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Abstract—In this paper, robust joint design of linear relay
precoders and destination equalizers for amplify-and-forward
(AF) MIMO relay systems under Gaussian channel uncertainties
is investigated. After incorporating the channel uncertainties into
the robust design based on the Bayesian framework, a closed-
form solution is derived to minimize the mean-square-error
(MSE) of the received signal at the destination. The effectiveness
of the proposed robust transceiver is verified by simulations.

I. INTRODUCTION

Due to its potential to improve reliability and coverage of
wireless communication systems, cooperative communications
has received considerable attention. In cooperative systems,
relay nodes are deployed to offer cooperative diversity and
facilitate communications between the source and destination
[1], [2]. Generally, there are three kinds of relay strategies, in-
cluding decode-and-forward (DF), compress-and-forward (CF)
and amplify-and-forward (AF). In terms of implementation
complexity, AF strategy is preferable, since for this strategy
relay nodes simply amplify the received signal and then
forward it to the destination.

On the other hand, it is well-known that multiple antennas
can bring spacial diversity and multiplexing gains to communi-
cation systems. This kind of benefit can be directly introduced
into cooperative communication systems by deploying multi-
ple antennas at the transceivers. The resulting AF multiple-
input multiple-output (MIMO) relay systems have attracted
considerable research interest in recent years [3]-[10].

Transceiver design for AF MIMO relay systems to minimize
the mean-square-error (MSE) of the received signal at the
destination has been discussed in [9], [10]. Perfect channel
state information (CSI) is usually assumed for the transceiver
design. Unfortunately, in practical systems, due to the time
varying nature of wireless channels and limited length of train-
ing sequences, channel estimation errors are inevitable [11].
Therefore, robust designs that can improve the performance of
wireless systems by taking channel uncertainties into account
are of interest.

In this paper, we propose a robust linear transceiver design
for AF MIMO relay systems under channel uncertainties. The
channel estimation errors are modeled as Gaussian random
variables and incorporated into the design using a Bayesian
framework. A closed-form solution is derived to minimize
the MSE of the received signal at the destination. Simulation
results verify the robustness of the proposed robust design
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Fig. 1. Amplify-and-forward MIMO relay system.

against channel uncertainties, and show that it performs bet-
ter than the corresponding algorithm without taking channel
estimation errors into account.

The following notation is used throughout this paper. Bold-
face lowercase letters denote vectors, while boldface uppercase
letters denote matrices. The notations Z™ and Z" denote the
transpose and Hermitian of the matrix Z, respectively, and
Tr(Z) is the trace of the matrix Z. The symbol I,; denotes
an M x M identity matrix, while O n denotes an M x N all
zero matrix. The notation Z? is the Hermitian square root of
the positive semidefinite matrix Z, such that Z3:7% =7 and
Z2 is also a Hermitian matrix. The operation vec(Z) stacks
the columns of the matrix Z into a single column vector.

II. SYSTEM MODEL

In this paper, a dual-hop amplify-and-forward cooperative
communication system is considered. In the considered sys-
tem, there is one source with Ng antennas, one relay with
Mp receive antennas and Npg transmit antennas, and one
destination with Mp antennas, as shown in Fig. 1. At the
first hop, the source transmits data to the relay. The received
signal, x, at the relay is

X = Hsrs+n17 (1)

where s is the data vector transmitted by the source with
covariance matrix Rs = E{ss''}. The matrix Hy, is the
MIMO channel matrix between the source and the relay.
Symbol n; denotes zero-mean additive Gaussian noise with
covariance matrix R,,, = 072“1 Mp- At the relay, the received
signal x is multiplied by a precoder matrix F', under a power
constraint Tr(FRyF") < P, where Ry = E{xx!'} and P,
is the maximum transmit power. Then the resulting signal is
transmitted to the destination. The received signal y at the
destination can be written as

Yy = HrdFHer + Hranl + no, (2)
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where H,.; is the MIMO channel matrix between the relay and
the destination, and ns denotes a zero-mean additive Gaussian
noise vector at the second hop with covariance matrix R,,, =
JELQIMD. In order to guarantee that the transmitted data s can
be recovered at the destination, it is assumed that Mgz, Ng,
and Mp are greater than or equal to Ng [9].

It is assumed that both the relay and destination have
estimates of the channel state information. Thus, we can write

Hsr = ﬁsr + AHST
and H,q = H,q + AH,q, 3)

where the symbols H,, and H,, denote the estimated CSI
matrices, while AHg, and AH,.; denote the corresponding
channel estimation error matrices whose elements are zero
mean Gaussian random variables.

