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The focusing of electron flow in a symmetric p-n junction �PNJ� of graphene ribbon with different chiralities
is studied. Considering the PNJ with the sharp interface, in a armchair ribbon, the electron flow emitting from
�−L ,0� in n region can always be focused perfectly at �L ,0� in p region in the whole Dirac fermion regime, i.e.,
in whole regime E0� t, where E0 is the distance between Dirac-point energy and Fermi energy and t is the
nearest hopping energy. For the bipolar ribbon with zigzag edge, however, the incoming electron flow in n
region is perfectly converged in p region only in a very low energy regime with E0�0.05t. Moreover, for a
smooth PNJ, electrons are backscattered near PNJ, which weakens the focusing effect. But the focusing pattern
still remains the same as that of the sharp PNJ. In addition, quantum oscillation in charge density occurs due
to the interference between forward and backward scatterings. Finally, in the presence of weak perpendicular
magnetic field, charge carriers are deflected in opposite directions in the p region and n region. As a result, the
focusing effect is smeared. The lower the energy E0, the easier the focusing effect is destroyed. For the
high-energy E0 �e.g., E0=0.9t�, however, the focusing effect can still survive in a moderate magnetic field on
order of 1 T.
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I. INTRODUCTION

Graphene is a single layer carbon atom packed into hon-
eycomb lattice. From the point of view of its electronic prop-
erties in the low-energy regime, a graphene sheet is a two-
dimensional �2D� zero-gap semiconductor with the conical
energy spectrum around Dirac points, the corners of the hex-
agonal first Brillouin zone, and its quasiparticles are formally
described by the massless Dirac equation where the speed of
light is replaced by the Fermi velocity of graphene.1 The
detailed electronic properties of graphene have been re-
viewed in Ref. 2. Different from the usual zero-gap semicon-
ductor in which the electrons and holes are normally de-
scribed by separate Schrödinger equations with generally
different effective masses, the electrons and holes in
graphene are conjugately linked and described by different
components of the same spinor wave function,1 which means
they are interconnected as Dirac fermions in QED. So
graphene is a relativistic counterpart in the condensed-matter
system. So far, 2D graphene has been successfully fabricated
experimentally.3,4 By varying the gate voltage5 or doping the
underlying substrate,6 the charge carriers of graphene can be
easily tuned, the controllable ballistic p-n junction �PNJ� or
p-n-p junction �PNPJ� are also realized experimentally.7

Therefore, intriguing phenomena exhibited in the bipolar
graphene,7–14 such as microwave-induced reflection,8 specu-
lar Andreev reflection,9,10 Klein tunneling,11 Klein
backscattering,12 and negative refraction index effect,13 are
possible to be verified experimentally. In fact, a direct ex-
perimental observation of Klein tunneling has been realized
through an extremely sharp graphene PNJ.15

It was shown that due to the Berry phase �, which was
derived from the intersection of the energy bands at Dirac
points,16 the backscattering is absent.17 This naturally leads

to the so-called Klein tunneling11 or interband tunneling that
an incident electron tunnels from the conduction into the
valence band without backscattering. Because of the conser-
vation of momentum and energy, interband tunneling
through the p-n interface may resemble the optical refraction
at the surface of metamaterials with negative refractive
index.18 In another word, the Klein paradox gives rise to the
negative refraction.19 This means that an interface of the
symmetric PNJ perpendicular to the current flow is able to
focus the electric current whereas a ballistic strip of p-type
graphene separated by two n-type regions acts as a lens.
These intriguing phenomena have been described in Ref. 13,
in which the Kubo formula was applied to the single-particle
Dirac-like Hamiltonian of graphene. It means that for an in-
finite 2D graphene system with ideal conical energy spec-
trum, i.e., in the very low energy regime, the electrons emit-
ting from source are perfectly focused at the mirror
symmetric point of the symmetric PNJ. For the realistic
graphene system, however, one cannot separate electrons and
holes close to Dirac point due to the electron-hole puddles20

�about tens of meV, Ref. 21�. Of course, we can experimen-
tally increase the density of electrons and holes by the gate
voltage to evade from the puddle region. However, in the
high-density case, the energy spectrum deviates from the lin-
ear relation. Hence, the effect due to the nonlinear dispersion
should be examined. For this purpose, we will use the tight-
binding Hamiltonian to study the graphene-based PNJ. In
addition, considering the chirality of graphene ribbon, it is
better to use the tight-binding Hamiltonian to describe the
transport processes along different chirality directions.

