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Abstract

A semi-analytical method for bending, global buckling and free vibration analyses of
sandwich panels with square honeycomb cores is presented. The discrete geometric nature
of the square honeycomb core is taken into account by treating the core sheets as thin beams
and the sandwich panel as composite structure of plates and beams with proper displacement
compatibility. Based on the classical model of sandwich panels, the governing equations of
motion of the discrete structure are derived using Hamilton’s principle. Closed-form
solutions are developed for bending, global buckling and free vibration of simply supported
square-honeycomb sandwich panels by employing Fourier series and the Galerkin approach.
Results from the proposed method agree well with available results in the literature and those
from detailed finite element analysis. The effects of various geometric parameters of the
sandwich panel on its behaviour are investigated. The present method provides an efficient
way of analysis and optimization of sandwich panels with square honeycomb cores.
Keywords: bending, free vibration, global buckling, Hamilton’s principle, sandwich panels

with square honeycomb cores

1.  Introduction

Sandwich panels have been widely used in marine, aviation and civil engineering. They
have received much attention due to their light weight and higher stiffness to weight ratio than
the solid plates of equal mass. A sandwich panel consists of two face sheets and a core.
Commonly-used cores can be classified macroscopically into two groups, namely continuous
(e.g. wood or metallic foam) and discrete (e.g. truss-core, honeycomb-core or corrugated-core
of different geometry). The mechanical behaviour of sandwich panels has been extensively
investigated in the past few decades. Many computational models for sandwich panels with
continuous cores have been proposed.’?

Compared with sandwich panels with continuous cores, the analysis of sandwich panels
with discrete cores is more complicated due to the variation of geometrical forms of the cores.
A lot of publications have been devoted to the analyses of sandwich panels with discrete cores.
Libove and Hubka® gave in 1951 the formulae for evaluating the equivalent elastic constants

of sandwich plates with corrugated core. Sandwich panels with other types of core were also



extensively investigated.*> Grediac® used the finite element method to obtain the transverse
shear moduli of honeycomb sandwich panels and evaluated the effect of cell geometries.
Subsequently to reduce the computations associated with the bending analysis of sandwich
panels with Z-core, the equivalent elastic constants were derived by Fung et al.” Recently
Aimmanee and Vinson® carried out the analysis and optimization of sandwich plates simply
supported on all four edges with foam-reinforced web core subjected to in-plane compressive
loads taking into account the overall instability of the sandwich, face wrinkling, and
instability of the webs and face plates. Jayachandran et al.® later investigated the buckling of
sandwich plates by modelling sandwich plates as thin plates resting on elastic media.

10,11

Romanoff and Varsta analyzed the bending response of web-core sandwich beams and

plates respectively by transforming an originally discrete core into an equivalent homogenous

|.12 |.13

continuum. Zok et al.™ and Rabczuk et al.” carried out structural analysis of sandwich
plates with pyramidal truss and tetrahedral truss cores, respectively. According to the finite
element static analysis of sandwich panels with square honeycomb core performed by

Kapania et al.**

in conjunction with the classical laminated plate theory (CLPT), the
first-order shear deformation theory (FSDT) and the higher-order shear deformation theory
(HSDT), as well as the equivalent single layer (ESL), the displacements predicted by the ESL
finite element method are more accurate than those obtained by other methods. The

homogenization theory has been employed by Buannic et al.”

to compute the effective
properties of corrugated core sandwich panels. The shock resistance of sandwich plates with
square honeycomb core has been extensively investigated.’®!” The experiments conducted

by Cote et al.'®

to analyze the elastic and plastic buckling of metallic square-honeycombs
have indicated that the metallic square-honeycombs out-perform some other cores. To study
core behaviour, various constitutive models of the equivalent continuum of square honeycomb
have been established through theoretical analysis and numerical simulation by Xue and
Hutchinson,™ Xue et al.?* and Zok et al.**

22,23,24 often

As the discrete nature of cores complicates the analysis, various researchers
either replace the discrete core by an equivalent continuum or treat the whole sandwich plate
as an equivalent orthotropic plate for approximate analysis. The static, buckling and free

vibration responses of sandwich panels are highly sensitive to variations of some effective



material properties, such as the transverse shear stiffness of the core.”® Errors in the
calculation of properties of the equivalent continuum are unavoidable. For example, in the
evaluation of in-plane elastic properties of honeycomb with standard beam theory, the
interaction between the face plates and the core is not considered.?®

A semi-analytical method for analyzing bending, global buckling and free vibration
responses of square-honeycomb sandwich panels is proposed in this paper, in which the
sandwich panel is regarded as a composite structure of plates and beams with the core sheets
taken as thin beams to consider transverse flexural and shear deformations. Using the
classical sandwich panel theory with displacement compatibility conditions, the governing
equations of the sandwich panel with square honeycomb core are obtained by Hamilton’s
principle. The closed-form solutions for bending, global buckling and free vibration
responses of simply supported square-honeycomb sandwich panels are derived by using
Fourier series and the Galerkin approach. Validation of the proposed method is carried out
by comparing the present results with available solutions in the literature and those obtained
from three-dimensional (3D) finite element analyses. The effects of various geometric

parameters of the sandwich panel on its behaviour will also be investigated.