In generall, the M R X Ng matrix AH,, can be written as
AH,, = 3X2.H,, ¥2. where the elements of the Mp x Ng
matrix Hyy are independent and identically distributed (i.i.d.)
Gaussian random variables with zero means and unit vari-
ances [12]-[14]. The M x Mg matrix X, and Ng X Ng
matrix W are the row and column covariance matrices of
AHy,, respectively [15]. It is easy to see that vec(AHL ) ~
CN(OnpNg 1 Bsr ® \I'ST,) based on which AH,, is said to
have a matrix-variate complex Gaussian distribution, which
can be written as [16]

AH,, ~ CNiag Ns (OnipNs, Bor @ U5), (4
with the probability density function (p.d.f.) given by [17]

exp(~Tr(AHL S5 AH,, & 1))
(W)NSMR det(EST‘)Ns det(\IIST)MR .

f(AH,,) = ®)

Similarly, for the estimation error in the second hop, we have
AHrd ~ C,~/\/MD,NR (OMD,NF“E’I‘d @ ‘P?d) (6)

where the Mp x Mp matrix 3,4 and Nrp X Np matrix
¥ are the row and column covariance matrices of AH,.4,
respectively. It is assumed that the channel estimation errors,
AHg, and AH,.4, are independent.

Remark 1: In general, the expressions for Wg,., 3., ¥4
and 3,4 depend on specific channel estimation algorithms.
If the channel estimation algorithm proposed in [12] is used,
we have ¥, = RT,ST’ Yo = Ug7srRR7sra ., = RT,Td
and ¥, = 02 ,Rp 4. The matrices Ry 4 and Rp ,, are
the transmit and receive antenna correlation matrices at the
source and the relay, respectively, and agysr is the source-relay
channel estimation error variance. Similarly, Rr .4, RR ra
and Uf,mz are defined for the channel between the relay
and the destination. On the other hand, when the channels
are estimated based on the algorithm proposed in [13], we
have ¥, = Rr,., X5 = JS’ST(IMR + aisrRl—%’lsr)fl’
W,y = Rypq and Bpg = 02, ,(Iny, + 02, Ry )71 In
the following, the proposed algorithm is developed without
assuming any specific form of ¥,,., ¥, ¥4 and 3,4.

IIT. PROBLEM FORMULATION

At the destination, a linear equalizer G is adopted to detect
the transmitted data s. The problem is how to design the linear
precoder matrix F at the relay and the linear equalizer G at
the destination to minimize the MSE of the received data at
the destination:

MSE(F,G) = E{Tr (Gy —s)(Gy —s)")}, (D)

where the expectation is taken with respect to s, AH,,., AH,.4,
n; and ne. Since s, n; and ny are independent, the MSE
expression (7) can be written as

MSE(F, G)
= E{|(GH,FH,, — Iy,)s + GH,;Fn; + Gny|*}
= Ean,, an, {Tr((GH,;FH,, — In )R,

x (GH,.¢FH,, — Ix,)")}
+Ean, {Tr (GH,oF)R,, (GH,¢F)")} + Tr(GR,,,G")
= Ean,, an,,{Tr ((GH,,FH,,)R,(GH,,FH,,)")}

+ Tt (GEam,, {H,.FR,, F"HL, }GH)

— Tr (Ry(GH,4FH,,)") — Tr (GH,,FH,,R,)

+ Tr(Rs) + Tr(GR,,,G™). (8)
Because AH,. and AH,; are independent, the first term of
MSE is
Ean,, an,.{Tr ((GH,FH,,)R,(GH,,FH,,)")}

=Tr (GEan,, {H«FEan,, {H,,R.HL JFIHL } G .
9)
For the inner expectation, due to the fact that the distribution of
AH,, is a matrix-valued complex Gaussian with zero mean,
the following equation holds [16]:
EAHM{HSTRSHET
= Ean, {(Hy + AH,, )R, (H,, + AH,,)"}
Tr(R,¥,,) %, + H,RH,
I1,.

1>l

(10)

Applying (10) and the corresponding result for AH,.4 to (9),
the first term of MSE becomes

Tt (GEan,, {H,¢FEan,, {H, RHL}FTHE L GH)

= Tr(G(Tx(FII, F' W, )%, + H,,FIL,FPHL)GH).
(1D

Similarly, the second term of MSE in (8) can be simplified as
Tr (GEam,, {H,.FR,, FTHI }GH)

= Tr(G (Tr(FR,, F'¥, ;) 2,4 + H,oFR,, F'HL) G™).