In this paper, using the tight-binding model, we carry out
a theoretical study on the focusing effect of electron flow in
the graphene ribbon with a symmetric PNJ. Due to the
chirality of graphene, the focusing effects may be different
for the zigzag ribbon and the armchair ribbon. Indeed, it is
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found that for the armchair ribbon with a sharp p-n interface,
the electron flow emitting from �−L ,0� in n region can al-
ways be focused perfectly at �L ,0� in p region for all energy
E0= �EF−Ep/n�� t. For the zigzag ribbon, however, the elec-
tron flow is perfectly focused only in the very low regime
�E0�0.05t�. Furthermore, the perfect focusing in the bipolar
ribbon is robust against disorders induced by the random
potential. But the edge disorders drastically affect the perfect
focusing. For a smooth PNJ, electrons are backscattered
close to PNJ at a distance proportional to ky and interface
width d.22 In this case, a quantum interference between for-
ward and backward scatterings is present and the intensity of
the focused spot is weakened, but the focusing pattern keeps
almost. Finally, in the presence of a weak perpendicular
magnetic field, the momentum ky is no longer conserved.
Consequently, particles are deflected in opposite directions in
the p region and n region, which destroys the perfect focus-
ing especially in the low-energy regime.

The rest of the paper is organized as follows. In Sec. II,
the model system including bipolar graphene ribbon in the
tight-binding representation with attached source or detector
terminal is presented. The formalisms for calculating the lo-
cal particle density, the local current-density vector, and the
local conductance are then derived. Section III gives numeri-
cal results along with some discussions. Finally, a brief sum-
mary is presented in Sec. IV.

II. MODEL AND FORMALISM

In order to study the scattering due to PNJ, we consider
two kinds of open bipolar graphene systems �armchair and
zigzag ribbons� as shown in Fig. 1. The bipolar graphene
ribbon consists of semi-infinite electronlike ribbon �orange
region� and semi-infinite holelike ribbon �green region��
along x direction with a sharp p-n interface located at x=0.
Electron flow is injected into graphene system from a source
lead located at �−L ,0� in the n region. Here, we assume that
the source lead and the bipolar ribbon are in contact with six
lattices �see the blue area in Fig. 1�. The injected electrons in
the n region can spread in all directions. Because of the open
boundary condition, left-going electrons can finally escape

into infinite graphene electrode while right-going electrons
�shown in Fig. 2� can then be scattered only by p-n interface
�thick black line�. Consequently, the response signals are
converged around the symmetric site �L ,0� �red area in Fig.
1�. In order to investigate the focusing current, we couple a
detecting electrode locally in the p region and study the local
current �conductance� flowing from that electrode. Clearly,
the local current depends on the coupling position of the
detecting electrode.

The total Hamiltonian including the infinite graphene rib-
bon in the tight-binding representation23 and the source-drain
electrode that is expressed in k space with the free-electron
model can be written as

H = �
i

�iai
†ai − �

�ij�
tei�ijai

†aj + �
�,k

���,kd�,k
† d�,k

+ ��ai�
† d�,k + H.c.�� , �1�

where i= �ix , iy� is the index of the discrete site on the hon-
eycomb lattice which is sketched in the Fig. 1 and ai and ai

†

are the annihilation and creation operators at the site i. Here,
�i in the first term of Eq. �1� is the on-site energy �i.e., the
energy of the Dirac point� which can be controlled experi-
mentally by the gate voltage. In the n region or p region far
away from PNJ, all the on-site energies are the same with
�i=En or �i=Ep. Near PNJ, �i changes from En to Ep abruptly
or smoothly for the sharp PNJ or smooth PNJ, respectively.
The second term in Eq. �1� is the nearest-neighbor hopping
term with the hopping energy t and �ij� denotes the nearest-
neighbor lattice sites. When the graphene ribbon is under a
uniform perpendicular magnetic field Bz=B, a phase �ij is
added in the hopping term and �ij=	i

jA� ·dl�/�0 with the vec-
tor potential A� = �−By ,0 ,0� and the flux quanta �0=� /e. Fi-
nally, the last term in Eq. �1� represents the Hamiltonian of
the source and detector leads described in the k space and
their coupling to the graphene lattices i�. Here, �=s ,d rep-
resent source and detecting electrodes and d�,k �d�,k

† � is the
annihilation �creation� operator of the electrons in the elec-
trode �.

When the electron flow is injected from the source elec-
trode into the graphene in the n region, the response signal is
induced everywhere in the p region. To make a thorough
study on the focusing effect, we consider three physical
quantities in the p region: �1� the local current-density vec-
tor, �2� the local particle density, and �3� the local current
�conductance� of the detecting electrode. For quantities �1�
and �2�, we consider the system without the coupling of the
detecting electrode so that the influence of the detecting elec-
trode can be eliminated.

FIG. 1. �Color online� Schematic diagram of the graphene PNJ
�a� in an armchair ribbon and �b� in a zigzag ribbon. The graphene
ribbon is along x direction and sharp p-n interface is located at x
=0. The electron flow injected at �−L ,0� �blue area� in the n region
�orange lattice region� is focused around the symmetric site �L ,0�
�red area� in the p region �green lattice region�.