2.  Theoretical background

Figure 1 shows a typical square-honeycomb sandwich panel with the key dimensions, namely

the face sheet thickness t,, the core sheet thickness t, the core height h_, the total panel

height h (h = h,+2t,), and the core sheet spacing L,. The present analysis is based on the

linear elastic small deformation theory. In particular, Kirchhoff thin plate theory is used for
the face sheets. The core is assumed to be incompressible? in the thickness direction. The
core sheets are treated as thin beams, which are considered in terms of transverse flexural and

shear deformations, with the torsional deformation ignored.

2.1 Displacement model
The computational model of sandwich panels adopted is based on compatibility and the

assumption that the planes of the core section and the faces remain plane after deformation



but not with the same slope.? The transverse shear strains in the face sheets are neglected
while that of the core is included on the basis of first-order shear deformable theory. Thus
the displacement field may be expressed as follows:

(a) Face sheets

U (X Y2 20 8) = Uy (X, ,8) = 20, (X, V. ) (a)
Y (X, Y, 2, 8) =y (X, Y1)~ W, (X, Y. 1) (1b)
W% Y.2.) =W(x,y.t)  (k=torb) (c)
(b) Entire core
U, (X, Y, 20,0) = U (X, Y0+ 25 (%, Yat) (2a)
Vo (X, Y, Z01) = Voo (%, Y1) + 2, (X, ,D) (2b)
W, (X, Y,2,,8) = W(X, 1) (2¢)

where the notation is elaborated with reference to Figure 2. The dummy subscript k below
may be one of t and b that stand for the top and bottom face sheets respectively (i.e. k =t or b),

and z, is the vertical coordinate of each face sheet measured downwards from its mid-plane.
The displacements at z=1z, of each face sheet consist of the in-plane displacements
u,(x,y,z,t) and v (X y,z,t) along x and y directions respectively and the transverse
displacement w, (x,y,z.,t). In particular, the in-plane displacements of each face sheet can
be expressed in terms of the mid-plane displacements u,, (x,y,t) and v, (x,y,t) along x
and y directions respectively. Similarly, the displacements at z =z, of the core consist of

the in-plane displacements u.(X,y,z.,t) and v.(X y,z.,t) along x and y directions

o
respectively and the transverse displacement w,(Xx,y,z.,t), where z  is the vertical
coordinate of the core measured downwards from the mid-plane of the core. The
displacements of the core are characterized by the mid-plane displacements u(x,y,t) and
v.(X,y,t) along x and y directions respectively, rotations of the normal ¢, (x,y,t) and
$,.(X,y,t) of yz and zx-planes respectively and the transverse mid-plane displacement

w(x,y,t) that is also the vertical mid-plane displacement of the face sheets due to the

incompressible core assumption.  As usual, the variable t denotes time.



The in-plane displacements of the mid-plane of the face sheets, u,(x,y,t) and
v, (X, y,t), are determined through the compatibility of deformation at face-core interfaces,

namely
() Upper face-core interface

(X0 = U (X, 10~ 2 4 (X Y0+ W, (X 9,0 (32)

V(X0 =V (K YD = (6 Y0 5w, (X Y. (3b)
(b) Lower face-core interface

U (% Y20 = U 61,0+ S (0,0~ 20, (6,1, (42)

V069,02V (X YD+ (1,0~ 2w, (X 3.0 (4b)

Since the core sheets are thin, they are treated as thin beams. The approximate displacement
relationships between the discrete core sheets and the whole core can be written as:

(@) Core sheets spanning along x- axis

uci (X' Zc’t) = uc (Xv yi ! Z(:’t) = uoc (Xv yi’t) + Zc¢xc (Xv yi 7t) (5a)
Vci (X' Zc’t) = Vc (Xv yi ! Zc7t) = Voc (X! yi ! t) + Zc¢yc (X, yi 't) (5b)
W (X, 1) = w(X, y;,t) (5¢)

(b) Core sheets spanning along y- axis

ucj (y1 Zc’t) = uc (Xj ' y’ z c ’t) = uoc (Xj ! y’t) + Zc¢xc (Xj ! y’t) (63.)
ch (yl Zc’t) = Vc (Xj ' y’ z c ’t) = Voc (Xj ! y,t) + Zc¢yc(xj ! yvt) (6b)
W (Y, 1) = w(x;, y,t) (6¢)

where u,(x,z,,t), v,(x,z,t) and w,(xt) are the displacements along x-, y- and z-axes
respectively of the ith core sheet spanning along x-axis and y; is the y-coordinate of the core

sheet.  Similarly, u;(y,z,t), v;(y,z.,t) and w,(y,t) denote the displacements along x-,

y- and z-axes respectively of the jth core sheet spanning along y-axis and x; is the x-coordinate
of the core sheet.

Substituting the displacement relations given by Equations (1) to (6) into the
strain-displacement equations of the classical theory of elasticity, the following relations for

the face sheets are obtained.



