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Abstract
Let R(T), D(T) be respectively the radius and diameter of a nontrivial tree T" and I(T") =
2 uev(T) 1/d(u) be the inverse dual degree, where d(u) = (Xven(u) d(v))/d(u) for each u €
V(T). In this note we prove that

R(T)+1/3, if D(T) is odd
ir) = { R(T)+5/6, if D(T) is even,

with equality if and only if 1" is a path of at least 4 vertices. This inequality strengthens a conjecture

of Graffiti.

Let G = (V(G), E(G)) be a simple, connected graph. The distance d(u,v) between two ver-
tices u, v of G is the minimal length of a path from u to v in G. The diameter D(G) of G is the
largest distance between any two vertices of . The radius R(G) of G is min,cy (¢) max,cy () d(u, v).
If SCV(G) and u € V(G) \ S, then we denote d(u,S) = minyeg d(u,v). The neighbours of
u € V(G) are vertices adjacent to w in G and the neighbourhood N(u) of v in G is the set of



neighbours of u. Since G is simple, the degree of w is d(u) = |N(u)|. The dual degree of u and the
inverse dual degree of G are respectively d(u) = (XCven@) d))/d(u) and I(G) = X ev () 1/d(u)
[2]. When ambiguity arises we use dg(u),dg(u), etc., to emphasize that the underlying graph
is G.

The main purpose of this note is to prove an inequality between D(T) and I(T). As a
consequence we get an inequality involving R(T") and I(7T) which strengthens the following

conjecture (see [1, 3, 4, 5] for results relating to Graffiti conjectures).

R(T)

Graffiti Conjecture 577 For any (nontrivial) tree T', I(T') > .
(There are examples of G which are not trees such that I(G) < R(G).)

In the following we suppose T is a (nontrivial) tree and P = vgv; ... vp is a path of maximal

length in 7', where D = D(T'). Then d(vy) = d(vp) = 1. Let

a = a(P)={veV(T)\V(P):dwv)>2},

- o Hisdw) 23,2<i<D-2}, ifD >4,
b = b(P)= { 0, otherwise,
B o {itd(w)=3,i=1,D—1}|, it D>2,
and = C(P)_{o, if D= 1.

Theorem I(T)> D(T)/2+ a/3 + +b/10+¢/12+5/6.

A caterpillar is a tree with the property that the removal of all degree-one vertices yields a
path, called the spine. Note that if T" is a caterpillar, then vy ...vp_1 is the spine. To prove the

theorem we need the following lemmas.

Lemma 1 Suppose T' is not a caterpillar (so in particular D(T') > 4) and w is a vertex not in
P such that d(u) > 2 and d(u, V(P)) is as large as possible. Let T' be the subtree obtained from
T by deleting all degree-one vertices adjacent to w. Then D(T) = D(T") and I(T) > I(T")+1/3.

Proof We first note that all but one neighbours of « have degree one, for otherwise there would
be a neighbour w of u not in P with d(w) > 2 and d(w, V(P)) > d(u, V(P)), violating the choice
of w. Suppose N(u) = {uq,...,un,v} where d(u;) =1, for ¢ € {1,...,m} and d(v) = r. Then



D(T) = D(T"). Let 0 = 3 cn(w)\{uy d(z). Since o +1 > 7, we have

I<T) n I(jll) 1 1 1 1
i=1 ET(;,%)_I_}_ (EIT(U) N 3;/ (u)) + EET(’U) A (U))
= ot G =9 T Gierg — o57)

— _1_ m r __r_
=1+ m+r T m+1 + (m—H" + m+o+1 a+1)
>1+-L—1_ 1

— m+r T m+1

Note that 1/(m + x) — 1/z is an increasing function of x and r > 2,m > 1. We have from the

inequality above that

I(T) — I(T")
1 1
v e e e
=27 mtD)(m+2)
> 1.

Q.E.D.

Lemma 2 Suppose T is a caterpillar but not a path and D = D(T) > 4. If d(vi) > 3 (re-
spectively d(vp_1) > 3) and let T' be the subtree obtained from T by deleting all degree-one
vertices adjacent to vy (respectively vp_1) excepting vy (respectively vp). Then D(T) = D(T")
and I(T) > I(T') + 1/12.

Proof Suppose d(v1) =m + 2 > 3,d(ve) = r,d(vs) = s. Then r,s > 2 and D(T) = D(T"). We
have

I(T) - I(T')

_ 1

_Z’L 1dT +ZZ O(dT(’U) ¥ )

dr (vi)
) +1(m+2 3) +1 (et — 70) + G — rLJrs)l
[(2(1711+2) (r+1)({n+r+1)) + r((r-i-l)(m-&-r-i-l) o (r+s)(m+r+s))]

= M5z ~ G
=z m(2gm+2) - 3(m+3))

o m(m+5)

- 61(m+2)(m+3)

> 1.

