangular
channel. They developed semi-analytical solutions in terms of eigenfunction expansions for
the primary and secondary EO flow velocities as functions of the the inverse Ekman number
and the Debye parameter. It was shown that system rotation can have qualitatively different
effects on the flow rate, depending on the channel width and wall potential distributions.
Ng and Qi [9] also examined in detail the Ekman-EDL layer, which is a boundary layer
incorporating the Coriolis, electrical and viscous forces, and develops under the conditions of
fast rotation and a thin EDL. Other studies concerning rotating EO flow of non-Newtonian
fluids, such as power-law, third grade, Eyring, viscoplastic and viscoelastic materials, have

also been conducted [13-20].

In the above-mentioned studies, only uniform channels (i.e., conditions do not vary with
axial position) are considered. Arising either by construction or naturally, non-uniformity
in the channel height and wall potential distribution is often a key consideration in the
study of EO flows. For example, the surface charge may be non-uniformly distributed owing
to the absorption of organic molecules onto the channel wall during analysis [21,22]. To
enhance chemical/biochemical reactions on sensing surfaces [23] or the efficiency of species
mixing [24] in lab-on-a-chip applications, the channel walls can be artificially patterned with
rough elements in order to achieve a stronger mixing effect. In a rotating environment, EO
flow will be determined by a balance between the viscous, Lorentz and Coriolis forces. Any
non-uniformity in the channel height and wall potential will give rise to an induced pressure

gradient, which will then add to the other forces to affect the flow.

In the literature, there exist many studies on EO flow under the effect of surface patterning.
Stroock et al. [25] found in their experiments the formation of recirculating cellular flow over
a surface which was periodically patterned with equal positive—negative potentials. The

induced pressure gradient arising from the non-uniform surface charge distribution can only



produce convective cells without a net flow. To generate a net flow, one can introduce wall
undulation. Ajdari [26,27] has theoretically shown that, with the combined effect of wall
undulation and charge modulation, the symmetry of forward—backward flow can be broken
and a net flow is produced. Yang and Liu [28] performed a numerical study on EO flow in a
parallel-plate microchannel with sinusoidal roughness, and looked into the effect of roughness

height and frequency on the bulk flow rate.

To this date, rotating EO flow subject to non-uniformity in both channel height and
surface potential has not been studied. Shit et al. [29] have investigated the effects of slip
velocity on rotating EO flow in a non-uniform channel with wavy walls. They have, however,
ignored in their analysis the internally induced pressure gradient arising from the varying
channel height. In this paper, our aim is to develop an analytical model to describe EO flow
in a narrow slit channel under the combined effect of system rotation and non-uniformity in
both the channel height and wall potentials. It is assumed that the wall shape and potential
may vary slowly in the axial direction and the inertia is negligible. Under these conditions,
the lubrication theory can be applied to the problem, which is then solved in a quasi-one-
dimensional manner. Many previous studies have applied the lubrication theory to EO flow
in thin channels, including Long et al. [30], Ajdari [31], Ghosal [32], Ng and Zhou [33], Ng
and Qi [34], Qi and Ng [35,36], and so on.

Our problem and method of solution are described in further detail in Section 2, where the
primary and secondary flow velocities, as well as the induced pressure gradient, are derived as
functions of the dimensionless rotation and Debye parameters. Further assuming sinusoidal
functions for the wall shape and potential distribution, we consider some cases of particular
interest in Section 3. These cases include: non-rotating channel, channel with constant
sectional area, very thin Ekman and EDL layers, uncharged flat lower wall, and symmetric
wall patterns. Through these cases, we shall look into how the interaction between the
variations in the wall shape and potential on the walls may give rise to certain interesting
phenomena, and how the system rotation may modify these phenomena. Results of particular
cases are compared with those available in the literature. We shall place emphasis on results
that distinguish rotating EO flow in a non-uniform channel from that in a uniform channel.

Most findings of the present study are reported for the first time.



2 Problem formulation and solution

Our problem is to consider steady pressure-driven and electroosmotic flow in a rotating slit
microchannel, where the wall shape and the surface potential may vary slowly and periodically
as functions of axial position. As is shown in Fig. 1, flow is primarily driven under the
combined action of a pressure gradient and an electric field applied along the z-direction,
and because of system rotation about the z-axis, secondary flow arises in the transverse y-
direction. Here, the coordinates (x,y, z) follow the right-hand rule, and hence rotation is
positive anti-clockwise when viewed from above. The channel, which rotates at a constant
speed (), is assumed to be wide and open-ended in the y-direction so that the flow can
be assumed to be invariant in this direction. Hence, the flow is a function of the z- and

z-coordinates only.
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Figure 1: Electroosmotic flow through a rotating slit channel with gradually varying wall

shape and wall potential.

The upper and lower walls are placed at z = hy(x) and z = —ha(x), respectively, where
hi(z) and ho(x) have the same mean: (hy) = (ha) = hg, in which the angle brackets denote

averaging over one wavelength in the z-direction. In other words, each wall is at a mean



distance of hy from the centerline of the channel, and therefore the channel has an average
height of 2hy. On the upper and lower walls, the surface potentials are given by (;(z) and
(2(x), respectively. The wall positions hy 2(x) and the surface potentials (; 2(x) are all periodic
functions of x with the same wavelength L, which is assumed to be much longer than the
channel height hg, or ¢ = hg/L < 1. Such a small length ratio means a much longer length
scale for velocity variations in the z-direction than that in the z-direction, and hence velocity
gradients with respect to x will be much smaller than those with respect to z. In addition
to the sharp contrast in the length scales, we also assume that the Reynolds number Re of
the flow is so small that e Re < 1 for negligible inertia terms. These two conditions, one
geometric and one dynamic, will form the basis for the so-called lubrication approximation;

see, e.g., Deen [37].

