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Adaptive LMS Filters for Cellular
CDMA Overlay Situations
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Abstract— This paper extends and complements previous re-
search we have performed on the performance of nonadap-
tive narrowband suppression filters when used in cellular code-
division multiple-access (CDMA) overlay situations. In this paper,
an adaptive least mean square (ILMS) filter is applied to a cellular
CDMA overlay in order to reject narrowband interference. An
accurate expression for the steady-state tap-weight covariance
matrix is derived for the real LMS algorithm for arbitrary
statistics of the overlaid interference. Numerical results illustrate
that when the ratio of the narrowband interference bandwidth to
the spread spectrum bandwidth is small, the LMS filter is very
effective in rejecting the narrowband interference. Furthermore,
it is seen that the performance of the LMS filter in a CDMA
overlay environment is not significantly worse than the perfor-
mance of an ideal Wiener filter, assuming the LMS filter has had
sufficient time to converge.

I. INTRODUCTION

S is well known, a Wiener filter can provide vastly im-

proved performance for a code-division multiple-access
(CDMA) receiver operating in narrowband interference. For
large narrowband interference, the CDMA system with a
Wiener filter can support many more users than can the system
without a filter.

However, in practice, since cellular CDMA users are mo-
bile, there are Doppler frequency-shifts. Also, since the cellular
channel is fading, the signal and interference statistics are
rarely constant. Thus, the Wiener filter must be made adaptive.
In this paper, we are concerned with the adaptive least mean
square (LMS) filter, which is one of the simplest adaptive
algorithms to analyze and implement. The work concentrates
on the uplink, steady-state, performance of CDMA overlay
systems with adaptive LMS filters, assuming convergence has
been achieved. This work extends and complements the work
of [1], which evaluates the bit-error rate (BER) performance
of cellular CDMA overlay situations with Wiener filters.

The paper is organized as follows: Section II introduces
the basic concepts and notation of the cellular CDMA system
and describes the statistics of the misadjustment component of
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the adaptive LMS filter. Section III presents the performance
analysis of the adaptive CDMA receiver. Numerical results
are presented in Section IV, and Section V provides the
conclusions.

II. STATISTICS OF THE MISADJUSTMENT FILTER

A receiver operating in a cellular CDMA overlay environ-
ment and which incorporates the use of a Wiener filter was
described in [1]. By replacing the Wiener filter with an adap-
tive LMS filter, the adaptive CDMA receiver is constituted. As
in [2]-[4], the adaptive LMS filter is modelled as consisting of
a Wiener filter and a misadjustment filter operating in parallel
(see Fig. 1).

First, the basic concepts and notation of the cellular CDMA
system are introduced. It is assumed that in the cellular system,
there are C cells, each of which contains K active users and
one base station. Therefore, there are C K active users, for the
entire cellular system. The cellular mobile channel between a
mobile user and a base station is assumed to be a multipath
Rician-fading channel, where there are L paths associated with
each user.

As shown in Fig. 1, the receiver consists of the following
parts: a bandpass (BP) filter, an adaptive LMS filter, a DS-
despreader, and a hard decision device. The input signal 7(¢)
to the adaptive filter is the sum of all CDMA signals, a
narrowband binary phase shift keying (BPSK) representing
the signal which is overlaid by the CDMA network, and
band-limited additive white Gaussian noise (AWGN). That is

CK L
r(t) = Re {\/QPL Ve, er, k)Y [Artexp (jr)
k=1 =1
+ Bri oxp (jr) bk (t — Tit)aw(t — Trt) exp (727 fot)

+V2Jd(t) exp [§ (27 (fo + At + 9)]} +nt) (1)

where -y is a propagation exponent, and cj; denotes the cell
in which the kth user is located; the users are numbered
such that ¢, = int[l + (k — 1)/K], where int[z] stands
for integer part of x. The function e(v, ¢, k) represents
the yth power of the ratio of the distance of the kth user
to its own base station (cixth cell) to the distance of the
kth user to the first cell base station (¢ = 1). For the
first cell (cell of interest), we assume e(v, cx, k)|, _; = 1
because of perfect adaptive power control. The parameter fo
denotes the CDMA carrier frequency, b (t) is the kth binary
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Fig. 1. An adaptive CDMA receiver model.

