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Abstract This paper studies the convergence performance
of the transform domain normalized least mean square
(TDNLMS) algorithm with general nonlinearity and the
transform domain normalized least mean M-estimate
(TDNLMM) algorithm in Gaussian inputs and additive
Gaussian and impulsive noise environment. The TDNLMM
algorithm, which is derived from robust M-estimation, has
the advantage of improved performance over the con-
ventional TDNLMS algorithm in combating impulsive
noises. Using Price’s theorem and its extension, the
above algorithms can be treated in a single framework
respectively for Gaussian and impulsive noise environ-
ments. Further, by introducing new special integral
functions, related expectations can be evaluated so as to
obtain decoupled difference equations which describe the
mean and mean square behaviors of the TDNLMS and
TDNLMM algorithms. These analytical results reveal the
advantages of the TDNLMM algorithm in impulsive
noise environment, and are in good agreement with
computer simulation results.

Part of this work was presented at IEEE APCCAS 2008 [31].
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1 Introduction

Adaptive filters are widely used for filtering problems in
which the statistics of the underlying signals are either
unknown a priori, or in some cases, slowly-varying. Many
adaptive filtering algorithms have been proposed and they
are usually variants of the well known least mean square
(LMS) [1] and the recursive least squares (RLS) [2]
algorithms. An important variant of the LMS algorithm is
the normalized least mean square (NLMS) algorithm [3],
where the step size is normalized with respect to the energy
of the input vector. Due to the numerical stability and
computational simplicity of the LMS and the NLMS
algorithms, they have been widely used in various
applications [4, 5].

An important class of NLMS is the transform domain
NLMS (TDNLMS) algorithms [6—11] where unitary trans-
formations such as the discrete Fourier transform (DFT),
the discrete cosine transform (DCT), and the wavelet
transform (WT) are employed to pre-whiten the input
signal. Prewhitening and element-wise normalization usu-
ally help to reduce the eigenvalue spread of the input
autocorrelation matrix and hence significantly improve the
convergence speed. Driven by the practical advantages of
the TDNLMS family, there is also considerable interest in
the performance analysis of these algorithms [8, 9]. Results
concerning the performance behaviors of the TDNLMS
algorithm were studied in [6—11].
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In this paper, we study a more general TDNLMS
algorithm, the TDNLMS algorithm with general error
nonlinearity. The convergence performance of this algorithm
in Gaussian inputs and additive Gaussian and impulsive noise
environments are studied. The main novelty lies in handling
the normalization, evaluating the expectations specific to this
algorithm and dealing with the error nonlinearity. We study
with particular emphasis on two special cases of this
algorithm: the conventional TDNLMS algorithm with no
nonlinearity, and the transform domain normalized least mean
M-estimate (TDNLMM) algorithm [12], which is based on
robust M-estimation [13, 14] and adaptive threshold selec-
tion (ATS) [12, 15]. These techniques have been successfully
employed in the LMM [12], the recursive least M-estimate
(RLM) [15] and the normalized LMM (NLMM) [16]
algorithms for robust filtering in impulsive noise environ-
ment. The motivation of studying this algorithm is that the
performance of the TDNLMS algorithm, which is based on
LS estimation as in the LMS algorithm, will deteriorate
considerably when the desired or the input signal is
corrupted by impulsive noise. The mean and mean square
convergence analysis for the TDNLMS algorithm with
general error nonlinearity is treated in a single framework
using the Price’s theorem [17] for Gaussian case and its
extension [18] for contaminated Gaussian (CG) case. The
finally obtained decoupled difference equations clearly
interpret the convergence performance of all the studied
algorithms. The validity of the analytical results is verified
through extensive simulations and they are in good
agreement with each other. The rest of this paper is organized
as follows: In section 2, the TDNLMS and TDNLMM
algorithms are reviewed and the TDNLMS algorithm with
general error nonlinearity is formulated. Their convergence
performance analysis is given in section 3. Computer
simulations are conducted in section 4. Finally, conclusions
are drawn in section 5.

