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CONVERGENCE RATES OF SPECTRAL DISTRIBUTIONS OF
LARGE SAMPLE COVARIANCE MATRICES*
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Abstract. In this paper, we improve known results on the convergence rates of spectral distri-
butions of large-dimensional sample covariance matrices of size p X n. Using the Stieltjes transform,
we first prove that the expected spectral distribution converges to the limiting Maréenko—Pastur
distribution with the dimension sample size ratio y = yn = p/n at a rate of O(n’l/Q) if y keeps
away from 0 and 1, under the assumption that the entries have a finite eighth moment. Furthermore,
the rates for both the convergence in probability and the almost sure convergence are shown to be
Op(n_2/5) and oa_s_(n_2/5+’7), respectively, when y is away from 1. It is interesting that the rate
in all senses is O(n~1/8) when y is close to 1.
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1. Introduction. The spectral analysis of large-dimensional random matrices
has been actively developed in the last decades since the initial contributions of Wigner
(1955, 1958); also see the recent review by Bai (1999) and the book by Mehta (1991).
Various limiting distributions were discovered including the Wigner semicircular law
(Wigner, 1955), the Mar¢enko—Pastur law (Mar¢enko and Pastur, 1967), the limit-
ing law for multivariate F' matrices (Bai, Yin, and Krishnaiah (1987) and Silverstein
(1985)) and the circular law (Bai and Yin (1986), Bai (1997)). The spectrum sepa-
ration problem for large-dimensional sample covariance matrices was investigated in
Bai and Silverstein (1998, 1999).

Let A be an n X n symmetric matrix, and A\; < --- < A, be the eigenvalues of A.
The spectral distribution F4 of A is defined as

1
FA(z) = % number of elements in {k: A\ < x}.

Let X, = (x;j)pxn be a p X n observation matrix whose entries are mutually indepen-
dent and have a common mean zero and variance 1. The entries of X, may depend
on n but we suppress the index n for simplicity. In this paper, we consider the sample
covariance matrix S = n_lXpX;";7 where X7 denotes the transpose of the matrix X.
Assume that the ratio p/n of sizes tends to a positive limit y as n — oo. Under
suitable moment conditions on the x;; entries, it is known that the empirical spectral
distribution (ESD) F, := FS converges to the Mar¢enko—Pastur distribution F,, with
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index y with density

27r1xy ((E - a‘)(b - SC) if a<zx< b,

o) —
0 otherwise,

where a = (1 — /y)2, b= (14 /)%

An important question here concerns the problem of the convergence rates. How-
ever, no significant progress was made before the introduction of a novel and powerful
tool, namely, the Berry—Esseen inequalities in terms of Stieltjes transforms, by Bai
(1993a, 1993b). Using this methodology, Bai (1993b) proved that the expected ESD
EF, converges to F,, at a rate of O(n~/4) or O(n=°/4%) depending on whether y,, is
far away or close to 1, respectively, where y,, = p/n. In another work by Bai, Miao,
and Tsay (1997), these rates are also established for the convergence in probability of
the ESD F), itself. In later works of Bai, Miao, and Tsay (1999, 2002), the convergence
rates for large Wigner matrices are significantly improved.

In this work, we further investigate the convergence rates for empirical spectral
distributions for large sample covariance matrices and improve those results in the
theorems to follow.

The following conditions will be used:

(C1) Exyj=0, Ezj;=1, 1<i<p 1<j<n.

(C2)  sup,;, Elz;l® < oco.

(C.3) For any positive constant 6,

> Ealile,1200m) = 0o(n):

ij
It is easy to see that condition (C.3) guarantees that there is a sequence {6 = 6,, — 0}
such that

(11) Z E'T’zgjlﬂwu\Z(s\/ﬁ) = o(n268).
j
(C.2')  sup;;, El|zy|" < oo for any integer k > 1.
Throughout the paper, we use the notation Z, = O,(a,,) if the sequence (a,'Z,)
is tight and use Z,, = o,(a,) when a,,1Z,, tends to 0 in probability. We shall also set

I f1l = sup,, [ f()]-

For simplicity, from now on we drop the index n from y and use the notation
Yy = yn = p/n. Finally, let us define

—2log,, (1—/Y) . _
1+4logn(1)§y) if y<(1-n"'8)?
(1.2) 0=0(ny) =
% otherwise.
We now introduce the main results of the paper.
THEOREM 1.1. Assume that the conditions (C.1)—(C.3) are satisfied. Then,
n—1/[46+2] )

L= \/§ + n-L/E0+4]]
THEOREM 1.2. Assume that the conditions (C.1)—(C.3) are satisfied. Then,

n—(2/(5+6)) n—1/146+2]
1— \/y_‘_ n—(l/(5+9))}’ [1 _ \/?J-i- n—l/[89+4]] }) '

IEF, - F,| O(

I~ £, = 0, (max {
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THEOREM 1.3. Assume that the conditions (C.1)—(C.3) are satisfied. Then, with
probability 1,

n—(2/(540)) p-1/140+42]
15 = Byl =0 (max { L= g+ nG] [L— /g + n-1/60+4]] }) '

Remark on the convergence rates. If y is not close to 1, then 8 ~ ¢/logn,
and hence the convergence rates in the above three theorems are O(n=1/2), O, (n=%/°),
and 0, (n~2/5%), respectively. When y > 1 — O(n~'/®), § = 1/2, and hence the
rates of the three theorems are O(n~'/%), O,(n=1/®), and O, 5. (n~1/®), respectively.
When y goes to 1 with intermediate rates, we may have intermediate convergence
rates.