On ignoring gravity, and applying the lubrication approximation, the momentum equa-

tions for the rotating flow can be written as follows:

0%u
—2pQv = ,u—az2 + peEr + Py, (1)
0%v
200 = M@> (2)

where p is the fluid density, p is the dynamic viscosity of the fluid, u = u(z, z) and v = v(z, 2)
are the velocity components in z- and y-directions, p. is the free charge density in the fluid,
E, is the electric field applied purely along the z-direction, and P, = P,(z) = —dp/dz
is the reduced pressure gradient consisting of the externally applied and internally induced
components. The condition € < 1 implies that the flow is nearly parallel to the axis of the
channel, or the velocity component in the z-direction is much smaller in magnitude than the

other velocity components.

The electric potential 1 is related to the free charge density p. through the following
Poisson equation:
d?i
e = —€7 3
p 2 (3)
where € is the dielectric permittivity of the fluid. It is assumed that the valence Z of the

charges is 1 : 1 symmetric, and ions in the EDL follow a Boltzmann distribution. As a result,

the free charge density can be written as

A
Pe = —2Zeny, sinh (%) , (4)
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where e is the fundamental charge, n, is the bulk electric concentration, kg is the Boltzmann
constant, and 7' is the absolute temperature. By invoking the Debye-Hiickel approximation
on assuming that the potential is so small that sinh(Zey /kgT) ~ Zey /kgT, Egs. (3) and

(4) together give the well-known linearized Poisson—Boltzmann equation:

d2
=, (5)

where k = (222€?n4/ekpT)'/? is the Debye parameter, the inverse of which is the Debye
shielding length of the EDL. The electric potential is subject to the following boundary
conditions:

w:Cb at ZZh'l) (6)
w = C2> at z = _h'2> (7)

where (; = (1(z) and (o = (o(x) are the surface potentials on the upper and lower walls.

Equation (5) with these boundary conditions can be readily solved to give

o= (i sinh [k (z + hg)]  (asinh [k (b — 2)]
sinh [k (h1 + ho)] sinh [ (h1 + h2)] ’

(8)
or in dimensionless form

¢, sinh [K <z + ﬁg)} {ysinh [K (ﬁl - z)}
suhs [& (7 + ha)]  sioh [5 (b + 5a)]

w =
where the dimensionless variables and parameters are defined as follows:

(221751752) = (¢7C17C2)/C07 (27 il’h iLQ) = (Z> h'1> h'2)/h'07 k= K'h(b (10)

in which (y and hg are the normalization scales for the potentials and lengths, respectively.
As noted above, hg = (h1) = (h2) is half the mean channel height. Likewise, we may choose

either ((1) or ((y) (if they are not both zero) to be the scale (.

It follows from Egs. (3) and (5) that p. = —ex?. The electric body force p.FE, in the
momentum equation (1) can then be expressed as p.E, = —ex?E,1). To facilitate our analysis,

we further introduce the following dimensionless variables:

('&7@) = (u>'U)/UHS> pﬂﬂ = PEhg/(MUHS)a T = I/L> (11)



where the velocity scale

Uns = —€GoEiz /11 (12)

has the same form as the Helmholtz—Smoluchowski velocity. In terms of the dimensionless

variables, the momentum equations (1) and (2) become

0*u 4 -
—Ph = S 4 Py %), (13)
0z
00
2~
where 2
ph2Q)
1
is a dimensionless rotation parameter, or the square root of the inverse Ekman number [38].
With the no-slip condition at the walls: ©« =0 =0at 2 = le and 2 = —ng, the momentum
equations can be solved to yield
it . P it 2 .
w(z,2) = —|—/—— -w [ == —_ (W W, )
W 2) (%4+4774) voih <2?72> ! (%4+4774) SR
2% k2 A A
N == | W W, ) , 16
(1%4_‘_4774) ( 5C1 + WeCa (16)
2% k2 - P, R4 . .
0(2,2) = —|—F——= Wy—1) | — A7<W W)
(0.2) = ~ (i) o+ (a1 <2n2> + () (W4 wide
202 k2 A A
TR (wdy + W ) , 17
+ (1%4_'_4774) ( 301 + Walo (17)

(2+ha) | sinn [n (2 = fu) | }

: (18)

= 2{enfo (s ) e o (s 0)] o o e )] o o )]
o i +2)] o o i+ )

* cos [277 (ﬁl + ﬁg)} — cosh [277 (iLl + iLg):|

: (19)
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and

W, = {cos [77 <2+ﬁ1—|—2ﬁ2)}cosh [77 (2—&1)}
~ cos [77 (z _ ﬁl)} cosh [77 (z iy + 2%)} }

w

s o )] e on )}

Wi = o) o e~
+ cos [77 (z — 2y — ﬁg)} cosh [77 (z n ﬁg)} }

s o) o on )}

ot

W = oo (54 20) s o (5 - )
—sin | (2= hn) | sinb [ (24 + 202 ) |}

fenon )] o on )}

=

_ {—sin [77 (z n iLz):| sinh [77 (Z —2h — ﬁz)}
sin [ (2= 20 — ) sin [ (2 )]}

e {enon (1)) o 0]}

(20)

(21)

(22)

(23)

in which the dimensionless electric potential ’Q/A) is given by Eq. (9). On integrating the axial

velocity across the section, the primary (axial) flow rate is obtained as below:

Gz

in which

and

h
= / udz
—hy

— _2771'221 B (1%4 i34774) tanh {g (iL1 - iLz)] (éi + 52)

+ i b
2n (R*+4n*) ] \ Er

o cos <h1 + hz) + cosh [ (iLl + ﬁz)}
b sin <h1 + hg) — sinh <h1 + hg) ’

L 0 (b + )| 4 sinb [ (R + )|
S sin <h1 + hg) — sinh <h1 + hg) .