2 TDNLMS Algorithm with General Error Nonlinearity
and TDNLMM Algorithm

2.1 The TDNLMS Algorithm

Consider the adaptive system identification problem in Fig. 1

where an input signal x(n) is applied simultaneously to an
adaptive transversal filter of order L with weight vector

W (n) = [wi(n), ws(n),---,w(n)]" and an unknown system
to be identified with an impulse response W* = [w, wa, -+ -,
wi]". X(n) = [x(n),x(n—1),---, x(n—L+1)]" is the

input vector and the superscript 7" denotes the transpose of a
vector or a matrix. e(n) is the estimation error and d(n) is the
desired signal of the adaptive filter, which may be corrupted
by an additive noise 7),(n). Hence
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Figure 1 Adaptive system identification.

d(n) = X" (n)W* + 11, (n) (1)

The update equations for the TDNLMS algorithm can be
written as:

e(n) = d(n) — W (m)Xc(n), 2)
W(n+1) = Wn) + uAc' Xc(n)e(n), 3)

where 4 is a constant step size parameter controlling the
convergence rate and steady state error of the algorithm.
Xc(l’l) = CX()’!) = [Xa] (H),Xcﬁz(l’l), te ,XC.’L(H)} is the
transformed signal vector. C is an LxL transform matrix
such as (DFT) or (DCT). A;! = diag [sl’l(n),sz’l(n), s
g7 '(n)] which is an element-wise normalization matrix with
€,(n) being the estimated power of the i-th signal component
after transformation. Common methods for choosing
ein) include &; + X2 ,(n) and &;(n) = (1 — a.)e;(n — 1)+
X, é .(n), where o, is a positive forgetting factor smaller than
one. ¢; is a small positive value used to avoid division by zero
or it can be chosen as certain prior power estimate of the
corresponding component. In the analysis to be presented in
section 3, a form &; + @.XZ,(n) similar to the above two
choices will be chosen. In the simulation section, we shall
introduce a method to approximately analyze the effect of this
choice.

2.2 The TDNLMM Algorithm and TDNLMS Algorithm
with General Error Nonlinearity

Many techniques have been proposed to combat the
adverse effect of impulsive noise on adaptive filters.
They include the median-filtering algorithms [19, 20], the
nonlinear clipping approaches [21, 22], and approaches
based on robust statistics [12, 15, 16]. The LMM [12] and
the RLM [15] algorithms are two effective algorithms
derived from robust M-estimation and their improved
robustness in impulsive noise and performance comparison
with other relevant algorithms were thoroughly discussed in
[12] and [15].

In the TDNLMM algorithm [12], an M-estimate distortion
measure J, = E[p(e(n))] is minimized, where p(e), as
illustrated in Fig. 2 (a), is chosen as the modified Huber
(MH) function:
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£ is a threshold parameter used to suppress the effect of outlier
when the estimation error e is very large. Other M-estimate
function such as the Hampel’s three-part redescending
function [14] can also be used. Notice that when p(e) =
%/2 it reduces to the conventional mean square error (MSE)
criterion. Like the LMS algorithm, J, is minimized by
updating W(n) in the negative direction of the instantaneous
gradient vector @Wp. Therefore, the gradient vector,
Vw(Jp), is approximated by Vy, = —dp(e(n))/OW =
—y(e(n))X(n), where w(e) = dp(e)/de is the score func-
tion, which is depicted in Fig. 2 (b). The following LMM
algorithm can be obtained:

Wn+1)=W(n)—uVw,

— W (n) + iy (e(m) X (n). (5)

It can be seen that when e(#n) is smaller than &, w(e(n)) is
equal to e(n) and (5) becomes identical to the LMS
algorithm. When |e(n)| > &, w(e(n)) will become zero. Thus
the LMM algorithm can effectively reduce the adverse effect
of large estimation error on updating the filter coefficients. In
the adaptive threshold selection (ATS) method used in [12,
15], e(n) is assumed to be Gaussian distributed except being
corrupted occasionally by additive impulsive noise and the
following robust variance estimate is proposed
02(n) = 460, (n — 1) + ¢1(1 — As)med (4. (n)), (6)

e

where A, is a forgetting factor close to but smaller than one,
¢1=2.13 is the finite sample correction factor and N,, is the
length of the data set. med(-) is the median operator and
A.(n) = [é*(n),(n—1),---,e*(n — N, + 1)]. Using (6),
the following adaptive threshold £ can be obtained:

f = kfae(n) (7)
20) A He) A
21 &
_5 g
0 £ Te
—E 0 g e =
(a) (b)

Figure 2 a The MH function p(e); b 1(e), the MH score function of
ple).

ke is a constant used to control the suppression of
impulsive interference. A reasonable value of kg is 2.576
and the window length N,, is usually chosen between 5 and 9
[12, 15].

