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We investigate the transient behavior of the quantum transport in mesoscopic systems under a quantum quench
within the Caroli scheme. Using the nonequilibrium Green’s function approach, an exact solution of the transient
electric current, energy current, and their fluctuations in the presence of both external bias and temperature
gradient are presented that goes beyond the wide-band limit. The exact solution of the time-dependent Seebeck
coefficient in the linear response regime is also obtained. This formalism is applied to study the transient
behavior of a single-level quantum dot with Lorentzian linewidth induced by the temperature gradient. The
damped oscillatory behavior is found in the transient electric and energy currents, as well as their fluctuations.
The oscillation frequency of electric and energy currents increases with the increasing energy level of quantum
dot and the decay rate of oscillation decreases as the bandwidth increases. A significantly enhanced Seebeck
coefficient is generated in the transient regime. We find the maximum value of the time-dependent Seebeck
coefficient can be enhanced by increasing the energy level of the quantum dot and the reference temperature of
leads.
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I. INTRODUCTION

Over the past decades, with the rapid development of
nanotechnology, substantial attention has been focused on
electronic transport in nanodevices both theoretically and ex-
perimentally [1–3]. As the size of electronic devices shrinking
down to the nanoscale, the heat dissipation due to high energy
consumption becomes a critical problem. The thermoelectric
effect, which describes a direct conversion from temperature
gradient to electric voltage and vice versa, has received much
attention due to its potential applications in harvesting the
waste heat [4–7]. Recently, the static Seebeck coefficient
was studied in various nanoscale structures such as carbon
nanotubes and graphene-based molecular junctions [8–12]. In
the linear response single-particle theory, the thermopower is
related to the electronic conductance of nanodevices which
can be simply modeled by the well-known Landauer-Büttiker
formalism in dc transport [7,13,14]. Besides the static be-
havior, time-dependent thermoelectric transport is also an
important issue that may provide fundamental insights to
understand the thermal response of nanodevices.

In quantum transport, many different theoretical ap-
proaches are proposed to study the time-dependent response
in quantum transport such as nonequilibrium Green’s function
(NEGF) [15–22], time-dependent density functional theory
[23,24], quantum master equation [25,26], and coherent state
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path integral method [27,28]. To model the nanoelectronic
devices, a typical quantum transport system is the two-probe
system in which the scattering region is connected to two
semi-infinite leads. Generally, there are two different schemes
to investigate the time-dependent quantum transport. One is
the partition-free scheme (Cini scheme) in which the initial
state of the system is assumed to be at equilibrium that can
be described by a thermal density matrix [23,29]. Then the
system can be perturbed by applying a time-dependent voltage
bias. Recently, the time-dependent thermoelectric transport
through the nanoscale devices including the transient energy
and heat currents due to the bias and gate voltage was exten-
sively studied using the NEGF method within the wide-band
limit (WBL) based on the Cini scheme [19,30–33]. Another
way to study the time-dependent quantum transport is the
Caroli scheme which assumes that the two-probe system is
disconnected initially and the coupling between the scattering
region and two leads is treated as the time-dependent pertur-
bation [34,35]. The dynamics of the Caroli scheme is also
called quantum quench. By using the nonequilibrium Green’s
functions, it was shown that the formulas of current and lesser
Green’s function obtained by the Cini scheme and the Caroli
scheme are equivalent [36,37].

In the study of thermoelectric transport, one needs to apply
a temperature gradient between two leads. Since the concept
of temperature was originally defined at the macroscopic level
and varies slowly in space and time. It is difficult to encode
the time-dependent temperature gradient into the initial den-
sity matrix to study the thermal transport at the nanoscale
within the Cini scheme. The Luttinger-field approach
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was proposed as a way to model the time-dependent tem-
perature gradient within the WBL for transient transport
calculations using the Cini scheme [38–40]. While within
the Caroli scheme, the temperature gradient is applied in
the remote past since the two-probe system is disconnected
initially. The temperatures of both leads are time independent
if the temperature distribution in the central region can be
ignored. Therefore, it is essential to study the transient thermal
transport within the Caroli scheme. Recently, the transient
phonon transport in a nanoscale thermal switch was studied
by abruptly turning on the coupling between leads [41,42].
The time-dependent thermoelectric transport was also stud-
ied through a gauge invariant theoretical framework which
is similar to the Caroli scheme [43]. However, in time-
dependent electric transport, less attention has been paid to the
Caroli scheme. Furthermore, a theoretical formalism going
beyond the WBL is necessary to investigate the transient
behavior from first principles. Maciejko et al. derived an
exact analytic solution of transient electric current within the
Cini approach for a steplike pulse beyond the WBL [16].
However, the exact solution of electric and thermoelectric
transport beyond the WBL is still absent for the Calori
scheme. It is the purpose of this paper to address these
issues.

In this paper, the transient dynamics of thermoelectric
transport are investigated within the Caroli scheme by using
the NEGF method. The exact solution of transient electric
current, energy current, and their corresponding fluctuations
induced by both external bias and temperature gradient after a
quantum quench is first presented beyond the WBL. Then this
exact solution is used to obtain the time-dependent Seebeck
coefficient in the linear response regime. Our formalism is
applied to investigate the thermoelectric effect in the transient
regime of a single quantum dot system. It is found that the
transient electric and energy currents induced by the tem-
perature gradient exhibit damped oscillatory behavior. The
oscillation frequency of both electric and energy currents
increases with the increasing energy level of quantum dot
and the decay of oscillation amplitude becomes faster for the
system with a larger bandwidth. The time-dependent fluctu-
ations of electric and energy currents in the transient regime
also exhibit similar oscillatory behavior. An enhanced ther-
mopower is found in the transient regime and the maximum
value of the time-dependent Seebeck coefficients can be tuned
by both the energy level of quantum dot and the reference
temperature.

