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Abstract

We consider a class of particle systems that generalizes the eigenvalues of a class of
matrix-valued processes, of which the empirical measures converge to deterministic
measures as the dimension goes to infinity. In this paper, we obtain central limit
theorems (CLTs) to characterize the fluctuations of the empirical measures around
the limit measures by using stochastic calculus. As applications, CLTs for Dyson’s
Brownian motion and the eigenvalues of Wishart process are recovered under slightly
more general initial conditions, and a CLT for the eigenvalues of a symmetric matrix-
valued Ornstein-Uhlenbeck process is obtained.
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1 Introduction

Recently general stochastic differential equations (SDEs) on the group of symmetric
matrices have attracted much interest. A prominent example is the process introduced
in Graczyk and Matlecki (2013) as the solution of the following matrix-valued SDE,

dX} = gn(XM)dBihn (X[Y) + hn(XP)dBl gy (X)) + by (X{V)dt, t > 0. (1.1)

Here, B; is a matrix-valued Brownian motion of dimension N x N, and the continuous
functions gy, hn,by : R — R act on the spectrum of X}V (a function f acts on the
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High-dimensional CLTs for a class of particle systems

spectrum of a symmetric matrix X = Z;V=1 ajuju]T. with eigenvalues («;) and eigenvec-
tors (u;) if f(X) = Zj\;l f(aj)uju]). The matrix-valued process (1.1) extends several
well-known processes such as the celebrated symmetric matrix-valued Brownian motion
(Dyson, 1962), Wishart process (Bru, 1991), and the symmetric matrix-valued Ornstein-
Uhlenbeck processes (Chan, 1992).

Let {A\N(t)}1<i<n be the eigenvalues of X}V. According to Theorem 3 in Graczyk and
Matecki (2013), if the initial eigenvalues {\Y (0)};<;<n are all distinct, then before the
first collision time 7, = inf{t > 0 : 3¢ # j, X\;(¢f) = A;(¢)}, the eigenvalue processes
satisfy the following system of SDEs: for 1 <: < N,

N N
dAN (1) = 295 (AN (D) hw AN (0)dWi (1) + | by (WY (2)) + 2 Gf;f%(? ’AA;VQS))

dt,

(1.2)
where {W;,1 <i < N} are independent Brownian motions and

G (z,y) = gy (@)h (y) + 9% (y) PR (@) (1.3)

In Graczyk and Matecki (2013, 2014), some other conditions on the coefficient functions
were imposed to ensure that (1.2) has a unique strong solution and the collision time 7
is infinite almost surely.

Let Ly(t) be the empirical measure of the eigenvalues {\" () }1<;<x, that is

1 N
Ly(t) =+ DIV
=1

In connection with the theory of random matrices, it is of interest to investigate possible
limits of these empirical measures {Ly(t),t € [0,7]} when N grows to infinity (high-
dimensional limits). An early result is the derivation of the Wigner semi-circle law as the
only equilibrium point (with finite moments of all orders) of the equation satisfied by the
limit of eigenvalue empirical measure processes in Chan (1992), where the entries of
the symmetric matrix-valued processes are independent Ornstein-Uhlenbeck processes.
The results were later generalized in Rogers and Shi (1993) to the following interacting
particle system

2 o 1
=\ bt TN 2 X X, ! 0

Cépa and Lépingle (1997) further generalized these SDEs to

v ;
dX; = o(X;)dB; + | b(X;) +j§.#i X dt, i< N, t>0,

with some coefficient functions b, ¢ and constant . Another important case is the
Marcenko-Pastur law for the eigenvalue empirical measure processes derived in Cabanal-
Duvillard and Guionnet (2001). In the framework of free probability theory, the semi-
circle law and Marcenko-Pastur law arise naturally as a consequence of the central limit
theorem (CLT) for free random variables (Voiculescu (1991); Voiculescu et al. (1992)).
We refer the interested reader to Hiai and Petz (2000); Mingo and Speicher (2017) and
the references therein for this topic.

The eigenvalue SDEs (1.2) generalize the eigenvalue SDEs in Chan (1992) and
Cabanal-Duvillard and Guionnet (2001), as well as the particle system in Rogers and
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Shi (1993). High-dimensional limits for these eigenvalue SDEs appeared very recently
in Song et al. (2020) and Malecki and Pérez (2019). Particularly in the former article,
it was proved that under proper conditions, {Ly(t),t € [0,T]}yen is relatively compact
in (C[0,T], M;(RR)) almost surely. Here M;(RR) is the set of probability measures on R
endowed with the topology induced by the weak convergence of measures.
Furthermore, any limit measure {u;,t € [0,7]} from a converging subsequence

satisfies
[HE =] ][ hman]
+/Ot [//%us(dx)us(dy)] ds, V2€ C\R,  (1.4)
e br) = Jim by(z) and Glr,y) = lim NGy (r,y), (1.5)

uniformly. To obtain the convergence of the relatively compact sequence of empirical
measures {Ly(t),t € [0,T)}nen, one would expect the solution of (1.4) to be unique. The
uniqueness can be obtained under proper conditions for some symmetric matrix-valued
processes, e.g., Dyson’s Brownian motion (Anderson et al. (2010); Chan (1992); Rogers
and Shi (1993)), matrix-valued Ornstein-Uhlenbeck process (Chan (1992); Rogers and Shi
(1993)), Wishart process (Cabanal-Duvillard and Guionnet (2001)), self-similar processes
(Song et al. (2020)), and Dyson’s Brownian motion with a drift (Cépa and Lépingle
(1997); Fontbona (2004); Li et al. (2020)). However, general conditions on the coefficient
functions in (1.4) that guarantee the uniqueness of the solution are still unknown. In
particular, Matecki and Pérez (2019) provided examples of (1.4) which have at least two
solutions.

We aim to study the fluctuations of {Ly(t),t € [0,7]} of the eigenvalue SDE (1.2)
around the limit {y,t € [0,7]} as N — oo, up to considering a subsequence. Indeed, we
shall consider the following general particle system introduced in Graczyk and Matecki
(2014) which includes (1.2) as a particular case: for 1 <i < N,

5 Hy (2} (1), 2} (t))

T

dzN (t) = o™ (@M (#)dW;(t) + | ba (2N (1)) +

(2

dt, t>0, (1.6)

with Hy(z,y) being a symmetric function. Under proper conditions, the existence and
uniqueness of the non-colliding strong solution was obtained in Graczyk and Matecki
(2014), and it was shown in Song et al. (2020) that the family of empirical measures
{Ln(t),t € [0,T]}new given by

N
1
Ly(t) = N;w(t) (1.7)
is tight almost surely, and any limit {y, ¢ € [0, 7]} satisfies

[ [ [ s [ 1] ]

+/0t U/ %us(dx)us(dy)} ds, Vz€ C\R, (1.8)

where the continuous functions b(x), o(z) and H(z,y) are the uniform limits of by (z),
o™ (z) and N Hy(z,y), respectively.
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Up to considering a subsequence, we can assume, without loss of generality, the
uniqueness of the limit process {u:,t € [0, T]}. Consider the random fluctuations,

N
LY(f) = N(f, Ln(?) =Y FON(1) = N(f,p), Ne€N, (1.9)

i=1

where f belongs to an appropriate space of test functions and

~ [ fomtis
for a measure p on R.

The main purpose of the paper is to find, as N — oo, a Gaussian limit for the centered
process

QN(f) = £ () — £ (f) — / £V (f'b)ds / / (@) (6%(2) — H(z,2)) o (d)ds

- /O oy ( / fx‘ymx,ywdx)) ds

- g /Ot / / W H(w,y) | Lx(s)(do) = p(dar)| [ L () (dy) - Ms(dy()} Cﬁ) |

where &(z) is the uniform limit of vV No" (z).

To our best knowledge, the problem of fluctuations for empirical measures of eigen-
value processes was first studied in Cabanal-Duvillard (2001) and later extended in
Anderson et al. (2010). More precisely, Cabanal-Duvillard (2001) considered Dyson’s
Brownian motion and Wishart process with null initial condition, and established CLT for
polynomial test functions; (Anderson et al., 2010, Theorem 4.3.20) extended the result
for Dyson’s Brownian motion by allowing bounded initial condition. Similar results were
also obtained in Pérez-Abreu and Tudor (2007) and Perez-Abreu and Tudor (2009).

The rest of this paper is organized as follows.

In Section 2, we establish CLTs for the empirical measures of the general particle
system (1.6). The space I of test functions is given by (2.1), which in general does not
necessarily contain the set of all polynomials.

In Section 3, we apply the results in Section 2 to obtain CLTs for the eigenvalues
of Wishart process in Section 3.2, for Dyson’s Brownian motion in Section 3.3, and for
the eigenvalues of symmetric matrix-valued Ornstein-Uhlenbeck process in Section 3.4,
respectively. Note that in these three cases, one key ingredient is the following uniform
bound for the moments of the eigenvalue processes

E

sup <|x|p,LN(t)>] < CP?, (1.11)
te[0,T]

which enables us to obtain more precise CLTs for a larger class of test functions (in
comparison with I given in (2.1)). For Dyson’s Brownian motion, such bound was
obtained in Anderson et al. (2010) by using the explicit joint density function of the
eigenvalues (see Lemma 4.3.17 therein). This density approach is developed here in full
detail for the Wishart case (Section 3.2). However, for more general particle systems
that we consider in this paper, as the joint density functions are not available, some new
tool is needed in order to derive the uniform moment bound (1.11). We thus establish in
Section 3.1 a comparison principle for the particle system (1.6), which is also of interest

EJP 26 (2021), paper 87. https://www.imstat.org/ejp
Page 4/33


https://doi.org/10.1214/21-EJP646
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

High-dimensional CLTs for a class of particle systems

in itself. This comparison principle allows to obtain the uniform bound (1.11) and then
extend the CLTs to a larger class of particle systems (Corollaries 3.7, 3.10 and 3.12).