(12)
Based on (11) and (12), the MSE (8) equals
MSE(F,G) = Tr (G(H,«FRF'HY, + K)G")
— Tr (R,HL FTHL,GH)
- Tr (GH,«FH,,R,) + Tr(R,)  (13)
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where

Rx = HO +Rn1

and K = Tr(FR.F!¥, )%, + R,,. (14)

Notice that the matrix Ry is the autocorrelation matrix of the
received signal at the relay.

Subject to the transmit power constraint at the relay, the
joint design of the equalizer at the destination and the precoder
at the relay can be formulated as the following optimization
problem:

min MSE(F,G)
F.G

st. Tr(FR,FY) < P,. (15)

IV. THE PROPOSED CLOSED-FORM SOLUTION

It is difficult to find the optimal solution for the optimization
problem (15), because MSE(F,G) is a very complicated
function of F and G. However, from the definition of K =
Tr(FRyFHW, )2, 4 + R,,,, we have

K <Ky 2 (02, + Tr(FRFI W, ) Ao (Zra)) Tnsy

na

A
=n

(16)

where Anax(Z) denotes the largest eigenvalue of Z. It follows
that

GKG" < GKyG", (17)
which implies
Tr(GKGY) < Tr(GKyGH). (18)
Replacing K by Ky, the corresponding MSE is
MSEy (F, G)
=Tr (G(H,«FRLF"HE, + Ky)G") + Tr(Rs)
~Tr (R.HIFPHEGY) - Tr (GH,,FH,,Rs) . (19)

It is obvious that MSE is an upper-bound on MSE, i.e.,
MSE(F, G) < MSEy (F, G). Thus the optimization problem
(15) can be relaxed to

IFI‘171C1£1 MSEy (F, G)
st. Tr(FR.FY) < P,. (20)

Notice that when X,.4 « I/, MSE(F, G) = MSEy (F, G),
no relaxation is needed and the problem (20) is exactly
equivalent to (15).

The corresponding Karush-Kuhn-Tucker (KKT) conditions
for the optimization problem (20) are given as follows [18]:
G(H,,FR,F'HY + K;) = R,(H,(,FH,,)", (21a)
HYGMGH, 4FRx + (Amax(Zra) Tr (GG T, 4 + 7)FRx

— (A RsGH )" = On s (21b)
Y(Tr(FRyF") — P,) =0 and v >0, (2lc)

where + is the Lagrange multiplier.

Lemma 1: Based on the KKT conditions (21a)-(21c), the
Lagrange multiplier satisfies

y = o Tr(GGH)
no Pr .

A proof is given in Appendix A.
Based on Lemma 1, the second KKT condition (21b) can
be simplified as

HY,GPGH,sFRx + (P, ¥, g max(Zra) + 02,1)

(22)

AM
x FRy—1- — (H, R,GH,q)" = 0.
(o)~ 5
Furthermore, we have the following lemma about the optimal
precoder F' and equalizer G.
Lemma 2: Based on the KKT conditions, the optimal precoder
F and equalizer G for the optimization problem (20) are

(23)

_1
Fopt = M2 Ug nAr op U yRx 2, (24)
Gopt = VonAgop U yM ™ 2HY, (25)
- 72
2 1 -
AF opt = Ln;nA@ZAT—T]Ael and  (26)
47z
Ry SR AN e
AG.opt = Ag’Ar— LA Ag?, (27
Gopt _( oy e At =y @) e » 27)

where Ut n, Vr v and Ug y are the first NV columns of
Ur, Vr and Ug), respectively. The matrices AT and A@ are
the principal sub-matrices of At and Ag with dimension N,
respectively. The matrices U, Vp, A, Ug and Ag, and the
number N are defined based on singular value decomposition
as follows:

M zHLH, M = UgAeUY,  (28)
Ry “H, R, = UpAr Vi (29)
and N = min (rank(Ar),rank(Ag)). (30)

Without loss of generality, diagonal elements of the diagonal
matrices At and Ag are arranged in decreasing order.

A proof is given in Appendix B.