The remainder of this paper is organized as follows. In
Sec. II, the exact analytical solution of both transient elec-
tric and energy currents after a quantum quench are firstly
derived. Then the exact solution of transient shot noise of
electric and energy currents is given. The time-dependent
thermopower is also presented in the linear response regime.
This formalism is applied to a single-level quantum dot within
the WBL and a single-level model with Lorentzian linewidth
in which all Green’s functions are solved exactly in the
time domain. In Sec. III, the time-dependent electric current,
energy current, fluctuations of electric and energy currents,
and Seebeck coefficient of a single-level quantum dot are nu-
merically investigated. Finally, a brief conclusion is given in
Sec. IV.

II. THEORETICAL FORMALISM

A. Exact solution of electric and energy currents in the presence
of both external bias and temperature gradient

The Hamiltonian of a general two-probe mesoscopic sys-
tem can be written as

H =
∑
kα

εkαc†
kα

ckα +
∑
mn

εmnd†
mdn +

∑
kαn

(tkαnc†
kα

dn + H.c.),

(1)

where c†
α (cα) and d†

n (dn) are the creation (annihilation)
operators of the electron on the lead α (α = L, R) and the
central region, respectively. εkα = ε0

kα + qVα is the energy
level in lead α in the presence of applied bias Vα with ε0

kα the
bare energy level. εn is the energy level for the central region
and tkαn is the coupling constant between two leads and the
central region. Within the Caroli scheme, it is assumed that
the leads are at equilibrium states with the temperature Tα and
applied bias Vα before t = 0 and the couplings between leads
and the central region are turned on at t = 0.

The electric current I0
α (t ) and energy current I1

α (t ) of lead
α are related to the time derivative of number operator Nα =∑

k c†
kα

ckα and the lead Hamiltonian and are defined as I0
α (t ) =

−Ṅα and I1
α (t ) = −Ḣα , respectively. Applying the Heisenberg

equation of motion, one obtains (h̄ = e = 1 for simplicity)
[44,45],

Iχ
α (t ) = −i

∑
kn

ε
χ

kα
tkαnc†

kα (t )dn(t ) + H.c. (χ = 0, 1). (2)

After quantum and statistical average, the average electric and
energy currents can be expressed in terms of NEGF [44,45],

Iχ
α (t ) =

∫ t

0
dt1Tr[Gr (t, t1)�<,χ

α (t1, t )

+G<(t, t1)�a,χ
α (t1, t )] + H.c. (χ = 0, 1). (3)

Here, Gr (t1, t2) and G<(t1, t2) are the retarded Green’s func-
tion and the lesser Green’s function of the central region
defined as Gr

nm(t1, t2) = −iθ (t1 − t2)〈{dn(t1), d†
m(t2)}〉 and

G<
nm(t1, t2) = i〈d†

m(t2)dn(t1)〉, respectively. �
γ,χ
α (t1, t2)(γ =

r, a,<) is defined as [30,32]

�γ,χ
α,mn(t1, t2) =

∑
k

(εkα )χ t∗
kαmgγ

kα
(t1, t2)tkαn, (4)

where gγ

kα
(t1, t2) are the Green’s functions of the isolated

leads. After the Fourier transformation, �
γ,χ
α (t1, t2) can be

expressed as

�γ,χ
α (t1, t2) =

∫
dε

2π
�γ,χ

α (ε)e−iε(t1−t2 ). (5)

Here, �
γ,χ
α (ε) = εχ�

γ
α (ε) with �

γ
α (ε) the self-energy due to

the lead α in the energy domain. We note that the self-energy
is only dependent on time difference since the bias is time
independent at t > 0 within the Caroli scheme.

To calculate the electric and energy currents in Eq. (3),
the key point is to solve the time-dependent Green’s function.
The retarded Green’s function Gr (t1, t2) satisfies the Dyson
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equation [46],

Gr (t1, t2) = Gr
0(t1, t2) +

∫ t

0
dt3

∫ t

0
dt4Gr

0(t1, t3)

×�r (t3, t4)Gr (t4, t2), (6)

where Gr
0(t1, t2) is the retarded Green’s function of the

isolated central region and �γ = ∑
α �

γ
α . For the time-

dependent transport behavior, instead of working directly
with the retarded Green’s function, we introduce the spectral
function defined as

A(ε, t ) =
∫ t

0
dt ′Gr (t, t ′)eiε(t−t ′ ). (7)

By multiplying
∫ t1

0 dt2eiε(t1−t2 ) on both sides of Eq. (6), the
Dyson equation can be rewritten as

A(ε, t ) = Ă0(ε, t ) +
∫ t

0
dt1Ğr

0(t − t1)

×
∫ t1

0
dt2�̆

r (t1 − t2)A(ε, t2), (8)

where Ğr
0(t − t1) = Gr

0(t − t1)eiε(t−t1 ), �̆r (t1 − t2) = �r (t1 −
t2)eiε(t1−t2 ), and Ă0(ε, t ) = ∫ t

0 dt ′Gr
0(t − t ′)eiε(t−t ′ ). After the

Laplace transformation, Eq. (8) becomes

A(ε, σ ) = Ă(ε, σ ) + Ğr
0(ε, σ )�̆r (ε, σ )A(ε, σ ). (9)

Here, A(ε, σ ) = ∫ ∞
0 dtA(ε, t )e−σ t (Re σ > 0) and Ğr

0(ε, σ )
can be expressed in terms of the isolated retarded Green’s
function,

Ğr
0(ε, σ ) =

∫ ∞

0
dtGr

0(t )eiεt e−σ t = Gr
0(ε + iσ ). (10)

Similarly, we can obtain �̆r
0(ε, σ ) = �r (ε + iσ ) and

Ă(ε, σ ) = 1

σ
Gr

0(ε + iσ ). Then the spectral function A(ε, σ )

can be written as

A(ε, σ ) = [
1 − Ğr

0(ε, σ )�̆r (ε, σ )
]−1

Ă(ε, σ )

= 1

σ

[
1 − Gr

0(ε + iσ )�r (ε + iσ )
]−1

Gr
0(ε + iσ ).