It is worth noticing that the convergence rates given above for the case 0 <y <1
also apply to the case y > 1, since the last case can be reduced to the first case by
interchanging the roles of row and column sizes p and n.

The proofs of these main results will be given in section 3. For convenience, we
first introduce some necessary notation and preliminary consequences in section 2.
Some necessary lemmas are postponed to section 4.

2. Definitions and easy consequences. Throughout the paper, the transpose
of a possibly complex matrix A is denoted by A" and its conjugate by A. For each
fixed p, n, and k = 1,...,p, let us denote by x; = (zk1,...,2kn)" the kth row of X,
arranged as a column vector, and let X, (k) be the (p — 1) x n submatrix obtained
from X,, by deleting its kth row. Let us define

1 1 1
ay = EXp(k)xk, Sy = ﬁXp(k)X;[;(k), By = ﬁXZ;(k)DkXp(k),

1
21  p.- “X/DX,, Di:=(Si—:L,1)"h  Di=(S—:L) !,

Fk = Dkﬁk, Ak = Dkskﬁk

Here 1,, is the m-dimensional identity matrix and z a complex number with a positive
imaginary part.

Following Bai (1993b), the Stieltjes transform of the spectral distribution F,, of
the sample covariance matrix S is defined for z = u + iv with v > 0 by

my(e) = [ ).

o T —Z

and it is well known that

mp(z) = %tr(S -

Similarly, the Stieltjes transform of the spectral distribution F,Ek) of the submatrix Sy
satisfies

mi(z) = / AEM) (2) = ——tr(Sp — 2L,-1) 7.

o & =2 p—=

Finally, the Stieltjes transform of the “limiting” (by noting that y = y,,) Maréenko—
Pastur distribution F, is

(2:2) m(Z)Z/_OO xizdFy(x)z—y+Z_1_\/(2221/—2)2—411,2
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for 0 < y < 1. Here the square root /z is the one with a positive imaginary part.
Note that m(z) is a root of the quadratic equation

yzm? + (y+z—1)m+1=0,

which implies that m(z)m*(z) = ﬁ, where

_y+z—1—|—\/(1+y—z)2—4y

m*(z) = 2

is the other root of the equation. We claim that
(2.3) |m(z)| < |m*(z)| forall z=u+iv, v>0.

To see this, set

a+if=+y/(1+y—2)?2—4y with §>0.

We have
(2.4) aff =v(u—y—1),
(2.5) B*—a® = (b—u)(u—a)+v>

First, note that 5 = 0 is impossible; otherwise we should have © = 1 4+ y and (2.5)
would be violated. Hence, § > 0 and o > 0 if and only if u > 1+ y.
It is easy to see that

m()| < [m* () & ly+ 2 =1 (@+iB)] < ly+2z— 1+ (a+i)|
S aly—1+u)+pBv>0.

The last inequality clearly holds if u > (1 + y) or u < 1 — y (in this case the result
was proved in Bai (1993b, p. 651)). Now assume for a u € (1 —y,1 +y) C [a,b)
that the inequality does not hold, i.e., a(y — 1 + u) + fv < 0. This implies that
Buv < |aj[u — (1 —y)] (noting that a < 0). Multiplying both sides by 8 and using
(2.4), we get

B2 fu— A=yl +y—u <(b-u)(u-a),

which contradicts (2.5). The claim (2.3) is then proved.

This claim implies that |m(z)| < 1/4/y|z| for any z. On the other hand, when
u < a — v, both real and imaginary parts of m(z) are positive and increasing (a
consequence of the integral formula (2.2) of m(z)). Thus, |m(z)| can only reach its

. 2v2 —
maximum when u > a —v. When a < 2v, we have |m(z)| < 1/,/yv < Ty =

2\/§vy ..

=7=5t- When a > 2v, by noticing that /[z| > {/a?/4 +v? > 21%(\/54’ V), we
obtain the same bound as in the first case. Therefore, we obtain

< 2\/§vy

(26) m) < =

(2.7) vy 1= v/[Va+ /o] = v/[L = i+ V.
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LEMMA 2.1. Let X = (z1,...,2,)" andy = (y1,... ,yn)" be independent real
random vectors with independent elements. Suppose that for all1 < j < n, Ex; =
Ey; = 0, Elz;|> = Ely;|* =1, Elz;|* < L < oo and that A is an n x n complex
symmetric matriz. Let j, = maxj<,( E|lz;|*, Ely;|*). Then

(i) ExTAy|?=tr(AA);

(i) E|xTAx|? < Ltr(AA) + |trA|?%;

(iii) ElxTAx—trA|?> < L(trAA);

(iv) ElxTAx —trA|** < dy [patr(AA)* + (Ltr(AA))*] for k>2 and some
positive constant di depending on k only.

The proofs of (i)—(iii) are elementary and therefore omitted. The statement (iv)
follows from Lemma 2.7 of Bai and Silverstein (1998).