« _Ou _Ouy O*w

“Tax oox Fox? (72)
ov, ov 0°W
2
7 :aiJF%: Uy +8V°k -27, ow (k=torb) (7c)

oy ox oy OX oxoy

where &, g,, and 7:y (k = t or b) are respectively the normal strains along x and y

directions and the in-plane shear strain of the face sheets. In the present analysis, only the

normal strains and transverse shear strains are taken into account for the core sheets. The
normal strain ¢ and shear strain % of the ith core sheet along the x-axis can be expressed

respectively as

g = OUg (X, Z¢,t) _ QU (X, Y1) iz, 0. (X, ¥;,1) (83)
OX OX OX
i Oug(X,z.,t) owg(xt ow(x,y;,t
=Bl 2aD OLOD g oy, 1y EID (&)
01 OX OX

c

while the normal strain gyyj and shear strain yyyj of the jth core sheet along the y-axis appear

z

respectively as

g)’i — avci(y’ Zc’t) _ aVoc(xj ’ y,t) 47 a¢yc(xj ) y,t)
yy ay ay c ay

i avc' (y! Zc,t) aWc' (y,t)
Vo= Jaz + Jay =B, (X, y,1) +

(9a)

ow(X;, Y, 1)
oy

(9b)

2.2 Constitutive relationship
The materials of face sheets and core sheets are assumed to be isotropic. The constitutive

relations for the face sheets can be written as

E
G)i:x = m (‘9:(()( + /ug;y) (103.)
k E k k
Oy = 7 (gyy + ue,,) (10b)



K E

=—— 4k k=torb 10c
Ty 2(1+Iu)7xy ( ) (10c)

where ¢*, of and r:y are respectively the normal stresses along x and y directions and

XX ! yy

the in-plane shear stress of the face sheets, and E and x are Young’s modulus and Poisson’s
ratio respectively. Treating the core sheets as one-dimensional thin beams, the stresses can
be worked out easily. The normal stress o)) and shear stress 7)) of the ith core sheet

along the x-axis can be expressed respectively as
oy = Ecéy (11a)

Xi _ E Xi

C

_ : 11b
TXZ 2(1+/,[C)7XZ ( )

while the normal stress ayyj and shear stress rﬂ of the jth core sheet along the y-axis

appear respectively as

o, =Ee) (12a)
. E .
= (12b)

where E, and g are Young’s modulus and Poisson’s ratio of the material for the core

respectively.

2.3 Hamilton’s principle
Hamilton’s principle is employed to obtain the governing equations of the sandwich panels,

namely
5 jf [K —(U +W)]dt =0 (13)

where K is the kinetic energy, U is the total strain energy due to deformations, W is the
potential energy of the external loads and & is the variation symbol. The variation of total
strain energy can be expressed in terms of the strains and stresses as

oU = J'V‘ (04063 + 0,08, + 1,07, )dV +ij (o008 + O'ty’yc?gty’y + rfyéyfy)dv +

n S . S (14)
Y|, (onden+enordv+ [ (ouoel +rioyt)dv
i=1 j=1 o



where the first two terms are the strain energy of the top and bottom face sheets respectively,
the last two terms are the strain energy of the core sheets spanning in x- and y-axes
respectively, m and n are the numbers of the core sheets along x- and y-axes respectively, and
dv is the differential volume. The variation of the kinetic energy of the sandwich panel can

be written as

SK = 5[%ij (U2 + V2 +Vi?)dv +1ij (U2 + V2 + Vi )dv +
‘ (15)

51

§§p°jvxi (U2 +V2 + W )dv+z pCJ. j(uq+v + W )dv]
where the first two terms denote the kinetic energy of the top and bottom face sheets
respectively, the last two terms denote the kinetic energy of the core sheets spanning in x- and

y-axes respectively, p and p, are the mass densities of materials of the face sheets and
core sheets respectively, and the dot denotes differentiation with respect to time t.
The sandwich panel is acted upon by a transverse distributed load P(x, y, t) and external

in-plane forces, which result in mid-plane normal forces N, and N, inx- and y- directions
respectively and in-plane shear force N, inthe xy-plane. The variation of potential energy

of the external load oW can be written in terms of the differential area ds along each
component sheet as
1 owY oW ow ow)
oW =05 P(x,y,)w(x,y)ds+=0o| | N +2N,——+N, | —] |ds 16
J, POy, twe, y)ds + L[ (5] e, 32 y(éy” (16
By substituting the corresponding equations into Equation (13), integrating the resulting

expression by parts, and collecting the coefficients of ou,., ov,., o4, Jg, and ow, the

(o]

following equations of motion are obtained:

2Et. 2 Et. 92 Et 2
fZaugc_l— : au f a OC+ZEC cC 0C5 (y y)
1-4° ox*  1+u ay l uoxoy ‘o (17a)

2

ou
:2pt DC +zpc cC a 2 5 (y y|)+zpc atzoc é‘D(X_Xj)

Et, ¢° 2Et, &° Et n
fang+ fzav : +2 EhL °°5(x X;)
1+p ox*  1-u* oy’ l ,u@x@y o
2

5 (17b)
V
:Zpt OC+ch cC 82 5 (X X)+zpc at;(:&D(X—XJ-)




Et.h: & ¢ Et’h, o°w  Et.h’ & ¢yc Etth, o*w  Eth} %,
+
2(=1+ u*) ox* 2(1—,112) ox®  4(u—-1) oxoy 2(1 12) Oy°ox AL+ ) oy

o Eht, (,  ow Eh3t a¢ 1 a¢
Dls Szt ot e a7c

1

aw L 3t6¢ n, h’t 0%
XC XCé‘
TP Zp 12 ap oUW ch 12 o 2oX=X)