(11)

In the steady state when t = ∞, it is well known that the
retarded Green’s function Gr (ε) satisfies the following Dyson
equation in the energy domain [46],

Gr (ε) = [
1 − Gr

0(ε)�r (ε)
]−1

Gr
0(ε), (12)

where Gr
0(ε) is the retarded Green’s function of the isolated

central region in the energy domain. Combining Eq. (11)
with Eq. (12), we have A(ε, σ ) = 1

σ
Gr (ε + iσ ). The spectral

function can be finally obtained from inverse Laplace trans-
formation by changing the variable iσ → ω − ε + i0+,

A(ε, t ) =
∫

dω

2π i

e−i(ω−ε)t

ε − ω − i0+ Gr (ω)

= Gr (ε) +
∫

dω

2π i

e−i(ω−ε)t

ε − ω + i0+ Gr (ω). (13)

Moreover, it is easy to obtain the retarded Green’s function
Gr (t1, t2) from the spectral function,

Gr (t1, t2) =
∫

dε

2π
A(ε, t1)e−iε(t1−t2 )

=
∫

dω

2π i
Gr (ω)e−iωt1

∫
dε

2π

eiεt2

ε − ω − i0+

= Gr (t1 − t2). (14)

Here, we have used the relation
∫

dε
2π

eiεt2

ε−ω−i0+ = ieiωt2 (t2 > 0).
We would like to emphasize that the retarded Green’s function
in the transient regime within the Caroli scheme is the same
as the one in the steady state which is a function of time
difference even beyond the WBL. However, this is only valid
for dc transport and transient dynamics under the upward or
downward steplike pulse at t = 0 because in these cases, no
ac bias is present at t > 0.

The lesser Green’s function G<(t1, t2) satisfies the Keldysh
equation [18,28],

G<(t1, t2) = Gr (t1, 0)G<(0, 0)Ga(0, t2)

+
∫ t

0
dt3

∫ t

0
dt4Gr (t1, t3)�<(t3, t4)Ga(t4, t2).

(15)

Here, G<(0, 0) is the initial occupation of the central region
that may affect the transient electric and energy currents. For
simplicity, we assume that the occupation of the central region
is empty initially and then the first term on the right side is
neglected. This is mainly because the local density of states
of the central region is a smooth function in the limit t1(t2) →
∞ [47]. However, if bound states are present in the central
region, the contribution of the initial occupation then becomes
important to the time-dependent quantum transport.

After substituting Eqs. (5) and (7) into Eq. (15), we have

G<(t1, t2) =
∫

dε

2π
A(ε, t1)�<(ε)A†(ε, t2)e−iε(t1−t2 ). (16)

Finally, we can obtain the exact solution for the transient
electric and energy currents beyond the WBL within the
Caroli scheme (see details in Appendix A),

Iχ
α (t ) =

∫
dε

2π
Tr

[
A(ε, t )�<(ε)Bχ

α (ε, t )

+A(ε, t )�<,χ
α (ε)

] + H.c., (17)

where

Bχ
α (ε, t ) =

∫
dω

−2π i
Ga(ω)�a,χ

α (ω)
ei(ω−ε)t

ε − ω + i0+ . (18)

At the end of this subsection, it is worth noting that the
exact solution of transient electric and energy currents we
obtained within the Caroli scheme is a general solution for
the case of a quench in a noninteracting system since the
initial state of the two-probe mesoscopic system is described
by a time-independent Hamiltonian and the propagation of
this system is also governed by another time-independent
Hamiltonian.
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B. Shot noise of electric and energy current
in the transient regime

The current can fluctuate around its average since the
quantum transport is stochastic in nature [48]. It is important
to study the noise spectra which contain useful information
that characterizes quantum transport in megascopic systems.
Recently, the time-dependent current correlations and thermal
noise within the WBL were studied based on the Caroli
scheme [49]. The current and heat fluctuations were also ex-
tensively investigated from full counting statistics [32,50,51].
In this subsection, the transient shot noise of electric and
energy currents within the Caroli scheme will be studied. The
fluctuations of electric and energy current can be defined as

Fχ
α (t ) ≡ 〈

�Iχ
α (t )2

〉 = 〈[
Iχ
α (t )

]2〉 − 〈
Iχ
α (t )

〉2
. (19)

By using Eq. (2), we can obtain [52,53]

Fχ
α (t ) = −

∑
kk′mn

ε
χ

kα
ε

χ

k′α[tkαmtk′αn(〈c†
kαdmc†

k′αdn〉

−〈c†
kαdm〉〈c†

k′αdn〉) + t∗
kαmt∗

k′αn(〈d†
mckαd†

n ck′α〉
−〈d†

mckα〉〈d†
n ck′α〉) − tkαmt∗

k′αn(〈c†
kαdmd†

n ck′α〉

−〈c†
kαdm〉〈d†

n ck′α〉) − t∗
kαmtk′αn(〈d†

mckαc†
k′αdn〉

−〈d†
mckα〉〈c†

k′αdn〉)]. (20)

Applying Wick’s theorem, Eq. (20) becomes

Fχ
α (t ) = −

∑
kk′mn

ε
χ

kα
ε

χ

k′α[tkαmtk′αn〈c†
kαdn〉〈dmc†

k′α〉

+t∗
kαmt∗

k′αn〈d†
mck′α〉〈ckαd†

n 〉
−tkαmt∗

k′αn〈c†
kαck′α〉〈dmd†

n 〉
−t∗

kαmtk′αn〈d†
mdn〉〈ckαc†

k′α〉], (21)

which can be written in terms of NEGF [52,53],

Fχ
α (t ) = −

∑
kk′mn

ε
χ

kα
ε

χ

k′α[tkαmtk′αnG<
n,kα (t, t )G>

m,k′α (t, t )

+t∗
kαmt∗

k′αnG<
k′α,m(t, t )G>

kα,n(t, t )