LEMMA 2.2. Let G1 and Gy be probability distribution functions and z = u + v,
v > 0. Then for each positive integer m,

| i@ - Gaw)

[e'S) |xiz|m

2
< —||G1 = G|
v

Proof. Let be G* := G1 — G2. We have, by integration by parts,

[
R
] o

Re(z) 1 00 1
< * — - -
< el /_oo dezw}*/Remd[ fvzlm}

Re(z) o
* 1 1 )
:”G ||{ |x_z|7n + <|.'L'_Z|"L >}||G ||Um a
—o0 Re(z)

We will need the following auxiliary variables:

1< 1
Jj=1

&= (z3; — 1) + ﬁ(kaBka —trBy),
=1
- 1 z
Er = *(t’l“B;c — Et?“Bk) = —(trDy — EtrDy),
n n
1 z
7y = —E(trBy — trB) = —E(trDy — trD),
n n
ﬂ _ 1 i 2 1 1 TB
k= ﬁ (mkj ) +z + ﬁXk kXK,
j=1
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We summarize below some inequalities which will be used in the derivations. Let
A = || EF, — F,| and M := sup, ; ,, Elz;;|*. For fixed (n,p) and 1 < k < p, we define
the o-algebra
F® —g(x; : 1<i<p,i#k), Fi=o0(x; : k<i<p).
1. (from Lemma 3.3 of Bai (1993a)):
(2.8) (p— 1)EW) (@) — pFy(a)] < 1.

2. (from Lemma 2.2 and (2.8)):

S (k)
(2.9) 6D — Dy | = ’/ d[pF,(z) — (p — DF" (2)] < 9p-1.

3. (from equation (3.14) of Bai (1993b)):

(2.10) my(z) = /OOO ! dF,(z) = LoD = Jzi.

Tr—z p . Br

4. (from Lemma 2.2 of Bai, Miao, and Tsay (1997)):

(2.11) Elmy(z) — E(my(2)) < p~lv 2.
5. (from |B;] > Im(B;) = v(1 +n~trAy)):

(2.12) 1BE 7 (1 +nHrAy) <ot
6.

(2.13) 1Bi| > Im(Bk) = v (1 + iangDkak) :
7.

(2.14) ‘1 + %aszzak <1+ %angﬁkak-

Let Axj, j = 1,2,...,p — 1, be the eigenvalues of S;, which can be decomposed
into a diagonal form on the basis of orthonormal and real eigenvectors. Let L be
a complex matrix having the product form L = M!N? for some integers ¢, ¢’ and
factors M, N equal to one of the matrices {Dg, Dz, Sg}. An important feature that
we will frequently use in what follows is that such a matrix L can be decomposed into a
diagonal form on the same basis as the eigenvectors of Si. Moreover, the eigenvalues
of L can be straightforwardly expressed in terms of the Ag;’s. In particular, we have
the following.

LEMMA 2.3. Assume that |z| < T, where T > 1. Then for all integers £ > 1,

-1
1
2.15 tr(Te)f < | = trTy,,
712

-1
(2.16) tr(Ag)t < <1;> trAy.
v
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Proof. (i) The inequality (2.15) follows from

p—2(=1) — 2(6-1)
Zp\k _ Z|2£ = Z‘)\k] —22 v trL.

(ii) For the inequality (2.16), we have

The conclusion follows from the fact that the function ¢(\) := A7\ — 2| defined on
(0, 00) is convex and has a unique minimum value p* satisfying

2 2

v v
=2Vt —u)=2—— > —. O

7 (Ve + 0 =) lz| +u = T

LEMMA 2.4. For the Marcenko—Pastur distribution F,, we have
b
1 2
I < = —2
(2.17) /a P Z|2dFy(:c) < y3/4vyv .

Proof. Since for x € [a,b], (xr — a)(b—z) < x(b— a) = 4x,/y, we have for any z,

/b ! dF()—/b N )d
v\ = |x—z|22m:y z)dv

a |J3—Z|2

< d
= wy3/4/a Vale — 22

The maximum of f: 1/(v/z|x — 2|?) dz can only be attained when u > a. We then
have

/b L ap(z) < — /OO L
— x x
o |z =200 Ty fy o Vale — 2f?
1 1 < 1 |z|71/2 —1 )
Y32\ /2)z] — 2u Tyt

From this and by noticing that |2|*/2 > 1(\/a + /v) when u > a, the lemma is
proved. a

3. Proofs. We first truncate and centralize the random variables so that all
random variables could be further considered as bounded (up to some order of n). In
the subsection 3.2, we introduce a Bai inequality for the proofs of the main theorems.
These proofs are then given in subsequent sections.

3.1. Truncation and centralization Define #;; = x;1(|z;;| < 6y/n) and
Tij = (Zij — E(&5))/0i5, where 07, = E(&;; — E(2))?. Here 6 = 6, is chosen such
that 6, — 0 with a slow rate and such that (1.1) holds. We remind the reader that
all the above variables depend on n, but the index is suppressed.

Define p x n matrices X = (&;5) and X = (%;5) and define p x p matrices S =
%XXT and S = 1 XXT Denote the ESDs of S and S by F and Fp7 respectively.
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We first estimate the truncation error ||F, — F,||. By (1.1),

ZP (Jzis]| > 6,v/n)

.3

(3.1) < c;r?. |

Let a € (0,1). By the Markov inequality,

P> I(lri] > 8uv/n) =07 | <en2Fe,
,J

which, together with the Borel-Cantelli lemma, implies that

(3.2) rank(X — X) <3 I(|ai| > 6uv/n) = 0(n™*)  as.
i,

By Lemma 2.6 of Bai (1999), we have

(3.3) |F, — E,|| = 0(1/n*t%)  as.

The estimation (3.3) reduces the proofs to show that the three theorems remain true
when F), is replaced with Fj,.
Furthermore, recalling the proof of Lemma 2.7 of Bai (1999), we find that

p
[ 15@) - Bu@lds = 3 3" 13 &l
L
1 o oo or?2, oor oo\’
(3.4) < (tr(X - X)(X - X)T Ztr(XXT + XXT)) ,
np np
where j\k and S\k, arranged in increasing order, are the eigenvalues of S and S , Te-
spectively.
Under the uniform boundedness of the fourth moments of the entries, it is easy
to show that

1, 55 1
3.5 —trXXT < — rii> — 1 as.
(35) np np ; [
Also,
(3.6) 1> H%xx U?j > Hg;n afj — 1.