Furthermore, due to the special structures of Wishart process, Dyson’s Brownian mo-
tion, and matrix-valued Ornstein-Uhlenbeck process, we are able to directly characterize
the fluctuations {L;(z"),t € [0,T]},en, where L£;(x™) is the limit of £ (x™), by recursive
formulas (see Theorems 3.5, 3.8, 3.11 and the remarks thereafter). For Dyson’s Brown-
ian motion and Wishart process, our CLTs provide extensions of the existing results in
Cabanal-Duvillard (2001) and Anderson et al. (2010), while the CLT obtained in Section
3.4 for the eigenvalue processes of matrix-valued Ornstein-Uhlenbeck process seems to
be new.

Finally, some useful lemmas are provided in Appendix A.

2 Central limit theorems

In this section, we derive a central limit theorem for the empirical measure (1.7) of
the particle system (1.6).

Let CF(R) be the space of bounded continuous real-valued functions with bounded
continuous derivatives (up to the order k). Recall that the continuous functions b(z),
o(x) and H(z,y) are the uniform limits of by (z), 0¥ (x) and N Hy (z,y), respectively, and
Q{V (f) is defined in (1.10). We use the following space of test functions

F {f € R If @Molumy < o0, [P D gy <o
Y L (R?)
1 (@)5 (@)l =y < 00 [[f"(@)62 (@) ooy < oo}, (2.1)

where the continuous function &(z) is the uniform limit of v No™¥(z).

Remark 2.1. For Dyson’s Brownian motion, oV (z) = \/—‘%, by (z) =0, Hy(z,y) = +(see
also Section 3.3). Thus, the space F of test functions is C#(R). For Wishart process,
oN(z) = 2%, by(z) = &, Hy(z,y) = S (see also Section 3.2), the limits of the
coefficient functions are &(x) = 24/, b(z) = c and H(z,y) = x + y. In this case, F is the
set of functions f(xz) in CZ(R) satisfying ||v/z ' (2)||L=®) < oo and ||z f" (z)||L=®) < co.
For Ornstein-Uhlenbeck process, oV (z) = ﬁ, by(z) = —3z, Hy(z,y) = 5% (see also
Section 3.4), and correspondingly 6(z) = 1, b(z) = —4z and H(z,y) = . In this case,
F is the set of functions f(z) in CZ(R) satisfying ||z f'(2)||1=®) < co. In Sections 3.2,
3.3 and 3.4, we will develop CLTs for a larger class of test functions which includes all
polynomials for these three cases, respectively.

Theorem 2.2. Suppose that

Jlim Moy (@) = b(@) | 1= () = 0;
| oo (2.2)
Jim N|INHy(2,y) — H(z, )|l w2) = 0.

Also assume that (1.6) has a non-exploding and non-colliding strong solution, such that
the sequence of the empirical measures {Ly(t),t € [0,T]}nen converges weakly to
{p,t €10, T}

Then, for any k € N and any fi1,..., fu € F, (QY (f1),--.,QF (fx))iejo,r) converges in
distribution to a centered Gaussian process (G¢(f1), ..., Gt(fx))ie[0,r] With covariance

E[G(f:)Gs(f5)] = /0 s<f{(as)f;(x)62(w),uu>du, 1<i,j<k. (2.3)
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Proof. By Itd’s formula and (1.6), for f € C?(R),

df (27" () = (@ ()™ (@ (£)dWi(t) + ' (@ ()bn (@ (1)dt

(N N xi\f 71‘;‘\, "
w3 PO O Dtk L )0 ()

JigFi

Thus, we have, noting that Hy(z,y) is symmetric,

0
Lt @ (9) = £ (5)
TN s = (e -2 (9) Hy (7" (s), 23 (s))ds
t N
_% /0 SN (s) Hy (e (s), 2 (5))ds

—(f, L (0) + MY (2) +/0 (Fow Dy (s))ds

+ %/0 /f"(x) (0N (2))? = Hy(z,2)) Ly (s)(dz)ds

N (" @)= f(y)
+?/0 //fyHN(xvy)LN(S)(dx)LN(S)(dy)ds, 2.4)

X

where we use the convention M = f"’(z) if z =y, and
r—y

Ny = LN [ N (N (N :
My (t) = NZ ; [ (s))o™ (z;" (5))dWi(s) (2.5)

is a local martingale with quadratic variation

t
0

0= 2 [ (e e @) ds = 5 [P I o
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Recall that the limit measure p; satisfies (1.8). For f € IF, under condition (2.2), one may
apply the approach used in the proof of Theorem 1 in Matecki and Pérez (2019) (see also
Theorem 2.2 in Song et al. (2020)) to get, noting that o(z) =0,

(fs pe) :<f,110>+/0 <f/ba,us>d3+%/0 // WH(x,y)us(dx)us(dy)ds. (2.7)
Thus, (2.4) and (2.7) yield

LY(f) = N(f, L (t) = )
= N(f, Ln(0) = po) + NM ()

+N / (47, L () = {76, ) ) ds

+ g/o /f”(x) (6N (2))? — Hy(,2)) Ly (s)(dz)ds

5 /0 /I W [N H () v (3) () L (3)(dy) — H () s (da) s () ds.
(2.8)

The third term on the right-hand side of (2.8) can be written as
t
N [ (48 Lv(s) = (b)) s
0
t t
= N/ (f'bn — f'b, Ly(s))ds + N/ (f'b, Ln(s) — ps)ds
0 0
t t
= N/ (f'on — f'), LN(3)>ds+/ LY (f'b)ds.
0 0

Thus, by (2.2), we have

N—o0

lim ‘N/Ot <<f’bN,LN(8)>—<f’b,Ms>)dS—/0tﬁf(f’b)ds

< lim N/ (F'bw — b, I (s))] ds
0

~ N—oo

SA}EHOONTHJ"HLOO(R)HbN—b||Lm(]R) =0. (2.9)
For the fourth term on the right-hand side of (2.8),
N t
3| [£@ (@ @) = Hxta.) Ents)an)as
1 t
5 | [ 1@ (Ve @) - @) + i) - NHy(@,.0)) Ly (s)(da)ds
0
1 t
+ 5/ /f”(:v) (52(x) — H(z,z)) Ln(s)(dz)ds.
0
Noting that both convergences vVNo"¥ — & and NHy(z,z) — H(x,z) are uniform as
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N — oo, we have

‘Z;Z/O,f//(a?) ((UN(gg))2 _ HN(:C,x)) Lx(s)(dw)ds

—%/0 /f"(m) (6%(z) — H(z,z)) ps(dz)ds

1 ! " ~
< ‘2 / [ 1@ (80" @) = 6%(@) + H(z.) ~ NHy(z,2)) L(s)(de)ds

+ ‘; /Ot/f”(:zz) (6%(z) — H(z, ) (LN(s)(dx) - us(do:))ds

T
<1 ey [N (N @) — 6 (@) + H(z, 2) — NHy(,2)|| e )

1

t3 /O ("(z) (6*(x) — H(z,2)) , Ln(s)(dz) — ps(da)) ds

—0, (2.10)

as N — oo, where the last step follows from the weak convergence of {Ly(t),t €
[0,T]} New and the continuity and boundedness of f”(z) (6%(z) — H(z,z)) for f € F.

The fifth term on the right-hand side of (2.8) can be written as

3 | I [t L)) o 6) ) o)) s

x—y
:Z;]/Ot // W [NHN(m’y) - H(x»y)}LN(Sxdl‘)LN(S)(dy)ds

+ g /Ot / / W H(w,y) [ Ly (s)(de) = po(de) | [ L (s)(dy) = us(dy) | ds

+ g /Ot // WH(:ay)us(da:) [Lv(5)(dy) — pus(dy)] ds

* g /Ot / / WH (z,y) [LN(S)(dx) - us(dx)}us(dy)ds

- ];/Ot //W{NHN(x,y) — H(%y)}LN(S)(dx)LN(s)(dy)ds

+3 / / / L) =Ty, ) [ L (3) ) — ()] [Lov3) ) — ()] s

r—=y

+/0t cl (/ WH(x,y)Hs(dm)) ds, (2.11)

where the last equality follows from the symmetry of f/(”i%fj/(y)H (x,y). For the first term
on the right-hand side of (2.11), by (2.2), we have )

N () = )
ngnoc'z/o / W[NHN(%Z/)—H(%y)}LN(S)(dCU)LN(S)(dy)dS
NT

f'(@) — f'(y)
r—y

< lim —
N—ooo 2

INHy(2,y) — H(2,y)| Lo ®2) = 0. (2.12)
Lo (R?)

Therefore, by (1.10), (2.8) and the above estimations (2.9), (2.10), (2.11), and (2.12),
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we have that the term
QY (f) — NM(t)

— LN () - £ () - NMY (¢ /ﬁNfb
1

. / (f"(2) (6%(x) — H(z,)) , 1s(dz)) ds

/EN </f : _ZJ;/ H(z ,y)us(d:c)) ds

_ g /O / / F@ =10 g4y (L (s)(dx) — ()] [Lv()(dy) — aa(a)] ds~ 213)

-y

converges to 0 almost surely as N — oo, uniformly in ¢ € [0,7]. Note that in (2.9), (2.10)
and (2.12), the integrand function is bounded, and hence the convergence is also in
L? for all p > 1. Thus, QY (f) — NM}'(t) with f € F converges to 0 in L? for all p > 1
uniformly in ¢ € [0,7].