information sequence with bit duration T}, ax(t) is a random
spreading sequence with chip duration 7}, and processing gain
N(N = Ty/T.), and Ap(0 < A < 1) and ¢y are the
gain and phase of the specular component of the /th path
from the kth user, respectively. It is assumed that Ay = A
for all k£ and [, and ¢y; is uniformly distributed in [0, 27].
The random gain [y; and phase v of the fading component
of the /th path of the kth user have a Rayleigh distribution
with E[3] = 2pi = 2p for all k and /, and a uniform
distribution in [0, 27|, respectively. The path delay, 7, is
uniformly distributed in [0, T3] and, to simplify some of the
analysis to follow, we assume |Tk1 — T}ci’ >T. forl # [. The
gains, delays and phases of different paths and/or of different
users are assumed to be statistically independent. Furthermore,
J and @ denote the received nonfading BPSK narrowband
interference power and phase, respectively, A stands for the
frequency offset of the interference, and d(t) is the binary
data sequence of the narrowband interference, J(¢), having
bit duration T;. The two parameters p and g are defined as the
ratio of the interference bandwidth to the spread bandwidth
and the ratio of the offset of the interference carrier frequency
to half of the spread bandwidth, respectively, (i.e., p = T./T}
and ¢ = AT,). Finally, n(t) is bandlimited AWGN with two-
sided power spectral density Ng/2 and bandwidth 277, . Note
that, for simplicity, while we have bandlimited the noise, we
have assumed that the BPF passes the signal undistorted.
The autocorrelation function of the input signal is defined by

pr(7) = E[r(t)r(t +7)] @

although only values of p.(7) at 7 = mT,, where m is an
integer, are needed. In particular, p.(mT.) can be written as

3)

where ps(mT,), p;(mT;) and p,(mT,) correspond to, re-
spectively, the CDMA signals, the interference and the noise.
Assuming that fo7. is an integer, the CDMA term is given by

CK L
ps(mTe) = E{ [\/2_132 Ve, cry k1) Y [Aryt, €08 i,

k1=1 =1

pr(mTe) = ps(mTe) + pj(mTe) + pn(mTe)

+ Bty €08 Pk, bk, (t = Thyt, Jak, (E— Thyr,)

q ) r(t) R f (:;; )Ty i
b []
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Ak, €08 Py, + Breyt, €08 Yy, )]
. E[bk1 (t — T’C]ll)bkz (t +mT, — Tk212)]
. E[akl(t - Tkzlz)ak2<t +mT, — Tlcglz)]}

[V By cea)

where Ela, (t — Ti,1, )k, (E+MTe — Tiyt,)] = 0 for ki # ko
and F(cos g, o8 dri,) = E(cos iy, cosr,) = 0 for
I1 # ly. Therefore, ps(mT.) reduces to

L

CK
pa(mT.) = P Ele(y, ek, k)Y (A% +2p)
k=1 =1
. E{bk(t - Tkl)bk(t +mT, — Tkl)]

- Elag(t — ) ar(t +mT. — 7).
Since ‘
E[flk(t - Tkl)(lk(t +mT, - Tlcl)] — §<m>

with a similar expression for the autocorrelation of by(t), we
have

CK
pu(mT.) = P(A? 4 2p)L6(m) Y Ele(y, ex, k)]
k=1

@)

where §(m) is the Kronecker delta function, and Ele(y, cx,
k)] = e(, cx) is independent of the position of the kth user
since Ele(, ck, k)] is the average of the kth user’s position
over the cth cell. Considering a three-layer cellular model,
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we have

CK

> Ele(y: er, K] & [L+C(NIK

k=1
where ((7) represents the relative interference from all sur-
rounding cells, and is defined as ((v) = 25:2 e(y, ¢).
Therefore

ps(mTe) = P(A* + 2p)[1 + (VK Lé(m).  (5)

The narrowband interference autocorrelation is given by

I
pi(mT.) = Jrect(l - %) cos (2rAmT,)
J
= Jrect(l — |m|p) cos (2rmgq) (6)
where rect(z) = z or 0 for z > 0 or < 0, respectively.
Also, the noise autocorrelation is given by

pn(mTy,) = 2NoT,.6(m) (7)
so that, using (3)~(7), p.(mT,.) is given by

() = PA{ (14 VK[ + CElam)

+ érect(l — |m|p) cos (2mmq)

+ QN{%}_lﬁ(m)} (8)

where H = A2 /(2p;1) = A?/(2p) stands for the ratio of the
specular component power to the fading component power,
J/S = J/(PA?) is defined as the narrowband interference
power-to-signal power ratio, and F,/Ng = P> A>T}, /Ny stands
for the signal-to-noise ratio (SNR).
The adaptive filter output is given by
M
Z (Ctm + Vi )r(t — mTe) )

m=—M

ry(t) =

where a,,,, m = —M,---, M, denotes the mth tap weight of
the Wiener filter, and v,,,, m = —M, - -, M, denotes the mth
steady-state tap-weight of the misadjustment filter. Note that
vp is always zero, because the center tap of the Weiner filter
is fixed at one (ie., ag = 1).