Furthermore, by (3.5) and (3.6),

1/2
1 o 1/2 1 )
() = | Sl
1/2 1/2
1
< - - 2 Elx:2I(lz::| > &
< gz (Do) (3wt om

(3.7) —1 as.
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Note that
1 -
—tr(X - X)(X - X)T
(X - X)(X - X)
2 2 2
Sn—p > |xij|max|1—1/0”\
ij
(3.8) + B |z I(Jxij] > 6v/n)}| = O(n™%) as.

Here, the convergence rates follow from the facts that
Z |x | —1as.

(i) nga;xu — 1o, < max EXJa, (| = 6y)} = O(6~2n7").

(iif) Z E2{|xs;|I(|zi;] > 6v/n)} = O(85n~7).
It follows from (3.4)—(3.8) that under conditions (C.1)—(C.3),

(3.9) / \F(2) — Fy(2)]dz = O(n=3) aus.

Using Lemma 2.5 of Bai (1993b), the proofs of the three theorems reduce to show
that the main theorem remains true when F is replaced with F Note that the
random variables &;; still satisfy the Condltlons (C.1)—(C.3). They also satisfy the
additional condition

(here, the constant § should be 36 if 6 is the one we previously selected. For brevity,
we still use 6). Also, for simplicity, we shall drop the tilde sign from various variables.

3.2. The Bai inequality. Suppose that G is a function of bounded variation.
The Stieltjes transform g of G is defined as

o) = [ dew),

o T —Z

where z = u + v and v > 0. Our main tool is the following inequality (Bai (1993a)).

ProrosiTIiON 3.1. Let G be a distribution function and H be a function of
bounded variation satisfying [ |G(x) — H(x)|dz < oco. Denote their Stieltjes trans-
forms by g(z) and h(z), respectively. Then

A
| oo -n@lau+ 2 [ (6@ - @) ds

—A |z|>B

161 T 9D

1
e [t - o)
ly|<2va.

UV oz
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where the constants A > B, v, and a, are restricted by

1 1 1 4B

v = - /u|<a* R 1du > > and K= A2 = 1)

€ (0,1).

Denote the Stieltjes transform of F, and F, (recall our convention that y =
Yn = p/n) by my(2) and m(z), respectively. Application of the Bai inequality with
(G,H) = (F,,F,), A= 25, and B =5 gives, for some constant ¢ > 0,

A
M%%MS4[J%@—m@WH1/ IFy(z) — e(x)| de

U J|z|>5

1
(3.10) + Lo / |Fy(@ +u) — F () du] ,
|u|<2va.

UV =z

where e(z) = 1 for x > 0 or e(z) = 0 otherwise. We shall estimate these three terms
in the above bound successively and start with the last one.

(a) Estimate for sup, f|u|<2'ua* |Fy(x 4+ u) — Fy(x)| du.
LEMMA 3.1. We have, for any 0 < v < 4./y,
2(1+y)

11
sup/ |Fy(x+u) — Fy(x)|du < ———ZL0u,,
v <o’ ! 3Ty Y

where v, = v/(y/a+ /) is defined as in (2.7).

Proof. Tt is enough to consider the part 0 < u < v in the integral only since the
remaining part for —v < u < 0 can be handled in a similar way. Set ®(\) := fov [Fy(z+
u)—Fy(x)]du with © = a+ \; we are estimating the maximum of ®(\). Without loss of
generality, we need only consider the case that A > 0 because [, [Fy(z+u)— F,(z)]du
increases when x < a. Then

B(A) = /O du /z R

_/“"M"’” at+XN+v—t
a+X 2myt

Atv v—u
(3.11) - A 2?T;(uw)./u(z;\/gu)lr[o,b_a](u) du.

Let ¢(u) := (u+ a)~'y/u(4,/y — u). The derivative of log(¢(u))? is

1 1 2 22yya—(1+yu)

5_4\/§7u ut+a  u(dy—u)(uta)

Note that the above equality holds also for y = 1 for which a = 0. Let p := (1 +
y)~(2a\/y). Thus ¢(u) is decreasing when u > p and increasing when u < p. Since

de(\) 1 Aty
(M—ZW<A [wm—¢@nm>,

(t—a)(b—t)Iqp(t)dt
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it follows that for A > p, ®()) is decreasing and then ®(\) < ®(p); for A < p — v,

®()) is increasing and then ®(\) < ®(p — v). Hence, ®(A) reaches its maximum only
for some A € (max(p —v,0), p). Considering such a A yields by (3.11)

Vudu

1/4 Atv _
B()) < 2y / A+v—u
A

- 2my u—+a

= 2(my/ M)t {()\+v+a) (VA+v -V

—Va (arctan \/m — arctan \/X>1 1 [()\ + v)3/2 - )\3/2} } .
a a 3
A+wv A a
—_— = - > — _
Va (arctan \/T arctan \/Z) S (\/ﬁ \f)\) ,

we get, by setting \* = v A+ v — VA,

2 a 1. .2
<2 A T x| Ty
@(A)ﬂy3/4{(a+>\+v) </\ — U)\) A <A+AA + 3 >}

Since

(312) = 2 [ﬁ/\*Q + 2/\*3} .