If the step sizes for updating the coefficients are
normalized according to the power of the corresponding
transform signal components as in the TDNLMS algorithm,
the following TDNLMM algorithm can be obtained from

() [12]:

e(n) = d(n) = W' (n)Xc(n), (8)

W(n+1) = Wn) + uAc y(e(n)Xc(n). (9)

The convergence performance of the LMS algorithm
with other nonlinearity than MH function can be found
in literature. The LMS algorithm with error function
nonlinearity was studied in [23]. A related algorithm is
the dual-sign LMS [24] algorithm. The former concluded
that the nonlinearity will slow down the convergence rate,
while the latter is mainly introduced to reduce the
implementation complexity. The robustness of this class
of algorithms to impulsive outliers was later studied by
Koike in [22, 25, 26], and in [21] using the clipping
nonlinearity. On the contrary, in [12, 15] the threshold
parameter & in the MH function is continuously updated as
in (7), which greatly improves the convergence speed and
steady state error.

3 Mean and Mean Square Convergence Analysis

In this section, the convergence performance analysis of
the TDNLMS algorithm with general nonlinearity and
particularly the TDNLMS and TDNLMM algorithms will
be studied. The main contributions of the analysis
include: 1) the use of the Price’s theorem [17] to handle
the nonlinearity for Gaussian noise case and its extension
[18] for the CG noise case, and ii) introduction of new
special functions and the evaluation of related expect-
ations in order to obtain decoupled difference equations
describing the mean and mean square behaviors of the
algorithms. To simplify the analysis, we make the following
assumptions:

Assumption 1 The input signal x(n) is an ergodic process
which is Gaussian distributed with zero mean and autocor-
relation matrix Ryy = E[X (n)X" (n)].

Assumption 2 The additive noise 7,(n) is assumed to be a
Gaussian noise (1,(n) = n,(n)) for the analysis in sec-
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tion 3.1 below. For the analysis in section 3.2 below, 7n,(n)
is modeled as a CG noise [27] which is a frequently used
model for analyzing impulsive noise. More precisely, it is
given by:

1n,(n) = ng(n) + i(n) = ng(n) + b(n)n,,(n),

where 1,(n) and 7,,(n) are both independent and identi-
cally distributed (i.i.d.) zero mean Gaussian sequences
with respective variance Gé and ¢2. b(n) is an i.i.d.

(10)

w
Bernoulli random sequence whose value at any time
instant is either zero or one, with occurrence probabilities
P.(b(n) =1)=p, and P.(b(n) =0)=1—p,. The var-
iances of the random processes 7,,,(n) and 7,(n) are then
given by o;, =p,0, and o, =0, +0,, =0, +po,.
The ratio ry = 0;,/0, =p,0,,/0, is a measure of the
impulsive characteristic of the CG noise. Accordingly, the

probability distribution function (PDF) of this CG distri-
bution is given by
exp( -2
20%

(11)

Assumption 3 W(n), x(n) and n,(n) are statistically inde-
pendent (the independent assumption [1]). Although this
assumption is not completely valid in general applications,
it is a good approximation for large value of L and is
commonly used to simplify the convergence analysis of
adaptive filtering algorithms. Moreover, we denote
w# :R;(CIXCPcha where Pux. = E[d(n)Xc(n)] is the
ensemble-averaged cross-correlation vector between X(n)
and d(n). W* is related to the optimal Wiener solution
Wopr = RyyPax by Wopr = CW*.

1 *pr 772 pr
Jo, (1) = exp|l =55 | +
\ /27rcr§ 20—; V2705

3.1 Mean and Mean Square Convergence Behaviors
in Gaussian noise

3.1.1 Mean Behavior

From (9), the weight-error vector v(n) = W* — W (n) for
the TDNLMS algorithm with general nonlinearity can be
written as

vin+1)=vn)— ,uAEll//(e(n))XC(n), (12)

where W* is the transformed optimal weight vector defined
above and w(e(n)) is a general nonlinearity. When it is
equal to e(n), (12) reduces to the conventional TDNLMS
algorithm. Taking expectation over {v, X, 7} on both
sides of (12), one gets

E[v(n+1)] = E[v(n)] — uH, (13)

@ Springer

where E[-] denotes the expectation over {v(n), Xc(n), ny(n)}
(also written as E{v,Xc,n }[] for clarity), and H = E{v}(m7 }
[Ac'w(e(n))Xc(n)]. By dropping the time index of X(n),
e(n), and 7n4(n), one gets

H=Ef,y 1 [Ac'v(e)Xc] = EqyH] (14)

where Hy = E{chng} [Ac'w(e)Xc|v] and the second equa-
tion is obtained from the independence assumption of 7,(n),
W(n) and x(n) in Assumption 3.

