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ABSTRACT 1 

Influenza virus is a major human health threat. Neutralizing antibodies elicited 2 

through prior infection or vaccination play an irreplaceable role in protection from 3 

subsequent infection. The efficacy of antibody-dependent vaccines relies on both 4 

virus replication and neutralization, but their quantitative relationship was unknown. 5 

Here we use mathematical models to quantitatively investigate viral survivability 6 

determined by antibody concentration and inocula size. We performed focus 7 

reduction assays for 49 seasonal influenza A/H3N2 viruses circulating during 2017–8 

2019 against influenza antisera raised in ferrets, and find that the antibody 9 

consumption rates of individual reactions were either small or large, and this was 10 

strongly positively correlated with virus saturation. Regardless of antibody 11 

consumption rate, virus-antibody interactions always lead to antibody-induced 12 

bistable viral kinetics. As a result, at a specific interval of antibody concentration, 13 

small viral inocula are eliminated but not large virus inocula, which is triggered by 14 

saturated virus neutralization or antibody consumption. Our finding highlights virus-15 

antibody interaction with different antigenic properties, thereby explaining commonly 16 

observed influenza re-infection and enhancing vaccine efficiency.  17 

KEYWORDS:  18 

Antibody neutralization, influenza virus, bistable growth kinetics, antibody saturation  19 
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Introduction 20 

Influenza virus is a major human health concern responsible for an estimated 21 

290,000–650,000 deaths annually, particularly in high-risk groups such as pregnant 22 

women, immunocompromised patients and individuals with comorbidities [1-4]. 23 

Antibody-mediated immunity provides a robust and relatively long-lived protection 24 

from severe disease against virus strains [5-7]. However, exposure to influenza 25 

through infection or vaccination does not guarantee exemption from sequential 26 

infection due to the same influenza antigenic variant. Influenza viruses are often 27 

isolated from vaccinated individuals and re-infection due to the same influenza 28 

antigenic variant is commonly observed in the laboratory [8], and during seasonal 29 

influenza epidemics (for example 17% re-infection rate of A/H3N2 in 1970, 23% of 30 

A/H3N2 in 1976, 20% of A/H1N1 in 1980, 32% of A/H3N2 in1983 and 25% of 31 

influenza B [9-13]). Trivalent or quadrivalent influenza vaccine can significantly 32 

reduce disease severity, but can only protect 20%-60% individuals who receive them 33 

[14, 15]. These results show that pre-existing antibody mediated immunity cannot 34 

ensure exemption of future infection [16], hampering progress towards developing a 35 

efficacious influenza vaccine.  36 

Serological assays aim to quantify the prevalence of neutralising antibodies 37 

against specific influenza strains, primarily through the hemagglutinin inhibition (HI) 38 

assay. Serum HI antibody titres of 40 units (i.e. 1:40 or lesser dilutions) against an 39 

influenza antigenic variant is assumed to reduce risk of infection by 50% in the 40 

population; and is accepted as a reasonably accurate correlate of protection by 41 

many regulatory agencies [17, 18]. While the HI assay is important to determine the 42 

levels of antibodies to influenza in a sample and quantify antigenic evolution, they do 43 

not inform the antibody-virus kinetics as the amount of neutralized virus is not 44 

quantified, leaving gaps in our understanding of virus neutralization kinetics. Further, 45 

the HI assay can also be affected by variation in serum potency and virus binding 46 

activity [19].  47 

Simple compartmental models, particularly the target cell-infected cell-virus 48 

(TIV) model, have been used to provide a great deal of understanding of the within-49 

host kinetics of influenza virus infection [20-25], and have played a key role in 50 
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quantifying pre-existing immunity [21, 25-27]. However, in existing models with virus-51 

antibody interaction, the rate of virus neutralization is assumed to be directly 52 

proportional to the product of antibody concentration and viral titre, allowing infinite 53 

increases in neutralisation rate with increase of viral titre or antibody concentration 54 

[20, 21, 23, 24, 26, 27]. Since, both in vivo and in vitro, the rate of antibody binding 55 

saturates at a concentration higher than that required for neutralization, for a fixed 56 

viral titre, the rate of virus neutralisation increases and is saturated with increases of 57 

antibody concentration (Fig. 1b). Saturation commonly occurs in biological systems; 58 

whose effects are innately nonlinear in proportion to reactant concentrations[28-30]. 59 

Crucially, saturation always leads to a bistable behaviour – biologically known as 60 

inoculum effect – where two possible outcomes are possible [31] (Fig. 1c). It is not 61 

known whether saturation has a bistable effect on the survival or eradication of 62 

influenza following infection in the presence of antibodies.  63 

To understand how saturation of virus neutralization affects viral kinetics, we 64 

developed a class of two dimensional models that involve virus neutralisation 65 

estimated by performing focus reduction assays (FRA) of seasonal influenza A H3N2 66 

viruses and virus growth kinetics. We found that the rate of virus neutralization 67 

saturated with increases of both viral titre or antibodies, and our models allowing 68 

saturated virus neutralization provided a robust and better fit than unsaturated 69 

neutralisation. Integrating influenza replication and neutralization parameters into the 70 

proposed deterministic models, we identified saturation of virus neutralization or 71 

antibody consumption lead to bistable viral growth kinetics in the presence of 72 

neutralizing antibodies. We also found a strong positive correlation between the 73 

antibody consumption and virus saturation, and that they could be categorised into 74 

two groups based on the rate of antibody consumption, information that could be 75 

utilised for vaccine preparation. Overall, our analysis reveal that antibody-induced 76 

bistable viral kinetics exist through saturated virus neutralization and antibody 77 

consumption. This shows even for virus-antibody pair that are well-matched, variability 78 

of virus neutralization can always occur, thereby explaining the occurrence of 79 

reinfections due to antigenically similar influenza strains.  80 
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Results 81 