~9 N 2
2 2 nK G+ G
(Cl + Cz) (1%4 n 4774) B

(24)

(25)

(26)



On rearranging Eq. (24), we get

r ni’ B R i L+ ¢
2—772 - _nqul — {m} tanh |i§ <h1 + h2):| <C1 + C2)
/%4E2 2 2 772'%2 n -
* {2 "+ 4774)} (G+é) - (&4 n 4774) (G ). (27)

The wall shapes and potentials, hy 5(2) and ; 2(2), are periodic functions of #, and so are E 5.
The flow rate ¢, is, however, independent of Z, a consequence of continuity. The pressure
gradient P, consists of two components: a known constant (corresponding to the externally
applied pressure gradient), and an unknown periodic function of & (corresponding to the
internally induced pressure gradient). The spatial average of the latter component is zero by

virtue of periodicity. Hence, on integrating the pressure gradient over one wavelength, we get
A 1 A
(P) = / P.dz = AP, (28)
0

where AP is the net pressure drop in one period length of the channel. This pressure drop
is simply equal to the applied pressure gradient multiplied by the wavelength of the wall

pattern.

We then integrate Eq. (27) with respect to & from 0 to 1, and get after some algebra
AP 77/%2 1 . . /%4 1 . R
oo [ e B (6 d)as
q { Sy ‘|‘4774/0 (Cl +C2) T+ 2 (i _|_4774)/0 2 (G + G ) de

~-3

R ! ;s R . ! R
_m/() E, (Cl + Cg) tanh {5 <h1 + hg)] dzv} //0 E,dz. (29)

Substituting ¢, back into Eq. (27), we then obtain the pressure gradient P,. With the

known P,, we may finally obtain from Egs. (16) and (17) the axial and transverse velocity

components.

The secondary (transverse) flow rate, averaged over one wavelength, can then be found

10



as follows:

1 pha
Gy = // 0(2,2)d2da
0J —hso
[ [ hs) - B e} o - [ (i) e

R /01 (Exi® 4 20%) (él + 62) tanh {g (iLl + ﬁz)} 45

e
. % /01 El (iLl n iLz) <<A"1 + 5’2) tanh {g (iLl + iLz)} dz
~9 1
gy | = B (i i) (G4 6) 0 (30

where

. cos [77 (?1 + ﬁg)} — cosh [77 (ﬁl + iLg):| | 1)
h

sin [77 1+ il,g):| — sinh [77 (ﬁl + iLg):|

and F; and Es are given in Eqgs. (25) and (26), respectively.

Note that both ¢, and ¢, are separable into hydrodynamic and electrokinetic components,
where the former is driven by the pressure drop AP, and the latter is controlled by the wall
potentials ¢; + (. The integrals in Eqs. (29) and (30) suggest possible interactions between

the geometrical and potential variations on the walls.

3 Discussion

To facilitate our discussions, let us introduce the following sinusoidal functions for the wall

shapes and potentials:

~

ha (&) = 1+ K cos (27) , (32)
ho (&) = 14 hlycos (21 + ¢) (33)
G (#) = G+ ( cos (2 + 61), (34)
G2 (%) = Go + Gycos (27 + 6) (35)

where N, and (j, are the amplitudes of the geometrical and potential variations on the

upper/lower walls, (;  are the mean potentials on the two walls, and ¢ and 6 5 are the phase

11



shifts of the corresponding distributions. In the following, the geometrical and potential
variations on the walls will be denoted by

h(z) -1,  A@) =((@) - (36)

~

Ah(2)

In addition to these amplitudes and phase shifts pertaining to the wall undulation and sur-
face potential distributions, the present problem is also controlled by the rotation parameter
7, the Debye parameter #, and the pressure drop AP. While the Debye parameter is a ratio
of the channel height to the EDL thickness, the rotation parameter can also be interpreted

as a ratio of two lengths. From Eq. (15), n can be written as

n = ho/k, (37)

where
O = (n/p)'"? (38)
is the thickness of the Ekman layer, which is a boundary layer resulting from a balance
between the Coriolis and viscous forces [38,39]. Hence, the rotation parameter 7 is a ratio of
the channel height to the Ekman layer thickness. Clearly, a faster rotation results in a thinner
Ekman layer, thereby a larger . It is of interest to provide some typical values for parameters
considered in this study. In practice, the rotation speed of a centrifuge can be O(10%) rpm
or faster and the dimension of a microchannel is typically hg ~ 100 pm. For a common
liquid like water with the density p ~ 10? kg:m™2 and the dynamic viscosity p ~ 1072 Pa-s,
the magnitude of the rotation parameter 1 can be as large as O(10). Another dimensionless
parameter of importance is the normalized Debye parameter #. The shielding thickness of
the EDL (x7!) is typically in the range of 10 nm to 10 um. Consequently, it is reasonable for

us to choose & = khy ~ O(10) in the following discussions.