FIG. 2. �Color online� After injecting from the source lead in the
n region, the right-going electrons are scattered by the PNJ and
boundary of the bipolar graphene ribbon.
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A. Local current-density vector

The general current-density vector Jij from the site i to its
nearest-neighbor site j can be expressed as24

Jij =
e

h

 dE�Gij

��E�Hji − HijGji
��E��

= 2
e

h
Im 
 dE�tei�jiGij

��E�� , �2�

where e is the electron charge and Gij
� is the matrix element

of the lesser Green’s function of the scattering region. Be-
cause the graphene ribbon is translation invariant in the p /n
region, the central scattering region can be chosen arbitrarily
as long as the source sites is and the detector sites id are
included. From the Keldysh equation, the lesser Green’s
function is related to the retarded and advanced Green’s
functions

G��E� = Gr�E���
�

��
��E��Ga�E� . �3�

Here, the sum indices �=L ,R ,s denote the left and right
graphene lead and source lead with ��d because of the
decoupling of the detector lead. The retarded Green’s func-
tion Gr�E�= �Ga�E��†= EI−H0−����

r �E��−1, where H0 is
Hamiltonian matrix of the central scattering region, I is the
unit matrix with the same dimension as that of H0, and ��

r is
the retarded self-energy function from the lead �. 	�

r can be
obtained from �L/R

r �E�=Hc,L/RgL/R
r �E�HL/R,c, where Hc,L/R

�HL/R,c� is the coupling from central region �lead L /R� to
lead L /R �central region� and gL/R

r �E� is the surface retarded
Green’s function of the semi-infinite lead which can be cal-
culated using a transfer-matrix method.25 Concerning the
source lead, we take the wide-band approximation, then the
nonzero elements of self-energy matrix �s

r�E�=−i�s /2 is en-
ergy independent, where linewidth function �s=2��2
s�EF�.
��

��E� in Eq. �3� is the lesser self-energy of the lead �.
Because the isolated lead is in the equilibrium, ��

� can be
obtained from the fluctuation-dissipation theorem

��
��E� = ���

a�E� − ��
r �E��f��E� = i���E�f��E� , �4�

with ��
a =��

r,† and f��E�= f0�E−eV��, where f0�E�
=1 / �exp�E /kBT�+1� is the Fermi distribution function. V� is
the external bias in the terminal �. Since we are interested
only in the local response due to the source flow, the external
biases are set as Vs=�V and VL/R=0. In calculating transport
properties, we divide G��E� into equilibrium and nonequi-
librium parts as

G��E� = Gr�E��if0�E��
�

���E��Ga�E� + Gr�E�

��i�
�

f��E� − f0�E�����E��Ga�E� , �5�

where the equilibrium term does not contribute to the trans-
port and can be dropped out from now on. It is the nonequi-
librium term that gives rise to the system response to the
electron injection from the source lead. Because of Vs=�V
and VL/R=0, we have

G��E� = iGr�E��fs�E� − f0�E���sG
a�E� . �6�

Substituting Eq. �6� into Eq. �2� and considering the limit of
small source bias, the local current-density vector Jij �or the
local conductance density vector Jij /�V� can be expressed in
the following form at zero temperature:

Jij/�V =
2e

h
Imtei�ji�Gr�EF�i�sG

a�EF��ij� . �7�

It should be noted that the current density Jij in Eq. �7� is
defined between the lattice sites i and j with the direction
from site i to j. In order to obtain the local current-density
vector Ji at the site i, we take the weighted average on Jij
over all the nearest neighbors j.

B. Local particle density

The local particle density �i.e., the electron occupation
number� is defined as


i = − ie
 dE

2�
Gii

��E� , �8�

where Gii
� is the diagonal element of the lesser Green’s func-

tion G� in Eq. �3�. Similar to the derivation of local current-
density vector Jij /�V, here we consider only the variation of
the local particle density caused by the electron injection
from the source lead. At zero temperature and the small bias
�V limit, substituting Eq. �6� into Eq. �8�, the variation of the
local particle density is expressed as

�
i/�V � �
i�Vs = �V� − 
i�Vs = 0��/�V

=
e2

2�
�Gr�EF��sG

a�EF��ii. �9�

Since the Hamiltonian is defined at discrete lattice sites,
the local quantities can also be defined at each lattice site.
Such a local quantity is feasible but not necessary. In fact, for
graphene, we can define the “local” quantity by averaging
over six discrete sites in a unit cell of honeycomb lattice.
This average can eliminate the strong variation of local quan-
tities in the A and B sublattices. Now every local site can be
determined from the coordinates �x ,y� shown in Fig. 1. For
example, the local injection area displayed in a blue area in
Fig. 1 is located at �−3,0� in Fig. 1�a� and �−5,0� in Fig.
1�b�. In the whole lattice region in Fig. 1, there are 7�3 and
11�3 units in Figs. 1�a� and 1�b�, respectively.