Et.h? a¢ Et’h, o°w  Et.h? az¢yc+ Et,h; 0%, Etth, &°w
4(u—1) oxoy 2(1 12) oyox’ A+ p) oX  2(-1+4°) oy’ 2(1-iP) oy°

n 3 82 82
_Eht ( ]5 (o) S BN T sy )__1 RS
=i 2(1"‘#0 a 12 oy? ot
1 m 2¢ 0 Wt 0°d,
t’h, —— 5 (x—
+2pf ZL: 12 61:2 D(y yl) ch 12 atz ( X; )

4EtY  o'w ~ Et’h, ag¢yc+ 2Et; o'w  Etth, &% Etth, &%p
31-u) ooy? 2(1-4?) ' 31-pP) oyt 2(1- ﬂ)ay@x 2(L-p*) ox°

2E} o'w  Etth, 0%, & Eht (o
z c''ctc ( ¢xc ax }(y Y.)—

3(1 ) ox* 2(1 u )ayax i 2(L+ )\ OX

n 0 2 2
3 _ENd be OV 5 (x— X.)—P(x,y,t) - N, ow ¥ N, 2X 0w ow_ (17¢)
i 20+ 1)\ oy 3)/ * ox Yoxoy 3)/

1 3¢, 9, *w  2pt] [ o'w
_Eptih{eray—a:z - 2pt, e 3f o oy zpc AN az 5 (y-y)

chc 5(x X;)

where &, (x—x) and o,(y-y;) are the Dirac Delta functions at the locations of core

sheets spanning along x- and y-axes respectively.

3.  Analytical solutions

The present study focuses on the bending, global buckling and free vibration behaviour of
simply supported sandwich panels with square honeycomb cores. This can be achieved by
Equations (17) using the Galerkin approach. The boundary conditions of a simply supported

rectangular sandwich panel can be expressed as follows:

(@) Atedgesx =0and x = a: Voe =0 4, =0; w=0 (18a)

10



(b) Atedgesy=0andy =h: Ue,=0; ¢.=0; w=0 (18b)
The displacement variables satisfying the above boundary conditions can be expressed in

terms of the unknown parameters U ., V ., 4., 4, and W as

M N

Uy = > > .U, cos(prx/a)sin(gry/b)e (19a)
p=1 g=1
M N .

Voo = . DV, sin(prx/ a)cos(qry /b)e™ (19D)
p=1 g=1

M N
Be =D B COS(prx/a)sin(gzy /b (19c¢)
p=1 g=1
M N .
B =D D B, SIN(Prrx/ @) cOS(qrY /D)™ (19d)
p=1 g=1
M N .
w=>Y > W, sin(pzx/a)sin(qzy/b)e" (19)
p=1 g=1

where o is the natural frequency, M and N are the prescribed numbers of modal waves in

the x- and y-directions.

3.1 Bending analysis
Setting =0 in Eq. (19), substituting Eq. (19) into Eg. (17) and then using the Galerkin

approach, one may get a set of algebraic equations in terms of the unknown parameters U,

Vigr $oqr 9pq @nd W, . These equations can be expressed in matrix form as

[K{A}={F} (20)

where the generalized displacement vector {A} and force vector {F} are given by

{A}T :{U pq ’qu’¢qu’¢ypq ’qu}; {F}T :{Fl’ F2’ F3’ I:4’ FS} (21)
and the elements of stiffness matrix [K] and force vector {F} are given in Appendix A.

The generalized displacement vector {A} can be obtained by solving Eq. (20).

3.2 Buckling analysis
To investigate the global buckling of sandwich panels subjected to external in-plane loads,
one may set P(x,y,t) =0 in Eq. (17) and »=0 in Eq. (19). Substituting Eq. (19) into Eq.

11



(17) and using the Galerkin method, the global buckling problem can be written in matrix

form as

(IK]-[QD{A}={0} (22)
where the elements of the matrix [Q] are also given in Appendix A. To obtain the non-trivial
solution of Eq. (22) and hence the buckling loads, one may equate the determinant of matrix

in the left hand side to zero, namely

[K]-[Q]=0 (23)

3.3 Free vibration analysis
For the free vibration case, one may similarly set P(x,y,t) = 0 in Eq. (17). Substituting Eq.
(19) into Eg. (17) and using the Galerkin method, the free vibration problem can be

formulated as

([K]- o’ [M]){A} ={0} (24)
where the elements of mass matrix [M] are given in Appendix A. To obtain the non-trivial
solution of Eqg. (24) and hence the natural frequencies, one may equate the determinant of

matrix in the left hand side to zero, namely

[K]-o’[M]|=0 (25)

4.  Numerical results and discussion

The bending, global buckling and free vibration responses of rectangular sandwich panels
with square honeycomb cores simply supported on four edges are analyzed by the proposed
method. The results are then compared with those obtained from 3D finite element analysis

and available solutions in the literature.