3.1 Non-rotating channel

When the channel is not rotating (n = 0), the secondary flow is identically zero (0 = 0). Let
us distinguish quantities pertinent to a non-rotating channel by a superscript of “0”. The

axial velocity can be readily found from Eq. (13) as
PY /. . A Z+ iLz - iL1 —Z\ 4
W= "2 (h—2)(2+hy) =+ | —= + | —— : 39
= (h=2) (24 ko) =0 el K S s L (39)
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where the electric potential d is given by Eq. (9). The corresponding pressure gradient and

flow rate can be obtained as
. o (3 N\ =3 A . . N =2
P = 12q, <h1 + hg) —6 (Q + Cz) <h1 + hz)

# 2 (6+G) () a5 (1 +1u) . (40

QP = {% —~ %<(§1 + 5’2) (ﬁl + ﬁg)_gtanh {g (ﬁl + ﬁg)]>
5{(650) (i) )} (i) w

where the angle brackets denote averaging over one wavelength in the axial direction.

If & — o0, corresponding to the limiting case in which the EDL becomes infinitesimally
thin, we may apply the Helmholtz—Smoluchowski slip condition directly on the boundary,
which will avoid the need to include the electric body force in the momentum equation. In

this limiting case, Eq. (41) reduces to

Jim g = {AP n 6< (51 n 52) (ﬁl n hg)_zﬂ /<12 (ﬁl + ﬁg) _3> , (42)

which agrees with the one deduced previously by Qi and Ng [35], who considered EO flow
of a power-law fluid in a non-rotating slit channel with gradually varied channel height and
wall potential. Their analysis was also based on the lubrication approximation and the

Helmholtz—Smoluchowski slip condition.

For sufficiently large & such that tanh[#(hy +hy) /2] & 1, we may substitute Eqs. (32)(35)

into Eq. (41), and get after some algebra the following analytical expression for the flow rate:

5/2 _ _
AS:écAP—I—{%—%] (Q—I—Cz)—l-{—/l—l-%}g for £ > 1, (43)
where
A =4—n?— R} — 21|l cos(¢), (44)
B = 2 < (Aﬁl + Ahg) (Aé’l + A§2)>
= (G cos(01) + G5 cos(B2)] + ha[C cos (¢ — 01) + Gy cos (¢ — 62)], (45)

13



and

C =8+ h2 + hiy + 2k k) cos(e). (46)

Equation (43) reveals that part of the flow rate can be due to various interactions between

the geometrical variations (hf, h}) and the potential variations (¢f, ¢5) on the walls.

3.2 Constant cross-sectional area

Here, we consider the special case in which the cross-sectional area of the channel is a constant,
i.., hy + hy = 2. This means that either both walls are flat (], = h} = 0), or the wall
undulations have the same amplitude (b} = h}) and a phase shift of ¢ = 7 (i.e., synchronized

undulations). Quantities pertinent to the present case are distinguished by a dagger.

When hy + hy = 2, Eqs. (29), (30) and (27) reduce, respectively, to

AP B2ES | R (GG
Gl =~ + | & tanh (R) - L + 2 M(fl Cf), (47)
2E!n3 E]  2mE]| R'+4n
.i.
qAT — & —2n g
Yy El'li' 2/)73
i nREL| R (G +G)
+ | —2n* tanh (&) + 21 — ; 48
o anh () + S T S (49
~o ot 2n%R2 (Afi + Afz)
a _ A -i- A 2 K E2
P! = AP — |niE! tanh (&) +n* — 5 R , (49)
where Aél,z = 51,2 - 51,27 and
El = cos(2n) + cosh(2n) and  Ej = sin(2n) + sinh(2n) (50)

sin(2n) — sinh(2n) sin(2n) — sinh(2n)’
Again, we see that the flow rates are each separable into a hydrodynamic component that
is linearly proportional to the pressure drop AP, and an EO component that is in direct

proportion to the wall potentials ¢; + Co.

It is remarkable that the flow rates ¢ and é; are independent of the variations AiLLg
and AéLQ, irrespective of these variations being zero or not. In other words, as long as the

channel height is a constant, the primary and secondary flow rates will not be affected by any

14



non-uniformity in the wall shape and potential distribution. Under this particular condition,
the interactions between the geometrical and potential variations, Ah and A¢, will have no
contribution to the flow rates. This statement also applies to the case of flat walls (i.e.,
hy = hl, = 0). Chang and Wang [12] have studied rotating EO flow between two parallel
flat plates with an equal and uniform potential ¢ on the walls. We here show that their
flow rates will remain unchanged even when the two wall potentials are disparate and non-
uniformly distributed, as long as the uniform potential is equal to the mean of the potential
distributions: ¢ = ({; +(2)/2. In this regard, the EO components of ¢/, and Q; can be checked
to be in agreement with the real and imaginary parts of the complex flow rate deduced by

Chang and Wang [12].

On the other hand, the internally induced pressure gradient is only incurred by the varying

components of the wall potentials:

Al +AG = <C:1 - 51) + <C:2 - 52)
= (jcos(2md + 01) + (5 cos(2mT + 6s), (51)

which will vanish when either ({ = ¢} =0 or {{ = ¢} and |#; — 02| = w. Therefore, when the
potential variations have the same amplitude and a phase shift of 7, the induced pressure
gradient, which varies periodically with axial position, will be identically zero, leaving behind

only the externally applied pressure gradient.