C. Local conductance

Concerning the local conductance, the detecting lead d is
coupled to the graphene ribbon in the p region. Similar to the
local particle density, here the detecting lead also couples to
six sites id in a unit cell of honeycomb lattice. The current
flowing to the detecting lead d can be expressed as
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Jd =
e

�
�
kd

�Gid,kd

� �t1,t2�Hkd,id
− Hid,kd

Gkd,id
� �t1,t2��t1=t2

=
e

�
�
kd

Gid,kd

� �t1,t2�� − �Gkd,id
� �t1,t2�t1=t2

. �10�

Using the Dyson equation in the time contour, we can get the
Landauer-Büttiker formula26 which is expressed in terms of
nonequilibrium Green’s functions

Jd =
e

�
�
�

 dE

2�
Td,��E��fd�E� − f��E�� , �11�

with �=L ,R ,s representing the left and right graphene leads
and source leads. Since we shall concentrate only on the
response current induced by the current injected from the
source lead, we use the following boundary conditions:
VL,R=Vd=0 and Vs=�V. The current now becomes

Jd =
e

�

 dE

2�
Td,s�E��fd�E� − fs�E��� , �12�

where Td,s is the transmission coefficient from the source
lead located at the site is to the detecting lead located at the
site id which can be calculated from Td,s�E�
=Tr��dGr�E��sG

a�E��, where Ga=Gr† is the advanced
Green’s function in the scattering region. In the wide-band
limit, the linewidth function �s/d�E�= i��s/d

r −�s/d
r† �

=2��2
s/d�EF�. Here, fs/d�E� in Eq. �12� is the Fermi distri-
bution function of the source and detecting lead and fs�E�
= f0�E−eVs� and fd�E�= f0�E�. Considering the zero tempera-
ture and small bias Vs limits, local conductance contributed
by the source electron flow can be expressed as

Gid
= Jd/�V =

e2

h
Td,s�EF� . �13�

III. NUMERICAL RESULTS AND DISCUSSION

In the numerical calculations, we set the nearest-neighbor
carbon-carbon distance a=0.142 nm, the second nearest-
neighbor distance b=�3a�0.25 nm, and the hopping en-
ergy t=2.75 eV as in a real graphene sample.5 In this paper,
we consider only the focusing effect of the symmetric PNJ,
in which the electron density of n region is the same as the
hole density in p region, i.e., 
e=
h. For simplicity, we set
EF=0. Hence, in the n region far away from PNJ, the on-site
energy �i=En=−E0, while �i=Ep=E0 in the p region far
away from PNJ. Near PNJ, �i changes from −E0 to E0
abruptly �smoothly� for the sharp �smooth� PNJ.

Experimentally, it is more convenient to measure the elec-
tric conductance. So, in order to detect the focusing effect by
a single PNJ in graphene, one can use a small electric contact
�such as a STM probe� as a source of electron flow in the n
region and another local probe located in the p region as a
detector. Electric conductance between the two contacts
measures the transmission probability for a charged carrier
from the source to the detector. Numerically, we have calcu-
lated the local conductance Gid

and confirmed that the distri-

bution of local conductance is similar to that of the local
particle density �
i /�V. For this reason, only the numerical
results on local particle density are shown in this paper. In
addition, in order to visualize the focusing process, we also
show the distribution of local current-density vector in the p
region.

A. Focusing effect in very low energy regime

Now we study the focusing effect in the graphene ribbon
with a sharp PNJ. For a zigzag ribbon or an armchair ribbon
with sharp and symmetric PNJ, the spacial distribution of the
local particle density �
�x ,y� /�V in p region due to electrons
coming from the source lead is shown in Figs. 3�a� and 3�b�,
respectively. Following observations are in order. First of all,
electrons injected at �−L ,0� in n region can be focused
around �L ,0� shown as red spot in Fig. 3 which is similar to
Ref. 13. This is because the Fermi energy EF is close to
Dirac energy E0=0.05t so that the energy dispersion is nearly
linear, i.e., E0�kb

�3
2 t, where k is module of momentum vec-

tor k. The charged carriers scattering through PNJ can mimic
the refraction of light by left-handed metamaterials with re-
fraction index equal to −1. Second, besides the focusing spot
�red and green regions�, there is also a weak interference
pattern �blue wave pattern� shown in Fig. 3, which is differ-
ent from Ref. 13 in which the wave pattern is absent. In fact,
the wave pattern is solely due to the boundary of the nanor-
ibbon. When an electron is injected from the source area, it
can propagate in all directions and the right-going electrons
can be scattered by either the boundary of nanoribbon �thin
black lines� or sharp PNJ �thick black line� as shown in Fig.
2. In the p region, interference pattern is due to the interfer-
ence between the state scattered by both boundary and PNJ
�thick blue lines� and the state scattered only by PNJ �thick
red lines�. The spacial period of the interference is propor-
tional to the momentum k or E0. Finally, the focusing phe-
nomena in zigzag ribbon are slightly different from that of
armchair ribbon: the electron flow is perfectly focused in

FIG. 3. �Color online� Distribution of local particle density
�
�x ,y� /�V in a graphene ribbon with a single sharp PNJ at x=0.
�a� Zigzag ribbon with ribbon width W=500�3a. The source flow
is injected from the honeycomb unit cell at �−800b ,0� and focused
around the spot located at �800b ,0�. �b� Armchair ribbon with rib-
bon width W=501b. The source flow is injected from the honey-
comb unit cell at �−320�3a ,0�. The other parameter used: E0

=0.05t.
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armchair ribbon �panel �b��, but cannot be fully focused in
the zigzag ribbon �panel �a��. This is because the energy-
band structures are different for the armchair ribbon and zig-
zag ribbon. In the following, we will examine the different
focusing effects in detail.