4.1 Bending problem
For ease of comparison, the geometric and material parameters of the square-honeycomb

sandwich panel are taken as those of Kapania et al.'* The sandwich panel dimensions are

200mmx=200mm and the thickness of face sheets t, is 2mm. The core height h, is 6mm

and the thickness of core sheets t, is 0.8mm. Three schemes with different core relative

12



densities® p, = (2Lt —t?)/L>~ 2t /L, are considered, which are 10%, 15% and 20% with the

corresponding core sheet spacings L, of 16mm, 10.67mm and 8mm respectively. The face

sheets and honeycomb cores are all made of aluminium with Young’s modulus of 69GPa and
Poisson’s ratio of 0.25.  An out-of-plane pressure of 1MPa is applied on the one face sheet.
In the analysis, transverse bending and shear of the core sheets may be considered or
ignored. In order to study the contribution of transverse bending of the core sheets to the
response of the sandwich panel, analysis is carried out for both cases. A convergence study

for bending analysis is carried out by increasing the number of terms in the assumed

displacement functions expressed by Eqg. (19). The results for the case of p, =20% as

shown in Table 1 indicate that the results converge fast. It is accurate enough to use only
five terms of the displacement function, which implies that the present method is very
efficient compared with finite element analysis. Therefore hereafter, only five terms in Eq.
(19) are used unless otherwise stated. Closer examination of Table 1 indicates that the even
terms of the displacement function actually do not contribute to the solution, as both the
structure and loading are symmetric about the centrelines.

Table 2 compares the displacement at the centre (0.5a, 0.5b) of sandwich panel for three

different core relative densities, i.e. 10%, 15%, and 20%, with those given by Kapania et al.**

Figure 3 shows the present results for deflection at x=100mm, 50mm, 26mm for p, =20%

compared with those from finite element analysis. It is observed that the maximum
deflections obtained from the proposed semi-analytical method are very close to the reference
for the three core relative densities. In particular, the semi-analytical results are almost
identical to the ESL results given by Kapania et al."*  The present results have errors of 6%
approximately compared with results of the detailed 3D finite element analysis with much
more degrees of freedom, which can much better model the shear deformation in the
thickness direction. Table 2 also shows that the differences between results obtained with
transverse bending of core sheets considered and neglected are very small, which implies that
this bending effect has little influence on the response of the sandwich panels. This is also

consistent with the conclusions drawn in relevant publications that the core of sandwich

13



panels mainly resists shearing loads. Hereafter, the transverse bending of core sheets is

considered unless otherwise stated.

4.2  Global buckling analysis

The sandwich panel is then subjected to a uniform in-plane pressure on the two opposite sides

along x-direction. The geometric parameters of the panel are: a = 1000mm, t, =1mm, h

=10mm, L, =10mm, t. =0.5mm and b is defined by the value of a/b. The core relative

density is 10% while the other material properties are the same as those in Section 4.1. For
comparison, a 3D finite element analysis is performed by using the software ANSYS. The
face and core sheets are modelled using the Shell63 elements and fine meshes (up to two
elements per cell in x- or y-direction and 4 elements in the thickness direction) are employed
to ensure convergence of the calculated results. The critical buckling loads obtained by the
present method agree well with those from 3D finite element analysis as shown in Table 3,
with relative errors less than 5%.

For ease of comparison, the calculated buckling loads are normalized by the

corresponding minimum buckling load for each case. Figures 4 and 5 present the

normalized buckling loads against the ratio of core height to sandwich panel height h /h
and the ratio of core sheet spacing to core height L_/h,, respectively, for panels with a/b = 1.
In Figure 4, only the core height h, and the thickness t, of the face sheet are varied with
the other parameters unchanged. Similarly in Figure 5, only the core sheet spacing L. is
varied while the other parameters are fixed and h./h =0.8. As seen in Figure 4, the core

height has significant effect on the global buckling load. As the ratio h /h decreases

while the total thickness h is kept fixed, which implies an increase in total sandwich panel

stiffness, the global buckling loads increase. For example, the global buckling load

increases more than 4 times when the ratio h./h reduces from 0.9 to 0.4. By contrast, the

core sheet spacing L, has different effect on the global buckling loads depending on the

14



total panel height h. The effect becomes more obvious as the total panel height increases as

shown in Figure 5. On the other hand, the global buckling load only increases by

approximately 5% when the ratio L. /h, decreases from 2 to 0.5 for the case of h = 12mm.

However for the case of h = 50mm, the global buckling load increases by more than 60% for

the same change in the ratio L. /h,. This is because as the core height increases, the shear

of core sheets becomes more significant, thereby contributing more to the stiffness of the
sandwich panels. These results indicate that the core height has more infuence on the global

stiffness of the sandwich panels than the core sheet spacing.

4.3 Free vibration analysis

The example used in Section 4.2 is further analyzed for its free vibration. The material
density of the face and core sheets is 2770 kg/m®. Table 4 compares the first 5 natural
frequencies of sandwich panels of different dimensions obtained from the proposed method
with those from 3D finite element analysis using the same arrangements as in Section 4.2,
Good agreement is observed. In order to investigate the effects of the core height and core
sheet spacing on the first natural frequency of the sandwich panel, further calculations are
carried out for the case a/b = 1 with different sandwich panel heights. For ease of
comparison, the calculated frequencies are normalized by the corresponding maximum
frequency for each case.