−tkαmt∗
k′αnG<

k′α,kα (t, t )G>
mn(t, t )

−t∗
kαmtk′αnG<

mn(t, t )G>
kα,k′α (t, t )]. (22)

After the analytic continuation, the shot noise of electric
and energy current can be expressed as

Fχ
α (t ) = Tr

{
−2Re

[(∫
dt1Gr (t, t1)�<,χ

α (t1, t ) + G<(t, t1)�a,χ
α (t1, t )

)(∫
dt1Gr (t, t1)�>,χ

α (t1, t ) + G>(t, t1)�a,χ
α (t1, t )

)]

+ G>(t, t )

[∫
dt1

∫
dt2

[
2iIm

(
�r,χ

α (t, t1)Gr (t1, t2)�<,χ
α (t2, t )

) + �r,χ
α (t, t1)G<(t1, t2)�a,χ

α (t2, t )
] + �<,2χ

α (t, t )

]

+ G<(t, t )

[∫
dt1

∫
dt2

[
2iIm

(
�r,χ

α (t, t1)Gr (t1, t2)�>,χ
α (t2, t )

) + �r,χ
α (t, t1)G>(t1, t2)�a,χ

α (t2, t )
] + �>,2χ

α (t, t )

]}
.

(23)

For the time-dependent transport behavior within the Caroli scheme, the shot noise can be expressed using the spectral
function A(ε, t ) (see details in Appendix B),

Fχ
α (t ) = Tr

∫
dε

2π
[−2Re[F<

α,1(ε, t )F>
α,1(ε, t )] + G<(ε, t )[2iIm[F<

α,2(ε, t )] + F<
α,3(ε, t ) + �<,2χ

α (ε)]

+ G>(ε, t )[2iIm[F>
α,2(ε, t )] + F>

α,3(ε, t ) + �>,2χ
α (ε)]]. (24)

Here,

G<(>)(ε, t ) = A(ε, t )�<(>)(ε)A†(ε, t ), (25)

F<(>)
α,1 (ε, t ) = Aα (ε, t )�<(>),χ

α (ε) + A(ε, t )�<(>)(ε)Bχ
α (ε, t ), (26)

F<(>)
α,2 (ε, t ) =

∫
dε1

2π

ie−i(ε−ε1 )t

ε − ε1 + i0+ �r,χ
α (ε)Gr (ε)�<(>),χ

α (ε1), (27)

F<(>)
α,3 (ε, t ) =

∫
dε1

2π

∫
dω

2π

e−i(ε−ε1 )t

(ε − ω + i0+)(ε1 − ω − i0+)
�r,χ

α (ε)Gr (ε)�<(>)(ω)Ga(ε1)�a,χ
α (ε1). (28)

C. Thermoelectric effect

In this subsection, the time-dependent thermoelectric effect
in the transient regime within the Caroli scheme will be inves-
tigated. We assume that the applied biases of the left and right
lead are VL = �V and VR = 0, respectively. In order to study
the thermoelectric effect, a temperature gradient between two
leads is introduced by setting the temperatures of the left

and right lead to be TL = T0 + �T and TR = T0, respectively.
It can be found in Eq. (17) that A(ε, t ) and Bχ

α (ε, t ) only
depend on the applied bias while �

<,χ
L (ε) depends on both

the applied bias �V and the temperature gradient �T . In the
linear response regime, namely, under small bias voltage and
small temperature gradient, the retarded Green’s function in
the steady state Gr (ε) can be expanded to the first order in
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�V according to the Dyson equation [54,55],

Gr (ε) = G̃r (ε) − G̃r (ε)
∂�̃r

L(ε)

∂ε
G̃r (ε)�V. (29)

Here, the superscript ′ ∼′ is used to denote the quantities in the
absence of applied bias and temperature gradient. Similarly,
the Fermi-Dirac distribution can be expanded as (kB = 1 for
simplicity)

fL(ε + �V ) = f̃ (ε) + ∂ f̃

∂ε
�V − ε

T

∂ f̃

∂ε
�T, (30)

where f̃ (ε) is the Fermi function of leads at temperature T0

and zero applied bias. Therefore, the transient electric current
in the left lead can be expressed as

I0
L (t ) = Ĩ0

L (t ) + G0
V (t )�V + G0

T (t )�T . (31)

Here, Ĩ0
L (t ) is the equilibrium transient electric current of the

left lead in the absence of voltage gradient and temperature
gradient. It is solely contributed from the switching of the
coupling between the quantum dot and leads and can be
given by

Ĩ0
L (t ) =

∫
dε

2π
Tr

[
Ã(ε, t )�̃<(ε)B̃0

L(ε, t )

+ Ã(ε, t )�̃<,0
L (ε)

] + H.c. (32)

G0
V (t ) is the electric conductance of the left lead [56],

G0
V (t ) =

∫
dε

2π
Tr

[
AV (ε, t )�̃<(ε)B̃0

L(ε, t )

+ Ã(ε, t )�<,0
V (ε)B̃0

L(ε, t ) + Ã(ε, t )�̃<(ε)B0
V (ε, t )

+ AV (ε, t )�̃<,0
L (ε) + Ã(ε, t )�<,0

V (ε)
] + H.c., (33)

and G0
T,L(t ) is the thermal coefficient of the left lead,

G0
T (t ) =

∫
dε

2π
Tr

[
Ã(ε, t )�<,0

T (ε)B̃0
L(ε, t )

+Ã(ε, t )�<,0
T (ε)

] + H.c. (34)

Here, we have

AV (ε, t ) =
∫

dω

2π i

[
G̃r (ω)

∂�̃r,0
L (ω)

∂ω
G̃r (ω)

]
e−i(ω−ε)t

ε − ω − i0+ ,

(35)

B0
V (ε, t ) =

∫
dω

−2π i

[
G̃a(ω)

∂�̃a,0
L (ω)

∂ω
G̃a(ω)�̃a,0

L (ω)

+G̃a(ω)
∂�̃a,0

L (ω)

∂ω

]
ei(ω−ε)t

ε − ω + i0+ , (36)

�<,0
V (ε) = ∂�̃<,0

L (ε)

∂ε
, (37)

�<,0
T (ε) = ĩL(ε)

ε

T0

∂ f̃ (ε)

∂ε
, (38)

where ̃L(ε) is the linewidth function of left lead with �V =
0.