Virus neutralization is saturated with increase of both viral titre and antibody 82 

concentration.  83 

Virus neutralization kinetics were quantified for 49 seasonal influenza A/H3N2 84 

viruses circulating during 2014–2019 (HA clade 3C.2A [32]) against antisera raised 85 

in ferrets against eight reference viruses using the focus reduction assay (FRA), a 86 

neutralization assay based on immunostaining, allowing the estimating of total viral 87 

titre and neutralized viral titre before and during virus-antibody incubation (see 88 

Methods). For all viruses, the neutralized viral titre increased and converged to a 89 

total viral titre with increase of antibody concentration, independent of combination of 90 

influenza virus and antisera (Fig. 2a). 91 

To establish a quantitative relationship between neutralised virus titre and 92 

antibody concentration we developed two models of virus neutralisation, saturated 93 

(System 1, methods) and unsaturated (System 2, methods) to describe the rate of 94 

change of viral titres and antibody concentration (Illustrated in Fig. 1a). As expected 95 

the model allowing saturated virus neutralization better fit our FRA estimates than a 96 

model with unsaturated neutralisation commonly assumed in prior studies [20, 21, 97 

24, 27] (Fig. 2b). To test for overfitting, we generated simulated data with noise 98 

following Gaussian distribution 𝑁(0,1) of different magnitudes and then fit saturated 99 

and unsaturated virus neutralization models (Section 2.2, Supplementary material), 100 

to find that the saturated neutralization model is more robust to tolerate noise than 101 

unsaturated virus neutralization despite containing two fewer parameters. As an 102 

example, virus neutralization parameters estimated for A/Canberra/40/2019 is shown 103 

in Fig 2c and Table 2, showing that the rate of virus neutralization increases but is 104 

saturated with increase of both antibody concentration and viral titer.  105 

The magnitude of virus neutralization (approximately 100 to 102) and virus 106 

saturation (approximately 10-1 to 102) remained relatively consistent among all 327 107 

reactions with different virus-serum pairs (Fig. 2d and 2f). However, the antibody 108 

consumption rate formed a bimodal distribution, with the majority of reactions 109 

distributed at  10-7 to 10-5 (small antibody consumption rate) and small number 110 
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reactions  from 10-1 to 101 (large antibody consumption rate) (Fig. 2c). A large 111 

antibody consumption rate would indicate a serum containing a greater proportion of 112 

weakly neutralising antibodies where several antibodies are required for effective 113 

neutralisation [6], whereas a low antibody consumption rate will like lead to rapid 114 

viral clearances due to rapid production of such antibodies suggests fewer antibody 115 

molecules required for neutralization [5]. A comparison of genetic distances between 116 

test and reference viruses showed that the categories by antibody consumption was 117 

independent of HA amino acid distance (Fig. 2d-g). A Pearson correlation analysis 118 

showed a positive correlation between antibody consumption(𝜑)	and antibody 119 

saturation	(𝜂)	 (correlation coefficient, 0.7601; Fig. 2d-g; Section 2.2, Supplementary 120 

material) and between virus neutralization (𝛼) and antibody consumption (𝜑) 121 

(correlation coefficient, 0.7770) showing a strong relationship between virus 122 

neutralization by antibody binding and its consumption.  123 

In some assays we observed that the virus with antisera grow better than 124 

controls without antisera (Table S2) by comparing focus numbers in well with 125 

antisera and that without antisera. We hypothesize that this may be due to the 126 

presence of virus growth factors or non-neutralising antibodies in the ferret 127 

antiserum, hence, to estimate virus neutralization parameter from FRA we used two 128 

approaches: most diluted antibody (qualified 327 datasets) and cell control as total 129 

viral titre (qualified 63 datasets) viral titre with the as total viral titre. However, 130 

regardless of selection of total titre, the magnitude and category of virus 131 

neutralization parameters remain consistent (Section 2.2, Supplementary material). 132 

To obtain replication kinetics of influenza virus we fit a logistic growth model to 133 

previously published growth kinetics of H1N1pdm09 and H7N9 virus on A549 human 134 

lung carcinoma cells in the absence of antibodies (Simon et al. 2016 [33], Section 135 

1.1, Supplementary material). Strikingly, the magnitudes of virus replication (~10!), 136 

virus degradation (~10!) and natural saturation (~10"#) were consistent for 137 

H1N1pdm09 and H7N9 virus are consistent (Section 1.1, Supplementary material), 138 

and since all subtypes have a similar function it is reasonable to assume that 139 

replication kinetics on A549 cells may follow a similar behaviour.  140 

 141 
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Antibody-induced bistable viral kinetics 142 

Integration of virus replication kinetics with the neutralization kinetics from FRA 143 

datasets for different magnitudes of antibody concentration (small and large, System 144 

3), our results suggests that both virus neutralization kinetics with small and large 145 

antibody consumption lead to bistable viral kinetics (Figs. 3 and 4), but their 146 

behaviours are subtly different. For a small antibody consumption, exhibited by a 147 

majority of FRA data, we approximated the antibody concentration during the 144-148 

hour incubation period as the initial antibody concentration (Fig. S9), and find that 149 

virus and antibody can co-exist at the end of the experiment (Fig. 3a-d, and S9). 150 

Further, the maximum capacity of viral titre decreases with increase of antibody 151 

concentration (Fig. 3e). On the other hand, for the few reactions that showed a large 152 

antibody consumption, viral survival corresponds to depletion of antibody, while viral 153 

eradication coincides with antibody remaining (Fig. 4 and Fig. S10). Moreover, both 154 

virus titres converged to the same maximum capacity if virus survives in presence of 155 

antibody (Fig. 4b, c and e).  156 

In simulations of virus replication kinetics with saturated virus neutralization 157 

and small antibody consumption (Table S19), we found the existence of two 158 

thresholds 𝐴! and 𝐴" that divide the antibody concentration interval into three 159 

regimes, shown as bifurcation diagram (Fig. 3e). In different antibody concentration 160 

intervals, viral kinetics exhibits different dynamical behaviours. Virus kinetics exhibit 161 

bistability at the antibody concentration interval between 𝐴! and 𝐴", where small viral 162 

inocula are inhibited, and large viral inocula survive under the same antibody 163 

concentration (Fig. 3b and c). The viral inoculum threshold (above which the virus 164 

survives) increases with increase of antibody concentration (the red dashed curve in 165 