Figures 6 and 7 present the normalized first natural frequencies against the ratio of core

height to sandwich panel height h /h and the ratio of core sheet spacing to core height
L. /h,, respectively, for panels with a/b = 1. Figure 6 shows all the curves have roughly the
same summit shape as the ratio h_ /h increases, with the first natural frequency reaching a

maximum around h /h = 0.75to 0.78. As the ratio h /h of core height to total panel

height increases, the face sheet thickness decreases resulting in a decrease in stiffness and
hence tending to lower the natural frequency. However at the same time, the sandwich panel
is also getting lighter which tends to increase the natural frequency. Summit curves have

therefore resulted from the combined effects of two opposing trends. Figure 7 shows that,

15



for the common range of ratio L. /h, from 0.4 to 2.0, the core sheet spacing L, has

different effects on the first natural frequencies for different total panel heights. As seen in

the variation of the first frequency of the sandwich panel against L /h, in Figure 7, the

cases of h = 12mm and h = 20mm show a monotonic increasing trend, the case of h = 50mm
displays a monotonic decreasing trend and the cases of h = 30mm and h = 40mm are of
summit shapes. As the core sheet spacing increases, the effect of the sandwich panel mass
on the frequencies is predominant for those with small total panel height, such as the case of h
= 12mm. When the total panel height increases, the effects of the sandwich panel stiffness
due to variation of the core sheet spacing on the frequencies is predominant, such as the case
of h = 50mm. Between the two extremes, both the effects of sandwich panel mass and
stiffness on the frequencies are significant, as seen in Figure 7 for the cases of h = 30mm and

h = 40mm.

5.  Conclusions

A semi-analytical method has been developed for the bending, global buckling and free
vibration analyses of sandwich panels with square honeycomb cores. Using Hamilton’s
principle for formulation of the governing equations and the Galerkin approach for solution,
close-form solutions for the simply supported condition are obtained. Comparison with the
results of 3D finite element analysis and available results in the literature confirms that the
assumptions made are reasonable and the accuracy of the proposed method is very good.

The present method accounts for the discrete nature of the core by treating the
square-honeycomb sandwich panels as composite structures of plates and beams so that all
the geometric and material parameters are included in the analysis. The method not only
provides an accurate and efficient tool for predicting the global performance of sandwich
panels with square-honeycomb core such as bending, global buckling and free vibration, but
also enables optimal design of sandwich panels to be carried out conveniently.

The parameter study shows that the core height has more influence on the stiffness of
the panels than the core sheet spacing. The effect of core sheet spacing on the stiffness of

sandwich panels is different for different core heights. The bigger the core height is, the
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bigger is the influence on stiffness. Both the stiffness and mass of the sandwich panel
change with variation of the core height and core sheet spacing. It implies that, where the
natural frequencies of sandwich panels are at stake, more attention should be paid to the

effects of the core height and core sheet spacing.
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Appendix A

Let M and N be the numbers of trigonometric functions used to define the displacement

functions in Eqg. (19). The matrix [K] can be written as

_[Kll]MNxMN [KlZ]MNxMN [K13]MN><MN
[KZZ]MNXMN [ ]MNXMN K24

[Ku] K]
[ K] [ K]

[K]: [ ]MNxMN [K34]MN><MN [K35]MN><MN (Al)
R

is

symm.

where MN denotes the product of M and N, and [K ] isan MN xMN submatrix. The

elements K;(l,J) of submatrix [K;] are given by

K,((r=)-N+s,(p-1)-N+q)=

b era 2Etf p27z'2 Etf q27z'2 . .
[ ], [ o +1+ﬂ -—) cos(prx/ a)sin(qry / b)[cos(rzx/ a)sin(szy / b)]dxdy +

a
j J' [z E.ht. cos(pzrx/a)sm(qzzy/b)é (y—y.)][cos(rzx/a)sin(szy/b)]dxdy

(p,r=12,3..M 9,s=12,3..N)
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Klz((r—l)'N+S,(p—1)-N+q)=

j J'a Bty b cos(pﬂx/a)sm(q;:y/b)][cos(rﬂx/a)sm(my/b)]dxdy
Ki((r—=1)-N+s,(p-1)-N+q)=0
Ky ((r—=1)-N+s,(p-1)-N+q)=0
Ks((r-=1)-N+s,(p-1)-N+q)=0

Ku((r=2)-N+s,(p-1)-N+q)=

b pa 2E'[f qzﬂ'z Etf p27[2 . .
I j [((——F+ " )sin(pzx/a)cos(qzy/b)][sin(rzx/a)cos(szy/b)]dxdy +
1-—u b 1+,u

Ll xEn
K ((r—=1)-N+s,(p-1)-N+q)=0
K,,(r-=1)-N+s,(p-1)-N+q)=0
Ks((r=1)-N+s,(p-1)-N+q)=0

Ky ((r=1)-N+s,(p-1)-N+q) =

JJ E'[fhC p27Z2+ Et,h; qzﬂz)cos( x/a)sin( /b)][cos(rzx/a)sin(szy/b)]dxdy +
sa & A ) o pz ary r Yy y

jj[zm:(z(Elrt ) Elhzst“ Pz )cos(p;zx/a)sm(q;ry/b)5 (y—y,)1l[cos(rzx/a)sin(szy/b)]dxdy