3.3 Very thin Ekman and EDL layers

When the Ekman layer and EDL are both very thin, or n > 1 and & > 1, the interactions
among the viscous force, electric force, Coriolis force and pressure gradient will be confined to
a very thin near-wall layer, the so-called Ekman-EDL layer [9]. Outside this layer, the viscous
and electric forces vanish, and the flow arises merely from a balance between the Coriolis force
and the pressure gradient; this region is often called the geostrophic inviscid core. In what

follows, quantities pertaining to the present case are distinguished by an asterisk.

In order to examine details in the Ekman—EDL layers, two stretched local coordinates are

15



introduced:

z’fzn(ﬁl—é’), and z§:n<2+ﬁ2), (52)
which measure distance into the fluid from the upper and lower walls, respectively. While
the Ekman-EDL layer lies in the region 2], = O(1), the geostrophic interior is located where
275 > O(1). We further introduce a modified dimensionless Debye parameter, which is the
Debye parameter normalized by the Ekman layer thickness instead of the channel height,

defined as follows:

K" =R/n = Kdg, (53)

where 0z is the Ekman layer thickness given in Eq. (38). Here, x* = O(1) is assumed.

In terms of z7 and 23, the expressions for W;—Ws, given in Eqs. (18)—(23), greatly simplify

to the following, where the upper/lower functions are for the upper /lower Ekman-EDL layers:

—sin (2¥) e A

Wi = Fen (54)
—sin (23) e %2
cos (zF) e #

Wy = (&) o (55)
cos (z3) e >

cos (27) e ™

Wy = ) (56)
0
0

Wy = o (57)
cos (z3) e >

Wy = . (59)

—sin (23) e %

Also, the electric potential ¢)* and the pressure gradient P can be written as

. é’le‘“*zf near the upper wall

(oe™" %2 near the lower wall

P: AP K7 (K7 - 25" +2)

€T

22 2n? 2(k* +4)

(Afl + A{"g) , (61)
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where A + A, is the sum of the wall potential variations, as in Eq. (51). While Wr-W¢

and 1" are all zero in the geostrophic core, P is independent of vertical position.

Then, the axial and transverse velocities, given in Egs. (16) and (17), simplify to

. K*4616—/§*2I /‘{,*2§1€_ZI . . ) . ) . o P;
uy = — P + prra— [KJ 2cos(Z’l)%—Qsm(zl)} +sin(2]) e ™ 27 ) (62)

21%*2616—/1*21‘ I{*261€_ZI

k¥ 44 k* 44

v] =

[—K*sin (27) + 2cos (2])] + [cos (25) e 75 — 1] (2}:;*2) , (63)

for the upper Ekman-EDL layer, and

I‘{,*4626_H*Z§ I‘{,*2§26_23

k4 +4 * K4+ 4

* P>i<
[£*% cos (25) + 2sin (25)] + sin (23) e (2;2) ; (64)

9 *2 —K* 23 *2 ~ —z5 * P
vi=— KCae wGe [—K*sin (23) + 2cos (23)] +[cos (25) e 72 — 1] ( X ) , (65)

K 4+ 4 k¥ +4 2n?

for the lower Ekman-EDL layer, where (PF/2n?) is given by Eq. (61). Here, we see that
part of the flow in each Ekman-EDL layer is due to the pressure gradient that is incurred
by the variations of the wall potentials. This internally induced pressure gradient, which
varies periodically with axial position, is locally uniform across the entire channel section,
including the Ekman—EDL layers and the geostrophic core. Because of this pressure gradient,
the velocity of flow in the upper Ekman-EDL layer is controlled not only by the potential ¢;
on the upper wall, but also by the potential variation Afg on the lower wall. It is remarkable
that, even though the two Ekman—EDL layers are far apart from each other, the variation
of potential on one wall will have effect on the flow near the other wall. Such dependence
of flow in one Ekman-EDL layer on the boundary condition in the other Ekman-EDL layer

will happen as long as the wall potentials are non-uniformly distributed.

From Egs. (62)—(65), the asymptotic limits for velocities outside the Ekman-EDL layer

are readily found as

v = lim uj = lim uj =0, (66)
v = lim v = lim v = —
2] —00 1 25—00 2 2772
AP k(K2 —2k"+2) /2 .
— AG + A ) 67
2772+ 2 (k4 4 4) < G+ AG), (67)
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which are the axial and transverse flow velocities in the geostrophic core. As noted above,
the geostrophic core is a region where the viscous and electric forces are zero. Hence, with
these forcings vanishing, the axial and transverse momentum equations, as in Eqgs. (1) and

(2), reduce to

—2pQv = Py, 2pQu = 0. (68)
Obviously, the solution to the above equations is simply u = 0 and v = — P, /(2pf2), or in
terms of dimensionless variables, u* = 0 and v* = —P?/2n*. This accords with the limiting

velocities obtained above. A more formal proof (e.g., Pedlosky [39]) shows that the velocity

in the geostrophic core is in general given by

k x Vp
2000

—

Uy

(69)

where k is the unit vector along the axis of rotation, and w, is the geostrophic velocity,
which is always perpendicular to k and the pressure gradient Vp. In the present problem, the
pressure gradient is non-zero in the z-direction, but is zero in the y-direction. Consequently,
the geostrophic velocity is non-zero in the y-direction, but is zero in the x-direction. The
y-component geostrophic velocity v*, given in Eq. (67), depends on the following: AP, n, k¥,
and Afl + Afg. If the latter is not zero, it varies also periodically with z.