Fig. 3e). For example, at low antibody concentration 𝐴 = 0.075𝑢𝑔 𝑚𝑙⁄ , virus with 166 

inoculum 10!."𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄ , 10!.$𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  and 10".%𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  survive (Fig. 3b and 167 

e), whereas at high antibody concentration 𝐴 = 0.085𝑢𝑔 𝑚𝑙⁄ , virus with high inoculum 168 

10!.$𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  and 10".%𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  survives (Fig. 3c and e). At antibody 169 

concentration less than the threshold 𝐴!, the virus survives independent of inoculum 170 

(Fig. 3a and e), and at antibody concentration higher than the threshold 𝐴", the virus 171 

is inhibited independent of inoculum size (Fig. 3d and e). 172 
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Similarly, in simulations of virus kinetics with saturated virus neutralization and 173 

large antibody consumption (Table S18), a similar bistable behaviour was also 174 

observed (Table S18) (Fig. 4). With initial antibody concentration 𝐴% = 0.04𝑢𝑔 𝑚𝑙⁄ , 175 

virus with inoculum 10!.$𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  and 10".%𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  survives, while antibody is 176 

depleted (Figs. 4b, e and S10), with initial antibody concentration 𝐴% = 0.05𝑢𝑔 𝑚𝑙⁄ ,  177 

only virus with inoculum 10".%𝑇𝐶𝐼𝐷 50 𝑚𝑙⁄  survives (Figs. 4c,e and S10).  178 

To establish whether bistability depends on model structure, we conducted 179 

sensitivity analysis by adding an eclipse phase to the model (Section 1.2., 180 

Supplementary material).  The existence of bistability and its mechanism were 181 

unchanged by the eclipse phase (Section 3.1.2 and 3.1.3, Supplementary material). 182 

The existence and mechanism of bistability were consistent when either FRA 183 

measurements of neutralised virus counts were used (either control cell or viral titre 184 

with the most diluted antibody as total viral titre) (Section 3.2, 3.3-3.4, 185 

Supplementary material). Lastly, simulations of virus replication using model 186 

parameter values for both seasonal H1N1 and avian H7N9 virus showed antibody-187 

induced bistable virus kinetics (Section 3, Supplementary material).  188 

Unsaturated virus neutralization always leads to monostable virus kinetics  189 

We hypothesize that unsaturated virus neutralization, commonly used to 190 

quantify virus neutralization by antibody binding in vivo and in vitro [20, 21, 23, 24, 191 

26], would only lead to monostable virus kinetics (i.e. variability of virus neutralization 192 

would only be caused by antigenic change). Reconsidering virus neutralization 193 

kinetics (System 4, Method), we again found two categories of antibody consumption 194 

within our FRA data, including small and large antibody consumption (Table S22). In 195 

simulations of virus growth kinetics with unsaturated neutralisation and a small 196 

antibody consumption, neutralizing antibody only lead to monostable viral kinetics 197 

(Fig. 5); viral survivability only relied on magnitude of antibody concentration, rather 198 

than viral inoculum size. For large antibody consumption, however, neutralizing 199 

antibody lead to antibody-induced bistable viral growth kinetics exist (Fig. 6), but its 200 

bistable antibody concentration interval is relatively small. Thereby, we conclude that 201 

unsaturated virus neutralization leads to monostable viral kinetics under most 202 

conditions (Section 2.2.4, supplementary material), because small antibody 203 
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consumption leads to monostable virus kinetics and large antibody consumption 204 

leads to bistable virus kinetics with small bistable antibody concentration interval. As 205 

a result, whether an antibody can neutralise a virus depends only on antibody 206 

concentration. 207 

To summarize, we found that saturated virus neutralization can always lead to 208 

antibody-induced bistable viral kinetics (Section 3, Supplementary material). 209 

Unsaturated virus neutralization leads to monostable viral kinetics for small 210 

consumption (Section 4, Supplementary material); unsaturated virus neutralization 211 

leads to bistable viral kinetics, but its bistable antibody concentration interval is 212 

relatively small (Section 4, Supplementary material) (Table 3).  213 
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Discussion  214 

Dissecting the neutralised viral titer estimated obtained for 49 A/H3N2 viruses 215 

circulating during 2014-2019 against eight reference antisera raised in ferrets, we 216 

identified that the antibody consumption rates of the reaction formed two distinct 217 

groups, with either a small or large antibody consumption rate and this correlated 218 

strongly with antibody saturation. The differences in antibody consumptions rates 219 

were not associated with influenza HA genetic distances, although our study 220 

included test and reference viruses with high genetic and antigenic similarity. Taken 221 

together, the variation in antibody consumption into distinct categories suggests that 222 

this may be due to interacting factors that affect the potency of the serum, such as 223 

binding avidity and affinity. 224 

By integrating estimated viral replication and virus neutralization parameters, 225 

we illustrated that neutralising antibodies induce bistable viral kinetics through 226 

saturation of virus neutralisaiton and antibody consumption. Biologically, even for a 227 

well matched virus-antibody pair, large viral inocula survive and small viral inocula 228 

are inhibited at the same antibody concentration. This supports that escape from 229 

neutralization can result from innate interactions between well-matched virus strain 230 

and antibodies. Our results imply that even for the same virus-antibody pair, the 231 

elimination of virus depends not only on the antibody concentration but also virus 232 

inoculum size, highlighting their important roles in the establishment of a successful 233 