Therefore, to prove the desired result, it suffices to show that, for any £ € IN and
fi,..., [ € F, the vector-valued process (NMy (t), NMl(t),..., NM (t)):cfo,r) con-
verges in distribution to a centered Gaussian process (G:(f1), Gt(f2),- - -, Gt(fx))tefo,1)
with covariance given by (2.3). To this end, by Lemma A.1 it suffices to prove that
{NM(t),t € [0,T]} vew are martingales for f € F such that the following limit holds in
LY(Q),

N—o00

t
lim <NM;Y,NMg>t:/ (f1 1562, us)ds, Vfi, fo €T.
0

By the uniform convergence of v/ No'¥ towards &, the boundedness of f'(z)5(z) and
(2.6), one can show that {NM}V(t), t € [0,7]} new are martingales. It follows from (2.5)
that, for f1, fo € T,

N t
(NMY, NMY), =3 / L@ (5) o (3) (0™ (2 (5))) 2ds
=1
_N / (L F(0™)?, L (s))ds
- / LIV (0N)? = 62), Ly (s))ds + / (L1257, D (9)) ds.
0 0

The term fg(f{fé(N(aN)Q — %), Ly(s))ds converges to 0 a.s. and in L” for all p > 1 due

to the boundedness of f|(z) and f;(x) and the uniform convergence of v/ No” towards &.
Furthermore, the following convergence

t
hm / (fifs 2LN ))ds:/0<f1fo,us>

holds a.s. and in L? for all p > 1, because of the weak convergence of {Ly(¢),t €
[0, T} ven to {4, t € [0,T]} and the boundedness of f{ f;5°. Therefore, (NM}, NM})),

converges to fo f1fs62, us)ds a.s. and in LP for all p > 1.
The proof is concluded. O

If the particles in (1.6) are bounded, the test function space I can be enlarged by

removing the boundedness condition in Theorem 2.2.
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Corollary 2.3. Assume the same conditions as in Theorem 2.2. Moreover, forT < oo,
assume that

limsup sup max |z ()| < C(T), (2.14)
N—o0 te[O,T]lSiSN| ' ()| @)

almost surely for some constant C(T') depending on T. Then Theorem 2.2 still holds if
the set I of test function is replaced by C*(R).

Proof. Note that by (2.14), all but finitely many terms in {sup, ¢y 7 maxi<i<y |z ()|} Nen
are bounded by A(T) = C(T) + 1 a.s.. Thus, there exists a measurable set A C 2 with
P(A) = 1 and a random variable Ny(w) € IN, such that for w € A, the empirical mea-
sures {Ly(t)(w),t € [0,T]} is supported in [—A(T'), A(T)] for all N > Ny(w). Hence the
limit {p,t € [0,7]} also has the same support. By (Rudin, 1991, 1.46), there exists
a cut-off function n(z) € C*°(R) equal to 1 on [-A(T'), A(T)], of which the support is
[-2A(T),2A(T)]. If we replace f by fn, noting that fn € I for f € C*(R) and that fn = f
on [-A(T), A(T)], we can show that the term Q}(f) — NM'(t) in (2.13) converges to 0
a.s. using the same argument as in the proof of Theorem 2.2. Then following the rest
part of the proof, it is easy to get the result of Theorem 2.2. O

Remark 2.4. Under the conditions in Theorem 2.2, (2.14) yields almost sure conver-
gence of Q) (f) — NM ' (t) towards 0 for f € C*(R). However, it is not clear whether the
convergence also holds in L? for p > 1.

The following corollary provides a sufficient condition for LP-convergence for p > 1.

Corollary 2.5. Assume the same conditions as in Theorem 2.2. ForT < cc and allp > 1
and all N > cp for some positive constant ¢, assume that

E | sup (|2[", Ln(t))

t€[0,T]

< C(T), (2.15)

for some positive constant C(T') which depends only on T. Furthermore, assume that
(6(x)? — H(x,x))f"(x) and its derivative has at most polynomial growth. Then for
f € C*(R) of which the derivatives have at most polynomial growth, Q¥ (f) — NM} (t)
converges to 0 in L? for all p > 1 uniformly int € [0, T].

Proof. By the analysis in the proof of Theorem 2.2, it suffices to show

limsup E

N—o0

sup |(g, Ln(t)) — @,m?] =0, (2.16)
t€[0,T]

for p > 1 and g € C'(R) of which the derivative has at most polynomial growth. More
precisely, one can check that under conditions (2.15) and (2.16), the convergences to
0 in (2.9), (2.10) and (2.12) are uniform in L?, and hence QY (f) — NM]{V(t) in (2.13)
converges to 0 in L? uniformly.

By Markov inequality and (2.15),

P| sup max alet > C(T)+1]| < (C(T)+1)"E
<te[o,T]1<i<N| (®)] > C(T) > (C(T)+1)

N
sup max |z;' (¢)|P
te[o,T] 1SiSN '

IN

(C(T) + 1) PNE

sup (|z/”, LN@»]
t€[0,T)
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Choosing p = In® N, we have

00 ‘ o) O(T) P
Z P (teb[lé%] lglzeg\’mgv(t)\ > C(T) —|—1> < Z N (C’(T)—i—l)

N=1 N=1

)

c(T)

— z :N1+1HNIHW
N=1
< Q.

By Borel-Cantelli lemma, we get that almost surely,

limsup sup max vat <C(T)+1.
m sy te[o,T]lSiSN‘ ()] <C()

By the proof of Corollary 2.3, the limiting measure {u;,t € [0,7]} is supported in
[-C(T)-1,C(T) +1].
For g € CY(R) with |¢/(z)| < a|z|*~! + b for some a,b € R, n € IN,, define

gs(x) =g <1J:CM)

for § > 0. Then gs(x) is a bounded continuous function, and hence

lim sup (g5, Ln (1)) — (95, 11e)| = 0,
N—=004e(0,T)

almost surely. By dominated convergence theorem,

lim E

N—oc0

sup |<g5aLN(t)> - <g57,ut>p‘| = 0. (217)
t€[0,T)

Note that ¢'(z) grows no faster than polynomials of degree n — 1, by the mean value
theorem, it is not difficult to show |g(z) — gs(x)| < C§(|z|" T2 + |x|?), which implies that
gs converges to g uniformly in any compact interval as § — 0. Thus,

lim sup [{(g, ) — (g5, e)| = 0. (2.18)
6—=0% te[0,1]

Finally, by Jensen’s inequality and (2.15), we obtain that, as § — 07,

E

sup |(g, Ln () — <ga,LN(t)>p]
t€[0,7]

< CPOPE

sup <|x"+2+|x3,LN<t>>|p]
t€[0,T

< CPOPE

sup [((|=["*2 + xIB)”,LN(t»I]
t€(0,T]

< 2PCP(C(T) 2P 4 O(T)?P)6P — 0 (2.19)

uniformly in N € IN,..
By (2.17), (2.18), (2.19) and the triangle inequality, we can obtain (2.16), and the
proof is concluded. O

Remark 2.6. The proof of Corollary 2.5 clearly shows that condition (2.15) implies
condition (2.14). Therefore, under (2.15), for the test function f satisfying conditions in
Corollary 2.5, Q;Y(f) — NM [ (t) converges to 0 a.s. and in L? for all p > 1 uniformly in
t € [0,T]. As a consequence, Theorem 2.2 holds for such test functions.
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To end this section, we provide the following linear property for the Gaussian family
{G¢(f), f € F} obtained in Theorem 2.2.

Proposition 2.7. Consider the centered Gaussian family {G.(f), f € F} with covariance

E[G:(f)G(g)] = /Ot<f’(m)g’(x)52(w)7uu>du, Vf,g €.
For fi, f> € F and ay, as € R, we have
Gilonfi + aafa) = 1 Gy(f1) + aaGi(f2), Vit € [0,T], (2.20)
almost surely.

Proof. For f1,f, € I and a1,as € R, it is easy to check that a;f; + asfo € F. By
the proof of Theorem 2.2, the random vector (N M [ (t), NM (t), NM2Y ; .+ (£))sc(o, 1]
converges in distribution to (G:(f1), G¢(f2), Gi(aa1fi + @af2))iecpo,r)- Hence, the linear
combination (ay NM Y () + agNM () = NMY ; .. 1 (t))ecjo,r] converges in distribution
to (a1 Gi(f1) + 2Gi(f2) — Ge(arfi + a2 f2))iefo, -

By (2.5), we can see that the martingale M ]{V (t) is linear with respect to the function
[, 80 axNM{Y (t) + agNMpl (t) = NMY ;. (t) forall ¢ € [0,7] and all N € IN, which
implies that the process (ai NM [ (t) + aa NMl (t) = NMY 1 1. 1, (t))icjo,r) is actually a
zero process. Thus, as the limit of the convergence in distribution, (a1 Gi(f1)+aGi(f2) —
Gi(aifi + azfa))iefo,r) is also a zero process, which implies (2.20). O

3 Applications

In this section, we first provide a comparison principle in Section 3.1, and then we
apply our main results obtained in Section 2 to the eigenvalues of Wishart process
(Section 3.2), Dyson’s Brownian motion (Section 3.3) and the eigenvalues of symmetric
matrix-valued Ornstein-Uhlenbeck process (Section 3.4).