Kayu((r=2)-N+s,(p-1)-N+q)=

Et, hc pgrz’ ) _
J. J'O [ cos(pzx/a)sin(gry/b)][cos(rzx/a)sin(szy/b)]dxdy

41— ) ab
Kss((r—l)-N+s(p—1)~N+q)=
Etfhc p’z° , pq’z’ - i
Ij - )/ 3 >—) cos(pzx/a)sin(qzy/b)][cos(rzx/a)sin(szy/b)]dxdy +
j j mzzi%cos(pnx/a)sm(qny/b)a (y - y))][cos(rzx/a)sin(szy/b)]dxdy
i=1

Ku((r=1)-N+s,(p-1)-N+q)=
Et,.h? q*2z% Eth? p2z?
j j T + ~)sin(prx/a)cos(qzy/b)][sin(rzx/a)cos(szy /b)]dxdy +

2y b*  40+u) a
IJ'[Zn:(Z(ElCECtC) Elkgth )sin(pzx/a)cos(qry/b)o, (x—x;)][sin(rzx/a)cos(szy /b)]dxdy
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K ((r—1)-N +s,(p—1)~N+q)=

J« j EtfhC /q?’;z'

)\ b3 pq )sm(p;rx/a)cos(qﬂy/b)][sm(mx/a)cos(s;ry/b)]dxdy+

jJ‘ n 2(Elht 7 ——sin(pzx/a)cos(qzy/b)s, (x—x;)][sin(rzx/a)cos(sy / b)]dxdy
j=1

Kes(r=1)-N +s, (p—l)-N+q):
a 2Et7l' qu p
[NN: w2

)sm( pzx/a)sin(qzy/b)][sin(rzx/a)sin(szy/b)]dxdy +

30— 27 a2b2

J'J' m _Ehdt S|n(p7zx/a)5|n(q7ry/b)5 (y = y)IIsin(rzx/a)sin(szy /b)]dxdy
=21+ u ) a’

J’J‘[Zn: chfctc) ;2 sin(pzx/a)sin(gzy/b)d, (x—x;)][sin(rzx/a)sin(szy/b)]dxdy

The force vector [F] can be written as

Fl=[[Elw Bl Bla Fla Elw] (A2)

where the elements of the row vector [F,| are given below
F@(r-1)-N+s)=0
F,L(r-1)-N+s)=0
F,L(r-1)-N+s)=0
F,L(r-1)-N+s)=0
F(L(r-1)-N+s)= job j: P(x, y)sin(rzx/a)sin(szy/b)dxdy

The matrix [Q] is written as

[Qll]MNxMN [Q12]MN><MN [Q13]MN><MN [Q14]MN><MN [Q15]MN><MN
[QZZ]MNXMN [st]MNxMN [Q24]MN><MN [QZS]MNXMN

[Q] - [Q33]MN><MN [Q34]MN><MN [st]MNxMN (A3)
[Q44]MN><MN [ 5]MN><MN
| Symm. [Q55]MN><MN_

where the elements Q;(I,J) of sub-matrix [Qij} are zero except for sub-matrix [Q55],

which has elements given as
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st((r—l)'N+S (p-1)-N+q)=
[§ASL™

jI[N pq cos(pzx/a)cos(qry/b)][sin(rzx/a)sin(szy/b)]dxdy +

sm( pzx/a)sin(qzy/b)][sin(rzx/a)sin(szy/b)]dxdy +

jo Ioa[—Nyqb—fsin(p;rx/a)sin(q;zy/b)][sin(r;rx/a)sin(s;ry/b)]dxdy

The mass matrix [M] is written as

[Mll]MNxMN [MIZ]MNxMN [M13]MN><MN [M14]MN><MN [M15]MN><MN
[MZZ]MNxMN [M23]MN><MN [M24]MN><MN [M25]MN><MN

[M] = [M33]MN><MN [M34]MN><MN [M35]MN><MN (A4)
[M44]MN><MN [M45]MN><MN
L symm. [M55]MN><MN

with the sub-matrix [Mij] having elements M (I,J) givenas

M,((r-1)-N+s,(p-1)-N+q)=
Lb J.of’l[z,otf cos(pzx/a)sin(qzy/b)][cos(rzx/a)sin(szy/b)]dxdy +

[; jj[ipchctc cos(prrx/ a)sin(qzy/b)s, (y - y;)][cos(rzx/ a)sin(szy / b)]dxdy
+f; jj[il pht, cos(prx/a)sin(ary /b)s, (x—x;)l[cos(rzx/ a)sin(szy / b)]dxdy
M,((r=1)-N+s,(p-1)-N+q)=0
M((r-1)-N+s,(p-1)-N+q)=0
M,((r=1)-N+s,(p-1)-N+q)=0
M((r-1)-N+s,(p-12)-N+q)=0

M,,((r-1)-N+s,(p-1)-N+q)=
Lb J.:[Z,Otf sin(pzx/a)cos(qry/b)][sin(rzx/a)cos(szy/b)]dxdy +

job j:[z it sin(px/ @) cos(qry /b)S, (x - x,)1[sin(rzx/ a) cos(szy / b)]dxdy
j=1
+ j: j: > p.hit. sin(pzx/ @) cos(qzy /)5, (y - y,)1[sin(rzx/ a) cos(szy / b)]dxdy
i=1