B. Focusing in zigzag ribbon

When Fermi energy is gradually moved away from Dirac
point, the energy spectrum is not ideal conical anymore. In
Fig. 4, we plot the contour lines of dispersion relation
E�kx ,ky� of graphene sheet27 with energy interval between
nearest contour lines �E=0.1t. Panel �a� is for the graphene
sheet with the carbon-carbon bond along the x direction
which corresponds to the armchair graphene ribbon and
panel �b� is for the graphene sheet with the carbon-carbon
bond along the y direction corresponding to the zigzag rib-
bon. The deviation of ideal conical energy spectrum is
clearly exhibited even at small energy E=0.2t �the second
small contour lines around the Dirac points K and K� show
anisotropy behaviors�. Since the p-n interface at x=0 is
along y direction, the y component of momentum, ky, is con-
served during the scattering. As a result, the incident wave
vector kx,in, the reflecting wave vector kx,r, and the transmit-
ting wave vector kx,t must lie on the black dotted lines in Fig.
4. When an electron with energy E=EF, velocity �vx ,vy�, and
corresponding momentum �kx,in ,ky,in� with respect to Dirac
point K injects from n region and is scattered at the p-n
interface, according to the identical direction of Vx, we can
solve the reflecting and scattering momenta kx,r and kx,t using
the energy conservation and ky conservation. For the zigzag
ribbon �corresponding to Fig. 4�b��, kx,in can be intrascattered
to kx,r/t around K �K= � 2

3
2�
b ,0�� valley or interscattered to

kx�,r/t in K� �K�=−� 2
3

2�
b ,0�� valley. The interband scattering

state is symmetric which satisfies kx,r/t� =−kx,in. The intraband
scattering, however, exhibits asymmetric properties that
�kx,r/t�kx,in+kx,r/t�0 or vx,in�−vx,r, vx,in�vx,t for any fixed
ky. In Fig. 5, we plot the asymmetric relation between kx,in
and kx,r/t

intra in the intraband scattering and the symmetric rela-
tion between kx,in and kx,r/t

inter in the interband scattering. We

see that in the intraband scattering, the larger the ky, the
larger the derivation �kx,r/t

intra is, while in the interband scatter-
ing, kx,r/t

inter is always equal to −kx,in for all ky. It is known that
interband scattering is weak28 in pure samples due to the
large momentum shift, so the asymmetric intraband scatter-
ing is dominant in zigzag ribbon PNJ. As a result, the refrac-
tion index cannot be strictly equal to −1 and the charge flow
cannot be fully converged at the symmetric spot. In Fig. 6,
focusing effects for E0=0.1t and E0=0.2t are plotted, respec-
tively. Comparing Figs. 6�a� and 6�b�, we see that it is more
difficult to focus the electron beam for larger momentum k
�energy E0�.

C. Focusing in armchair ribbon

For the armchair ribbon �corresponding to Fig. 4�a��, only
intraband scattering occurs. Now kx,in can be symmetrically
intrascattered to kx,r/t in K valley with −kx,in=kx,r=kx,t, since
kx in Fig. 4�a� is symmetric about kx=0. So, although the
energy dispersion of armchair ribbon is also not strictly lin-
ear at high energies as in zigzag ribbon, due to the symmetric
scattering, the focusing effect is always perfect in armchair
ribbon for all E0� t �i.e., in Dirac fermion regime�. Further-
more, with increasing of E0, the electron flow coming from n
region shows better convergence in the p region with smaller

kx (π/b)
−1 0 1

−1

0

1

kx (π/b)

ky
(π

/b
)

−1 0 1

−1

0

1

0.5

1

1.5

2

2.5

3
(b)(a)

FIG. 4. �Color online� Contour of dispersion relation E�kx ,ky� of
graphene sheet. The energy interval between nearest contour lines is
�E=0.1t. �a� E�kx ,ky� of the graphene sheet with the carbon-carbon
bond is along the x direction corresponding to armchair ribbon or
Fig. 1�a�. �b� E�kx ,ky� of the graphene sheet with the carbon-carbon
bond is along the y direction corresponding to zigzag ribbon or Fig.
1�b�.

FIG. 5. �Color online� Scattering momenta kx,r/t
intra and kx,r/t

inter vs
injecting momentum kx,in for the zigzag ribbon with sharp PNJ. In
the interband case, kx,r/t

inter=−kx,in for all conserved ky �red line�.
While in the intraband case �black lines�, kx,r/t

inter is not equal to −kx,in.
Different black lines along the black arrow correspond to ky =0,
0.1 /b, 0.15 /b, and 0.2 /b, respectively.