For illustration, we show in Fig. 2 some velocity profiles, ui(z7) and vi(2]), in the upper
Ekman-EDL layer at # = 0, where AP =0, (; = 1, s* = 1, ¢, = 0, and ¢} = 0.5. For
these parameter values, Afl = 0 (i.e., uniform potential distribution on the upper wall), and
Afg = 0.5cos(f). We can clearly see from this figure how the phase 0y of the lower wall
potential variation can change the velocity profiles in the upper Ekman—-EDL layer. Outside
the Ekman-EDL layer, as 27 > 1, the velocity profiles will tend to the geostrophic limits
given in Eqgs. (66)—(67): u} — 0, v} — £*2(k*? — 25* + 2)(, cos(02) /2(k** + 4) = 0.05 cos(6s).
The axial velocity profiles of u} shown in Fig. 2(a) exhibit an oscillatory behavior about the
zero value when z7 increases from zero (2] = 0 refers to the upper wall). The axial velocity
increases sharply and reaches the positive maximum near the wall due to the pumping EO
effect, then reduces to be negative maximum in the region where the adverse Coriolis effect
dominates over the aiding EO effect, and eventually diminishes outside the Ekman—-EDL
layer. If the system rotation is fast enough, such oscillatory profiles are often seen, as have

been reported by Qi and Ng [16].
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(a) Axial velocity

(b) Transverse velocity

F 0,=0,m/4, /2, 3n/4, T

———— 7

0 0.05
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0.1

Figure 2: Axial and transverse velocity profiles, uj(z}) and vi(z7), in the upper Ekman-EDL

layer at & = 0 for various 6, where AP =0, (; = k* = 1, (| = 0, and ¢, = 0.5. The velocity

profiles asymptotically tend to the geostrophic limits given in Eqs. (66)—(67) as z7 > 1.

It is of interest to examine the axial and transverse flow rates when & and 7 are both large

and comparable to each other. From the velocity profiles given in Eqs. (62)—(65), we can get

*

4y

1

h1 0
/ vidZ + /

0 —ho
1 7751 1 7752
—/ vide] + —/ vydzs
nJo nJo

E— (B1 +B2)

K,*2 (K,*2 _ 2/{* + 2)

uyd2

h1 0
/ uydz + /
0 —ho

1 77ill 1 ﬁilz
—/ uydzy +;/ usdz;
mJo 0

AP k? (k2 =26 +2) - -
o3 2n (k4 + 4) (Cl + Cz) )

v§d2>

(70)

]AP K* (K3 — 2K* + 4) (G+a)
- 1+ G

2n?2 2n (k* 4 4)

_l_

2 (w1 +4) <<ML1 - Mz) (Aél * A52)> ) (71)

where the angle brackets denote averaging over one wavelength in the z-direction, hy = hy =

1, and Ah and Af are the geometrical and potential variations as defined in Eq. (36). As
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has already been given by Eq. (45), the angle-bracketed term in the last line of the above

equation can be written as follows:

<<AiL1 + AiLz) <A§:1 + ACA"2)> =B/2
= {M[¢1 cos(01) + G cos(62)] + hy [¢] cos(¢ — 01) + G5 cos(¢ — 62)]} /2. (72)

Several points about the two flow rates are noteworthy. First, the primary flow rate ¢; depends
only on the mean wall potentials ¢; + (», and is unaffected by the variation in the wall shape
or potential. The secondary flow rate g, depends not only on the mean wall potentials, but
also on the interaction between AiLLg and A&LQ. Second, the term that is proportional to the
sum of the mean potentials ((; + (») will diminish with increasing rotation speed according
to . In sharp contrast, the term that is proportional to ((Ahy + Aho) (Al 4+ AG)) can
remain finite even when 1 > 1, as long as k* = O(1). Third, the hydrodynamic component
that is proportional to AP will diminish with increasing rotation speed according to n~2 for
the primary flow, but only according to =2 for the secondary flow. The second and third
points are related to the geostrophic limits discussed above. Equations (70) and (71) suggest
that the primary flow rate will diminish more rapidly than the secondary flow rate as the
rotation speed increases. Also, at very high rotation speed, the primary flow rate will become
virtually zero, while the secondary flow rate can remain finite, where the finite limit depends
on the interaction between Ah and Af . A possibly non-zero finite limit of secondary flow at
high rotation speed is a feature that distinguishes rotating EO flow in a non-uniform channel

from that in a uniform channel.

3.4 Uncharged flat lower wall

We here consider the case with the following wall shape and potential distributions: ha () =
1+ 0.5cos(272), 51(:%) = cos(27z + 6y), hy = 1, and ( = 0, corresponding to a flat and
uncharged lower wall. The average potential ¢; on the upper wall is also zero. Therefore,
over one half period the potential is positive, and over the other half period the potential
is negative. Such symmetry in positive and negative potential distributions will result in a
net zero flux in an otherwise uniform channel. A non-zero flux is possible only when the

symmetry is broken. Here, the symmetry can be broken because of the variation in the wall
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height. Let us consider the following two limiting cases. First, for a very thin EDL and zero

rotation, the axial EO flow rate can be obtained from Eq. (43) as follows:

[= (4 = 1) + 6/~]MG cos (61)
8 + hy

QO = for AP=0,k>1,n7=0. (73)

Second, for a very thin EDL and high speed rotation, the transverse EO flow rate can be

obtained from Eq. (71) as follows:

k*2 (K** — 2Kk* + 2) B (] cos(6:)
4 (k4 4)

q; = for AP=0, > 1,n>> 1. (74)