Most often, via a central limit theorem, it is argued that the
steady-state tap weights of the misadjustment filter are jointly
Gaussian [4] for small enough adaptation step size. Hence,
with the joint Gaussian assumption, the tap-weight covariance
matrix completely defines the statistics of the misadjustment
filter. In Appendix A, it is shown that when it is assumed
that the sum of all active CDMA signals is Gaussian, the
steady state covariance matrix of the tap weight vector can be
obtained (approximately) by solving (A18), reproduced below
as (10)

2M
Z [(Rr)mlnl (Rv)n1m2 + ('Rv)mlnl (RT)nﬂnz]

ny=1

~ QME[(e*)2]<Rr)m1m2 + QU'E[(e;)Qjm1jmz]
_QME[(G;)zlE(jm1j’mg)= mi, M2 = 17>2M

10)

IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 14, NO. 8, OCTOBER 1996

where R, and R, are the covariance matrices of the input
signal sample vector and the tap weights of the misadjustment
filter, respectively, and (R),, , denotes the mith row and
nyth column element of R. Note that (R, ), m, = pr[(m1 —
ms)1:], given by (8), u is the adaptation step size, and e*
and e} are the Wiener prediction error for the composite
input signal and from the narrowband component of the input,
respectively, and are defined as e*(x) = ng:_ Qe (t —

mTe) and e*(x); = E%ng amJ(t — mT.), respectively,
where J(t) is the narrowband component of the input. In the
special case where the narrowband interference, j,,, at the
mth tap [see (Al14)], is Gaussian, @§ is independent of j,,.
Therefore, the last two terms of (10) cancel each other, so that
(10) reduces to the well-known form (A13). Analogous to the

derivation of p,.(mT,), E[(¢*)?] are E[(e})?] are given by

M 2
Bl(e]=E| Y anr(t-ml)
m=—M
~ PAZ{ <1 + -};,)KLU +C Y o
mi=—M

M M
J
T3 2D omom
my=—M mo=—M .

- cos [2m(mq — ma)q]
-rect(1 — |my — ma|p) + 2N (Ey/No) ™

M
2
2. o
m=—M

. PAZ{ (1+ % )KL+ )

M

> om
m=—M
+ 2N (B /No) ™t Y a?ﬂ} + E[(e})?]

m=—M
where it is assumed that f,7, is an integer, and

J M M
E[(e;y]:m?g YooY o,
mi=—M my=—M

-rect(1 — |my — ma|p)cos [2m(m1 — ma)g].

an

III. PERFORMANCE ANALYSIS OF
THE ADAPTIVE CDMA RECEIVER

Assuming the [th path of the ith user (reference user) of the
cell-of-interest is the reference path, and 7;; = ¢;; = 0, the
despreader output is given by

A+1)Ty
&) = / 75 (t)2a;(t) cos (27 fot) dt. (12)

ATy

To simplify the analysis, the self-interference, due to the main
path of the reference user, and caused by the taps of the filter
excluding the zeroth tap, is neglected when the number of
active users is much greater than unity, as in [1]. Therefore,
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(12) reduces to

CK
€N & VZPATBY + D)+ > L+ N+ J(N). (13)
k=1

1) The first term is the desired signal, corresponding to the
specular component of the /th path of the reference user
and the zeroth tap of the Wiener filter. The useful signal
power is Sy = 2PA%TZ.

2) D()) is an interference term with conditional variance
0%, = 2PpT? due to the fading component of the Ith
path of the reference user and the zeroth tap of the
Wiener filter (see [1]).

3) Iy is either a multipath interference term for & = 1,
or an in-cell multiple access interference term for k =

1,---,K, k # 4, or an adjacent cell multiple access
interference term for k = K + 1,---,CK, and is given
by

ZZLZ=1 Lip k=14
rlrillltipath interference
I, = Sl k=1 K k#i,
in-cell multiple-access interference
S L k=K+1,-- 0K,

adjacent-cell multi-access interference.

(14)

For a large number of CDMA users (K > 1), the effect of the
multipath of the desired user is very small, since it roughly acts
as one additional user. However, its inclusion in the analysis
greatly complicates that analysis, and so it will be ignored, as
justified in [1]. Then, in (14), for k£ # ¢

L= @[Akicos (&) + Bricos (¥ )]
M
Y 6('% Ck, k) Z (Oém + U’m)
m=—M

O+DT,
: / bi(t — 7y = mIc)ar(t — 7y — mTe)
AT,

cai(t) dt. (15)

The conditional variance of the total in-cell multiple access
interference and adjacent cell multiple access interference

terms E%;I(l I k) equals (see Appendix B), conditioned on
ki
the tap weights (v = [v_ps, -, vn]) of the misadjustment

filter and the spreading sequence {agi)} of the reference user
(the ith user)

a5(v, ai(t))
2

CK )
=ol(v)=E ZLC {Um}7{a§1)}
A+ oKL - 1P (G +p)TE

M

Z (Cm + V)

m=—M
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_{._

2 (am + U'm)(a'm+1 + Um-{»l)J / (SN)

m=-M
(16)

DO | =

4) N() is due to the thermal noise; its conditional variance

equals 0% = NOTI,Z%:NM (otm + vm)2.