In order to obtain the time-dependent thermoelectric coef-
ficient, we can rewrite Eq. (31) as

�I0
L (t ) = I0

L (t ) − Ĩ0
L (t ) = G0

V (t )�V + G0
T (t )�T . (39)

By setting �I0
L (t ) = 0, namely, the transient electric current

induced by the external bias �V and that induced by the
temperature gradient �T have canceled out each other, the
time-dependent Seebeck coefficient in the transient regime
can be obtained,

S0
L(t ) = −�V

�T
= G0

T (t )

G0
V (t )

. (40)

D. Single-level model within WBL

In the above, we have obtained the exact solutions of the
time-dependent electric and energy currents, shot noise, and
thermoelectric coefficient in the transient regime which are
quite general and goes beyond the WBL. In this subsection,
we will apply these solutions to the simplest model, namely,
a single-level quantum dot within the WBL. In this model,
the second term of Hamiltonian in Eq. (1) that describes
the quantum dot is given by ε0d†d and the self-energy can
be simply given by �r,a,χ

α (ε) = ∓iεχα/2 and �<,χ
α (ε) =

iεχ fα (ε)α where α is the linewidth amplitude. The retarded
Green’s function in the steady state can be expressed as

Gr (ε) = 1

ε − ε0 + i

2


, (41)

where  = ∑
α α is the total linewidth amplitude. Then the

spectral function A(ε, t ) defined in Eq. (13) can be given by

A(ε, t ) = Gr (ε)[1 − ei(ε−ε0+ i
2 )t ], (42)

and Bχ
α (ε, t ) can be given as

Bχ
α (ε, t ) = Ga(ε)�a,0

α (ε)

[
εχ −

(
ε0 + i

2


)χ

e−i(ε−ε0− i
2 )t

]
.

(43)

The transient electric and energy currents and their fluctua-
tions within the WBL can be obtained from Eqs. (17) and (24).

Similarly, the time-dependent Seebeck coefficient within
the WBL can be obtained from Eq. (40),

S0
L(t ) =

∫
dε

∂ f̃ (ε)

∂ε
εT (ε, t )

T0

∫
dε

∂ f̃ (ε)

∂ε
T (ε, t )

, (44)

where T (ε, t ) is the time-dependent transmission coefficient,

T (ε, t ) = −A(ε, t )LA†(ε, t )L − 2Im[A(ε, t )]L. (45)

This expression of transient Seebeck coefficient within the
WBL is similar to that reported within the Cini scheme [30].

In the short-time limit, namely, for small t , the time-
dependent electric and energy current within the Caroli
scheme can be given by

Iχ
α (t ) = 2αt

∫
dε

2π
εχ fα (ε). (46)

It is found that at short times, the slopes of both transient
electric and energy currents are independent of the energy
level of quantum dot. The transient Seebeck coefficient in the
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short-time limit can be expressed as

S0
L(t ) =

ε0

∫
dε

2π

∂ f̃ (ε)

∂ε
ε2

3T0

∫
dε

2π

∂ f̃ (ε)

∂ε

t2. (47)

In contrast to the transient electric and energy current, the
transient Seebeck coefficient at short times is of order t2.
The first-order transient Seebeck coefficients of t is zero since
∂ f̃ (ε)

∂ε
is an even function of energy when the Fermi energy is

set to zero.

E. Single-level model with Lorentzian linewidth

In this subsection, we will apply the exact solutions to a
single-level quantum dot with Lorentzian linewidth to model
the finite bandwidth effects. The Lorentzian linewidth func-
tion is defined as

α (ε) = αW 2

(ε − Vα )2 + W 2
, (48)

where α is the linewidth amplitude and W is the bandwidth.
Then the self-energy can be expressed as [16]

�r,a,χ
α (ε) =

∫
dω

2π

εχα (ω)

ε − ω ± i0+ = 1

2

εχαW

ε − Vα ± iW
. (49)

The retarded Green’s function in the steady state can be
expressed as

Gr (ε) = 1

ε − ε0 − 1

2

∑
α

αW

ε − Vα + iW

. (50)

To simplify the algebra, we assume that VR = 0 and VL �= 0
without loss of generality. The retarded Green’s function in
the steady state can then be written as [16]

Gr (ε) = (ε − VL + iW )(ε + iW )

(ε − ω1)(ε − ω2)(ε − ω3)
, (51)

where ω1, ω2, and ω3 are the poles of Gr (ε) (see details in
Appendix C). The spectral function A(ε, t ) can be rewritten
as

A(ε, t ) = Gr (ε) +
3∑

i=1

(ωi − VL + iW )(ωi + iW )∏
j �=i(ωi − ω j )

e−i(ωi−ε)t

(ωi − ε)
,

(52)
and Bχ

α (ε, t ) can be expressed as

Bχ
α (ε, t ) = Ga(ε)�a,χ

α (ε) +
3∑

i=1

(ω∗
i − VL − iW )(ω∗

i − iW )∏
j �=i(ω

∗
i − ω∗

j )

×1

2

ei(ω∗
i −ε)tαW (ω∗

i )χ

(ω∗
i − ε)(ω∗

i − Vα − iW )
. (53)

By applying Eqs. (52) and (53), the time-dependent electric
and energy currents in the transient regime for a single-
level quantum dot system can be numerically calculated from
Eq. (17) and the corresponding transient shot noise can be
calculated from Eq. (24).