In the above equations, A} and (] are the amplitudes of the geometrical and potential varia-
tions on the upper wall. The two flow rates are non-zero as long as (] cos(#;) # 0. In other
words, as long as cos(f;) # 0, the interaction between Ah and Af can lead to a non-zero
flow, although the average potential is zero. Note that ¢° is negative when #; = 0, and is
positive when 6, = 7. This is due to fact that flow through a channel with transverse wall
patterns is always rate controlled by the cross-section with the largest resistance; see e.g., Ng
and Zhou [33]. When 6; = 0, the potential is the maximum negative at & = 1/2, where the
cross-section is the narrowest or the height is the smallest iy = 1 — ). The resultant axial
flow rate is therefore negative. The opposite is true for 6; = 7, for which the potential is the
maximum positive at the narrowest section at & = 1/2, thereby resulting in a positive axial

flow rate. In case #; = 7/2, the symmetry remains unbroken, and hence the flow rate is zero.

These effects of 6, on the flow rate remain qualitatively unchanged in the presence of
system rotation. As shown in Fig. 3, for any rotation parameter 7, the axial flow rate is
negative in the range 0 < 6; < 7/2, and is positive in the range 7/2 < 6; < 7. The
opposite is true for the transverse flow rate, which is always opposite in sign to the axial flow
rate. Since the mean potential is zero, it is therefore the wall potential around the narrowest
cross-section that determines the primary flow rate. The primary flow rate will decrease
monotonically as the rotation parameter 7 increases, and is nearly zero when n = 5. The
secondary flow rate will first increase, attaining its maximum at 7 ~ 1, before it decreases as
7 increases. Such a trend has been reported previously by Chang and Wang [12]. Note that
the values of & = 7 = 10 are already large enough for ¢, to get very close to the limit given
by Eq. (74). The results shown in Fig. 3 confirm our earlier remark: as > 1, §, tends to

zero, while g, tends to a finite limit owing to the interaction between Ah and Af .
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(a) Axial flow rate (b) Transverse flow rate
02— ———1—— 05— ——— T

_7\\”|\\\\|\\\\|\\\\: el ]
0'20 0.25 0.5 0.75 1 0.150 0.25 0.5 0.75 1

0,/n 0,/n

Figure 3: Axial and transverse flow rates as functions of the phase #, for various 7, where
AP=0,ik=10, b, =0.5,( =0, ¢ =1, and h}, = (o = ¢, = 0 (uncharged flat lower wall).
In (a), the symbols are from Eq. (73). In (b), the symbols are from Eq. (74), which is valid
for n > 1.

3.5 Symmetrical wall patterns

We first consider the following wall shape and potential distributions:

~ ~ ~ ~

hl(i’) = hg(i’) =1 + h/ COS(Q?TZE’), Cl(i’) = Cg(i’)

cos(2ma + ). (75)

Let us find out how the geometrical amplitude b’ will affect the flow. Again, the average
potential on either wall is zero. Therefore, to generate non-zero flow, variation in channel
height is needed in order to break the symmetry. Here, the phase #; = 65 = w. As has been
pointed out above, for this phase shift, the net primary flow is positive while the secondary
flow is negative. At one extreme, the flow rate is zero when h' = 0, as the mechanism to
break the symmetry disappears. At the other extreme, the flow rate is also zero when b/ = 1,
as the channel is completely closed at the narrowest cross-section. This implies that the flow
rate should vary with A’ in a non-monotonic manner. This also implies the existence of an

optimum amplitude 0 < h! < 1 at which the flow rate is maximum.

In Figs. 4(a,b), we show the axial and transverse flow rates as functions of A’ for n =

0, 1, 2, 5, where AP =0 and x = 10. Increasing h’' has two opposite effects on the flow: one
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Figure 4: In (a, b), axial and transverse flow rates as functions of the geometrical amplitude
B’ for various 1, where AP = 0, # = 10, and the wall shape and potential distributions are
given by Eq. (75). In (¢, d), optimum amplitude A/, and corresponding maximum flow rates
as functions of the rotation parameter 1. In (b), the symbols are from Eq. (71), which is

valid for n > 1.
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is to strength the mechanism to break the symmetry, and one is to decrease the cross-sectional
area of the narrowest section. When A’ is small, the former effect dominates, and hence the
effect is favorable. When A’ is large (close to unity), the latter effect dominates, and hence the
effect is adverse. This explains the non-monotonic behaviors exhibited by the curves shown
in Figs. 4(a,b). The optimum amplitude ! and the corresponding maximum flow rate |q|max
are functions of the rotation parameter 7, as shown in Figs. 4(c,d). The optimum amplitude
for the transverse flow is somewhat larger than that for the axial flow. Also, the maximum
axial flow rate decreases monotonically with increasing 7, while the maximum transverse flow
rate will attain a peak value at n =~ 2. In Fig. 4(b), we see again that the transverse flow rate
gy at n = 10 is very close to the limiting value given by Eq. (71), except when A’ is close to

unity.