infection.  234 

Our results also imply that antibody levels measured using HI assays, may be 235 

inadequate to measure protection as the HAI titres only show the effect of varying 236 

antibody concentration, but not the effect of varying the virus inoculum. On the other 237 

hand, analysis of FRA data using mathematical models enables us to understand 238 

both of these factors. During a vaccine selection process, viruse strains that induce 239 

antibodies with high virus neutralization and small antibody consumption would be 240 

favourable.  241 

HI and FRA are designed to quantify virus replication kinetics of antisera 242 

arisen from test virus.  Antibody-antisera mixture is incubated for 30 minutes for HAI 243 
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and one hour for FRA, and infectious viral titre is decreasing during antibody-virus 244 

incubation. However, the result provided by short-time incubation assay may not 245 

reflect the whole-picture of virus neutralization kinetics, because virus titre in vivo 246 

changes with respect of time, for example logistics model due to limited susceptible 247 

cells and a bimodal growth kinetics due to interferon [22]. Combination between virus 248 

replication kinetics and saturated virus neutralization leads to variability of virus 249 

neutralization independent of antigenic changes, indicating that incorporation of virus 250 

replication kinetics is an urgent need for future assay to quantify virus replication 251 

kinetics. 252 

A variety of proposed target cell-infected infected cell-virus (TIV) models of 253 

hepatitis B virus (HBV) and simian immunodeficiency virus (SIV) exhibit bistable viral 254 

kinetics, however bistability has been attributed to reversible binding of free antibody, 255 

which may be biologically unreasonable[23, 24]. Further, these models model virus 256 

neutralization as unsaturated, using proportional to product of antibody concentration 257 

and viral titre by law of mass action, which is unrealistic as discussed in the 258 

Introduction. To our best knowledge, the proposed model is the simplest model with 259 

realism leading to bistable switch between viral survival and eradication. By Occam’s 260 

razor principle, because saturated virus neutralization and antibody concentration is 261 

the simplest adequate model, it provides a main underlying mechanism to explain 262 

variability of virus neutralization. 263 

A limitation of our viral replication kinetics model (in the absence of 264 

antibodies) is that it cannot reproduce observed viral titres when the inoculum is 265 

close to the maximum viral load. While A/H1N1pdm09 and A/H7N9 viruses fit our 266 

model, the seasonal A/H1N1 (sH1N1) and A/H5N1 data from the same study35 did 267 

not achieve a good fit  (data not shown), possibly because the inoculum level is 268 

closer to the peak viral load for these data. However, since the viral inoculum in 269 

natural infection is considerably low, our proposed one-dimensional model should be 270 

adequate to capture viral kinetics of natural infection. For low inocula, we are 271 

confident in our model because for each virus, we fitted the model to data from two 272 

inocula simultaneously (0.01 PFU/cell and 3 PFU/cell), and produced good fits for 273 

both inocula. 274 
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We note that when we qualitatively analyse the long-term behaviour of our 275 

models, virus always survives and antibody is always depleted. However, within a 276 

realistic timeframe for experimental and natural infection (144 hours), bistability 277 

exists. Also, if the viral load is low after 144 hours, even though a deterministic 278 

model would predict it to rebound once antibodies are depleted, in reality stochastic 279 

effects would eradicate the virus before this could happen (data not shown). 280 

Using viral replication parameters from one experiment and virus 281 

neutralization parameters from another experiment, we have predicted the existence 282 

of antibody-induced bistable viral kinetics. To identify the bistable antibody interval 283 

for a specific antibody-antigen pair, further work is required to experimentally validate 284 

this prediction in a single experimental system. Moreover, natural infection can occur 285 

with a mixture of virus genotypes (within-host genetic diversity), and the antibody 286 

response produced in response to natural infection is polyclonal, hence future 287 

modelling with a mixture of genotypes, and protection by polyclonal antibodies is 288 

required.  Also, while viral inoculum size (initial viral load) is the major determinant of 289 

survival or death in vitro, in vivo survival of influenza is determined by factors beyond 290 

virus inoculum size, including the time of antibody production and other innate 291 

immunity functions. Thus, although antibody concentration and inoculum size are 292 

two seemingly important factors, they are not sole contributors for in vivo virus 293 

eradication. Also, our experimental system does not consider variations in growth 294 

kinetics in different sites (e.g. nasal vs lung). Further, in our study we used naïve 295 

ferret raised antisera where the primary response is known to be narrow, in contrast 296 

to humans who exhibit a complex immune history.  297 
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Method  298 

Mathematical model 299 

To establish quantitative relationship between neutralized viral titre and antibody 300 

concentration, we developed two models of (a) saturated virus neutralization 301 

(System 1, below) and (b) unsaturated virus neutralization (System 2, below).  302 

For saturated virus neutralization, we describe the rate of change of viral titre 303 

and antibody concentration as 9
&'())
&)

= +,-())'())
!./-()).0'())

&-())
&)

= +1-())'())
!./-()).0'())

, (1) in FRA for one-hour 304 

incubation. 𝐴(𝑡) represents antibody concentration with respect to time 𝑡. 𝛼 305 

represents the virus neutralization rate by antibody binding; 𝜑 represents antibody 306 

consumption rate by binding to virus; 𝜂 controls the saturation in neutralization rate 307 

as antibody concentration increases; 𝛾 controls the saturation in neutralization rate 308 

as viral titre increases. 309 

For unsaturated virus neutralization, we describe the rate of change of viral 310 

titre and antibody concentration as  9
&'())
&)

= −𝛼𝐴(𝑡)𝑉(𝑡)
&-())
&)

= −𝜑𝐴(𝑡)𝑉(𝑡)
, (2), in FRA for one-hour 311 

incubation.  312 

To investigate the role of antibody concentration and viral inoculum on viral 313 

kinetics we developed four models of viral kinetics (a) with saturated virus 314 

neutralization and antibody consumption (System 3, below); (b) with saturated virus 315 

neutralization, antibody consumption and with eclipse phase (System 5, Section 3.2., 316 