Comy3/4 3

Let ¢2 = ;+7% Since A + v > ¢ 2a and

(VA+0+VA)? > A+ 0+ 22N +0) > 2V + 2V e 2a,

we have
VA < c < c
(VAFv+ VA2~ 2Va+2e/v = 2V/a+2yv’
1 2c

ATo VAP~ Watvou

where the last inequality follows from

(VA+ o+ VA2 > Vit ov
e

z%ﬂﬁ+ﬁh
Hence

2 1lc o 11\/2(1+vy) 1 9
. V¢ = v,
Tyt 6(va + /) b6y U+ (1— )

This completes the proof of the lemma. ]

(N <
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(b) Estimate for % f|w|>5 |Fp(x) — e(x)| dx. Let A, denote the largest eigen-
value of S. By Yin, Bai, and Krishnaiah (1988), for any positive constant (¢) and
integer (¢,,) such that ¢,,/logn — oo and EnéiM/ logn — 0, we have

(3.13) E\) <c(b+e).

Therefore, for x > 5 and any fixed ¢ > 0,

(3.14) P\, >az)<c <b+ 8)6” <c (b + 8)2 <b;5)£n_2 = o(z~2n").

€T xr

Since Fy(x) = e(z) = 0 for < 0, we have

/M Fyw) = e@lde = [ 1= Fy(o)]de

0o P [e9)
:/ LS POy > 2)de < / PO\, > o) do
5 P, 5
(3.15) < / o(z™?n" ) dx = o(n™") .
5
By (3.15) we finally get
/ |, (z) — e(z)| dv = O(n™?) as.
|z|>5
Thus, for v > cn™!, we have
vil/ |Fp(z) — e(x)|dz = Oy 5.(n 1) as.
|z|>5

(c) Conclusion. Summarizing previous steps gives

A
(316)  |F,—Fl<ec / mp(z) — m(2)| du+ O o (1) + v,
—A

To prove the main theorems, we need only estimate |m,(z) —m(z)|. Bai (1993b) has
proved that A = A,,, = | EF, — F, || = O(n=°/%8). In what follows, we shall treat A
as at least of the order O(n=°/1%).

3.3. Proof of Theorem 1.1. We begin by estimating | Em,(z) — m(z)|, with
various choices of v, subject to en~1/2 <y < 1 for some ¢ > 0. With the formula of
m,, given in (2.10), let us define 6, such that

1 1

(3.17) m(z) = Crty-—1+ yzEmy(2) o= EB

+ 6.

Since
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it is easy to see that

_ 1 2 1 3 5%
_p|Eﬂ|2Z[|E<Ek+€k +7rk|+‘ 3 EEk_i(Eﬂ)Q Ee;, (]E,B) E(ﬂk)H

k=1
<! 3 E(e} + & Sk Ee? Y L g
= p|EB2 ;l (5k+5k>+ﬂk|+;fﬂ €k +}; (EB)2 €k
P 1 gt
E[ =k
+ 2 |TEap (m)”

=|EB|*[Io+ 11 + I+ I3].

We will estimate each I; to obtain a bound on | Eé,| (cf. (3.19) below). Since E(ej +
€r) = 0, by (2.9), we have

ERS ERS
Iy = — | = — EtrDy — EtrD| < |2|/(nv).
p ;;:1‘ | png:ll | < lz[/(nv)
From Lemma 4.2, Remark 4.1, and noticing that v < v, we have
2 _ 2 2
E €k E (Elex|” + E|ék]® + |2

P <[1 A+Uy] A+Uy 1 )<C(A+vy)

~ | EB 2ot ) S | Eg|nov?

P

3 2 1 4
= |Eﬁ|2z' <3 (57 B + g Bl

k=1

Now

- Z Eleg|* < < Z( Elef|* + El&|* + |mklh) £ c(Tor + Ioo + Ios).
k=1

Since
trB.By = tr(I,_1 + 2Dg)(I,—1 + ZDy) < 2(p + |2|*trD;.Dy),
We have from the proof of Lemma 4.1,
Eleg|* < en™? {14 n 72 E(trB;By)*}
<en 2 {14+ n7? E(trDDy)?} .
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Now
E(tr(DiDg))? = v 2 E(Im(tr(Dy)))?
< 207 2[v™2 + E(Im(tr(D)))?
= 2v"* 4+ 2p?v ™2 E(Im(m,(2)))?
<207 + 4p*v 72| Emy(2)]? + 4p®v 2 Elmy(2) — Emy(2))?
< ep*vHA +vy)2 + v (A +vy) < cpPoTHA +v,)?,

where the second inequality follows from (2.9) and the last steps follow from Propo-
sition 4.1 and

(3.18) | Emyp(2)] < | Emy(2) — m(2)| + [m(2)] < v7H(2A + ayvy),
with oy, :=2v/2/,/7 (see (2.6)). Thus

In <c {n_2 +n 20T A+ vy)Q}
<en 2T A +uy)2

Also, considering Dy, instead of D as in Proposition 4.1 and applying (2.8), one can
show that for some Lo such that for all Lon™%/2 < v < 1,

Ioo < c(A+ Uy)2n741178.
Since || < |2|(nv) ™1, we have Iz < |z|*(nv)~%, and hence,

p
P Elexl* < e(lar + Inp + Ins)
k=1

<cen T2 THA + )% 4 (A +vy)?n w8 + (nw) T

Consequently, for some constant ¢ > 0,

I < c(A+uvy) | c(A+uy)?
= [Efm® [ ESPnot

and

1 ’ c
L<—— > Elep € e (A4,
= Pl EBP ,; el < Crermae (A )

Summing up the above results, we obtain

1

| Eop| < W[IOJFH + I + I3
< ¢ i_’_ A+, (A + vy)?
T |EB]? |[nv  nv?|EB|  n205| EB|?
c A+ (A +v,)?
(3.19) = TEBP [nvm«:m 20 EGP?
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For the positive constant Ly (required by Proposition 4.1) and all v € [Lon~1/2, 1),
define

¢n(v) = sup |E8,| —yv with ~=1/[10(4+ 1)?.

lu|<A
Checking the proofs of (3.39)—(3.40) of Bai (1993b), we find that there is a constant
c such that
A
on(v) <0= / | Emy(2) — m(2)| du < cv.
-A

In view of (3.16), we can then find a positive constant ¢; such that
(3.20) on(v) 0= A < civy.