The i-th component of H, is evaluated in Appendix A to be

(15)

where o%(n) = E[(n)Rx.x.v(n)] + O'é, v (o) =

’ ~ -3/2
I ow(—s5)de. = I (e (a(3))
gi (E) = (1 + ZERXCXC_,'J), RXCXCJJ iS the (l, j)-th element
of Ry_x,, ei is a column vector with the i-th element equal to
one and zero elsewhere. For a given w(e), ¥’(c2) can be
evaluated analytically or numerically. Substituting (14), (15)
into (13), the following mean weight-error vector update
equation is obtained:

Hl,i ~ W(Gez (n))aieiTRX(?Xcv(n)v

Elv(n+ 1) = (I — udy (07 (n) DaRyexe ) Ep(m)],  (16)

where D, = diag(e,...,0r) is a diagonal matrix. For
notation convenience, we write y'(c%(n)) as A, (c%(n))
and use 02(n) and o2 interchangeably. Also we replace the
approximate sign in (16) by the equality sign. Let
V(n) = D;"?v(n), (16) can be simplified to

EWV (n+1)] = (I - pdy (0;(n) Ry,x, ) E[V ()], (17)

where Ry, x, = Dll)/ Ry, XCD}/ 2 is the correlation matrix of a
scaled input vector Xp = Dé/ 2X . Since it is symmetric, it
can be written as the following eigenvalue decomposition
(EVD): Ry,x, = Ux,Ax, U}, , where Uy, is certain orthog-
onal matrix and Ay,= diag(4;,4;, --,4;) contains the
corresponding eigenvalues. Pre-multiplying both sides of
(17) with U} gives

E[WVp(n+1)] = (I = 4y (07 (n))Ax, ) E[Vp(n)], (18)
where E[Vp(n)] = Uy E[V(n)]. This is equivalent to the

following L scalar first order finite difference equations:

EWp(n+ 1)) = (1= 4, (0Xm)&)EWp(m),  (19)

where E[V p(n)]; is the i-th element of the vector E[V p(n)]
fori=1,2,---,L.
Remarks

(R-A1): The TDNLMS algorithm
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For conventional TDNLMS algorithm, w(e) = e and

V(O'g) = A,/,(of_) = 1. The algorithm will converge if

‘1 —uﬂ.;| <1, foralli, (20)

where l; is the i-th eigenvalue of Ry, x,. The corresponding
maximum step size for convergence should satisfy

(1)

where A, is the maximum eigenvalue of Ry,y,. Let us
examine the eigenvalues of Ry, y,. We note that
Ry, x, :D;/2 (CRXXCT)DLI/Z. It can be shown that o; =

I 11 Rl . 1o 1p-l
o R s SXP (2 Ei0r; RXCXc—i-i) E3/2(2510’s Rxcxc_i,t>7

Hax < 2/ A, foralli,

where E,(x) = [{* %ﬁﬂ")dﬁ. The i-th diagonal element of
RXDXD is

1 | O
Rxpxp_ii = CiRxexeii = 5. XP( 7l Ry x. i (22)

XE3) (%aa;lR}ClXCJJ) =2

It can be seen that Ry, x, ;; has the same order as
Ry_x,_i;. Therefore, the order of the elements in Ry_y, after
scaling, i.e. Do Ry, x.Dy, is preserved. If ¢; is simply chosen
as R;(SX(;_i,i with . = 0, i.e. perfect power estimation, then
@ =Ry!y ., and hence 2; = 1 for all i.

If C diagonalizes Ryy, then Ry, y, becomes the identity
matrix. The eigenvalue spread is equal to one and it will
significantly speed up the convergence of the algorithm,
especially for situations with large eigenvalue spread.