Supplementary Material); (c) with unsaturated virus neutralization and antibody 317 

consumption (System 4, below); and (d) unsaturated virus neutralization, antibody 318 

concentration and eclipse phase (System 6, Supplementary Material). 319 

For viral kinetics with saturated virus neutralization and antibody consumption, 320 

we describe the rate of change of viral titre and antibody concentration as 321 

9

&'())
&)

= 2'())
!.3'())

− 𝜎𝑉(𝑡) − ,-())'())
!./-()).0'())

&-())
&)

= +1-())'())
!./-()).0'())

, (3), to simulate in vitro experiment, where 𝜌 322 

represents replication rate of influenza virus; 𝛽 controls natural saturation of viral 323 

replication at high viral titer; 𝜎 represents degradation rate of influenza virus. 324 
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For viral kinetics with unsaturated virus neutralization and antibody 325 

consumption, we describe the rate of change of viral titre and antibody concentration 326 

as 9
&'())
&)

= 2'())
!.3'())

− 𝜎𝑉(𝑡) − 𝛼𝐴(𝑡)𝑉(𝑡)
&-())
&)

= −𝜑𝐴(𝑡)𝑉(𝑡)
, (4), to simulate in vitro experiment.  327 

To understand the antigenic relationships among tested H3N2 viruses, we 328 

compared the amino acid distance between their hemagglutinin genes (HA) using 329 

MEGA X (https://www.megasoftware.net/) [34]. The HA genes of newly generated 330 

and reference strains are available in the Global Initiative on Sharing All Influenza 331 

Data (GISAID) database (https://www.gisaid.org/) [35]. Sequence accession 332 

numbers and laboratories generating the sequence data are provided in the 333 

Supplementary Materials. 334 

 335 

Infection assay.  336 

Virus replication parameters were obtained from single cycle (SC) and multiple cycle 337 

(MC) infection assays performed by Simon et al. [33]. A549 human lung carcinoma 338 

cells were infected with influenza A/H1N1pdm09 (A/Mexico/INDRE4487/2009) and 339 

A/H7N9 (A/Anhui/1/2013).  Both a high viral multiplicity of infection (MOI) (3 340 

PFU/cell) and a low MOI (0.01 PFU/cell) were used.  0.5 mL of the cell supernatant 341 

was harvested and frozen at 13 intervals for SC assay that lasted 18 hours (0, 1, 2, 342 

3.5, 4.6, 5.6, 7.1, 8.6, 10, 11, 12, 15.5 and 18 hours) whereas 11 intervals (0, 3.1, 343 

18.6, 28.5, 42.9, 53.3, 66.5, 77.8, 91.6, 99 and 147) were sampled for MC infection 344 

assays that lasted ~150 hours. The frozen samples were thawed and titrated by 345 

median tissue culture infectious dose (TCID50) by Simon et al35. 346 

 347 

Focus Reduction assay.  348 

To determine parameters of virus neutralization we utilized a focus reduction assay 349 

(FRA) performed against 49 H3N2 viruses using post-infection ferret antisera raised 350 

against a panel of representative H3N2 viruses. Serial dilutions (80 to 10240) of 351 

ferret antisera were incubated for one hour with virus and diluted to 1000 FFU/well. 352 

100ul of the virus-sera mixture was then applied to confluent MDCK-SIAT cells and 353 

incubated for 18-20 hours at 35ºC in 5%CO2.  FRA was performed for each virus 354 

individually with each ferret antisera raised against a representative set of H3N2 355 

viruses. In the main-text, we describe the dynamics using A/Canberra/40/2019. The 356 
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virus-sera mixture was then added to confluent MDCK-SIAT1 cell lines, allowing the 357 

measurement of antibodies required to neutralise virus through reduction of plaques 358 

during one-hour incubation. Following overnight incubation, focus forming units 359 

(FFU) were quantified by immunostaining using an anti-nucleoprotein monoclonal 360 

antibody and subsequent detection using an HRP-conjugated secondary antibody 361 

(BioRad, USA) and TrueBlue substrate (KPL Biosciences). The number of FFU per 362 

well was quantified from plate images using an Immunospot analyser and Biospot 363 

software (CTL Immunospot, USA).  364 

Parameter estimation.  365 

Variation in viral replication parameters was estimated using the combined sum of 366 

squared error (combined SSE) across the single-cycle and multi-cycle experiments. 367 

Combined SSE is 𝑆𝑆𝐸" = ∑ E𝑙𝑜𝑔!%G𝑉456H − 𝑙𝑜𝑔!%𝐹G𝑉456HJ
"7

48! +∑ E𝑙𝑜𝑔!%G𝑉9:6H −;
48!368 

𝑙𝑜𝑔!%𝐹G𝑉9:6HJ
"
, where 𝑉456 and 𝑉9:6 represents experimental viral titer at time 𝑖 and 𝑗. 369 

𝐹(𝑉4) and 𝐹G𝑉9H represent estimated viral titer at time 𝑖 and 𝑗 for SC or MC infection 370 

assay data.  Initial guesses used for parameter estimation are 𝜌% = 1, 𝛽% = 0.1, 𝜎% = 1 371 

and 𝜏 = 0.1. # 372 

For the estimation of virus neutralization parameters, we obtained neutralized 373 

influenza virus in one-hour of incubation by using the formula neutralized virus = total 374 

virus – survived virus, and selected column with all positive values. Then we 375 

calculated neutralized viral titer by the formula, 𝑉𝑖𝑟𝑎𝑙𝑡𝑖𝑡𝑒𝑟 = 𝐹𝑁 × 𝐷𝑅 × 𝑆𝑉 𝐹𝐹𝑈 𝑚𝑙⁄  376 

where 𝐹𝑁 represents focus number in each well, 𝐷𝑅 represents dilution rate, 𝑆𝑉 377 

represents sample volume and 𝐹𝐹𝑈 represents focus formation assay. We used the 378 