For these three cases, we are able to obtain the boundedness of the moments for
the empirical measures assuming proper initial conditions (see Lemma 3.4 for Wishart
process, Eq. (3.30) for Dyson’s Brownian motion, and Eq. (3.45) for Ornstein-Uhlenbeck
process). This enables us to apply Corollary 2.5 and Remark 2.6. As a consequence,
the CLT in Theorem 2.2 holds for a larger space of test functions consisting of all
the functions in C3(R) of which the derivatives have at most polynomial growth. In
particular, if we choose the space R[z] of polynomial functions as the space of test
functions, we are able to obtain recursive formulas for the basis {£;(z"),t € [0,T]},en Of
{L(f),t € [0,T]} fer[)- Note that these results are more precise than the general results
in Section 2, where we study the centered processes {QY (f)} new for more restricted
test functions f € F C CZ(R), recalling that I is given in (2.1).

3.1 Comparison principle

In this subsection, we provide comparison principles for SDE (1.2) and particle system
(1.6), which allow us to obtain the boundedness of the eigenvalues/particles under more
general initial conditions in Sections 3.2, 3.3 and 3.4.

Throughout this subsection, the dimension N is fixed and thus subscripts/superscripts
are removed. Precisely, consider the following two particle systems: for 1 <: < N, t > 0,

HJ(WWW) dt,

daylt) = oW+ (Bial0) + 50 A

z1(t) < ... <zy(t),

(3.1)
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and

i (0) = (s (0) + (B + T

yi(t) < ... <yn(t),

Ha(WM(t))) dt,

yi(t) —y;(t) (3.2)

with non-colliding initial values z(0) = (21(0),...,zx5(0)) and y(0) = (y1(0),...,yn(0)),
respectively. Here, the functions o;(z), b;(z) and b;(z) for 1 < i < N are continuous, and
H,;(z,y) with i # j is a continuous, non-negative and symmetric function satisfying the
condition (Graczyk and Matecki, 2014, (Al)):

H;j(w, 2) < Hij(z,y)
Z—w = yYy—=x

, Yw<ez<y<z 1<i#j<N. (3.3)

Note that conditions for the existence and uniqueness of a non-colliding and non-
exploding strong solution to (3.1) (or (3.2)) were obtained in Graczyk and Matecki (2014).
In particular, under conditions (A2) — (A5) therein, the particles will separate from each
other immediately after starting from a colliding initial state, and will not collide forever.
Theorem 3.1. Suppose z(t) = (z1(t),...,xn(t)) and y(t) = (y1(t),...,yn(t)) are the
non-exploding and non-colliding unique strong solutions to (3.1) and (3.2), respectively.
Assume that there exists a strictly increasing function p : [0,00) — [0, 00) with p(0) =0
and

/ p~ 2 (u)du = oo,
0+

such that
jos(u) — 0:(0)] < pllu—v]), Vu,vER, 1<i<N.

If we further assume that b;(u) < b;(u) for all u € R, and z;(0) < y;(0) a.s., 1 <i < N,
then

P (2:(t) < yi(t),Vt > 0,1 <i < N) = 1.

Proof. The continuity of the functions H;; and the condition (3.3) imply that for all
1<i#j<N,

H;j(z,z) S Hij(z,y)

> , Ve<y<yz,
Tr—z T —y
and
y-w T y-—ax - '
Hence, the drift functions
H;ji(ug,uj ~ ~ Hi(ui,
Fu) = | bi(u;) + Z % o Flu) = | bi(u) + Z % ;
e e e

satisfy the quasi-monotonously increasing condition in Lemma A.2.
In order to apply Lemma A.2 to get the desired result, we use an approximation
argument to remove the singularities of the drift functions F' and F'. For € > 0, let

AE:{uz(ul,.‘.,uN)GRN: Vlgingl,ui+1fui>e}
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and define the stopping time

t>0 | 1<i<N-—1

Te = inf { IIllIl (Ii_;,_l(t) — I’l(t)) A (yi+1(t) - yl(t)) § 6} .

One can find continuous quasi-monotonously increasing functions F, and }7‘6, such that
they coincide with F' and Fin A, respectively. Before time 7., both z-particles and
y-particles stay in A, and thus satisfy (3.1) and (3.2) with drift functions 136 and ﬁe,
respectively.

Applying Lemma A.2 to the processes z¢ and y¢, we have

P (2f(t) <yi(t), Vt>0,1<i<N)=1
which implies
P (x;(t) < yi(t), Vt€ [0,7],1 <i < N) =

The desired result now follows from the non-colliding property lim,_,¢+ 7. = 0.
O

As a corollary of Theorem 3.1, we have the following comparison principle for SDE
(1.2) of eigenvalue processes. Note that the existence and uniqueness of the non-colliding
and non-exploding strong solution was obtained under proper conditions in Graczyk and
Matecki (2013).

Corollary 3.2. Suppose that the following systems of eigenvalue SDEs

0(0) = 20 N0 O O);(0) + by (1) + Y S0

M) < ... < An(t), t>0,

and

d91(t) = 2gN(91(t))hN(95V(t))dWZ(t) + EN(HZN(t)) + Z W dt, 1<i<N
gyt J

01(t) < ... <On(t), t >0,

with non-colliding initial values A(0) = (A1(0),...,An(0)) and 6(0) = (61(0),...,0n(0)),

respectively, have non-exploding and non- collldmg unique strong solut1ons )\( ) =
(A1 ( 2,...,)\N( )) and 6(t) = (61(t),...,0n(t)), respectively. Here, gn(z), hn(x), by (z)
and by (z) are continuous functions, and Gy (z,y) = g% (z)h% (y) + g% (y)h% (z) satisfies
G(w,2) _ Gw(z,y)

Z—w = yYy—x

, Yw<z<y<z. (3.4)

Assume that there exists a strictly increasing function p : [0, 00) — [0, 00) with p(0) =0

and
| o=
o+

lgn (w)hn (w) — gy (W)hn (V)| < p(jlu —v]), Yu,v € R.

Furthermore, we assume that by(u) < by(u) for all u € R. If X\;(0) < 0;(0) for all
1 <4 < N almost surely, then

such that

P (\i(t) < 60;(t),¥t>0,1<i<N)=
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3.2 Application to eigenvalues of Wishart process

In this subsection, we discuss the limit theorem for Wishart process. As illustrated
in Graczyk and Matecki (2013) and Song et al. (2020), the scaled Wishart process
X} = BT(t)B(t)/N, where B(t) is a Px N matrix-valued Brownian motion with P > N—1,
is the solution to (1.1) with the coefficient functions

x P
@) = Y2, b(a) =
The eigenvalue processes now satisfy
AN (D) N+ AN (1)
dAN(t) = 22X awi(t) + | = + — dt, 1<i<N,t>0. (3.5)
VN ]%; () = AN (t)

Hence, the eigenvalue processes are the particles in (1.6) with

_ VT
UN(x)—Q\/N,

Tty
N )

by (x) = =

N7 HN(x7y) =

and thus,

P
NHy(z,y) = H(z,y) =x 4y, bz) = th = >1, VNV (x) =5(z) =2vz. (3.6)
—00
By (Graczyk and Matecki, 2019, Theorem 3), all the components of the solution to
(3.5) are non-negative if all the components of the initial value are non-negative. Let
P¥ be the distribution on Ay = {x = (71, 22,...,2x5) € RV : 0 < 1) < ... < xx} with
density

NX N
p(x) = Cn,pexp (—2 sz> HmEP_N_l)/Z H (x; — xj), (3.7)

i=1 i=1 1<j<i<N
where Cy p > 0 is a normalization constant. Then we have the following estimation on
the eigenvalues.

Lemma 3.3. Let ¢V = (¢VV,... ¢X) be a random vector independent of (W1, ..., W)
with (3.7) as its joint probability density function. Assume that (AY(0),...,AY(0))
independent of (W1, ...,Wy) and that there exists a constant a > 0, such that AN (0) <
agN for 1 <i < N almost surely. Then there exists a stationary stochastic process u” (t)
with initial value u'¥ (0) = ¢V satisfying, for1 <i < N andt >0,

AV (1) <oV (1) = (t+ apul ().

Proof. Consider the following system of SDEs, for1 <i < N,

JuN P N(t) N(t)
duN) =2 VD gy L (P dt, t>0,
(3.8)

with initial value u¥ (0) = ¢V (0) distributed according to PV and uf'(t) < ... < u¥(#).

Note that the pathwise uniqueness proved in (Graczyk and Matecki, 2013, Theorem
2) is still valid if the coefficient functions depend on the time ¢ and the corresponding
conditions therein hold uniformly in ¢. Furthermore, the boundedness estimation and
the McKean’s argument in (Graczyk and Matecki, 2013, Theorem 5) is also valid when
t > 0. Therefore, the system of SDEs (3.8) has a unique non-colliding strong solution.
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If at any time ¢, uV (¢) has the distribution P”, then Lemma A.3 yields that £ E[f (u™ (t))]
vanishes for f € C?(R). Since u(0) is distributed according to PY, we can conclude
that (u™ (¢));>0 is a stationary process with marginal distribution P*.

Now let vV (t) = (t + a)ul¥ (t) for 1 <i < N and vV (¢) = (v (t),...,vN(t)). Then the
It6 formula shows that v™V (¢) is a solution to (3.5) with initial value v™ (0) = au®¥ (0) = a&¢™.
Noting that the solution of (3.5) is non-negative and that Gy (z,y) = (z + y)/N with
non-negative variables satisfies condition (3.3), we can apply the comparison principle
in Theorem 3.1 to obtain

The proof is concluded. O

Lemma 3.4. Assume the same conditions as in Lemma 3.3. Then for any T' < oo, there
exists a positive constant C'(a,T') depending only on (a,T'), such that for allp > 1,

E

sup <Ix”,LN(t)>] < C(a,T)",
t€[0,T)

almost surely for N > (2p — 1)/« for some positive constant .