M,,((r-1)-N+s,(p-1)-N+q)=0
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M,,((r-1)-N+s,(p-1)-N+q)=0

M, ((r-1)-N+s,(p-1)-N+q)=0
Mg, ((r-1)-N+s,(p-1)-N+q)=

job j:[% ot hZ cos(prx/a)sin(qry/b)][cos(rzx/a)sin(szy /b)]dxdy +
b ra h3 . .
jo IO [; Pe ﬁtc cos(pzx/a)sin(qzy/b)oy (y - y;)I[cos(rzx/a)sin(szy/b)]dxdy
b pra o I’]3 . .
+IO IO [; yoX ﬁtc cos(pzx/a)sin(gry/b)oy (x —x;)][cos(rzx/a)sin(sxy / b)]dxdy

Mg, ((r-=1)-N+s,(p-1)-N+q)=0
My ((r—1)-N+s,(p-1)-N+q) =
J; [}t ptin B cos(pax/ a)sin(ary  b)icos(rax/ a)sin(szy /b)ldxdy
M. =1 N+, (p-D-N +0) =

J.Ob J: [% pt. hZsin(pzx/a)cos(qry/b)][sin(rzx/a)cos(szy/b)ldxdy +
b ra_ h3 . -
J; _[0 [J_Z_;pc ﬁtc sin(pzx/a)cos(qzy/b)o, (x—x;)][sin(rzx/a)cos(szy/b)]dxdy

b ra o h3 . .
+ jo jo [21: p. 75t sin(pzx/ a)cos(ary /D)3, (y -y, lsin(rrx/ ) cos(sry /b)Jdxdy

M((r=2-N+s,(p-1)-N+q)=

Iob Ioa [—%ptf h. qTﬂsin( pzrx/a)cos(qry/b)][sin(rzx/a)cos(szy/b)]ldxdy

M ((r-1)-N+s,(p-1)-N+q)=

[ 120t @+ Z; " qgt’)’z )sin(pzx/ a)sin(gzry /b)][sin(rx/ a)sin(szy / b)dxdy +

Iob J.Oa[_zm: pht sin(pzx/a)sin(qzy/b)o, (y - y)sin(rzx/a)sin(szy/b)]dxdy +

fob joa[_zn: pht sin(pzx/a)sin(gry/b)o, (x—x;)][sin(rzx/a)sin(szy /b)]dxdy
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Table 1.

Convergence study for the displacements at centre of sandwich panel

Displacement (mm)
Case | No. of termsin Eqg. (19)
Transverse bending of Transverse bending of
No. (MxN)
core sheets considered | core sheets not considered
1 1x1 1.475 1.491
2 2%2 1.475 1.491
3 3x3 1.427 1.443
4 4x4 1.427 1.443
5 5%5 1.433 1.449
6 6%6 1.433 1.449
7 7x7 1.431 1.447
8 8x8 1.431 1.447
9 9x9 1.432 1.448
10 10x10 1.432 1.448
Table 2. Displacement at centre of sandwich panel using different methods
Displacement (mm)
Present method Kapania et al.**
pr Bendlng Of Bendlng Of ABAQUS Equiva|ent p|ate theory
core sheets core sheets not | detailed ESL
considered considered model CLPT FSDT HSDT
10% 1.538 1.545 1.625 1.540 — — —
15% 1.469 1.481 1.560 1.472 — — —
20% 1.433 1.449 1.528 1.435 1.291 1.295 1.412

Table 3.  Global buckling loads (MPa) of sandwich panel using different methods

a/b Present method Finite element method Error (%)
1.0 16.2 16.5 1.9
1.25 26.6 27.0 1.5
2.0 63.5 66.1 4.1
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Table 4. Natural frequencies of sandwich panels using different methods

Natural frequencies (Hz)

0 First Second Third Fourth Fifth

Present method 73.8 184.6 184.6 292.5 368.1

1.0 Finite element 72.2 181.7 181.7 286.1 363.3
Error (%) 2.2 1.6 1.6 2.2 1.3

Present method 93.9 203.6 262.5 367.4 385.9

1.25 Finite element 92.5 200.7 263.6 365.4 381.6
Error (%) 1.5 1.4 0.4 0.5 1.1

Present method 171.3 273.7 447.1 575.3 671.9

2.0 Finite element 181.1 284.8 461.6 612.4 707.3
Error (%) 5.4 3.9 3.1 6.1 5.0
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Figure 1. Key dimensions of a square honeycomb panel.

Top face sheet j\

he(Xy.1)

Bottom face sheet

Figure 2. Coordinate system for square honeycomb panel
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Figure 3. Deflection at x = 100mm, 50mm, 26mm for p, =20%
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Figure 4. Effect of core height on buckling load of sandwich panels with
square-honeycomb core
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Figure 5. Effect of core sheet spacing on buckling load of sandwich
panels with square-honeycomb core
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Figure 6. Effect of core height on the first natural frequency of sandwich
panels with square-honeycomb core
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