7 virus serial dilution data points (80 – 5120) {(𝐴!, 𝑉!),⋯ , (𝐴<, 𝑉<)} of the FRA, where 379 

𝐴4 represents diluted antibody concentration and 𝑉4 represents neutralized virus titer. 380 

We defined the sum-of-squares error (SSE) as 𝑆𝑆𝐸 = ∑ G𝑙𝑜𝑔10(𝑉𝑖) −
7
𝑖=1381 

𝑙𝑜𝑔10(𝐹(𝐴𝑖))H
2, where 𝑉4 and 𝐹(𝐴4) represents experimental and theoretical viral 382 

titers with respect to the ith diluted antibody concentration. 𝐹(𝐴4) is the integral of 383 
&'())
&)

= +,-())'())
!./-()).0'())

 from 0 to 1. 384 

 385 

Qualitative analysis of Mathematical models 386 

By Bendixon-Poincare theorem [28, 30, 36], we show non-existence of closed orbits 387 

in model systems of viral kinetics with antibody consumption, with and without 388 
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eclipse phase (System 3 and 4, respectively). The existence of equilibria and its 389 

stability for systems with no antibody consumption (the first equation of System 3 390 

and 4) is provided by reference24. The introduction of eclipse phase in System 5 and 391 

System 6 in supplementary material does not change the stability of equilibria 392 

provided by System 3 and System 4, respectively, as shown by Rouche’s Theorem 393 

[37] and the continuity of eclipse phase𝜏.  394 
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Table Captions: 

Table 1. Raw Focus Reduction Assay data generated using A/Canberra/40/2019 (FFU 
scale) 

Table 2. Estimated virus neutralization parameters obtained from Focus Reduction Assay 
using A/Canberra/40/2019 

Table 3. Bistability/ Monostability determined by virus neutralization, eclipse phase and 
antibody consumption 

 

Figure Captions: 

Fig. 1. Schematic of viral kinetics with saturated virus neutralization to investigate 
qualitatively viral inoculum size on viral survival and eradication. A) Virus kinetic with 
saturated virus neutralization is divided into limited viral growth kinetics (virus replication, 
virus degradation and natural saturation on limited cell number) and virus neutralization by 
antibody binding (saturated virus neutralization and antibody consumption). B) Saturated 
virus neutralization refers that rate of virus neutralization increases but converges to 
maximum rate of virus neutralization with increase of antibody concentration. C) Neutralizing 
antibody induces bistable viral kinetics; large virus inocula survive and small virus inocula 
are inhibited. In this case, variability of virus neutralization can be innately biological features 
of the interaction between virus and antibody, rather than antigenic change driven by 
mutations. D) Neutralizing antibody induces monostable viral kinetics; influenza virus is 
inhibited independent of viral inoculum size. Then, variability of virus neutralisation is only 
caused by antigenic changes. 

Fig. 2. Analysis of FRA data arisen from 49 test virus against eight antisera. A) Neutralized 
viral titre increases and converges with increase of antibody concentration independent of 
A/Hong Kong/4801/2014 (3C2.A), A/Brunei/16/2019 (3C2.B), A/Switzland/4080/2017 
(3C2.A2/re), A/Canberra/107/2019 (3C2.A1b/131K), A/Sydney/22/2018 (3C2.A1b/135N) and 
A/Brisbane/32/2017 (3C2.A1a). b) Saturated virus neutralization (red curve) fits better to 
FRA data (green cycle) than unsaturated virus neutralization (black curve). C) Histogram 
plotting antibody consumption against number of FRA dataset exhibits bimodal behaviours, 
one peak (majority of FRA data) locating on antibody consumption from 10-7 to 10-5 and 
another peak (minority of FRA data) locating on antibody consumption from 10-1 to 101. This 
indicates FRA datasets are classified into two categories, large and small antibody 
consumption. D-g) Antibody saturation and antibody consumption are strongly positively 
correlated. D) Virus neutralization 𝑙𝑜𝑔!%(𝛼) is plotted against antibody saturation 𝑙𝑜𝑔!%(𝜂); e) 
virus neutralization 𝑙𝑜𝑔!%(𝛼) is plotted against antibody consumption 𝑙𝑜𝑔!%(𝜑); f) virus 
saturation 𝑙𝑜𝑔!%(𝛾) is plotted against antibody saturation 𝑙𝑜𝑔!%(𝜂); g) virus saturation 
𝑙𝑜𝑔!%(𝛾) is plotted against antibody consumption 𝑙𝑜𝑔!%(𝜑).  

Fig. 3. Simulated kinetics of H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with low antibody consumption. Bifurcation diagram e) showing viral 
titre as a function of antibody concentration. Viral inoculum threshold increases with increase 
of antibody concentration (red dashed curve). The maximal capacity of viral titre decreases 
with increases of antibody concentration (black solid curve). Purple arrows represent any 
viral inoculum size. A) When antibody concentration is between 0 and A1 virus with any viral 
inoculum survive. B) Virus with any inoculum size is inhibited when antibody concentration is 
greater than A2. C) and d) when antibody concentration is between A1 and A2 virus survives 
if viral inoculum is above dashed red curve and is inhibited if viral inoculum is below dashed 
red curve. Purple, green, red and blue lines and circles represent viral kinetics with viral 
inoculum 10%.<, 10!.", 10!.$ and 10".% TCID50/ml in a–d, also shown as virus inoculum in e. 
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Fig. 4. Simulated kinetics of H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with large antibody consumption. Viral survival corresponds to 
antibody depletion and viral eradication coincides with antibody existence. Bifurcation 
diagram e) showing viral titre as a function of initial antibody concentration (schematic 
diagram). Viral inoculum threshold increases with increase of antibody concentration 
(dashed red line). Maximum capacity of viral titre remains constant if virus survives (black 
solid line). Purple arrows represent any viral inoculum size. A) When antibody concentration 
is between 0 and A1, virus with any viral inoculum survive. B) and c) When antibody 
concentration is between A1 and A2 , viral kinetics survives if viral inoculum is above dashed 
red curve and is inhibited if viral inoculum is below dashed red curve. D) Virus with any 
inoculum size is inhibited when antibody concentration is greater than A2. Purple, green, red 
and blue lines and circles represent viral kinetics with viral inoculum 10%.<, 10!.", 10!.$ and 
10".% TCID50/ml in a–d, also shown as virus inoculum in e. 
 