Similarly, the time-dependent thermoelectric coefficient in
the transient regime of a single-level model can be investi-
gated. In the absence of applied bias and temperature gradient,
the retarded Green’s function G̃r (ε) can be rewritten as

G̃r (ε) = ε + iW

(ε − ω̃1)(ε − ω̃2)
, (54)

with

ω̃1,2 = ε0 − iW ±
√

(ε0 + iW )2 + 2W

2
. (55)

With the poles of the Green’s functions explicitly known,
the thermoelectric coefficients Gχ

V,α (t ) and Gχ
T,α (t ) defined in

Eqs. (33) and (34) can be calculated using the residue theorem
(see details in Appendix D), respectively. The time-dependent
Seebeck coefficient of a single-level quantum dot can then be
obtained from Eq. (40).

III. NUMERICAL RESULTS

The time-dependent electric and energy currents of a
single-level quantum dot model with Lorentzian linewidth
induced by the temperature gradient are calculated numeri-
cally. The temperatures of left and right leads are set to be
TL = 0.5 and TR = 0, respectively. The external biases of
both leads are set to be zero. We assume that the linewidth
amplitude is L = R = 0.5 and the bandwidth W is same
for both leads.

The transient electric and energy currents for different
energy levels of the quantum dot ε0 with the bandwidth
W = 5 is plotted in Fig. 1. Once the coupling between the
leads and quantum dot is turned on, the transient electric and
energy currents increase first and then approach to the dc
steady state that can be calculated from the Landauer-Büttiker
formula in the long-time limit. It is found that both the electric
and energy currents in the steady state decrease with the
increasing energy levels. The oscillation frequency of both
transient electric and energy currents is proportional to the
energy level of the quantum dot. The oscillation behavior
can be simply explained within the WBL. The oscillation
of transient electric and energy currents is induced by the
oscillation term ei(ε−ε0+ i

2 )t in the spectral function A(ε, t ) in
Eq. (42) within the WBL. Therefore, the period of oscillation
is proportional to the energy level ε0 of the quantum dot. In
addition, the damping of the oscillation is dominated by the
lifetime of the resonant state of the quantum dot which is
proportional to the linewidth amplitude  in the WBL.

Figure 2 presents the transient electric and energy currents
with different bandwidths. The energy level of the quantum
dot is chosen to be ε0 = 1. The time-dependent electric
and energy currents in the transient regime exhibit similar
behavior under temperature gradients. Both the electric and
energy currents in the steady state increase with the increasing
bandwidth W since the energy broadening of the quantum
dot becomes smaller. When the bandwidth is large, the time-
dependent electric and energy currents converge to results
within the WBL. Moreover, the oscillation of transient electric
and energy currents becomes more significant as the band-
width decreases which means that more relaxation time is
needed for the system to reach the steady state. We note that

235433-6



TIME-DEPENDENT THERMOELECTRIC TRANSPORT IN … PHYSICAL REVIEW B 101, 235433 (2020)

FIG. 1. (a) Transient electric current and (b) transient energy cur-
rent with different energy levels of quantum dot ε0. The bandwidth
is set to be W = 5 and the temperatures of left and right leads are
set to be TL = 0.5 and TR = 0, respectively.

the damping of oscillations is dominated by the linewidth am-
plitude  in the WBL. In the Lorentzian model, the linewidth
function is determined by the bandwidth W in Eq. (48).
Therefore, the lifetime of resonant states is proportional to
the bandwidth resulting in the faster decay rate of transient
electric and energy currents for the system with a larger
bandwidth.

The time-dependent shot noise of electric and energy cur-
rents induced by the temperature gradient with different band-
widths is then investigated. The energy level of the quantum
dot is chosen to be ε0 = 1. The external biases of both leads
are set to be zero and the temperatures of left and right leads
are set to be TL = 0.1 and TR = 0, respectively. In Fig. 3,
both F 0

L (t ) and F 1
L (t ) increase abruptly to a maximum value

and then gradually approach to the fluctuations at equilibrium.
The larger steady-state fluctuations for both electric and en-
ergy currents are found in the system with a larger bandwidth
W which gives rise to a higher number of electrons incom-
ing from the leads and traversing the scattering region. The
oscillation of transient fluctuations F 0

L (t ) and F 1
L (t ) becomes

more notable as the bandwidth decreases, which agrees with

FIG. 2. (a) Transient electric current and (b) transient energy
current with different bandwidths W of leads. The energy level of
the quantum dot is set to be ε0 = 1 and the temperatures of left and
right leads are set to be TL = 0.5 and TR = 0, respectively.

that of the transient electric and energy currents as presented
in Fig. 2.

We now study the time-dependent Seebeck coefficient
in the transient regime of a single-level quantum dot with
Lorentzian linewidth. The external biases of both leads are
still set to be zero and the bandwidths of both leads are
assumed to be W = 10. Figure 4 presents the transient See-
beck coefficient with different energy levels of the quantum
dot under a reference temperature of T0 = 0.1. It is found
that the time-dependent Seebeck coefficient is significantly
enhanced in the transient regime. It first raises to reach a
maximum value and then approaches the long-time limit. The
enhancement of Seebeck coefficient in the transient regime
grows with the increasing energy level of the quantum dot.
We also find that the time-dependent Seebeck coefficient at
short times exhibits quadratic behaviors and increases with the
increasing energy level of quantum dot, as shown in the inset
of Fig. 4. This agrees well with the expression of the transient
Seebeck coefficient within the WBL in the short time limit in
Eq. (47). Similar to the transient electric and energy currents,
the period of oscillation in the transient Seebeck coefficient is
proportional to the energy level of quantum dot.

235433-7



ZHIZHOU YU, JIANGTAO YUAN, AND JIAN WANG PHYSICAL REVIEW B 101, 235433 (2020)

FIG. 3. Time-dependent shot noise of (a) electric and (b) energy
currents in the transient regime with different bandwidths W of leads.
The energy level of the quantum dot is set to be ε0 = 1 and the
temperatures of left and right leads are set to be TL = 0.1 and TR =
0, respectively.