Based on Lemma 2, the remaining problem for finding the
optimal F and G is to solve for the Lagrange multiplier v and
the parameter n. From (21c) and (22), and together with the
fact that Gope # 0, the optimal precoder and equalizer must
satisfy the following two equations:

Tr(FoptRxFL,) = Pr (31)
P,

and ’I‘r(GOptGgpt) =75

n2

Substituting (24), (25), (26) and (27) into (31) and (32),  and
~ can be found as

(32)

b3 P,
— 33
1= By + bibs — babs (53)
bao? P.b b1bs — bob
and = 30y (Drb1 4 biby — bobs) (34)

(P, + b4)2 P, ’



This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the WCNC 2010 proceedings.

where by, by, bg and by are defined as

by 2 Tr(UgLM’lU@,LATJUXé%), (352)
by 2 Tr(US , M~ Ue 1 Kg ), (35b)
by 2 Tr(Arho’) (35¢)
and by 2 Tr(Kg) (35d)

In (3§), A@ and ]XT are the principal sub-matrices of A@
and At with dimension L, respectively, and L is the number
of nonzero entries of Af opt, Which can be computed easily
by the algorithm proposed in [13]. Notice that when CSI
is perfectly known, n = 07212 and the proposed closed-form
solution given by (24) and (25) is exactly the solution in [10].

V. SIMULATION RESULTS AND DISCUSSION

In this section, we investigate the performance of the
proposed algorithm and for the purpose of comparison, the
algorithm based on the estimated channel only (without taking
the channel errors into account) [10] is also simulated. In
the following, we consider an AF MIMO relay system in
which the source, relay and destination are equipped with same
number of antennas, i.e., Ng = Mrp = Ng = Mp = 4. The
widely used exponential model is chosen for both transmit
and receive antenna correlation matrices [12]-[14]. More
specifically, the channel correlation matrices are chosen as

r 1 2 3

a o «
Rr o =Ry = 52 i 014 f
i ad a? a1
1o g B

and Rps = Rpra = ﬂﬁg ; f ﬁ; . (36)
A A A

where « and (3 are the correlation coefficients.

Here the channel estimation algorithm in [13] is adopted,
and the correlation matrices of channel estimation errors are
in the form:

Y, = Ry,
S =0Ty, +ocREL,) T
W,.q=Rr,q

and X4 = 02(Ip, + ang}Td)*l, (37)

where o2 is the variance of the channel estimation errors.

The signal-to-noise ratio for the source-relay link (SNRy,.)
is defined as E;/N; = Tr(R,)/Tr(R,, ), and is fixed at
30dB. At the source, four independent data streams are
transmitted by four antennas at the same power. For each
data stream, Np,, = 10000 independent quadrature phase-
shift keying(QPSK) symbols are transmitted and Tr(Ry;) is
normalized to 1. Similarly, the SNR for the relay-destination
link (SNR;.¢) is defined as E,. /Ny = P,./Tr(R,,, ). Each point
in the following figure is an average of 10,000 independent
trials.

% The algorithm based on estimated CSI only [10]
—8—The proposed robust algorithm

Fig. 2. BERs of the proposed robust algorithm and the algorithm based on
estimated channel state information only, where @ = 0.6 and § = 0.4.

Fig. 2 shows the bit-error-rate (BER) performance of the
proposed algorithm and the algorithm based on estimated
channels only with different values of Uf, when o = 0.6 and
0 = 0.4. It can be seen that as the channel errors decrease,
the performance of both algorithms improves. Moreover, since
the proposed algorithm has taken the channel estimation errors
into account, its performance is always better than that of the
algorithm based on estimated channels only, when o2 # 0.

VI. CONCLUSIONS

In this paper, a robust linear transceiver has been designed
for dual-hop AF MIMO relay systems under channel uncer-
tainties based on a minimum mean-square error criterion. The
channel estimation errors are modeled to be Gaussian random
variables and incorporated into the robust transceiver design
based on a Bayesian framework. A closed-form solution has
been derived and when 3,4 o< Iz, the proposed closed-form
solution is exactly the optimal solution. It has been demon-
strated by computer simulations that our proposed algorithm
performs better than an algorithm based on estimated channels
only.

APPENDIX A
PROOF OF LEMMA 1

Right-multiplying both sides of (21a) by G, the following
equality holds:

G(H,,FR,F'HY + K )G = R, (H,,FH,,)"GH.

(38)
Left-multiplying (21b) by FH, we have
F'ALGYGH, tFR, + F' )\ ok (2,0) Tr(GGH)
¥, ,FR, +FFR, = F" (A, R.GH,,)". (39)
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After taking the traces of both sides of (38) and (39) and using
the fact that the traces of their righthand sides are equivalent,
i.e.,

Tr(R,(H,oFH,,)"G") = Tr(F" (H,,R,GH,4)"), (40)
we have
Tr(G(H,,FR,F'HY, + Ky)GH)
= Tr(F"HY, GHGH,,FR,) + 7Tr(FFFR,)
+ Amax(3ra) Tr (GG Tr (F1 0, g FRy). @1
Since the following equation always holds:
Tr(G(H,,FR,FH!)GY) = Tr(FPAY,GYGH, ,FR,),
(41) reduces to
Tr(GKyGH)