Q.ED.

Lemma 3 Suppose T is a caterpillar but not a path and D = D(T) > 4. If d(v1) = d(vp—1) = 2
and let T' be the subtree obtained by deleting all degree-one neighbours of v, where v, is the
vertex nearest to one terminal vertex of P such that d(v;) > 3. Then D(T) = D(T') and
I(T) > I(T") + 1/10.



Proof Without loss of generality we may assume o < L%J Let uq,...

, U be all the degree-one

neighbours of v,. We have d(vo—1) = 2. Let d(vq—2) =7 (r =1 if a = 2 and r = 2 otherwise),

d(va41) = 8,d(va42) = t. Clearly we have D(T)

= D(T"). If D > 5, then t > 2, hence we have
I(T) — I(T")
_xm 1 at1 1 1
= 2o Gyt 2ima (G T
m m
m-‘EQ + (m+7"+2 ; r+2) + (m+s+2 - s+2)
+ m+ss+t - si—l-t
2 2 2 2
mﬁz + (m+3 B 5) + (mﬁ;& - s+2)
S S
+(m+s+2 T st2
m(m+5)

3(m+2)(m+3)

15 1

6 — 10°

>

If D =4, then a straightforward calculation shows that

Now let us prove the main theorem. If T =

If D(T) = 2, then T is a star with a =b =0, c=1 and I(T) —

I(T) - I(T")

_ l—i- 4 2 2
t13 m—+3 ZL+2 m-+4

T8 (m+2)(m+3)(m+4)

> 15-

Q.E.D.
P, the path with n vertices, then

3/2, n=2
=< 1, n=3
5/6, n >4.

D(T)/2=12>¢/12+5/6. If

D(T) =3,T # Py, then a = b =0 and T has exactly two vertices with degree > 2. Suppose the

degrees of them are [ 4+ 1,m + 1. Then max{l,m} > 2 and

I(

I\/ Il

zJ)r +2(){ 3
m m
l+m+1+T+m+1 35
I+m+1 _71_m+1+2
L 5

276"

In the following we suppose T' is not a path and D = D(T) > 4. If T is not a caterpillar,

let u be the vertex not in P such that d(u) > 2 and d(u, V(P)) is as large as possible. Then

all but one neighbours of v have degree one. Removing from 7' all the degree-one neighbours of



u we get a subtree Ty with D(T) = D(Th),I(T) > I(Ty) + 1/3, according to Lemma 1. If T}
is not a caterpillar, then repeat this procedure until a caterpillar is obtained. It is clear that
after a steps we get a sequence T' = Ty, T1,...,T, such that each T;y; is a subtree of T; and
D(T;) = D(Tj4+1) and I(T;) > I(T;41)+1/3. So we have D(T') = D(T,) and I(T) > I(T,)+a/3.

If d(v1) > 3 in Ty, then delete all the degree-one neighbours of v except vyg. We get Ty i1
with the same diameter as T such that I(7,) > I(Tg4+1) + 1/12, according to Lemma 2. If
d(vp_1) > 3, we do the same thing. In this way ¢ subtrees are added to the sequence above and
we get T =T, T1,..., Ty, ..., Tare with D(T) = D(Tyie) and [(T) = [(Tyie) + a/3 + ¢/12.

Now we have dr,, . (v1) = dr,,.(vp—1) = 2and d7, (v;) = d(v;), 1 ¢ {1, D—1}. If T, is not
a path, then according to Lemma 3 we can delete all degree-one neighbours of some v, and obtain
a subtree Tyqcy1 with I(T,4c) > I(Taqer1)+1/10. Repeat the procedure until we obtain a path
P. When the process stops we get a sequence T' =Ty, 11, ..., Ty, ..., Tove, .oy Typery = P with
I(T) > I(Totc)+a/34¢/12 > I(P)+a/3+b/10+¢/12. Since I(P) = D(P)/2+5/6, as we have
just proved it for paths, and since D(P) = D(T'), we get I(T') > D(T)/24a/3+b/10+¢/12+5/6.
This completes the proof.

Note that R(T) = [D(T)/2] for any tree T and a,b, ¢ are non-negative integers. Hence we

have the following corollary.

Corollary For any (nontrivial) tree T

R(T) +1/3, it D(T) is odd
IT) 2 { R(T)+5/6, if D(T) is even,

with equality if and only if 7" is a path of at least four vertices.

This corollary tells us that I(T') — R(T') is bounded below. We point out that it is unbounded
above. In fact, for the full binary tree T' of height h > 3 we have I(T)— R(T) = 2"*2/5—-h—1/4,

which can be arbitrarily large as h tends to infinity.
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