Fig. 5. Simulated kinetics of A/H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with small antibody consumption. Bifurcation diagram d) showing 
viral titre as a function of initial antibody concentration. Maximal capacity of viral titre 
decreases with increase of antibody concentration (dashed red line). Purple arrows 
represent any viral inoculum size. A) and b) When antibody concentration is between 0 and 
A1, virus with any viral inoculum survive. C) Virus with any inoculum size is inhibited when 
antibody concentration is greater than A1. Purple, green, red, blue curve and circle represent 
viral kinetics with viral inoculum 100.8, 101.2, 101.6 and 102.0TCID50/ml in (a-d).  
 
Fig. 6. Simulated kinetics of A/H7N9 (virus with different combinations of inoculum sizes and 
antibody concentrations with large antibody consumption. Viral survival corresponds to 
antibody depletion and viral eradication coincides with antibody existence. Bifurcation 
diagram e) showing viral titre as a function of initial antibody concentration (schematic 
diagram). Viral inoculum threshold increases with increase of antibody concentration 
(dashed red line). Maximum capacity of viral titre remains constant if virus survives (black 
solid line). Purple arrows represent any viral inoculum size. A) When antibody concentration 
is between 0 and A1, virus with any viral inoculum survive. B) and c) When antibody 
concentration is between A1 and A2 , viral kinetics survives if viral inoculum is above dashed 
red curve and is inhibited if viral inoculum is below dashed red curve. D) Virus with any 
inoculum size is inhibited when antibody concentration is greater than A2. Purple, green, red, 
blue curves and circle represent viral kinetics with viral inoculum 100.8, 101.2, 101.6 and 
102.0TCID50/ml in (a-d). 
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Tables: 

Table 1. Raw Focus Reduction Assay data generated using A/Canberra/40/2019 
(FFU scale) 

 Antisera arisen from reference virus 

Serum 

Dilution 

A/Hong 

Kong/ 

4801/2014 

(Egg grown) 

A/Newcastle/82/

2018 (cell 

grown) 

A/Newcastle/8

2/2018 (egg 

grown) 

A/Sydney/22/2

018 (cell 

grown) 

A/Victoria/

653/2017 

(cell 

grown) 

A/Victoria/

653/2017 

(egg 

grown) 

A/Switzerlan

d/8060/2017

(cell grown) 

A/Switzerlan

d/8060/2017 

(egg grown) 

80 195 52 102 18 8 142 17 16 

160 449 62 43 47 15 532 25 10 

320 2278 493 339 144 37 1226 85 29 

640 3405 1296 1019 576 131 1573 306 116 

1280 3780 1791 1861 1456 578 1441 798 489 

2560 4069 2136 1937 1424 1318 1173 1148 965 

5120 4416 2226 2034 1545 1459 1481 1098 958 

10240 4924 2606 2590 1905 1747 1890 1681 1492 
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Table 2. Estimated virus neutralization parameters obtained from Focus Reduction 
Assay using A/Canberra/40/2019 

Reference virus (cell/egg grown) 𝛼 

(ml/FFU/hour

) 

𝜂 

(ml/ug) 

𝛾 

(ml/FFU) 

𝜑 

(ml/ug/hour) 

Category  

A/Hong Kong/ 4801/201(egg) 5.3848 1.91 × 10!" 1.6052 2.49 × 10!" Small 

A/Newcastle/82/2018 (cell) 6.5889 1.62 × 10!" 1.4073 2.19 × 10!" Small 

A/Newcastle/82/2018 (egg) 5.9281 1.28 × 10!# 1.695 1.70 × 10!# Small 

A/Sydney/22/2018 (cell) 4.6439 2.36 × 10!" 1.5076 3.18 × 10!" Small 

A/Victoria/653/2017 (cell) 12.8883 1.51 × 10!" 0.9455 2.20 × 10!" Small 

A/Victoria/653/2017 (egg) 7.6359 1.93 × 10!$ 4.2875 2.33 × 10!$ Small 

A/Switzerland/8060/2017(cell) 7.1822 1.40 × 10!# 1.7357 1.89 × 10!# Small 

A/Switzerland/8060/2017 (egg) 5.3848 2.76 × 10!" 1.5001 3.82 × 10!" Small 
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Table 3. Bistability/ Monostability determined by virus neutralization, eclipse phase 
and antibody consumption  
Model Virus 

neutralisation 

Eclipse 

phase 

Antibody 

consumption 

Bistability or monostability  

1 Saturated  No Small Bistability  

2 Saturated No large Bistability  

3 Saturated  Yes small Bistability  

4 Saturated Yes large Bistability  

5 Unsaturated  No small Monostability  

6 Unsaturated No large Bistability, small antibody 
concentration interval 

 

7 Unsaturated  Yes small Monostability  

8 Unsaturated Yes large Bistability, small antibody 

concentration interval 
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Figures:  