Proof. Noting that the probability density of uV(t) considered in Lemma 3.3 is (3.7)
for all ¢, we can obtain the following tail probability estimation with « being a positive
constant independent of NV,

P (uN(t) > 2) =PV (x5 > 2) < exp(—aNz), fort > 0. (3.9)

By Lemma 3.3 and (3.9), we have for ¢ > 0,

E Y0 < (¢ + a)*B [l ()] = k(t + a)* /OO AP (W (1) > 2) do
0

< k(t+ a)k: /OOO gkl exp(—aNz)dx = W(t + a)k

< (t+a)*, (3.10)

for k € [0, aN], where I'(x) is the gamma function.
Now we apply (2.4) and (2.6) with f(x) = 2"*2 for n > —1 to obtain

(2, Ly 0) = @42, L )+ M)+ EEEDOED s o
0

where the martingale term M7, . (¢) has the quadratic variation

d(n+2

2 t
(Ms2)e = T)/ (@3, L (s))ds.
0

By the Cauchy-Schwarz inequality, Burkholder-Davis-Gundy inequality, Holder inequality
and the estimation (3.10), for (2n + 3)q < aN, ¢ € N, and A, being a positive constant
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depending only on g,

E || sup Mo (u)

1/2
sup Mé\vfwz (u)2q1 }
u€[0,t]

w€|[0,t]

f
q(n q i q)1/2
<V, (B [ < 202 {E [ Lt }
:2q(n_’_2)q\/A>q E -/tli)\N(s)27L+3ds‘|q}
o N '

i=1

2090 ]}
{
{

1/2

/N r t 1/2
< 2q(n + 2)‘1 Aq E tq_l / )\% (S)(2n+3)qu:| }
L 0

1/2

t
qg—1 (2n+3)q
< N t /0 (s +a) ds}

- 29(n 4 2)2\/At1(t + a)nt+3)a
< N :

(3.12)

Defining, for k > 1,

it follows from (3.11) that for n > —1,

EtN(n +2)
P 1 “
gE(J)V(n+2)+E sup M,ﬁvm(u) (Ptn+ )(n+2)E sup / (" Ly (s))ds
u€(0,t] N u€[0,t] JO
n+2 “ ~ ok
+ E | sup Zx y" " (x +y)Ln(s)(dx)Ln(s)(dy)ds| . (3.13)
u€l0,4] Jo o

For the third and the fourth terms on the right-hand side of (3.13), we have by (3.10),

(P+n+1)(n+2)

E
N

su ua:"+1 s))ds
K ,LN<>>d]

we[0,t
1 t
S(P-l—n—FN)(n—FQ)]E {/ |)\%(s)|n+1ds}
0

S(P+n+N1)(n+2) /Ot(s+a)”+1ds
< (P+n+1)(n+2)tt+a)"*t
— N )
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and

n+2

sup / / / Zxk nk( a:+y>LN<s><dx>LN<s><dy>ds]

u€0,t]

Z
sup /u(|)\N(3)‘k+1‘)\%(S)‘N—k+|)\%(8)|k|)\%(8)‘n+1—k) ds

=0
(n+ 2 -
Z u€(0,t]

<(n+2)(n U IAN(s) |"+1ds}

<(n+2)(n+ Dt +a)" !

sup /u (@™ L ()) ("%, Lv(s)) + (2, Ln () ("7, Lv (s))) dS]

u€[0,t]

forn+1 < aN. Hence, by (3.12), (3.13), and the above two estimations, for n > —1 such
that 2n + 3 < aN and ¢ € [0,T], we have

2(n 4 2)y/Art(t + a)?n+3
N
(P+n+1)(n+2)tt+a)"t!
+ N

EN(n+2) <ENn+2) +

+(n+2)(n+ Dt(t +a)" .

Thus, for all —1 < n < 2¥=3 noting that £}’ (n + 2) < E[AY(0)"?] < a™*?2 by (3.10), we
have

EN(n+2)< C;”ﬁ,

for some positive constant C, r depending on (a,T’) only.
The proof is concluded. O

Under the conditions in Lemma 3.3, Lemma 3.4 implies lim sup y_, .. supy AN (0) < oo
almost surely. One can check that the conditions (A) — (D) in Song et al. (2020) are
satisfied, hence {Ly(t),t € [0,T]}nen is tight (see also (Song et al., 2020, Remark 3.3)),
and we know that it converges to {u:,t € [0,T]}, where p; is a scaled Marchenko-Pastur
law. Recall that ¢ = A}gnoo P/N and that LY (f) is defined by (1.9) in Theorem 2.2.

Theorem 3.5. Assume that limy_, |P — ¢N| = 0, and that for any polynomial f(z) €
R[z], the initial value LY (f) converges in probability to a random variable L (f). Besides,
assume the same condition on {\N(0),i = 1,2,..., N} as in Lemma 3.3 for all N € N.
Furthermore, assume that for alln € IN,

sup E[|N((z", Ln(0)) — (2", po))|*] < o0, (3.14)

for all ¢ > 1. Then for any 0 < T < oo, there exists a family of processes {L(f),t €
[0, T} fer[e), Such that for any n € IN and any polynomials P, ..., P, € R[z], the vector-
valued process (LY (P1),..., L} (Py))iepo, 1] converges to (Ct(Pl) - Li(Pp))tefo,r) in dis-
tribution, as N — oo.

The limit processes {L;(f),t € [0,T]}scr[+) are characterized by the following proper-
ties.

1. For P, P; € Rlz], ay, a0 € R, t € [0, 7],

Et(alPl + 042P2) = Oélﬁt(Pl) + agﬁt(Pg).
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2. The basis {L(z"),t € [0, T]}nen of {Li(P),t € [0,T]} per[s) satisfies
L:(1) =0, Li(x)=Lo(z)+ Gi(x),
and forn > 0,
t t
Li(x" ) = Lo(z"T2) + c(n + 2)/ L(x")ds + (n +2)(n + 1)/ (" pug)ds
0 0

n

t

+(n+2) / (Lo(a™ )@, 1g) + L™ F) (@, 1)) ds + (@),
k=0 0

(3.15)

where {Gi(z™),t € [0,T]|}nen is a family of centered Gaussian processes with
covariance

tAs

E[Gi(2™)Gg(2™)] = 4mn/ ("= )du,  nym > 1. (3.16)
0

Proof. First, note that by Lemma 3.4 and Corollary 2.5, QY (z") defined by (1.10) con-
verges in distribution to a centered Gaussian family {G;(z"),t € [0,T]},en With covari-
ance given by (3.16). Furthermore, by (1.9), (1.10) and (3.6), for n > —1, we have

QY (x"1?)

__ pN xn+2 _ prN xn+2 —cln ! N xn-&-l s—(n n ! xn+1 S)ds
—LN (@) — £ (22) <+2>/O£S< s — (n+2)( +1>/0< ta)d
—(n+2) tﬂé\[( Fy" k(x4 y) S(dac)) ds
/0 /kzzo y Y
SR ] D a4y o+ ) (6)(d) = ][ (5) ) — )
__pN xn+2 _ prN xn+2 —cln ’ N In-&-l s—(n n ’ xn-&-l $)ds
—LN (2"2) - LY (272) <+2>/Ocs< Jds — (n+2)( +1>/0< Y
)Y [EN ) + L @ b)) ds
k=070

(M+2) = [ Nk AN k1 N{ ntlk\p,N/ K
T ToN Z/ (L (@ M)LT (@) + L7 (@R LY (a)) ds. (3.17)
k=0"0

In Corollary 2.3 and Corollary 2.5, we have shown Q¥ (z"*2) — NMZ, ., converges to
0 almost surely and in L9 for all ¢ > 1 as N — oo, uniformly in ¢ € [0, T]. Thus, by (3.12),
(3.17), and the condition (3.14), it is not difficult to show

sup |E
NEN

sup |££V(x”)|q1 < 00,
te[0,T]

for ¢ > 1 and n € IN by using an induction argument on n.
To estimate the last term on the right-hand side of (3.17), we apply the Cauchy-
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Schwarz inequality to obtain, for 0 < k£ < n,

9 q
E| sup n+ / LY (@)Ll (M) ds ]
t€[0,T
(n+2)9T1 N/ n—ky|4 N, k+1y|9
<~——T| sup [L£;(z" sup |L; (z
29 N4 tE[O,T] ‘ t ( )| tE[O,T] } ¢ ( )|
(n + 277 "
n+ N Lk N k+1y |29
<——<E| sup |£; E| sup |£;' (x
2N { te[0,7) ’ )’ t€(0,T] ‘ 2 )’
<C(n,T,q)N"1,

for some constant C(n,T,q). Thus, the last term on the right-hand side of (3.17) con-
verges to 0 in L? for ¢ > 1, as N tends to infinity. By Markov inequality and Borel-Cantelli
Lemma, one can also obtain the almost sure convergence.

If we define

Q%) = LX)~ L5~ en+2) [ £y
0
— D) [ @ s

n t
S Y [N )+ L @ ) s, (3.18)
0

for n > —1, then the difference |QY (z"+2) — QN (z"+?)| converges to 0 almost surely and
in L9 for ¢ > 1. Thus, Corollary 2.3 implies that (Q} (z%), QN (z"1),..., QN (2))icjo.1)
converges in distribution to (Gy(2*), Gy (a*7), ..., G¢(2))te[o,r) With covariance (3.16).