The proof of the theorem will be complete once we have shown that for all large n and
all v € [Ln=1/149%2 1) we have ¢,,(v) < 0, where L is a constant such that L > Lg
and

(01 + 1)M() i (1 + 01)2M3
L2 LA

cM§ <y
and Mo = v+ 2¢1 + ay.

Assume the contrary; i.e., there exists a v; € [Ln~'/[49+2 1) for which ¢, (v) >
0. By continuity of ¢, there exists a vo € [Ln~/140+2] 1) for which ¢, (vg) = 0. As
[—A4, A] is compact, there exists a ug € [—A, A] such that 0 = ¢, (vo) = | Ed,(ug, vo)|—
yvo. Let zg = ug + ivg. By (3.17), (3.18), and Lemma 2.2, with z = zo,

(3.21)

1 2A + o, v,
—— = |— E&y(20) + E[my(20) — m(20)] +m(z0)| < | E6p(20)] + ——LL°
| ES| Ug

Yy,0 _ MOM
Vo vy

On the other hand, by definition (1.2) of 6, we have

< (v+2c1 +ay)

v

— =Va+u>Javyo > nT e

Uy

Therefore, for any v € [Ln~Y/140+21 1) we have

1 vy 9 1 fvy\©
— (&Y <112, (i) <1/L%
an(v) <1/ n2vt \ v <1/

Thus, from (3.19) we have for z = 2y (so v = vp and vy, = vy )

2,2
cMgvy
02

| By(20)| < — e

(c1 4+ 1) Mov; N (1+ cl)QMgvﬂ

1) M, 1 202
Schg[(Cl_zz) 0+( +214) 0]<’Yv

by noticing the selection of L.
This leads to a contradiction of ¢, (z9) = 0. The proof of Theorem 1.1 is complete.
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3.4. Proof of Theorem 1.2. As the proof of (3.16), one can show that
IE| ‘Fp - Fy”

A
<c / E|m,(z) — m(z)|du + v,
—A

A A
<c / E|m,(z) — Emy(2)|du + /_A | Emy(2) — m(z)|du + vy

—A

In the proof of Theorem 1.1, we have shown that ffA | Emy(2) —m(z)|du = O(v)
if Ln=V/PH0l < 4 < 1.

Applying the Cauchy—Schwarz inequality, Remark 4.1, and the result A =
O(n~'/140+2l) proved in Theorem 1.1, we conclude that

A A
| Blmyle) — Bmy(e)ldu < [ (Blmy(e) — By ()
—A

< cn_l/Qv;/Qv_Z <w

for some positive constant ¢ and all en=2/B+t% < v < 1. Recall that we need a
condition of v > Ln~ Y10+ to guarantee ffA | Em,(z) — m(z)|du = O(v). The
convergence rate we can guarantee is

n—(2/(5+0)) n—1/140+2]
O, | max , .
1= G +n WG] [I— Jg+ n /B0
The proof of Theorem 1.2 in this case is complete. 0

3.5. Proof of Theorem 1.3. Similarly, we have

A
(3.22) 1B, =Bl <c| [ mple) = Emye)idu+o,

Thus, to complete the proof of Theorem 1.3, setting v = n~2/BH+7 it suffices to
show that

A
(3.23) vt /_A |my (2) — Emy, (2)| du — 0 a.s.

Now, applying Proposition 4.1, we obtain for each £ > 0,

A
P (/ |mp (2) — Em,, (2)| du > {v)

—A

A
< (vE) " (24)2 / Elmy () — Emy (2)* du

< £—2k(2A)2k [Ck (n_Qv_Gvy)k}

< cf ()2 GO,
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The right-hand side of the above inequality is summable by choosing k such that
5nk > 1. Recalling the condition used in the proof of Theorem 1.1, the convergence
rate is

(2/(5+6)) —1/[40+2]
Oa.s. (max { -y~ n—(1/G+0)]’ [1 — VI + n—1/[80+4]] })

Thus, (3.23) is proved and the proof of Theorem 1.3 is complete. d

4. Intermediate lemmas. In this section, we establish a few more technical
lemmas. Let vp = sup; ; ,{E|z|‘}.

LEMMA 4.1. For each £ > 1 with vqyy < oo, there exist positive constants cp
independent of n and v such that for all n,v satisfying nv > T, we have

¢
1
41 E([ep]| F®) < o1+ X)) 20 1+ ~trAy,
k » -
and
(=)™
(4.2) E k* 7 _7-‘(’“) < CZ(1+>\ )Z/Q -0, —¢
|8
Proof. We have
20
120 | (k) 1 9 1, ., *)
E (|€k| |F ) =E - Z(mkj -1+ ﬁ(kakxk —trBy)| |F
j=1

20

92t—1),—2¢ Z xkj | + E (lX%kak — ter|2€‘ f(k))

IN

= A+ B.
For the first term A, by the Burkholder inequality (Burkholder (1973, p. 22)), we get