FIG. 6. �Color online� Contour of local particle density in zigzag
ribbon with a sharp PNJ for �a� E0=0.1t and �b� E0=0.2t.
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focusing spot and stronger intensity. Furthermore, The spa-
cial period of the interference pattern is proportional to the
momentum k or E0, which can be clearly seen by comparing
Figs. 3�b�, 7�a�, and 7�b�.

Roughly speaking, two energy regimes are considered for
the Dirac Fermion according to band structure of graphene:
�1� “Near-linear dispersion” regime 0�E0�0.5t, where E0

�kb
�3
2 t. �2� “Beyond linear dispersion” regime 0.5t�E0� t

where the energy spectrum is nonconical. The focusing ef-
fects corresponding to these two regimes are plotted in Figs.
7 and 8, respectively. In the first regime, with the near linear
dispersion relation, velocity vx or vy is roughly a constant
and ky,in /kx,in�vy,in /vx,in, ky,t /kx,t�vy,t /vx,t. For the symmet-
ric scattering �kx,in=kx,t� in the armchair ribbon, refraction
index n�−1, giving rise to the convergent spot shown in
Fig. 7. When E0 is large enough �larger than 0.5t�, energy
spectrum is nonconical and velocity now depends on mo-
mentum. This leads to a different focusing effect shown in
Fig. 8 in which crossed focusing zone is present.

In order to show the focusing of the electron flow vividly,
instead of the contour of local particle density in Figs. 7�b�
and 8�b�, the quivers of local current-density vector around
the convergence spot in p region are plotted in Figs. 9 and
10, respectively. For demonstration purpose, the local current
density is plotted at every other site. The arrow on each site
denotes the local current-density vector whose module and
direction are described by the size or color and orientation of
the arrow, respectively. In the low-energy regime �Fig. 9�, the
vectors of local current density converge conically to the

focusing spot �red spot in Fig. 7�b��. On the other hand,
current density is converged mainly from four crossed cor-
ners in the high-energy regime �Fig. 10�. Furthermore, com-
paring Figs. 9 and 10, it is clear that electron flow with larger
E0 gives better convergence.

D. Effect of disorders in armchair nanoribbon

As discussed in the previous sections, the clean graphene
PNJ is investigated. In a real device, the disorder is always
present. In this section, we study the disorder effect on the
perfect focusing in the armchair nanoribbon. We consider
two kinds of disorders: one is induced by random on-site
potential ��i and the other is due to the edge defect.29 The
random on-site potentials ��i with a uniform distribution �
−w /2,w /2� are added near PNJ within the width of 18a,
where w is disorder strength. The edge defect is modeled
through missing atoms on the graphene edge. We model the
missing atom by setting the corresponding hopping matrix
elements to zero. The edge roughness is controlled by p, the
probability of a missing atom on the outermost row �the red
line in Fig. 11�. For both on-site potential disorder and edge
defect, all data are obtained by averaging over 500 configu-
rations.

In Fig. 12, we plot the contour of local particle density in
armchair ribbon with a sharp PNJ for E0=0.5t �same as in

FIG. 7. �Color online� Contour of local particle density in arm-
chair ribbon with a sharp PNJ for �a� E0=0.1t and �b� E0=0.2t.

FIG. 8. �Color online� Contour of local particle density in arm-
chair ribbon with a sharp PNJ for �a� E0=0.5t and �b� E0=0.9t.
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FIG. 9. �Color online� Instead of contour of local particle den-
sity in Fig. 7�b�, the quiver of local current-density vector around
convergence spot is plotted.
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FIG. 10. �Color online� Instead of contour of local particle den-
sity in Fig. 8�b�, the quiver of local current-density vector around
convergence spot is plotted.
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Fig. 8�a�� in the presence of random on-site potential disor-
der. In Fig. 12, the width of armchair ribbon is set to 105b
and the source flow is injected from the honeycomb unit cell
at �−210a ,0� and focused around the spot located at
�210a ,0�. Panels �a�, �b�, �c�, and �d� correspond to different
disorder strengths w=0, 0.2, 0.5, and 1.0. For the small ran-
dom potential strength w �e.g., w=0.2�, the interference pat-
tern and the focusing spot can be well kept. On the other
hand, for large w �e.g., w=1.0�, we can see that the random
potential disturbs the interference between forward and back-
ward scatterings, so the interference pattern is smeared,
which increases the density of state outside the focusing
spot. Consequently, the intensity of focusing spot decreases.
However, we emphasize that although random potential dis-
turbs the interference pattern and reduces the intensity of the
focusing spot, the focused spot is clearly visible and its size
still remains unchanged. It means that the focusing effect is
robust against random potential, especially in the weak dis-
order case.