Now we deduce the convergence in distribution of (£} (z*));e[o,r) for k € IN. First of
all, we have £ (1) = 0 and LN (z) = LY ()+QN (z) converges in distribution since the ini-
tial value converges in probability. By induction, if we assume (£} (z%), ..., LN (2))icpo, 1)
convergence in distribution to (£¢(z*),..., L(x)):e[o,r), then the convergence in distribu-
tion of (QN (zF 1), QN (z*), ..., Q,{V(z))te[oﬂ implies the convergence in distribution of
(QN (z++1), LN (2F),. .. , LY (2))sefo,r), and hence (LY (%), LY ())se(0,7) converges
in distribution.

Thus, by (3.18) we have

Gi(x"?) £ L,(2"F2) — Lo(z™"?)

—c(n+2)/ Ls(x”H)ds—(n—FQ)(n—l—l)/O (2" 2 )ds

n+2) Z / Y@+, ) + Ly (@) (@, ) ds,

where “£” means equality in distribution. The proof is concluded. O

Remark 3.6. By the self-similarity of Brownian motion, when X2 = 0, we have X}V <
tXN. Thus, AN (), ..., AN(£) £ (¢tAN(1), ..., tAN(1)). Therefore,

(@) () = 3 oSOV (@) £ Z FAY (1) = (£(22), Iy (D),
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and

(f(@), ) £ (f(ta), p).

Hence, £V (f(z)) < £V (f(tz)), and thus, £,(f(z)) < £1(f(tz)). With these identities and
the linearity of £;(-), (3.15) can be simplified as, for n > 0,

L1(z"12) = cLy(a™) + (n+ 1)z, puy)

- n - 1 n
£ 30 (L ) + L4 ) + s Gulam ), >0,
k=0

(3.19)

where the Gaussian family {G;(z"),t € [0, T]},en has the covariance functions

4
B[Gi(a")Gu(a™)] = “EE(EAS) T @ ), nam > 1

Note that the case t = 1 corresponds to the classical Wishart matrix, and p; is the
Marchenko-Pastur law. More precisely, recalling that £,(1) = 0 and £ (z) = G1(z), we
get by (3.19) £1(2?) = (z, u1) + (¢ + 1)G1(x) + G1(2?), for m > 3, and more generally
L1(z™) = cmo + cm1G1(x) + ... + ¢ mG1(2™) for some coefficients (¢, ;)o<j<m Which
are determined recursively by (3.19).

We now study a more general particle system:

Iy N N
AN (1) = \)‘/ﬁ()dW()Jr bN()\fV(t))nL]ifj:j#;\M dt, 1<i<N, t>0.

(3.20)

Compared to (3.5), the constant P/N is replaced by a function by (z) that will be assumed
to converge to a constant c in Corollary 3.7 below. Despite the extension being small,
the system (3.20) may not have an explicit joint density function or/and stationary
distribution, and hence cannot be treated in the same way as for the eigenvalues of
Wishart process.

Corollary 3.7. Consider the SDEs (3.20), where by () satisfies, for some constant ¢ > 1,
lim Nl[bx(x) — ¢ pom®) = 0. (3.21)
N—oo

Assume the same initial conditions as in Theorem 3.5. Then the conclusion of Theorem
3.5 still holds.

Proof. Let py = N(c— ||[bn(2) — ¢||1) and ps = N(c+ ||bn(z) — ¢||-) be two constants
depending on N. Then (3.21) implies po > p;1 > N — 1 when N is large. Clearly,
p1 < N|bn ()| £ ®) < p2. Consider the following two systems of SDEs:

de(t):2MdW-(t)+ 7+7Z i (t) +ay(t) dt, 1<i<N, t>0, (3.22)
1 \/N 2 N t Y, (t) bl — — ) - bl .
J: 775% J
and
N N N
y; (1) p2 1 Y (t) +y; (t) .
dyN (t) = 22 2dwWi(t) + | = + — 2 DL dt, 1<i<N,t>0, (3.23)
w =2 OTAN TN 2 N0 — T 0
EJP 26 (2021), paper 87. https://www.imstat.org/ejp
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with the initial conditions z (0) = 3V (0) = AN (0). By the comparison principle in
Corollary 3.2, we have

Pzl (t) < AN () <yMN(t), V>0, VI <i < N) =

Thus, almost surely,

sup {|z|P,Ly(t)) = sup AN (t
tE[O,T]<| | (®)) te[0,T) NZ'

N

< sup %ZW OF + ¥ OF)

t€[0,77] i=1

< sup (jaf?, LY (1) + sup (jaf?, LY (1)), (3.24)
t€[0,T7] t€[0,T7]

where {Lg\g,”) (t),t € 10,T]} new and {Lgf,’)(t),t € [0, T]} nen are the empirical measures of
the two particle systems (¥ (t))1<i<n and (y)¥ (t))1<i<n, Tespectively.

Noting that p; /N and py/N converge to ¢ as N — oo by (3.21), we have that Lemma
3.4 holds for the two systems (3.22) and (3.23), and thus also holds for (3.20) by (3.24).
Furthermore, condition (3.21) also yields that by () — ¢ uniformly as N — oo, and hence
(3.17) still holds. Then the rest of the proof follows that of Theorem 3.5. O

3.3 Application to Dyson’s Brownian motion

In this subsection, we discuss the CLT for Dyson’s Brownian motion. It was shown
in Anderson et al. (2010); Graczyk and Matecki (2014); Song et al. (2020), the scaled
symmetric matrix-valued Brownian motion X}¥ = (BT(t) + B(t))/v/2N, where B(t) is a
N x N matrix-valued Brownian motion, is the solution of the matrix SDE (1.1) with the
coefficient functions

gn(@)hN(y) = =, bn(z) =0.

The system of SDEs of the eigenvalue processes, that is, Dyson’s Brownian motion, is

f
AN (t) = —dW + 5 Z RIC ()dt 1<i<N, t>0. (3.25)
JijFi

Hence, the eigenvalue processes are the particles in (1.6) with

V2 1

o (x) = Wik bn(z) =0, Hn(z,y) = &,
and thus,
NHy(z,y) = H(z,y) =1, b(z) =0, VN (z) = 6(x) = V2. (3.26)
Here, we consider the distribution QY on Ay = {z = (z1,72,...,25) € RN 1 21 <

. < zn} with the density function

N
N
Cn exp <—4 fo) H |z — xj], (3.27)
i=1

1<j<i<N

where Cy is a normalization constant.
Similar to Wishart process, we can obtain the following central limit theorem.
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Theorem 3.8. Let ¢V = (¢, ... ¢X) be a random vector independent of (W71, ..., W)
with (3.27) as its joint probability density function. Assume that (A (0),...,A\N(0)) is
independent of (W7, ..., Wy) and that there exist constants a,b > 0, such that

Vagl —b < AN(0) < vagl +b (3.28)

for 1 < i < N almost surely. Besides, assume that for any polynomial f(z) € Rlx], the
initial value L} (f) converges in probability to a random variable L(f). Furthermore,
assume that for alln € NN,

sblva[lN(@”,LN(O» — (2", po))[P] < oo,

forallp > 1.
Then for any 0 < T' < oo, there exists a family of processes {L:(f),t € [0,T]} feRrja],
such that for any n € IN and any polynomials Py, ..., P, € R|x], the vector-valued process

(LY (Py), ..., LY (Pn))iejo,r) converges to (Li(P1),. .., Li(Py))iepo,r) in distribution.
The limit processes {L;(f),t € [0,T]}ser[+) are characterized by the following proper-
ties.

1. For Py, P, € Rlz], an, a0 € R, t € 0,77,
Li(a1 Py 4+ asPy) = ay Li(Py) + ao Ly (Py).
2. The basis {L(z"),t € [0, T]}nen of {Li(f),t € [0,T]} fer[a) Satisfies
L:(1) =0, Li(x) = Lo(x) + Gi(z),

and forn > 0,

Et(l'n+2) :ﬂo(m7L+2)_~_ (n+2)2<n+1> /O (:I:",,us>ds

n oot
+(n+2) Z/ Lo(x"F) (@, ps)ds + Gy(z"T2), (3.29)
k=070
where {G,(z™),t € [0,T]}nen is a centered Gaussian family with the covariance
tAs
E[Gi(2™)Gs(z™)] = 2mn/ ("2 Ndu,  nym > 1.
0

Proof. The proof is similar to the proofs of the Wishart case (Lemma 3.3, Lemma 3.4 and
Theorem 3.5), which is sketched below.
Consider the following SDE, for 1 <: < N,

V2 1 1 1 1
dulMN (t) = —————dW;(¢ ——uN) + = — | dt, t>0.
u () N(t+a) ()+t—|—a 2u2()+ ZuN

Then LE[f(u(t))] vanishes for any f € CZ(R) if u" (t) has the distribution Q" given
in (3.27), and hence the process v’ (t) with initial value u™ (0) = ¢¥ is stationary (see
(Anderson et al., 2010, Lemma 4.3.17 )). Let v (t) = t+aul¥(t) +bfor 1 < i < N.
Then vV (t) and A" (¢) solve the same SDEs (3.25), and by the comparison principle in
Corollary 3.2, we have

M) <o) = VE+aul(t) +b.
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A similar argument leads to
AN < —VEFaul (t) +b.
Therefore,
MY < VE+alu ()] +b.
Using the tail probability estimation based on the density function (3.27) of u (¢),
P (Ju" (8)] = @) < P(uy(t) > 2) + P(uy () < —x) < 2P(uy(t) > 2) < exp(—aNa),
where « is positive constant independent of N, we obtain
(A O] <E | (Vi alul(®)]+1)"]
< VEta B [jul (t)]F] + 2"k

=2"/t+ a"’k/ "IP (Ju) (t)] > z) d + 2Fb”
0
(o)
<2Vt akk/ 2F Y exp(—aNz)dz + 250"
0

kT(k+1)
=2Vt +a ———=> +2"p*
+a (aN)’“ +
< Vit d +2FpF

<2 (4b% + 4(t + )"
for k € [0, «N]. Then a similar argument in the proof of Lemma 3.4 leads to

E | sup (|z|”,Ln(t))

t€[0,T)

< C(a,b,T)" (3.30)

for some positive constant C(a, b, T') depending only on (a,b,T) and all p > 0, N > ap for
some positive constant a.