We next consider the following wall shape and potential distributions:

h(2) = ho(2) = 1+ 0.5cos(272),  C(2) = G(2) = 1+ ¢ cos(2n). (76)
Let us examine here the effect of the potential amplitude ¢’ on the flow. We show in Fig. 5 the
axial and transverse flow rates as functions of the rotation parameter n for ' = 0,0.5,1,1.5,2,
where AP = 0 and & = 10. Chang and Wang [12] have shown that, under the action of a
positive uniform wall potential, the axial and transverse flow rates are, respectively, positive
and negative. Also, the axial flow rate will decrease monotonically with the rotation rate,
while the transverse flow rate will attain a maximum when the rotation rate is order unity.
Figure 5 reveals that these trends still hold for non-uniform wall potential as long as the
amplitude ¢’ is not too large. When the amplitude becomes so large that it is comparable
to the mean, ¢’ ~ (, such that the potential is nearly zero or even negative over part of the
distribution, qualitatively different trends are exhibited. First, the axial flow rate no longer
decreases monotonically with increasing rotation rate. Instead, ¢, will first increase to attain
a maximum before it decreases as 7 increases. This can be reasoned as follows. Owing to the
smallest (or even negative) potential being located at the narrowest section, the interaction
between Ah and Af is to reduce the primary flow rate when the rotation parameter is zero or
small. Figure 5(a) clearly shows that ¢, decreases sharply as (" increases at 7 = 0. At higher
7, the system rotation tends to weaken the reducing effect due to the interaction between

Ah and Af on ¢,. Therefore, for any ¢’ > 0, the curve will asymptotically approach that
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for (' = 0 as 7 — oo. This leads to the rise before the decline of the curves for the case
¢’ > (. The effect of ¢’ on ¢, is already very small when n = 5. This is consistent with
our earlier finding that, as n > 1, the geometrical or potential variations, h’ or (', will lose
influence on the axial flow rate ¢,. Second, the transverse flow rate is no longer negative
when (' is sufficiently large. It happens that ¢, and §, can be both positive for a sufficiently
large amplitude ¢’. This stands in sharp contrast to the case of a uniform potential, for
which the two flow rates are always opposite in sign (in the sense of the right-hand rule).
We may see from Fig. 5(b) that the transverse flow rate is most sensitively affected by the
amplitude ¢’ when the rotation parameter n ~ 1. This means that, at n = O(1), varying ¢’
can dramatically change ¢,, not only the magnitude but also the direction of flow. Again, at

n = 10, ¢, gets very close to the limiting value given by Eq. (71).

(a) Axial flow rate (b) Transverse flow rate
‘ 0.6

2

;Q>
Q>
=

Figure 5: Axial and transverse flow rates as function of the rotation parameter n for various
(', where AP = 0, # = 10, and the wall shape and potential distributions are given by Eq.
(76). In (b), the symbols are from Eq. (71), which is valid for n > 1.

4 Concluding remarks

Fluid flow in microchannels on a rotating disk is controlled mainly by the spinning speed of

the disk. By introducing electrokinetics into a rotating flow through a non-uniform channel,
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the system may admit more controlling factors such as electrostatic force and induced pressure
gradient, in addition to the centrifugal and Coriolis pseudo-forces. The utilization of various
geometrical, kinematic and electric effects will allow for a more flexible design for fluidic
transport in a narrow confinement. This study is the first analytical study that aims to look

into the combined effects due to these effects on rotating electroosmotic flow.

Applying the lubrication approximation, we have obtained analytical solutions for the
primary and secondary flow fields of rotating electroosmotic flow in a narrow slit microchan-
nel, where the wall shape and wall potential may vary slowly in the direction of the applied
fields. We have looked into various cases of particular interest to find out how the primary
and secondary flows are affected by the controlling parameters, including the rotation and
Debye parameters, and the amplitudes and phase shifts of the wall shape and potential dis-
tributions. Some key findings are summarized as follows. Depending on the phase shifts,
there can be various interactions between the geometrical and potential variations on the
upper and lower walls, and these interactions may materially modify the velocity and pres-
sure fields within a certain range of the rotation speed. An exception happens when the wall
undulations are synchronized, for which the flow rates will not be affected by the geometrical
and potential variations. For the limiting case of large rotation and Debye parameters, or
the case of very thin Ekman and EDL layers, asymptotic analysis has been carried out to
determine the velocity profiles in the Ekman-EDL layer in terms of the modified Debye pa-
rameter. It is found that, although the two Ekman-EDL layers that develop near the walls
are far away from each other, the potential variation on one wall can have effect on the flow
near the other wall. The interaction between the geometrical and potential variations can
produce a net flow even when the mean potential is zero, but such effect on the primary flow
will be weakened by the system rotation. Secondary flow rate typically attains its maximum
and is also most sensitively affected by the interaction between the geometrical and potential
variations when the rotation parameter is order unity. Furthermore, the secondary flow rate
tends to decrease more slowly with increasing rotation parameter than the primary flow rate.
It is possible that non-uniformity in the wall shape and potential distribution may lead to a
non-zero limiting secondary flow rate at large rotation speed. This is in sharp contrast to the

case of uniform flow, for which the secondary flow can only diminish to zero at large rotation
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speed. Our work has revealed that varying the amplitudes and phase shifts of the geometrical
and potential variations on the walls may dramatically change the effect of system rotation

on the primary and secondary flow rates.

The scope of this study was limited to relatively simple geometries and mild variations
such that the flow is quasi-parallel to the walls, and the Reynolds number is so low that
the lubrication approximation can be applied. Notwithstanding these limitations, this work
offers valuable insight into how wall patterning may be manipulated in order to enrich the flow
behaviors for electrokinetic transport in centrifugal microfluidics. It is desirable if experiments
can be conducted in the future to test and verify these theoretical findings. It is envisaged that
theoretical modeling and laboratory work can go hand-in-hand to enhance our understanding
of electroosmotic flow in a rotating microchannel with axial non-uniformity. Many details in

terms of the fundamental physics and practical implications deserve to be further investigated.
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