20
n
Z xkj

L

n

n
<c¢E Z(xij — 1)2 <cmt'E Z xk] % < covgm®.
i=1 i=1

For the second term B, denoting the eigenvalues of S by A;; and noticing that their
maximum is less than the largest eigenvalue A, of S, we then have

tr (BiBy) = trBy, + ztrAy,
1/2

-1
Aki o 1/2 X Akj
= <Al +TY
Z >\kg —Z Z |>\k — Z|2 Z ‘)\k — Z| ; |)\kj - Z|2

<APHT) (p—1+trAy).
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Therefore by Lemma 2.1,

B ([xiBixe — trBy || 7®)
_ 1 ¢
< co(vae + M) (trBBy)" < co(AY? + T)'nf (1 + ntTAk) :

Combining the bounds for A and B proves the first conclusion. The second conclusion
immediately follows by taking into account inequality (2.12). o
LEMMA 4.2. Ifn=Y2 < v < 1, then there are positive constants Cy, Cy such that
for large n and each 1 < k < p,
A+ v,
2

1 A
@) Bl < Cax (1462 5)).
v

(i) |Etr(DyDg)| < Cip

Proof. (i) Recall that A = || EF}, — F||. By Lemma 2.2,

2A

‘/_O; ﬁd( EE,(x) - Fy(x))’ <=

Application of Lemma 2.1 and inequality (2.8) yields that

o 1

d[EF" (2)]

| Btr(D,Dy)| = '<p -/

oo 2 —2[?

IN

[ gl - D EED @) - R W)

+p‘ / Z ol EF @) = Fy(a)

o0 1
“”/m ()

IN

2 2A ° 1
— —— ——dF, .
TP “"/m =@

Here, the bound of the last term follows from Lemma 2.4. The proof of conclusion (i)
is complete.
(ii) This conclusion follows from (i), (4.1), and the fact

trBgBy, = tr(I,—1 + zDy)(I,—1 + ZDy) < 2(p + |2[*trDyDy). O
LEMMA 4.3. Assume |z| < T with T > 2. Then there are constants Cy, C1 such
that for all v > Con='/2 and large n, we have
P
(4.3) STE(G) < Cin(A + )
k=1

Proof. From the definition of €}, we notice that (3;)~! = 3, ' (1 + B, 'e}). By
(2.9),

1 1 2T
|5Z*5|:ﬁ\*1+z(ter7trD)| < - (1+> <=,
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By (3.13), it is easy to see that for any fixed ¢ > 0 and all large n,
(4.4) E [(1+X,) W] <6 E[W|+o(|W]n~"),

where W is a bounded random variable with a nonrandom bound ||[W||. By this and
taking into account (2.10), (4.2), and (2.6), we obtain

P
> E(BTY
k=1

p

M@

< ‘ i<1—1>+EZp:<1—1>+EZﬁ‘1
= G \5| =\ B =\Bp b i
~ gl - lekl?
<2 k E_—k_ 4 pE
<2) B T Z o *Z Gellgge P e
P P E(le* 2| FF)))1/2 P E(le 12| F®
et Pt |ﬁk| 1 U|ﬁk|

p
< e (g 2t L) SIS + 9 Bl (2] + o)

k=1

p

< Beu(nv?) VY BB 4 p Elmy(2)] + o(n ")

k=1
for all v > 1/y/n. Let Cq =1V (6¢,)%. We have for all v > 1/Co/n

p
> E(BTY
k=1

P

< 5> E(BT) +p Elmy(2)] + o(n ™)

k=1
< 2p Elmy(2)] + o(n™")
< 2p Elmy(2) — E(mp(2))| + 2p| E(my(2)) — m(2)| + 2plm(2)] + o(n™")
< 2/pv~t +4pA v + 2pu, [v.

l\J\»—A

The proof is now complete. 1]

LEMMA 4.4. Let z;, = E(trD|Fy_1)— E(trD|Fy). ThentrD— EtrD =YV _, 2
and (zy) is a martingale difference with respect to (F), k = p,p—1,...,0. Moreover,
we have the following formula for zy:

2z, = { E (x| Fr—1) — E (ar|Fr)} — E (b Fr—1) ,
with

62(1 + Oz{Dk2O<k) a{Dkzak — %t?’[(I + ZDk)Dk]
* ’ bk: = - .
5kﬁk ﬂk
Proof. Since E(trDy|Fr-1) = E(trDy|Fy), we have

(4.5) ap =

ZE = E[(tTD - ter)|.7-k,1] - E[(tT‘D - tTDk)|.7:k]
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On the other hand,

1+ 1af'Di2a
trD — trDy = — —n kK TF

Bre
_ 1 + %t’l"[(I + ZDk)Dk] &‘;;(1 + Ongk2Oék) _ OéngQOzk — %t?"[(l —+ ZDk)Dk]
ey Br B Bk
1+ itr[(I+ 2Dy)D
_ nr[(ﬁ*z k) k]+ak—bk-
k

The conclusion follows from

( 1+ L¢r[(I+4 2Dy)Dy)
E n
B

fkl) =E ( L+ | J: zDy)Dy]
Bk

”)

and
1
E (a;{DkQak\ ]—"(’“)) = ~ur[(1+:Dy)Dy). 0

PROPOSITION 4.1. For each € > 1/2 with vy < 00, there exist positive constants
e and Lg independent of n and v such that for all n, v satisfying Lon~ /% < v < 1,

E|m,(2) — Em,(2)|** < con 0™ (A +v,)".