Then applying Corollary 2.5 and following the approach in the proof of Theorem 3.5,
we may get the desired result. O

Remark 3.9. A CLT was obtained in (Anderson et al., 2010, Theorem 4.3.20) for Dyson’s
Brownian motion with bounded initial values. (We would like to point out that there
should be a constant factor 2/ in the covariance function which equals to 2 in the real
case and equals to 1 in the complex case in Anderson et al. (2010).) Thanks to the
comparison principle Corollary 3.2, the CLT also applies to Dyson’s Brownian motion
with possibly unbounded initial values satisfying (3.28), as stated in Theorem 3.8. For
example, the CLT is valid for Dyson’s Brownian motion with unbounded initial value &%
Note that £V has the joint density (3.27), which is also the joint density of {MWhi<i<n,
assuming {\;(¢)}1<;<n is a Dyson’s Brownian motion starting at 0.

Similar to the Wishart case, the self-similarity of the Brownian motion implies

Li(f(x)) 4 L1(f(Vtx)) and (f(x),us) = (f(v/tz),u1) when the initial value XY = 0.
Thus, (3.29) can be simplified as, forn > 0,

n

1
L1(z"T2) = (n 4 1) (@™, uy) + QZﬁl(x"_k)ul(xk) + t"jGt(an)’ t>0, (3.31)

k=0
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with covariance functions

n m 4mn m+n mn—
BIG(3")Ca ()] = (1 7 )5 (), > 1

The case t = 1 corresponds to the classical GOE matrix, and p; is the semicircle law.
Some beginning terms are £1(1) = 0, £;(z) = G1(x) and L1(2?) = 1 + G1(2?). By (3.31),
for m > 2, £1(z™) has the distribution of a linear combination of central Gaussian
variables {G;(27),1 < j < m}.

The following Corollary extends the result of Theorem 3.8 by allowing asymptotical
constant drift coefficient functions.

Corollary 3.10. Consider the following SDEs

V2

AN (t) = Z=dW(t) + | by (AN (t) Z SRInESwIE) dt, 1<i<N, t>0,
VN N S~ A AN ()
(3.32)
where by () satisfies, for some constant ¢ € R,
lim N[bx(x) — ¢ pom) = 0. (3.33)
N—o00

Furthermore, assume the same initial conditions as in Theorem 3.8. Then the conclusion
of Theorem 3.8 still holds with (3.29) replaced by

t
Et(xn+2) :£0($n+2 n+2 / ,C n+1 (TL+2)2( +1) / <£L’n,ﬂs>d8
0

+(n+2) Z/ Lo(z" P pg(2®)ds + Gy (z"2), (3.34)
forn > —1.

Proof. Set ¢c; = ¢c— 1 and ¢co = ¢+ 1. Then by (3.33), there exists Ny € IN such that
for N > Ny, c1 < [[bn(2)||zr) < c2. Without loss of generality, we assume c¢; <
o~ (@) oo (r) < co forall N > 1.

Consider the following two systems of SDEs:

/3
dNt:—dW dt. 1<i<N, t>0. 3.35
xz () \/N ( N Z N _.’17] (t) 5 ST s 9 = ( )

JJ#Z

and

2N () = YZawin) + Z ——— |dt, 1<i< N, t>0, (3.36)
VN ]myl (t) =y}’ ()

with the initial conditions z¥ (0) = yN(0) = AN(0) for 1 < i < N. By the comparison
principle Theorem 3.1, we have

Nty <yMN(t), VI<i< N, ¥t >0) =
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Thus, for p > 1, we have

N

N
1
sup (|z|P, Ly(t)) = sup — MNP < sup — O + ly;* (0)]P)
tE[OT]<| | (t) i N E A (2] 5 [OT]NEZ @F + |y (1)

2°( —cptf? )P + [y (t) — cot|P t)P
_tes[tépT]NZ (|27 (1) = ext? + (crt)? + [y () — cat|P + (eat)?)

< 2P< sup (|z|”, L& (1)) + sup <|x|P,L§3>(t>>+(clT)P+(C2T)p>, (3.37)
te[0,T) t€[0,T]

almost surely, where {L%) (t),t € [0,T]}nen and {Lg\‘?) (t),t € [0,T)}nen are the empir-
ical measures of the two particle systems (z¥(t) — c1t)1<i<n and (yN(t) — cat)1<i<n,
respectively.

It is easy to verify that both (2 (t) — c1t)1<;<n and (yN (t) — cat)1<i<n solve Dyson’s
SDEs (3.25). By (3.30) in the proof Theorem 3.8, we have

E | sup (2", L§ ()| < C(a,b,T) and E | sup (", LY (t))| < Cla,b, T)",
te[0,T] te[0,T]
and consequently, by (3.37)
E | sup (|z",Ly(t))| < C(a,b,T)",
t€[0,T)

for some positive constant C(a, b, T') depending only on (a,b,T) and all p > 1, N > ap for
some positive constant a.

Note that (3.33) also implies that by (x) converges to the constant ¢ uniformly as
N — o0. Then applying Corollary 2.5 and following the approach in the proof of Theorem
3.5, we get the desired result. O

3.4 Application to eigenvalues of symmetric matrix-valued OU matrix

In this subsection, we discuss the CLT for the eigenvalues of a symmetric matrix-
valued Ornstein-Uhlenbeck process. It was shown in Chan (1992), the symmetric
N x N matrix X" (t), whose entries {X/Y(t),i < j} are independent Ornstein-Uhlenbeck
processes with invariant distribution N (0,(1+4;5)/(2N)), where §;; is the Kronecker
delta function, is the solution of the matrix SDE (1.1) with the coefficient functions

on(@hn(y) = ——, by(z) = —ia.

2N’ 2

The SDEs of the eigenvalue processes are

1 1 1

dAﬁV(t)z\/—lNdWi(t)Jr —2)\ )+ 5% #m dt, 1<i<N, t>0.
" (3.38)
Hence, the eigenvalue processes are the particles in (1.6) with
@) =, b () =~ 57, Hx(o,y) = .
VN 2 2N
and thus,
NHy(z,y) = H(z,y) = %, b(z) = —%z, No™(z) =&(z) = 1.
EJP 26 (2021), paper 87. https://www.imstat.org/ejp
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Similar to the eigenvalues of Wishart process and Dyson’s Brownian motion, we have
the following CLT.

Theorem 3.11. Let ¢V = (¢,...,¢N) be a random vector that is independent of
(Wy,...,Wy) and has (3.27) as its joint probability density function. Assume that
(AN(0),...,2¥(0)) is independent of (W1, ..., Wy) and that there exist constants a,b > 0,
such that

Vag) —b <A (0) < Vag +b

for 1 < ¢ < N almost surely.
Besides, assume that for any polynomial f(x) € R[x], the initial value L} (f) converges
in probability to a random variable Ly(f). Furthermore, assume that for alln € IN,

sup E[N((z", Ln(0)) — (2", p0))["] < o0,

forallp > 1.
Then for any 0 < T' < oo, there exists a family of processes {L:(f),t € [0,T]} feRrja],
such that for any n € IN and any polynomials P, ..., P, € R[z], the vector-valued process

(LY (Py), ..., LY (Pn))iejo,r) converges to (Li(P1), ..., Li(Py))iejo,r) in distribution.
The limit processes {L(f),t € [0,T]} yer») are characterized by the following proper-
ties.

1. For P, P; € R|z], aq, a2 € R, t € [0, 7],

ﬁt(Oqu + QQPQ) = Oélﬁt(Pl) + agﬁt(Pg).

2. The basis {L;(z"),t € [0,T]|}new of {L:(f),t € [0,T]} remryy) Satisfies

L) =0, Ly(x) = —Lo(x) + Culx) — %e*t/‘l/o /2 (G4 (x) — Lo(x)) ds,

and forn > 0,

n

Lo(z™2) = e " 1 Ly(2"2) + Ry(n) + Gy(2™2)

2 n+2 t n+2
- %6_%t/ e%s(Rs(n) + Gy (2™ 1?))ds. (3.39)
0
where
2 1) [ 2~ [
Ri(n) = %/ (x”,qus—i—%Z/ Loz F) (2 ps)ds  (3.40)
0 i—o’0

and {G¢(z"™),t € [0, T|}nen is a centered Gaussian family with the covariance

tAs
E[Gi(2™)G(z™)] = mn/ ("2 ydu,  nym > 1. (3.41)
0

Proof. Consider the symmetric matrix-valued OU matrix X N = of which the entries
{X] ()} satisfy

dB;j(t), 1<i<j<N,t>0, (3.42)

1 20; +V2(1 — 65,
ng(t):—ng(t)dtJr J 2( i)

VN
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where {B;;(t),i < j} is a family of independent Brownian motions. Denoting by
o — 25@‘ + \@(1 - 6ij)
1) 2\/N I’

the solution to (3.42) is given by

t
Xg(t) = Xf}’(())e_t/2 + oy t? /0 e*/2dByj(s).