Moreover, the Seebeck coefficient in the steady state in-
creases with the increasing energy levels of quantum dot first
and it then reduces with the increasing energy levels when ε0

exceeds 0.8. From the expression of the transient Seebeck
coefficient within the WBL, it can confirm that the integrals in
Eq. (44) are mainly contributed by the energy near the Fermi
level due to the energy derivative of the Fermi distribution
function. When the energy level of quantum dot increases, the
corresponding transmission peak goes away from the Fermi
level. Therefore, the Seebeck coefficient in the long-time limit
is enhanced due to the increasing energy levels of the quantum
dot when the energy levels are small.

The transient Seebeck coefficients under different refer-
ence temperatures T0 with the energy level ε0 = 0.5 are
plotted in Fig. 5. It is found that the enhancement of transient
Seebeck coefficients is significantly improved by the increas-
ing reference temperature in the linear response regime. The
elapsed time at which the sharp peaks of transient Seebeck
effect occurs and the relaxation time the system needed to
reach the steady state are independent of the reference tem-
perature. We also find that the Seebeck coefficient both in the
transient regime and in the long-time limit is proportional to

0 5 10 15
0.0

0.5

1.0

1.5

2.0

0.00 0.02 0.04 0.06 0.08 0.10
0.0000

0.0005

0.0010

0.0015

S
0 L(

t)

t (1/Γ)

 ε0 = 0.2Γ   ε0 = 0.5Γ

 ε0 = 0.6Γ   ε0 = 0.8Γ

 ε0 = 1.0Γ

S
0 L(

t)

t (1/Γ)

FIG. 4. Time-dependent Seebeck coefficient in the transient
regime with different energy levels of quantum dot ε0. The bandwidth
is set to be W = 10 and the reference temperature of leads is set to
be T0 = 0.1. (Inset) Transient Seebeck coefficient at short times.

the reference temperature when the reference temperature is
small.

IV. CONCLUSION

In summary, the exact solution of time-dependent electric
and energy currents, as well as their fluctuations under a
quantum quench were obtained within the Caroli scheme.
Our theory is based on the NEGF theory and goes beyond
the WBL. The transient thermopower in the linear response
regime was also obtained. The formalism was then applied
to study the transient behavior of a single-level quantum dot
with Lorentzian linewidth. Intrinsic oscillatory behavior is

FIG. 5. Time-dependent Seebeck coefficient in the transient
regime with different reference temperatures T0 of leads. The band-
width is set to be W = 10 and the energy level of quantum dot is
set to be ε0 = 0.5.
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found in both transient electric and energy currents induced
by the temperature gradient. It is found that the oscillatory
frequency is proportional to the energy level of quantum dot
and the oscillation decays faster for the system with a larger
bandwidth. The transient shot noise of electric and energy
current also exhibits similar oscillatory behavior. Moreover,
significant enhancement of thermopower is observed in the
transient regime. The maximum value of the time-dependent
Seebeck coefficient increases with both the increasing energy
level of quantum dot and the increasing reference temperature
of leads.
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APPENDIX A: DERIVATION OF TRANSIENT ELECTRIC
AND ENERGY CURRENTS

By substituting the expression of �
γ,χ
α (t1, t2) in Eq. (5) into

Eq. (3), the transient electric and energy currents can be given
as

Iχ
α (t ) =

∫ t

0
dt1

∫
dε

2π
Tr

{
eiε(t−t1 )

[
Gr (t, t1)�<,χ

α (ε)

+ G<(t, t1)�a,χ
α (ε)

]} + H.c. (A1)

After introducing the spectral function A(ε, t ) defined in
Eq. (7), the first term in Eq. (A1) can be expressed as∫ t

0
dt1

∫
dε

2π
Tr

[
eiε(t−t1 )Gr (t, t1)�<,χ

α (ε)
]

=
∫

dε

2π
Tr

[
A(ε, t )�<,χ

α (ε)
]
. (A2)

Similarly, the second term in Eq. (A1) can be expressed
using the spectral function with the help of Eq. (16),∫ t

0
dt1

∫
dε

2π
Tr

[
eiε(t−t1 )G<(t, t1)�a,χ

α (ε)
]

=
∫

dε

2π
Tr

[∫
dω

2π
ei(ε−ω)t A(ω, t )�<(ω)

×
∫ t

0
dt1e−i(ε−ω)t1 A†(ω, t1)�a,χ

α (ε)

]
. (A3)

Carrying out directly the integral over t1 in the above equation,
we obtain∫ t

0
dt1e−i(ε−ω)t1 A†(ω, t1)

=
∫ t

0
dt1e−i(ε−ω′ )t1

∫
dω′

−2π i

1

ω − ω′ + i0+ Ga(ω′)

=
∫

dω′

−2π i

i

ω′ − ε + i0+
1

ω − ω′ + i0+ Ga(ω′)

= i

ω − ε + i0+ Ga(ε). (A4)

Therefore, the second term in Eq. (A1) can be rewritten as∫ t

0
dt1

∫
dε

2π
Tr

[
eiε(t−t1 )G<(t, t1)�a,χ

α (ε)
]

=
∫

dω

2π
Tr

[
A(ω, t )�<(ω)Bχ

α (ω, t )
]
, (A5)

where

Bχ
α (ω, t ) =

∫
dε

−2π i

ei(ε−ω)t

ω − ε + i0+ Ga(ε)�a,χ
α (ε). (A6)

Then the final expression of transient electric and energy
currents in Eq. (17) can be obtained by combining Eqs. (A2)
and (A5).