Usually C only approximately diagonalizes Ryy and the
detailed analysis becomes rather difficult. Here we try to
study the eigenvalue and obtain bounds for their values
using the Gershgorin circle theorem (GCT). For orthogonal
transformation, the eigenvalues of Ryy and Ry.x. =
CRyyCT are the same. From the GCT, we have

Ai = Ryexe_ii] < E |Ryexe_i|
1<j<L
J#
1/2
= Z ’(RXcXc_i,iRXCXC_j, ;) PxXexei)

1</<L

J#

)

where py x. ;; is the normalized correlation coefficients.
Similarly, the eigenvalues of Ry, y, satisfy

|4 — aiRxexe | < Z ‘(aiaj)mRXCXC—"J
1 <AL

. —1A ’ A
Since a; = (Ryox._ii) A, we have |4, —2;] <
44 —1/2 1<j#i<L
(RXC iR XC_N) Ry xc_ij|. IfR XX 1s diagonal-dominant,

then the off-diagonal elements py v ;;, i#j will be small and

iy

all the eigenvalues of Ry, x, will be close to one with a tight
bound. A; can therefore be viewed as the estimated
eigenvalues of Ry, x,. The corresponding estimated eigen-
value spread for diagonal-dominant Ry, y,. is

1., ~1p-1 1., —1p-1
/Aliemax B eXp (751'015 RXcXc—i,i€maX)E3/2 (551-016 RXCXp_i,iEmax>

)

- =
2 1o 1p-1 Lo g-1R:!
i€min exXp( 7 &0, RX(«XC_iﬁiemin E3/2 2 Cill RXCXp_i,iEmin

(23)

which is close to one for a relatively wide range of Ry x. i ;
and Ry_x._j;. This explains the speed-up in convergence rate
of the TDNLMS algorithm even if sub-optimal transforma-
tions are used. It was also shown that [9], pp.219] the
performance of the TDNLMS algorithm can never be worse
than its conventional LMS counterpart and the degree of
improvement achieved depends on the distribution of the
signal powers at transformed outputs.

(R-A2): TDNLMS algorithm with general nonlinearity

and the TDNLMM algorithm

For general nonlinearity other than w(e) = e, (18) or
(19) becomes a set of nonlinear difference equations. A
general solution is rather difficult to obtain because the
term A,,,(of) is dependent on MSE.

For C = D, =1, we obtain the LMS algorithm with
general nonlinearity. (19) agrees with the result for the LMS
algorithm with dual-sign nonlinearity [23]. (18) also agrees
with the result in [22] for the LMS algorithm with error
function nonlinearity. The case for LMS and NLMM
algorithms with general nonlinearity was studied in [30].
For most M-estimate functions, y(e) = g(e)e, where g(e) is
equal to 1 when |e] is less than a certain threshold £ and will
gradually decrease to reduce its sensitivity to impulses
with large amplitude. Hence, 0 < y'(e) < 1 and y'(e) = 1
when e < & For MH nonlinearity, it can be shown that
A (02) = Aun (0?) = \/%—ﬂff/a" exp (7 "7) du — ﬁag exp (f %)
withalziTO Avn (0-2) — 1 and a!iinoc Amu (oﬁ) — 0. For suffi-

e

ciently small step size p, the algorithm will converge and
o2 will decrease. If Avy(o?) is not made adaptive, an
inappropriately chosen £ may suppress the signal compo-
nent, instead of the outliers. This will cause Ay (o?) to
increase gradually and lead to slow adaptation. For the
TDNLMS algorithm, £ is chosen as a multiple of the
estimated o, as shown in (7). This helps to maintain a fairly
stationary Amy (of) so as to avoid significant signal
suppression since Amy (0'3) ~ erf(%) =Ac (f 83 = Gg)
is approximately constant and slightly less than one. The
degradation in convergence over its TDNLMS counterpart
is therefore minimal. Though the maximum possible step

size is in general difficult to obtain, a sufficient condition
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for the algorithm to converge is |1 — ud, (62)4;| < 1, for
all i. If y/(o2)is bounded above by a constant Ay,_max, then
a conservative maximum step size is

s < 2/ (Ay s ). (24)

which yields good estimates in practical algorithms.
Ay (0?) for some commonly used error nonlinearities are
summarized in Table 1.