5) J(X) is due to the BPSK natrowband interference, and

is given by
M
TN = D (0 +vm)
m=—M
(A+1)T,
V2Jd(t —mT.)
AT,

~cos 2 A(t — mTe) + Ola;(t)dt. (A7)

In order to simply analyze the statistics of the narrowband
interference term, assume that there are an integer number of
bits of the narrowband waveform in 7} seconds, and ignore
any timing offset between the bits of the narrowband BPSK
signal and the bits of the reference CDMA signal. Then, as in
[1], (17) can be approximated (for n >> m) as

M N-1
J()x) =2JT, Z (am + vm) Z ag)d[z,(n_m)]
m=—M n=>0
: 6(”, m, 9)
N-1 M A
= \/ﬁTc Z Z (am + vm)agf)d[p(n_m)]
n=0 m=—M
-B(n, m, 6) (18)
where
Bln,m, 6)
A sin[2rg(n —m 4 1) 4 0] —sin [2mq(n —m) 4 6]
o 21q
_ sin (mq) cos [2mg(n — m) + 6] (19)
Tq

{d{(n—my) } is the data sequence of the narrowband waveform,
and [z] is the integer portion of z. Note that (18) can be
rewritten as

N-1
J(A) = V2IT.Y @, (20)
n=0
where
M .
Tn = z (am + Um)agf)d[p(n_m)],@(n, m, 9) 2D
m=—M

Conditioned on {vn,} and 6, x, is a function of {dp(n—my}
and {agf )}. As in [1], it can be shown that the sequence {z.,}
is, conditionally, a 2M -dependent sequence. As N — oo,
the sequence {z,} satisfies the conditions of the Hoeffd-
ing—Robbins version of the central limit theorem for dependent
random variables, given {v,,} and 6.
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If we denote the conditional variance of J(X) by oZ(, v),
conditioned on # and v, then

a3, v)
= 2T /N?)
y Z Z (0tmy + Vmy ) (Cmy + Uy )
n=0 mi=—M mo=—M
' ﬁ(nv mi, G)ﬂ(n, ma, )é([p(n - ml)]’ [p(’ll - mQ)D
(22)
where §(-,-) is the Kronecker delta function.

Assuming that the sum of the in cell multiple access
interference and adjacent cell interference is conditionally
Gaussian, the decision variable £(\) in (13) is conditionally
Gaussian, conditioned on the random phase, #, of the narrow-
band interference, the random tap-weight variables, v, of the
misadjustment filter, and the spreading sequence, a;(t), of the
reference user. However, the conditional variances in (16) and
(22) are not functions of a;(t). Therefore, the bit-error rate
(BER) is given by

21
(23)
where P(v) is a jointly Gaussian distribution, given by
1 1
P)= ————————ex ——’UR;LUT} (24)
©) = Gt @t P { 2

and where R, is the steady-state tap weight covariance matrix
of v, det (-) is its determinant, R;;! denotes the inverse of R,,
and vT denotes the transpose of v.

In (23), P.(8, v) is given by
e "2 4y

P.(9,v) = (25)

1 /°°
V27 J /SNR (8,0)

where SNR (6, v) is the total SNR, conditioned on € and v,
given by

1 St
SNR (6, v) = 5 - 0% +0p+oi(w) + 020, v)
{2 g
1+C( VKL - L]
+ ( ) 3N

M
rs z (am+vm)(am+1+vm+l)

2J/8) =
LSS z Gy + V)
n=0 mi=—M mo=—

: (O"f‘ﬂQ + UmQ)/}(na my, 9)5(”’7 ma, 9)

~6([p(n = m1)], [p(n - m2)])} (26)
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and where E, = PA?T, is the average energy per bit,
J/S = J/(PA?) denotes the interference interference power
to useful signal power ratio, and i = A2%/(2p).