Proof. In the proof of the proposition, ¢, and ¢, ¢ will be used to denote universal
positive constants which may depend on the moments up to order ¢ of underlying
variables and may represent different values at different appearances, even in one
expression. Recall that we have

P
my(z) — Emy(z) = 2% [trD — EtrD] = Z 2k,
k=1

where the {z;} are defined as in Lemma 4.4. We have
(| 7) = B{ [ Bl - E@lA)] - Eoroo] | 7 )
<22V E{[E(0xlFimr) = E (@Bl + [E GelFe-n)]| 7}
< 2 VE{[E (gl B0 + [E(bk|.7-'k_1)]%‘ i

< 2 E ((an)| Fi) + E((00)] Fi)} -

Note that by (2.13) and (2.14), |ax| < v~'|e;/B;|. Hence by Lemma 4.1,

1
i<

On the other hand, by Lemma 2.1 and assuming ¢ > 1,

. 120
2

By

f(k)> < coo(1+ M) 2t B 7

*\ — = — ¢
E (‘bk|2é‘ f(k)> < Cg)o(nﬁk) QZ(VM + Mz) [t’l‘(l + ZDk)(I + ZDk)Dka] .
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By (2.12) and (2.16),
|Be| " Htr(I+ zDyg) (I + zDy)Dy Dy < |8 'trAL < nTw3,
which implies
E{ 04| i} < coon 0™ B (15717 il
Therefore, for all £ > 1,
E ( \zk|2e| fk) < epo(l+ /\p)g/?n_zv_32 E [\ﬁm_e‘ fk}
(4.6) < coo(1+ M) P o™ L E [ 1857 A -

Applying Lemma 4.3 and (4.4), it follows that, for £ > 1,

p
(4.7) > Elzl** < coon” A+ vy)om
k=1

Case £ = 1. Since {zx} is a martingale difference sequence, the above inequality
yields

P
(4.8) Elmy(2) = Emp(2)]* =n"2Y | Elz|* < cron (A 4 vy)v
k=1
The proposition is proved in this case.
Case + < ¢ < 1. By applying the Burkholder inequality for the martingale and

2
using the concavity of the function x*, we find

Elmy(2) — Emp(2)|2€

4
p
<cp * E (Z Zk|2> <em™*

k=1

» ¢
E (Z Zk|2>] <em ™ [(A+ vy)v_ﬂe,
k=1

where the last step follows from the previous case £ = 1. The lemma is then proved
in this case.

Case £ > 1. We proceed by induction in this general case. First, by another
Burkholder inequality for the martingale (Burkholder (1973), p. 39), we have

14
p p
Elmy(2) = Emy(2)* < eop™ 3D Elz* + E (Z E(|2k2|ﬂ)>
k=1 k=1

(49) =1 + Is.
By (4.7)
(4.10) I < coo(A 4 vy )n 3 ™4 <) o (A + v, n~ 204,

The proposition already has been proved for the case % < £ < 1. Suppose that the
lemma is true for £ < 2t. Now, we consider the case where 2! < ¢ < 2!+, Application
of (4.6) with £ =1 gives

M=

P
E (|zx)*| Fi) < cron™ o731 + Ap) Z E (16:17 Fx) -
k=1

k=1
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Hence, by taking into account (4.4) we get

14
p

Iy < co(nv) P E(1 4 X))/ (Z E( ﬁzl‘llﬂ)>
k=1

(4.11) < Cz’on—%—lv—iiéz E|ﬂ]>€k|—2 _’_0(”—48—11)—46)7
k=1

since P()\, > 5) = o(n~*). Notice that if Ly > v/2, then nv? > 2 and that
[trD — trDy| < 1

plBIIGE T pv?
(this comes from (2.9) and |36;|~* < v~'min(|8|7, |8;]~*)). This yields

Bel~ <187 +p BT < 2187

817 = 15517 < 187 = () = min(|6", 1817)

and

p p p
B~ < D) STIBH T =87 < DB + v 2B

k=1 k=1 k=1
212607 =23 (5 D208
k=1 k=1 k=1
i P oy (2l
2|6, [18; ] r

Therefore, by applying Lemma 4.1, and if we choose, Ly > (20@70)1/4 so that cwn*ev’ze <
1/2, we have

P

P * |24
*|— _ £
S EIB < ero ( ‘3 EW’:"% +pE|mp<z>|‘>
k=1 k

k=1

p
< ce0 (n%” S RIS +p Elmp(z)f>

k=1
< 2¢.0p Elm,(2)]°.
From the above inequality and (4.11), we get by induction,
Ir < con~ 2073 Elmy (2)[¢ + o(n~4¢"1v™4)
< con~203 [ Blmy(2) — Emp(2)| + | Emy(2) — m(2)[* + [m(2)|']
+ o(n—4-1y=40)

< con™20 3 [Elmy(2) — Emp()] + (B + )] + o(n =41y~
< e (A + vy) [(n2v2(A +vy))_6/2 4 1} +o(n~ 1y

(412) < em oA 4o,



Downloaded 03/25/14 to 147.8.204.164. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

CONVERGENCE RATES OF SPECTRAL DISTRIBUTIONS 127

Therefore by (4.9) and (4.12), it follows that
(4.13) Elmy(2) — Emy(2)[* < con (A + vy) v~

The proof of Proposition 4.1 is complete. ]
Remark 4.1. Application of Proposition 4.1 to the case £ = 1 gives that there is
some constant ¢; > 0 such that

(4.14) E[trDy, — EtrDy|? < e1(A + vy )v .

It is also worth noticing that if we substitute D for any Dy with k£ < n, Proposi-
tion 4.1 as well as the above consequence (4.14) are still valid, with slightly different
constants cy.
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