In Fig. 13, we plot the contour of local particle density in
the presence of edge defect for E0=0.5t. Panels �a�, �b�, �c�,
and �d� are corresponding to the different probability p of a
missing atom on the outermost row with p=0, 0.1, 0.2, and
0.5. We find that in the presence of edge disorder, the size of
focusing spot increases clearly and the focusing intensity is
greatly reduced. So the effect of the edge defect on the fo-
cusing effect is more significant than that of the random po-
tential. But the focusing spot and interference pattern still
survive and are clearly visible �see Fig. 13�d�� even in the
strong edge defect case with p=0.5.

To estimate the disorder strength needed to reduce the
intensity of focusing spot, in Figs. 14�a� and 14�b�, we plot
the maximum value �the value at the focusing spot central
�L ,0�� of the focused spot local density of states �LDOSmax�
vs strength of random potential w and the probability of a
missing atom p. Considering the computational cost, here we
take 200 configurations and label the error bar. From Fig.
14�a�, we find that for weak random potential �when w
�0.5�, LDOSmax hardly changes with w and focusing effect
remains unchanged �see Figs. 12�a�–12�c��. Beyond the weak
disorder regime �w0.5�, LDOSmax declines abruptly and
focusing effect cannot be kept as good as in the weak disor-
der regime �see Fig. 12�d��. On the other hand for the edge
defect �see Fig. 14�b��, we can see that the electron beam can
be focused perfectly at p=0 and p=1 because the graphene
ribbon edges are intact at both p=0 and 1. When p increases
from 0 to 1, more and more atoms in edge are missing until
two edges are completely peeled. Correspondingly, LDOSmax
decreases first and then increases since the edges are the
most random when p is around 0.5. We notice in Fig. 14�b�,

FIG. 11. �Color online� �a� Sketch of edge in the scattering
region with zigzag edge. �b� Sketch of edge in the scattering region
with armchair edge.

FIG. 12. �Color online� Contour of local particle density in the
armchair ribbon with a sharp PNJ for E0=0.5t. �a�, �b�, �c�, and �d�
correspond to random on-site potential strengths w=0, 0.2, 0.5, and
1.0, respectively.

FIG. 13. �Color online� Contour of local particle density in arm-
chair ribbon with a sharp PNJ for E0=0.5t. �a�, �b�, �c�, and �d�
correspond to p=0, 0.1, 0.2, and 0.5, respectively.
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comparing to LDOSmax near p=1, LDOSmax is reduced faster
near p=0. It means that the vacancy defect �a few atoms are
missing on edges� destroys focusing effect more significantly
than the adsorption defect �a few atoms are attached to
edges�.

E. Focusing of armchair ribbon with smooth PNJ

Up to now, we have studied focusing effect by the sharp
PNJ. But in realistic graphene-based PNJ or PNPJ, the po-
tential changes smoothly from En to Ep within a width d. The
width d is of the order of the separation between the
graphene layer and the top gate and d� tens nm.7 In such a
smooth PNJ, backscattering is present near PNJ in the dis-
tance proportional to ky and interface width d, which reduces
the possibility of Klein tunneling. For a linear electrostatic
potential U�x�= �vkF /d�x, the angular dependent transport
probability11 T���=e−��kFd�sin2���, where � is incident angle. It
is obvious that the smooth PNJ will reduce the intensity of
the focused electron beam due to the decreased transport
probability T���. It appears that it also increases the size of
the focused spot. Actually, it is not the case due to the fol-
lowing reason. For a single n-p junction �whether smooth or
sharp�, the electrons �holes� with an energy equal to the
chemical potential �=0 and momentum kx=kF cos��� trans-
port from conduction �valence� band to the valence �conduc-
tion� band with the conserved ky =kF cos��� but kx�=−kx,
leading to the almost unchanged focusing pattern, as shown
in Fig. 15.

The smooth PNJ can be modeled by smoothly varied
Dirac energy U�x� across the PNJ. In the numerical calcula-
tion, we use the following U�x�:

U�x� = �− E0�1 + sinh� x0

L
�/sinh� x − x0

L
�� , x � 0

E0�1 − sinh� x0

L
�/sinh� x + x0

L
�� , x � 0,�

�14�

where L is the distance between source probe located at �
−L ,0� and PNJ at x=0. In Fig. 15�a�, with L=320
�0.43 nm, U�x� for different x0 have been plotted. In Figs.
15�b�–15�d� with the same parameters used in Fig. 7�a� in
which the sharp PNJ is used, the contour of local particle
density is replotted for the smooth PNJ shown in Fig. 15�a�.
We can see that the quantum interference between the states
scattered by forward and backward scatterings is present.
The density of state outside focused spot is increased. More-
over, intensity of the convergent spot is reduced comparing
to that of sharp PNJ due to the reduced transmission prob-
ability. The wider the PNJ interface, the more the focusing
effect is reduced because of the smaller T���. For example,
when the PNJ width d=0, the maximum of local particle
density of state LDOSmax=0.0095 �see Fig. 7�a��, increasing
d gradually, LDOSmax=0.0068, 0.0035 �see Figs. 15�b� and
15�c��. When the PNJ width d is reaching to Fermi wave-
length �such that kFd�1, in Fig. 15, kF�1 / �15a��, the in-
tensity of focused electron beam decreases very slowly �see
Figs. 15�c� and 15�d��. For the very big d�1 /kF, the inten-
sity of focused spot decreases and its size increases continu-
ally. In addition, due to the Klein tunneling, the focusing
effect can still occur and the convergent contour is almost the