1IV. NUMERICAL RESULTS

Unless otherwise noted, the numerical results for the BER’s
of the adaptive CDMA overlay system are presented for the
following common parameters: It is assumed that the ratio of
the interference bandwidth to the spread spectrum bandwidth
is 10% (p = 0.1) and the ratio of the offset of the interference
carrier frequency to half of the spread spectrum bandwidth
is either zero or 20% (¢ = 0, 0.2). The processing gain and
the number of taps on each side of a suppression filter are
set at N = 255 and M = 2, respectively. The number of
paths, the propagation exponent and the ratio of the specular
component power to the fading component power are assumed
tobe L = 3, v = 3, and H = 7 dB, respectively. Note that
v = 3 means that the adjacent cell interference ((r) = 0.97.
That is, the interference from all adjacent cells is 97% of the
interference of the cell-of-interest. Finally, the adaptation step
size is selected as

1 1

<
10 A max — 20Mp,-(0)

w= @7
where Apax and p,.(0) are the maximum eigenvalue of the
covariance matrix of the input signal and the power of the
input signal, respectively.

Fig. 2 illustrates the BER’s of the adaptive CDMA overlay
system as a function of F,/Np. Fig. 2(a) and (b) correspond
to ¢ = 0 and ¢ = 0.2, respectively. It is seen that, as
expected, the adaptive LMS filter is very effective in rejecting
the narrowband interference. Note that for ¢ = 0, the adaptive
filter is not as effective as it is for ¢ = 0.2, compared to the
Wiener filter.

Fig. 3 shows the asymptotic (£;/Ny — oo) BER’s of the
CDMA system as a function of (J/S)/[(1+4 {(~))K L], which
is roughly the ratio of J/S to all multiple access interference.
When J/S is sufficiently small (i.e., (J/S)/[(1+¢{(v))KL] <€
0 dB), neither a Wiener filter nor an adaptive filter is necessary,
because the multiple access interference dominates, whereas
when J/S is sufficiently large, an adaptive filter can provide
a large improvement in performance.

In Fig. 4, the asymptotic BER of the CDMA overlay system
is plotted as a function of the number of the active users K
per cell, for various values of J/S. It is clearly seen that the
system using a suppression filter can support many more users
than can the system without a filter.

In Fig. 5, the asymptotic BER of the CDMA overlay system
is shown as a function of the ratio (p) of the narrowband band-
width to the spread spectrum bandwidth for ¢ = 0, 0.1, 0.2,
and 0.4. It is seen that when p is small, an adaptive filter is
very effective.

Fig. 6 illustrates the BER performance of the overlay system
as a function of the ratio (q) of the offset of the interference
carrier frequency to the half spread spectrum bandwidth for
different numbers of taps on each side. It is seen that when
g is small, the adaptive filter performs noticeably worse than
the Wiener filter. However, when ¢ is large, the BER’s of the
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Fig. 2. BER performance of the CDMA overlay system versus £y /No: (a)
q = 0 and (b) g = 0.2.

systems with the adaptive filter and the Wiener filter are almost
identical. That is, the noise caused by the misadjustment filter
is negligible.

V. CONCLUSION

In this paper, the effect of an adaptive LMS filter in a
cellular CDMA overlay situation is investigated. An accurate
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expression for the steady-state tap-weight covariance matrix is
derived for the real LMS algorithm for arbitrary narrowband
interference. It is shown that the adaptive filter is very effective
in rejecting the narrowband interference when the ratio of the
narrowband interference bandwidth to the spread spectrum
bandwidth is small. Also, it is seen that the performance
of the LMS filter in a CDMA overlay environment is not
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Fig. 4. The asymptotic BER of CDMA overlay system as a function of the
pumber of active users (K') each cell, (a) ¢ = 0 and (b) ¢ = 0.2.

significantly worse than is the performance of an ideal Wiener
filter, assuming the LMS filter has had sufficient time to
converge. Further, the adaptive filter is more effective when
the carrier frequency of the narrowband interference is offset
from the carrier of the spread spectrum signals. Note that
the results shown here do not include diversity and channel
.coding. Using multipath diversity and interleaved coding, the
BER performance can be significantly improved.
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= 0,0.1 and (b) ¢ = 0.2, 0.4,

APPENDIX A
DERIVATION OF THE STEADY-STATE TAP WEIGHT
COVARIANCE MATRIX OF THE MISADJUSTMENT FILTER

From the adaptive LMS algorithm, the tap weight vector of
the misadjustment filter (or the tap error-weight vector of the
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adaptive filter) can be presented as [4]
V(i+1)= [ —2uX(GXT()IV () + 2pe" ()X (F) (AD

where V(j) is the column tap weight vector on the jth
adaptation, / stands for an identity matrix, X (j) is the sample
vector of the input signal on the jth adaptation, ;4 is the LMS
algorithm step size, and e*(j) is the prediction error at the
Wiener filter output on the jth adaptation, and is assumed
independent of V().