The stochastic integral is a martingale with quadratic variation

</ 88/2dBij($)> = et —1.
0 t

By Knight’s Theorem, there exists a family of independent standard one-dimensional
Brownian motions {B;;(t),7 < j}, such that

t
/ 65/2dBij(s) = B,;j(et — 1)
0

Thus, we have
XN(t) = e t/? (X{}’(O) + oy B (el — 1)) . (3.43)

Let Y;" be a symmetric matrix-valued stochastic process whose entries {Y;}' (), < j}
are given by
Y () = Y (0) + V20,;Bi;(t), (3.44)

with Y (0) = v2X/Y(0),1 <i < j < N. Then YV is the scaled symmetric matrix-valued
Brownian motion introduced in section 3.3. By (3.43) and (3.44),

\/iet/ZXj}’(t) :Yi;V(et —-1),1<i<j<N,
and hence
Vae AN (1) = AN (e = 1), 1 <P < N,

where {A\N(t)}1<i<ny and {AN(t)}1<i<n are the eigenvalues of X (¢) and YV (t), respec-
tively.
Thus, almost surely, we have

1 N
(o, Iy (8) = 5 S AN ()P

N
1 -
= 27p/2€7pt/2ﬁ E AV (e =)
i=1

_ 27p/267pt/2<‘x|p7£N(6t — 1)), Vt >0,

where Ly(t) and Ly(t) are the empirical measures of {\N (t)}1<;<ny and {AN (t)}1<i<n,
respectively. Note that AN (0) = v/2AN(0) satisfies condition (3.28) in Theorem 3.8 with
the constants a and b replaced by 2a and v/2b. By the estimation (3.30), for all p > 1 and
N > ap for some positive constant «, we have

E | sup (2P, Lny())| <27PPE | sup (|z]’, Ln (1))
t€[0,T) t€[0,eT —1]
< 27P/2C(2a,v2b, €T — 1)P
= (C'(a,b, TP, (3.45)
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where C’(a,b,T) is positive constant depending only on (a, b, T).

Thus, by Lemma 3.4 and Corollary 2.5, QY (z") defined by (1.10) converges in
distribution to a centered Gaussian family {G(z"),t € [0, T]},en With covariance given
by (3.41). Similar to (3.17), for n > —1, we have

n " " n+2 [* n n+2)(n+1) [*
QY (@) =¥ (@) = £ (e + 2 [ LN s %/ s
0 0

n42 < ¢ e n+2) < ¢ e
I [ ettt s - PSS et s
k=0 k=0

Letting N — oo, we have

t 1t
G L) = £aatt) + 02 [ ety = O [ s
0 0
n+2 . i n—k k
- Z ; L") (2", ps)ds
k=0

9 [t
=L (z"T?) — Lo(2"T) + % / L,(z""%)ds — Ry (n)
0

where R;(n) is given in (3.40). Without loss of generality, we may replace wlo by “="in

the above equation. Thus we have

) t
L") 4 P02 [ L) ds = Lofa™) + Gala™ )+ Relw),
0

whose solution is given by (3.39).
The proof is concluded. O

Now we extend the result of Theorem 3.11 to a generalized system of (3.38).
Corollary 3.12. Consider the following SDEs

1 1 1
AN (t) = —=dW;(t by (AN (¢ —E dt, 1<i< N, t>0,
z() \/N ()+ N(Z())+2Nj.j¢i>‘£v(t)_/\§v(t) ST =
(3.46)
where by (z) satisfies, for some constant ¢ € R,
. 1

lim N HbN(J:) 4+ -z —c =0. (3.47)

N—o0 2 L (R)

Furthermore, assume the same initial conditions as in Theorem 3.11. Then the conclusion
of Theorem 3.11 still holds with R;(n) in (3.40) replaced by

Ri(n) =c(n+2) ; LY (z")ds + MM/O (x™, us)ds

n+2 e~ [* e
F 2N [ L)t a)s.
k=070

Proof. The proof is similar to the proof of Corollary 3.10, which is sketched below.
By (3.47), without loss of generality, we assume

1 1
—§z+c—1§bN(x)§—§m+c+1,
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for all N > 1. Then we have
P(zN(@t) <AY(t) <y (), VI<i< N, Vt>0) =1, (3.48)

where the processes (2 (t))1<i<n and (y.¥ (t))1<i<n are the solutions of the following
systems of SDEs respectively:

1 1 1 1
dalN (t) = —=dW;(t ——xN(t -1+ = —~———— | dt, 1<i< N, t>0
R e A 10 R
and
dyN(t):LdWi(t)jL —lyN(t)JrchMri E ! dt, 1<i<N,t>0
' VN 27 2N oy —yN ) T T T

with the initial conditions 2V (0) = y~ (0) = AN(0) for 1 < i < N. Noting that (2 (¢) —
2¢+ 2)1<i<n and (yN(t) — 2¢ — 2)1<i<n solve the SDEs (3.38), by (3.45) and (3.48), we
get that the uniform L? bound (2.15) holds for system (3.46).

Then applying Corollary 2.5 and following the approach in the proof of Theorem 3.5,

we get the desired result. O

A Some lemmas

In this section, we provide some results that were used in the preceding sections.
The following CLT for martingales was used in the proof of Theorem 2.2.

Lemma A.1 (Rebolledo’s Theorem). Let n € IN, and let {My}nen be a sequence of
continuous centered martingales with values in R™. If the quadratic variation (My):
converges in L*(Q)) to a continuous deterministic function ¢(t) for all t > 0, then for any
T > 0, as a continuous process from [0,T] to R™, (My(t),t € [0,T]) converges in law to a
Gaussian process G with mean 0 and covariance

E[G(s)G()T] = o(t A s).

Section 3.1 was based on the following comparison principle for multi-dimensional
SDEs which is a direct consequence of (Geils and Manthey, 1994, Theorem 1.1 and
Theorem 1.2).

Lemma A.2. On a certain complete probability space equipped with a filtration that
satisfies the usual conditions ((Karatzas and Shreve, 1991, Definition 2.25)), consider
the following SDESs

Y(t):Y(O)+/O b<1>(s,y(s))ds+/0 o(s, Y (s))dW (s),
(A.1)

Z(t) =Z(0)+/0 b(2)(s,Z(s))ds+/O o(s, Z(s))dW (s),

where {W (t),t > 0} is a d-dimensional Brownian motion. Assume the solutions to SDEs
(A.1) are pathwisely unique and non-exploding. If the following conditions are satisfied,

1. the drift functions bV (t, ) and b (t, x) are continuous mappings from [0, c0) x R™
to R". Besides, they are quasi-monotonously increasing in the sense that for
1<i<mnandj=12 b"(ta) < bP(t,y), whenever z; = y; and x; < y for

le{l,....,n}\ {i};
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2. the dispersion matrix o(t,z) is a continuous mapping from [0, 00) x R" to R"*¢ that
satisfies the following condition

d

> ot @) — oi(ty)| < pllai — i)

j=1
forallt > 0andz = (z1,...,2,)7,y = (Y1,.-.,yn)T € R", where p : [0,00) — [0,00)
is a strictly increasing function with p(0) = 0 and

/ P2 (u)du = oo
0+

3. b0 (t,2) <P (t,z) forall 1 <i<n, t>0,2€R;
4. for1 <i<mn,Y;(0) < Z;(0) almost surely,
then we have
P(Y;(t) < Zi(t),Vt > 0,1 <i<n)=1.
The following lemma was employed in the proof of Lemma 3.3.

Lemma A.3. Let u” (t) be the strong solution to (3.8). If u® (t) is distributed according
to P in (3.7), then for f € CZ(RY),

d

S (1)) = 0.

Proof. For f € CZ(RY), applying It6’s formula to (3.8), we have

N _ N AN ) N ) va(S) :
fu™ () = f(u (to))+Z ; Aif(u™(s)) - 2—=—=—==dWi(s)

N

Nt 1 P (s) s
Jr;/o 3if(uN(S))'s+a N* NZ Ns ugs; ds

JijF#i J
1 ZN ' ul (s)

Here, 0; is the partial derivative with respect to the i-th component x;. Therefore, for
t>0,

Hazaf (P—uﬁvmﬂ

Thus it suffices to show, with the density function p(z) in (3.7),

N
P
Z ANa,»f(x). (N—x) dm+—2/ 0if(x Ifij pla)dz
= i#]
Z )zip(x)dz = 0, (A.2)
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where Ay = {z € RV : 0 < z; < ... < xx} is the support of PV. Noting that p(x)
vanishes on Ay, we have by the integration by parts formula,

82 f (x)ip(x)dz = /8 _of@e(@)is - [ @0 () do

AN AN

= - 9if(z) (p(x) + z;0;p(z)) du.

AN

Hence, to show (A.2), it is sufficient to verify

N
3 (]1\3[ - xl> p(z) + % o ha Y p(a) — %Z (p(z) + 2:0;p(x)) = 0.

i=1

By the chain rule,

Oip() =~ plx) +

Hence,

5 N
~ Z z;0;p(z)
N=

—lep F(P =N = Dpla) + 5 3 ()

irg 0T
1 T+ x;
=—me F(P-N -l >+Nz(gy_;+1)p<x>
i#g Nt Y
T +x
:*ZMP(I)JF(P Nzx _xj )
i=1 ¢ J
which gives the desired result. O
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