Fig. 1. Schematic of viral kinetics with saturated virus neutralization to investigate 
qualitatively viral inoculum size on viral survival and eradication. A) Virus kinetic with 
saturated virus neutralization is divided into limited viral growth kinetics (virus replication, 
virus degradation and natural saturation on limited cell number) and virus neutralization by 
antibody binding (saturated virus neutralization and antibody consumption). B) Saturated 
virus neutralization refers that rate of virus neutralization increases but converges to 
maximum rate of virus neutralization with increase of antibody concentration. C) Neutralizing 
antibody induces bistable viral kinetics; large virus inocula survive and small virus inocula 
are inhibited. In this case, variability of virus neutralization can be innately biological features 
of the interaction between virus and antibody, rather than antigenic change driven by 
mutations. D) Neutralizing antibody induces monostable viral kinetics; influenza virus is 
inhibited independent of viral inoculum size. Then, variability of virus neutralisation is only 
caused by antigenic changes. 
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Fig. 2. Analysis of FRA data arisen from 49 test virus against eight antisera. A) Neutralized 
viral titre increases and converges with increase of antibody concentration independent of 
A/Hong Kong/4801/2014 (3C2.A), A/Brunei/16/2019 (3C2.B), A/Switzland/4080/2017 
(3C2.A2/re), A/Canberra/107/2019 (3C2.A1b/131K), A/Sydney/22/2018 (3C2.A1b/135N) and 
A/Brisbane/32/2017 (3C2.A1a). b) Saturated virus neutralization (red curve) fits better to 
FRA data (green cycle) than unsaturated virus neutralization (black curve). C) Histogram 
plotting antibody consumption against number of FRA dataset exhibits bimodal behaviours, 
one peak (majority of FRA data) locating on antibody consumption from 10-7 to 10-5 and 
another peak (minority of FRA data) locating on antibody consumption from 10-1 to 101. This 
indicates FRA datasets are classified into two categories, large and small antibody 
consumption. D-G) Antibody saturation and antibody consumption are strongly positively 
correlated. D) Virus neutralization 𝑙𝑜𝑔!%(𝛼) is plotted against antibody saturation 𝑙𝑜𝑔!%(𝜂); e) 
virus neutralization 𝑙𝑜𝑔!%(𝛼) is plotted against antibody consumption 𝑙𝑜𝑔!%(𝜑); f) virus 
saturation 𝑙𝑜𝑔!%(𝛾) is plotted against antibody saturation 𝑙𝑜𝑔!%(𝜂); g) virus saturation 
𝑙𝑜𝑔!%(𝛾) is plotted against antibody consumption 𝑙𝑜𝑔!%(𝜑).  
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Fig. 3. Simulated kinetics of H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with low antibody consumption. Bifurcation diagram € showing viral 
titre as a function of antibody concentration. Viral inoculum threshold increases with increase 
of antibody concentration (red dashed curve). The maximal capacity of viral titre decreases 
with increases of antibody concentration (black solid curve). Purple arrows represent any 
viral inoculum size. a) When antibody concentration is between 0 and A1 virus with any viral 
inoculum survive. b) Virus with any inoculum size is inhibited when antibody concentration is 
greater than A2. c) and d) when antibody concentration is between A1 and A2 virus survives if 
viral inoculum is above dashed red curve and is inhibited if viral inoculum is below dashed 
red curve. Purple, green, red and blue lines and circles represent viral kinetics with viral 
inoculum 10%.<, 10!.", 10!.$ and 10".% TCID50/ml in a–d, also shown as virus inoculum in e. 
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Fig. 4. Simulated kinetics of H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with large antibody consumption. Viral survival corresponds to 
antibody depletion and viral eradication coincides with antibody existence. Bifurcation 
diagr€(e) showing viral titre as a function of initial antibody concentration (schematic 
diagram). Viral inoculum threshold increases with increase of antibody concentration 
(dashed red line). Maximum capacity of viral titre remains constant if virus survives (black 
solid line). Purple arrows represent any viral inoculum Size. a) When antibody concentration 
is between 0 and A1, virus with any viral inoculum survive. b) and c) When antibody 
concentration is between A1 and A2 , viral kinetics survives if viral inoculum is above dashed 
red curve and is inhibited if viral inoculum is below dashed red curve. d) Virus with any 
inoculum size is inhibited when antibody concentration is greater than A2. Purple, green, red 
and blue lines and circles represent viral kinetics with viral inoculum 10%.<, 10!.", 10!.$ and 
10".% TCID50/ml in a–d, also shown as virus inoculum in e. 
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Fig. 5. Simulated kinetics of A/H7N9 virus with different combinations of inoculum sizes and 
antibody concentrations with small antibody consumption. Bifurcation diagram d) showing 
viral titre as a function of initial antibody concentration. Maximal capacity of viral titre 
decreases with increase of antibody concentration (dashed red line). Purple arrows 
represent any viral inoculum Size. a) and b) When antibody concentration is between 0 and 
A1, virus with any viral inoculum survive. c) Virus with any inoculum size is inhibited when 
antibody concentration is greater than A1. Purple, green, red, blue curve and circle represent 
viral kinetics with viral inoculum 100.8, 101.2, 101.6 and 102.0TCID50/ml in (a-c).  
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Fig. 6. Simulated kinetics of A/H7N9 (virus with different combinations of inoculum sizes and 
antibody concentrations with large antibody consumption. Viral survival corresponds to 
antibody depletion and viral eradication coincides with antibody existence. Bifurcation 
diagram e) showing viral titre as a function of initial antibody concentration (schematic 
diagram). Viral inoculum threshold increases with increase of antibody concentration 
(dashed red line). Maximum capacity of viral titre remains constant if virus survives (black 
solid line). Purple arrows represent any viral inoculum size. a) When antibody concentration 
is between 0 and A1, virus with any viral inoculum survive. b) and c) When antibody 
concentration is between A1 and A2 , viral kinetics survives if viral inoculum is above dashed 
red curve and is inhibited if viral inoculum is below dashed red curve. d) Virus with any 
inoculum size is inhibited when antibody concentration is greater than A2. Purple, green, red, 
blue curves and circle represent viral kinetics with viral inoculum 100.8, 101.2, 101.6 and 
102.0TCID50/ml in (a-d).  
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