Therefore, the steady-state tap weight covariance matrix can
be expressed as

R, =E[VVT] = Jim EV(G+1)VT(G+1)]
= lim, E[(I = 2uX(/)XT(NVAHVT ()

(I = 2uX ()X ()]
+ (20 Bl(e* ()" X () X7 (5)]

where it is assumed that the successive input signal vectors
X(j) and X(j + 1) are independent from adaptation time
to adaptation time. In order to approximately guarantee this
independence, the period of adaptation time should be at least
as great as the correlation time of the narrowband interference.
Because the tap weight vector V(j + 1) is a function only of
the past input signal vectors, X (j), X(—1),---,X(0), V(4)
is independent of X (). That is

E[V(H)XT(j)] = EV()IEXT(j)] = 0.

(A2)

(A3)

The estimate of V(j) is asymptotically unbiased (i.e.,
E[V(j)] = 0), so that the cross terms in (A2) drop out.
Further, (A2) can be decomposed as
R, = E(VVT) = E(VVT) = 2uE(XXTYE(VVT)
—uBE(VVTE(XXT)
+ 4 2E(XXTVVTXXT) + 4p2El(e*)? X XT]. (Ad)
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Note that although e¢* and X are uncorrelated by the orthog-
onality principle, they are not independent, except if the input
is Gaussian.

If we express the Wiener prediction error as e* = zo —
Ziﬂfl (o, Where zo represents the current value on the
center tap of the Wiener filter (for simplicity, we are indexing
from one to 2M instead of from M to M, excluding zero), the
elements (R, )m,m, of the asymptotic tap-weight covariance
matrix R, satisfy

2M

(Rv)vmmg = (R’U)'rnlmg - 2,M Z (Rr)m,]'ru (Rv)n,lmg

ny=1

2M
- 2# Z (Rv)nnnl (Rr>n1m2

=1
2M  2M

+ 40”0 (Bodnins E(@my ny n, ny)

ny=1ns=1

+4u2E{

2M

2
xy — 2xg E Qn, Ty

ny=1

2M  2M

+ Z Z anlang*@nlxn;jixmwrmg} (AS)

ny=1ns=1

where R, is the covariance matrix of the input sample vector.
Then, (AS) becomes
2M
Z [(RT')"HWH (RU)"M’"H + (R”J)mlnl (RT>”1m’2]
ny=1
oM 2M

=2u Z Z (Ro)nins E(@my Ty Ty Ty )

ny=1lng=1

2M
+2uF a:(z) — 2xg Z Olpy Ty
n1=1
2M 2M
+ Z Z iy Oy Ty Ty | Ty Temg o+ (A6)
TL1:] n2=1

The solution of (A6) is a function of y, so that the first term
on the right hand side (rhs) is a function of z*. When s is
selected sufficiently small in steady state, the first term on the
rhs can be neglected, and we have

2M

Z [(Rr)mlm (R‘U)nlmQ =+ (Rv)mﬂn (Rr)nlmQ]

ny=1
I~ Q,uE{

2M  2M

+ Z Z an]anzmnlxn,‘l xmlxma}' (AT)

n1=1ns=1

2M
2
Ty — 210 E Oln| Ty

ni=1

If we assume initially that the input signal is Gaussian, e* is
independent of X. Therefore, (A7) becomes

2M
Z [(R'r)m,nu (Rv)n1m2 + (Rv)mlm (R'r)nlmg}
ny=1

R 2uE[(€))(Rr)mim,  (AB)
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and (A8) can be represented as

R.R, + R,R, ~ 2uE[(e*)?|R,. (A9)

Equation (A9) may be uncoupled using the eigen-
value—eigenvector decomposition

R.=QAQ™! (A10a)

R, =QR,Q " (A10b)

where @ and Q' are an orthogonal (real unitary) matrix
of eigenvectors and its inverse matrix, respectively, A is a
diagonal matrix of the eigenvalues of R, and R, is the weight
covariance matrix in the principal axis system. Using this
transformation, (A9) can be expressed as

QAQ™'QR,Q™' + QR,QTIQAQ T ~ 2uE[(e*)’)QAQ !

or

AR, + RyA = 2uE[(e")?A. (Alla)

Because f{v is symmetric, (Alla) reduces to
(Ai+Xj)a;; =0 foris#j (A11b)
ai; = pE[(e*)?], fori=1,---,2M (Allc)

where \; are the eigenvalues of R, and a;; is the ith row
and the jth column element of R,. Again, because R, is a
correlation matrix, the eigenvalues A; of R, are always greater
than or equal to zero. Assuming that none of the A; equal zero,
a;; = 0 for ¢ # j. That is, RU is a diagonal matrix. Because
both A and f?,v are diagonal, ARU = fivA, Therefore, (Alla)
reduces to

R, ~ pE[(e")?|I (A12)
From (A10b) and (A12), we have
R, = QR,Q™' ~ uE[(e*))1. (A13)

With the Gaussian assumption of the input signal, the tap
weight covariance matrix is a diagonal matrix, which com-
pletely defines the statistics of the misadjustment filter for the
Gaussian input signal. That is, in the steady state, the variance
of different tap weights are equal and different tap weights are
uncorrelated and independent.