APPENDIX B: EXPRESSION OF TRANSIENT SHOT NOISE
USING THE SPECTRAL FUNCTION

In this Appendix, we present the detailed derivation of
the final expression for the transient shot noise of elec-
tric and energy current. The terms of time-dependent shot
noise in Eq. (24) can be rewritten using the spectral func-
tion Aα (ε, t ).∫

dt1Gr (t, t1)�<(>),χ
α (t1, t ) =

∫
dε

2π
Aα (ε, t )�<(>),χ

α (ε),

(B1)∫
dt1G<(>)(t, t1)�a,χ

α (t1, t )

=
∫

dε

2π
A(ε, t )�<(>)(ε)Bχ

α (ε, t ), (B2)

∫
dt1

∫
dt2�

r,χ
α (t, t1)Gr (t1, t2)�<(>),χ

α (t2, t ) =
∫

dε

2π

∫
dε1

2π
e−i(ε−ε1 )t�r,χ

α (ε)
∫

dt1ei(ε−ε1 )t1 A(ε1, t1)�<(>),χ
α (ε1)

=
∫

dε

2π

∫
dε1

2π

ie−i(ε−ε1 )t

ε − ε1 + i0+ �r,χ
α (ε)Gr (ε)�<(>),χ

α (ε1), (B3)∫
dt1

∫
dt2�

r,χ
α (t, t1)G<(>)(t1, t2)�a,χ

α (t2, t )

=
∫

dt1

∫
dt2

∫
dε

2π
e−iε(t−t1 )�r,χ

α (ε)
∫

dω

2π
A(ω, t1)�<(>)(ω)A†(ω, t2)e−iω(t1−t2 )

∫
dε1

2π
eiε1(t−t2 )�χ,a

α (ε1)
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=
∫

dε

2π

∫
dε1

2π

∫
dω

2π
e−i(ε−ε1 )t�χ,r

α (ε)
∫

dt1e−i(ω−ε)t1 A(ω, t1)�<(>)(ω)
∫

dt2e−i(ε1−ω)t2 A†(ω, t2)�χ,a
α (ε1)

=
∫

dε

2π

∫
dε1

2π

∫
dω

2π

e−i(ε−ε1 )t

(ε − ω + i0+)(ε1 − ω − i0+)
�χ,r

α (ε)Gr (ε)�<(>)(ω)Ga(ε1)�χ,a
α (ε1). (B4)

APPENDIX C: POLES OF Gr(ε)

For the single-level quantum dot model with Lorentzian linewidth, the poles of Gr (ε) can be obtained from Eq. (51) [16],

ω1 = −b

3
+

(
2

Q

) 1
3
(

c + b2

3

)
+ 1

3

(
Q

2

) 1
3

, (C1)

ω2 = −b

3
− 1 + i

√
3

22/3Q1/3

(
c + b2

3

)
− 1 − i

√
3

6

(
Q

2

) 1
3

, (C2)

and

ω3 = −b

3
− 1 − i

√
3

22/3Q1/3

(
c + b2

3

)
− 1 + i

√
3

6

(
Q

2

) 1
3

, (C3)

with

b = 2iW − ε0 − VL, (C4)

c = W

2
+ (W + iVL )W + ε0(2iW − VL ), (C5)

d = ε0(W + iVL )W + W

2
(RVL − iW ), (C6)

Q = −2b3 − 9bc − 27d + θ, (C7)

θ =
√

(2b3 + 9bc + 27d )2 − 4(b2 + 3c)3. (C8)

APPENDIX D: CALCULATION OF THERMOELECTRIC COEFFICIENT G0
V,L(t ) AND G0

T,L(t )

With the poles of the Green’s functions and Lorentzian linewidth function, all quantities in the thermoelectric coefficients
Gχ

V,α (t ) and Gχ
T,α (t ) defined in Eqs. (33) and (34), respectively, can be calculated using the residue theorem. The coefficients

defined in Eqs. (35)–(38) can be given by

AV (ε, t ) = −1

2

LW

(ε − ω̃1)2(ε − ω̃2)2
− LW

2

∑
i

∑
j �=i

e−i(ω̃i−ε)t

ε − ω̃i

[
it

(ω̃i − ω̃ j )2
+ 2

(ω̃i − ω̃ j )3
− 1

(ω̃i − ω̃ j )2(ε − ω̃i )

]
, (D1)

B0
V,L (ε, t ) = ei(iW −ε)tLW

(iW − ω̃∗
1 )(iW − ω̃∗

2 )(ε − iW )

[
LW

4(iW − ω̃∗
1 )(iW − ω̃∗

2 )
+ 1

2

]
− LW

(ε − ω̃∗
1 )(ε − ω̃∗

2 )(ε − iW )

×
[

LW

4(ε − ω̃∗
1 )(ε − ω̃∗

2 )
+ 1

2

]
−

∑
i

∑
j �=i

ei(ω̃∗
i −ε)tLW

(ω̃∗
i − ω̃∗

j )(ω̃∗
i − iW )(ε − ω̃∗

i )

[
it

4

LW

ω̃∗
i − ω̃∗

j

+ LW

2(ω̃∗
i − ω̃∗

j )2

+ LW

4(ω̃∗
i − ω̃∗

j )(ω̃∗
i − iW )

− LW

4(ω̃∗
i − ω̃∗

j )(ε − ω̃∗
i )

− 1

2

]
, (D2)

�<,0
V (ε) = −i

LW 2

ε2 + W 2
f̃ (ε)

[
2ε

ε2 + W 2
+ 1 − f̃ (ε)

T0

]
, (D3)

�<,0
T (ε) = −i

LW 2

ε2 + W 2
f̃ (ε)

ε[1 − f̃ (ε)]

T 2
0

. (D4)
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The spectral functions Ã(ε, t ) and B̃0
L(ε, t ) can be written as

Ã(ε, t ) = G̃r (ε) +
∑

i

∑
j �=i

(ω̃i + iW )e−i(ω̃i−ε)t

(ω̃i − ω̃ j )(ω̃i − ε)
, (D5)

B̃0
L(ε, t ) = G̃a(ε)�̃a,0

L (ε) +
∑

i

∑
j �=i

ei(ω̃∗
i −ε)tLW

2(ω̃∗
i − ω̃∗

j )(ω̃∗
i − ε)

. (D6)

The thermoelectric coefficients Gχ
V,α (t ) and Gχ

T,α (t ) can then be calculated using Eqs. (D1)–(D6).
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