= Amax () Tr (GG Tr(FH ¥, FR,) + yTr(FHFR,).
(42)

On the other hand, based on the definition of Ky in (16) we
have

Tr(GKyGH)
= Amax(Zra) Tr (GG Tr(FH W, ;FRy) + o2, Tr(GGM).
(43)
Comparing (42) with (43), it can be concluded that
o2 Tr(GGM) = yTr(FR<F"). (44)
Furthermore, based on (21c) we have
02 Tr(GGY) — 4P, = y(Tr(FRLF") — P,) =0, (45)
based on which the following equality holds:
Tr(GGH)
2
Y =05, P . (46)
APPENDIX B

PROOF OF LEMMA 2

Given an arbitrary Nr x M matrix F, based on the second

KKT condition, it can be reformulated as
_1
F =M :Ug yArUS yRx’. (47)

Substituting (47) into (21a), the equalizer G can be derived
as

G = R, (ﬁ7'dFﬁ37')H(ITI’r'dFRxFHIjIEd + 'r]IJWD)71
C(RTT HRspHEH 3 -1
= (Rx HsrRs) (RxF HTdHTdFRx + nIMR)
« RZFIUHY,
~H ~ _
= Vo n Ap(AfAeAr +7ly) AR UG yM 7 H,

2Ac

(48)

where the second equality comes from the matrix inversion
lemma.

Substituting (47) and (48) into (38) and (39), after a tedious
derivation, we have

A(;[‘i@AFA{:IA@Ag -+ T]A(;./‘i@Ag = (AG‘/‘@AFIXT)H

(49)
and
AMAeARAcAoAF + J%AI;AF = (ArAcAeAp)t.
’ (50)

Because the left hand side of (49) is a Hermitian matrix,
the matrix Agfx@AF]XT on the right hand side must also
be a Hermitian matrix. Similarly, ATA(;A@AF is also a
Hermitian matrix. Together with the fact that the matrix
A is real diagonal, AgAeAr must also be diagonal [19].
Applying these results into (50), it follows that AR Ay is also
diagonal.

On the other hand, from the definition of Ag in (48), we
have

~ ~H ~ ~
AcgAeAr = Ap(AfAeAr + 1) AT AAr.  (51)

As ‘Z&T and AgAeAF are diagonal, we can conclude that
AEA@AF must be diagonal. Thgn, similarly to [19], from
the diagonality of AFAp and AfAeAp, it can be concluded
that

Ar = PAg, (52)

where Ag is a diagonal matrix and P is a permutation matrix
[20]. Substituting (52) into the definition of Ag in (48), it can
be derived that

Ag = AgPY, (53)

where Ag is also a diagonal matrix. _
Putting (52) and (53) into (49) and (50), we can solve Ap
and Ag as

- 413
A 9%, H R} -1 H} -1
Ap = |||/ 222 Ar(PTAoP) ¢ — (P"AoP)

vy

) (54)
and
—~ [ o~ —~ o~ + 2
o= | (o AT<PHAeP>%Z<PHAeP>1>]

L nang Unz

x (PTAeP) 2. (55)

Notice that as P is a permutation matrix , PHA@P is also
a diagonal matrix with a different ordering of the diagonal
elements of Ag [20], and Tr((PHAeP)™ 1) = Tr(Ag)l).

In order to identify P for the optimal precoder and equalizer,
it is assumed that all the eigenchannels in (54) and (55) are
allocated nonzero power. Substituting (47), (48), and (52)-(55)
into (19), together with (46) after a tedious derivation, we have

{Tr (AT(PHA@P)—%”2
Tr ([X(:)l> + P,

MSEy = +e  (56)
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where c¢ is a constant (i.e., independent of P). Since A@
and Ar are diagonal matrices with diagonal elements in
decreasing order, and PHA@P is also a diagonal matrix, the
following inequality holds [6]:

()

Tr (]\;)1) P

MSEy > +c, (57)

where the equality holds when P = Iy. It follows from (52)-
(55) that for the minimal MSE;;, P = Iy and the optimal
Ar and Ag are
-~
on.n
0

~ L1 ~_1
AF opt = A AT —nlAg (58)

and

113
~ -1 ~—1 ~ -1
Agopt = ( J A@2AT——Z A@) Ag’. (59)

2
nang 0n2

Furthermore, the optimal precoder Fop; and equalizer Gp¢
are

—1 H -1
Fopt =M 2U(--),N-/XF,othTJ\/]R:x 2
54 —daH
and Gopi = Vi vAg opt U yM ™2 HE,.

(60)
(61)
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