Since our input is not Gaussian, it will be seen that the tap
weight covariance matrix is no longer diagonal. We begin the
derivation of the tap-weight covariance matrix by considering
some properties of the input signal. Define the input signal as

where n,, and j,, stand for Gaussian noise (both white noise
and CDMA signals) and narrowband interference, respec-
tively, and n,, and j,, are independent.

The first and second moments of the narrowband interfer-
ence samples are identical to those that would result if j,,, were
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samples of a Gaussian process. However, the fourth moment
of z,, is given by

Elr12w334]
= E[(n1 + j1)(n2 + f2)(ns + js)(na + ja)]
= E(ninonang) + E(ninansjs) + E(ninanggs)
+ E(ninajsja) + E(ninanaje) + E(ninsjzja)
+ E(ningjajs) + E(nijaisia) + E(nananagji)
+ E(nanajija) + E(nangjijs) + E(najijsja)
+ E(ngnajijz) + E(nsjijejs)
+ B(

najijegs) + E(jrjadsia)- (A15)
Since
E(ningnaja) = E(ningnyjs) = E(ningnagz)
= E(n1j2jajs) =0
and
E(nansnaji) = E(najijsja) = E(najijzjs)
= E(ngj1j243) =0
(A15) reduces to
E(r1zoxszy)

= E(ninansng) + E(ning)E(jsja) + E(nins)E(j254)
+ E(ning)E{j2js) + E(nons)E(j174)
+ E(nang)E(j173) + E(nang) E(j1j2) + E(j1727354)
= E(212223%4)| ayssian + £ (J1727374)

— E(j1727374) | Gassian (A16)

where E (2122%3%84)|qaueian 1S defined as F(zyzoz324) un-
der the assumption that z1, x2, z3, x4 are jointly Gaussian.
By substituting the expression for the fourth moment of the
input signal into (A7), we obtain the following relation for the
elements of the tap-weight error vector covariance matrix in
steady state:

2M

Y (Bedmims (Romims + (Rodmymy (B )y o]

ni=1

i~ Q/LE{

2M  2M

+ E: E anian2$n1xn2}$m1xm2}

n1=1ng=1

2M
2
Ty — 2x¢ E Oy Ty

ny=1

Gaussian

+ 2N{E(j(2)jm1jma) -
2M

—4p Y oy {E(Godny gy dms)
n1=1

- E<j0jn1jm1jm2)|Gaussian}
2M  2M

203 > iy oA By s dma )

ny=1no=1

- F (jnl.jnzjmljmz>|Gaussian}

E(]g,]mL]mz ) ’ Gaussian }

(A17)
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or

Z (R

)n]m> + (R'U)mlnl (Rr)ﬂlmz]

r mlnl
ny= 1
R 2pE|(e” ) (R )mymes + 20E[(€] ) Jrny Jma)
— 2uE[(€})"1E(m, ms) (A18)
where
oM
=jo= D nijn, (A19)
ny=1

denotes the narrowband interference component of the Wiener
prediction error. In order to solve equation (A16), we must
know the second and the fourth moments of the BPSK nar-
rowband interference. The second moment of the narrowband
interference term in (1) is given by

E(.jmljm})
= E[J({ +miT.)J (t + maT:)]
= Jrect (1 —|my — ma|T./T;) cos [2r(my — ma)AT]
= Jrect- (1 — |m1 — ma|p) cos [2m(m1 — ma)q]. (A20)

The fourth moment of the narrowband interference is given
by

E [, Gms g Jm.]
= (2J)2E{d(t + m,T.) cos 27 (fo + A)(t + m1Te) + 6]
d(t + maoT.) cos 27 ( fo + A)(t + meT,) + 0]
~d(t +m3sT,) cos 2x(fo + A)(t +maT.) + 0]
Sd(t + myT,) cos 27 (fo + A)(t + maTe) + 0]}
= (J?/2)E[d(t +miT.)d(t + m2T)
cd(t 4+ msT)d(t + maT,)]
{cos [2r(m1 + ma — m3 — m4)q]
+ cos [27(my — ma + m3 — my)q]
(A21)

+ cos [2m(m1 — ma — ma + ma)ql}

Bit sequence and its delayed positions needed in the evaluation of the fourth moment (bp and b; are two independent adjacent bits).

where E[d(t + myT.)d(t + maT.)d(t + maT,)d(t + m4yT.)]
is the fourth moment of the binary sequence, j(f). As shown
in Fig. 7, d(t + myT.)d(t + maTe)d(t + maTe)d(t + maTe)
depends on both the random position and the value of j(t) at
any instant of time. Assuming 2M T, < T, one obtains

Eld(t + miT.)d(t + maT,)d(t + msTe)d(t + maT,)]
— hg|Te /Ty + e — s|T./T;)
M |p) (A22)

= rect(1 — |y
= rect(1l — |ty — thalp + | —

where {1, Mo, Mg, Ma} = {m1, ma, ms, ma} and 1hy >
mg > Mo 2 M.