FIG. 14. According to Figs. 12 and 13, maximum values �the
value at the focusing spot central �L ,0�� of the focusing spot
LDOSmax vs the strength of random potential w �in panel �a�� and
probability of one missing atom p �in panel �b�� are plotted,
respectively. FIG. 15. �Color online� �a� Smoothly changed U�x� forming

smooth PNJ used in panels �b�–�d�, in which x0=0.25�3a, 0.75�3a
and 3�3a, respectively. ��b�–�d�� Contour of local particle density
in armchair ribbon for E0=0.1 �same to Fig. 7�a� where sharp PNJ
is used�. For different panels, smooth PNJs shown in panel �a� are
used, respectively.
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same as that of the sharp PNJ, although the intensity of fo-
cusing spot is reduced.

F. Focusing of armchair ribbon in the presence of small
perpendicular magnetic field

In the presence of small perpendicular magnetic field, the
momentum ky is not a conserved quantity. In this case, elec-
trons and holes are deflected in opposite directions due to the
opposite Lorentz force. So the injecting electron flow in the n
region now cannot be effectively converged in the p region
and the focusing spot is smeared. Considering the opposite
deflection for the electrons and holes, the smeared conver-
gent spot will move away from symmetric point �L ,0�. The
larger the size of scattering region, the focusing effect is less
significant because of the more deflection in the larger size.
On the other hand, the transmission probability T of a single
PNJ becomes magnetic field dependent on the field scale
B�= �� /e�kF /d with which the cyclotron radius lcycl
=�kF /eB becomes comparable to the width d of PNJ. The
maximum angle rotating away from normal incidence �max
= �arcsin�B /B��. The transmission probability of a bipolar
ribbon is suppressed as T�B�B���

W
d �1− �B /B��2�3/4, where

d is width of PNJ and W is width of ribbon.30 The influence
of transmission probability on focusing effect is mainly to
reduce the intensity of focused spot. So in the presence of the
weak magnetic field, not only the intensity of focused spot is
reduced but the focusing pattern is destroyed by the deflec-
tion of electron beam as well.

In Fig. 16, we plot the local particle density in the arm-
chair ribbon with small magnetic field for sharp and symmet-
ric PNJs. For the sharp PNJ, intensity of focused spot is
reduced not so severely as in the smooth PNJ. The magnetic

field B is expressed in terms of magnetic flux BS0 in the unit
of �0 /�, where S0= 3

2
�3a2 is the area of a honeycomb unit

cell and �0=� /e is the flux quanta. Here, BS0
=0.0001�0 /� corresponds to the magnetic field B=0.4T.
From Fig. 16, we can see that in the low-energy regime
�panel �a�, E0=0.2t�, the focusing effect is destroyed severely
and focusing effect is hardly destroyed in the higher-energy
regime �panel �b�, E0=0.9t� due to the less influence of mag-
netic field on electron flow with higher energy.

IV. CONCLUSION

In conclusion, using the tight-binding Hamiltonian, we
report the focusing of electron flow in zigzag or armchair
graphene ribbon with a single-symmetric PNJ. For a sharp
PNJ, in the very low energy regime ��EF−En/p�=E0�0.05�,
graphene ribbon exhibits almost conical energy spectrum and
the electron flow coming from n region can be converged in
the p region perfectly. When energy E0 increases, however,
energy spectrum gradually deviates from linear behavior.
And the band structures are different for zigzag ribbon and
armchair ribbon. For the zigzag ribbon, although the inter-
band scattering is symmetric with −kx,in

inter=kx,r/t
inter but the domi-

nant scattering, intraband scattering is asymmetric with
kx,in

intra+kx,r/t
intra�0. As a result, the electron flow coming from

source in n region cannot be converged in the p region. As
for the armchair ribbon, only the intraband scattering exists
which is always symmetric with −kx,in=kx,r/t for all ky. This
leads to a perfect focusing effect for all energy E0� t regard-
less of linear or nonlinear dispersion relationship of Dirac
fermion. Specifically, the electron flow converges conically
in the low-energy regime �E0�0.5t� and converges mainly
from four crossed corners in the high-energy regime �0.5t
�E0� t�. When disorder is present, the perfect focusing in
the bipolar ribbon can be robust against disorder induced by
the random potential. The perfect focusing is however dras-
tically affected by the edge defect; not only the intensity of
focused spot is reduced, the size of spot is also increased.
Furthermore, when the real smooth PNJ is considered, Klein
tunneling is reduced significantly due to the backscattering.
In this case, the intensity of convergent spot is reduced, but
the convergent contour still remains the same. Finally, small
perpendicular magnetic field deflects the electrons and holes
in opposite directions, which destroys the perfect focusing
effect especially in the low-energy regime.
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