APPENDIX B

. CK
CONDITIONAL VARIANCE OF Y i=i [}, =

k<i

CK L
[EPYERN

I, ; can be written as

L= \/éﬁ[AkiCOS (¢pi) + Byicos ()]

(v, e, K)I,; (BD
where
al A k
Z (atm + Um) b;c )7-0 ay(.)a;_)n_m_1

3=0

k
R

b Z Do
J=n+1

T. - 7o) Zan N

(B2)

and where n = int [%] and 79 = Z—n. The conditional

variance of [ . i» conditioned on {a]@}, {a§k)}, 7o, and {vp, },
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is given by

7 2
E[(Ik,i) {agk)},{ay)},‘ro,{vm}]
M M
mi=—M mo=—M

Z Z a(t) (z) L) ol®
jl~n mi— 1 ja—n—mao—1

J1=0j2=0

(am] + Um,y )(amz + Umz)

n—1 n-1
(z) (1) (k) (k)
+(Te _TOEZ(L gy —n—my Yo —n—my
J1=0 j2=0
—I—Z(TC—T())TO
n n—1

az)a al at®
J17Lm1172'n,m2

71=072=0
N—1

2 Z E : () @)
+7—0 0,]1 ajz a]l —N =TTy — 1a]2 n—mao—1
Ji=n+1jo=n+1

N—-1N-1

7 [ k k
+(TC_T0)ZZ Z (l( )0,( )aﬁl)n mlaggjn -

Jji=nja=n
+2T0(Tc—70)
-1 N-1 ) )
1) (2) (k k
E Zalazafn)n my— 1a§2)n mo f° (B3)

J1=n+1jz2=n

Therefore

)
E[ij

{a_(,/.i)},Tg,{qzm}:l
M
=m0+ 1) D> (am+ o)
m=—M
M M

2

my=—M mo=—M
maFEm

2257, ® 0
70

@5 % (mo—my)

(am1 + Uml)(amZ + Umz)

7=0
- TO Z (O(m + Um
f Yy

my=—M mo=—M
moFmy

n—1
' Z agl)ajﬂmz*ml)
7=0

(amx + Uml)(amQ + Umz)(Tc - 7'0)2

M

Z (O‘m + Um)(am+1 + Um+1)
m=—M
+ 27‘0(Tc — 7’0)

M M
Z Z (am1 + Um1)(am2 + vmz)

my=—M mo=—-M
mo#Emy

+ 2T0(Tc —_ To)n

(),
Za RS
M

+70(N —n—1) Z o?
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M M
+ 7—(% Z Z (am, + Umy ) (@ma + Um,y )

my=—M ma=-M
mo#EMy
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Z @5 0yt (ma—ma)
j=n+1

M
+(Te=To)*(N=n) Y (om +vm)?
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YMTO Z Z
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moFmy
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M M
' Z Z (aml + Um1)<o‘m2 + Umg)

mp=—M mo=-M

moFAmy 41
= 0 0

S aldd (B4)
3=0

Jj#EN

Note that for large processing gains, terms roughly of the form
NZN ! 57) Y_)m for j; # 0, mod N, are approximately
zero, since they correspond to an out-of-phase correlation of
the spreading sequence. Therefore, we can approximate

£ \2
E[(Ik,i) {ags)}ﬁm{“m}}
M
z (am+vm)2
- M
+N(TC—T0)2 Z (O + U )
m=—M

+2(N — 1)7‘0(Tc_— 70)
M

> (o + vm)(@mi1 + Umpa)
m=—M

(BS)

and thus

B\,

{a(”} {vm}]
2
o X |2
m=—M

M

+1 D (om + vm)(@mir + Umi)
m=—M

(B6)

Note that £ [(I i) } is not a function of {ag-i)}.

{a{7} {om}

Finally
2
CK
E||Y I
221 {agi)}v{vm}
2
CK L
=E|| DD L
k=1 l_
% {vm}
CK L
PA% (24 p)TED ) Ele(, cx, b))
iz =
RN
|:( k',l) {agl)}:{vm}
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= 4[(L+ (V)KL = LIP(A%/2+ p)Ty
M
Z O, + Um)2
m=—M
1 M
5 Z am + Um)(am+1 + Um+1) (3N)
m=—M
(B7)
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