3.1.2 Mean Square Behavior

Post-multiplying (12) by its transpose and taking expectation
over {v, X¢, 15} gives
En+1)=E5En)—M, —M,+M;, (25)

where =Z(n) = Ev(n)v’ (n)],

M, = /JE{V} [E{Xﬂg} [AEI y/(e)Xc\v} VT:|
= 'uE{V} [HVT] ~ IUAV/ (O-i)DaRXCXCE(n)’ (26)
M, = M| = uE,, [vH"] ~ pd, (62)Z(n)Rx.x Do,  (27)

and

M = Eqyx o [(v(@) A XeXEA]

= (PEpy s3], (28)

where sy = Ery [w?(e)A' X cXEAL! |v]. Note, the final
expressions in (26) and (27) are obtained by using our
previous result in (15). The (i, j)-th element of s; is
evaluated in Appendix B to be:

T
s34 = Cy(02) [ 1(10) (rxexe_) W ryex. s +S§jl) (rxexe) v rxexe +S5,-2> (rxexe_i) W rxexe_i + Sf-f)(rxpxc_i)TWTrXcXc_j] (29)

2 (m) (g —34+m—1 R+
(%)Zam( ) m XcXc_ij®

m=0

m+1 (3 +2m)[2) [ (m1,(5+2m)/2)

J I

m+1 a§m+1,(5+2m)/2)a(m,(3+2m)/2)

j I

( 4 RXCXc_t,/)erz o mL5+2m)/2) [ (mt1,(5+2m)/2)

7

where
00 5
0 —3+m—1 m_(m,(3+2m)/2) _(m,(3+2m)/2
ng>_zmzo( a )(—4RXCXC_;J) P 3F2m 2 42m2)
o0 5
1 —24+m-—1
Sl(j) :%mX:O( 2 m ) 4RXCXL—1J i
00 5
2 24 m-—1
Sl]) :%”12:0( 2 m ) 4RXcXC_l]
00 5
G) _1 3tm-—
sl] 2 20< m i

al = I (33 (2(3)a(B) 7 exp- (e + ) dpay) = el

Table 1 List of 4, (%), B

.4,(0%) and C, (ag) for three related algorithms.

Nonlinearity (e) Ay(02) By (?) Cy(?)
Modified vau(e) = { f) lost‘hfr\iise 2:m Uo exp( 202) —gexp (7 2%)} \2/7;7, “)5 exp( 2U2)de - éexp( )] 27!(7 U{l exp( 307 )de 56"}’( 2572)}
Huber ’ < ) ( )
V2ra3 202
Error vir(e) = [y e o127 dy oy/y/02 + 0% olsin”! (W) [( +20%/0? )( + a2/} )} 1
function )
Dualsign voste) = { S {37 VEH{r@one B0} w0 A e 1 e - ) )

@ Springer



J Sign Process Syst (2011) 64:429-445 435

(2k
where ,- fo fo ) I exp( —pBe;)dB,  above two integrals can be computed analytically or
a"" = [B exp(—pe;)/(1 +2ﬁRXCXC i) dB, B,(2) =  numerically.
ffc wz,(m) exp(zUZ )de,Cy(07) = do.z y?(e)], and ("X(,X(yf)T Substituting (26-29) into (25) gives

is the i-th row of Ry x.. For a given nonlmearity y(e), the

E(n+1) = Z(n) — pdy (07)DoRx.x.Z (n) — pdy (02) = (n)Rx.x Dy + 12 Cy (07)

% I:S(()) °© (RXCXCE(n>RXCXC) +S(1)D0' + DO'S(Z) + S(3> © (RXCXCE(n)RXCXC)} + iuzBW(O-i)l—’lﬂ (30)
where D, is a diagonal matrix with 1ts l -th element Let @(n) =D,'?Z(n)D;'?, (30) can be further
[Dg]i’i = (rXCXC_i)TE(n)rX(.XC_,», [S(kqw = SU ) and £, ]y simplified to

00 3
m —5+m— 1 2m+1
> a2 T R,

O(n+1) = O(n) — id, (62D} Ry D0 (1) — ud, (02) & (n)DY Rycr D2 + 4C, (02)
< {[(5© +59) o (D, *Rycx. DY @ (DY *Ricx.D;'?) | + D, 25D, 2D, + D0, 5P, 2

~1/2

FDI/Z

+ 1By (07) Dy
(31)

where [Da}i,i = (Dé/ 2"X(~ Xc_i) TCD (n) (Dlll/ erC Xc—i)' Since Dé/ ’R X X(.Dé/ 2 s symmetric, it can be diagonalized
as Uy, Ay, U)T(D. Again, let ¥ (n) = UY_6(n)Uyx,, (31) yields

Wn+1) = W) — dy (0) A, ¥ () — idy (02) ¥ ()Ax, + 1C, (2)
{U§D [<s<°) +50 ) (1) UxyAx, ¥ () Ay, UL D )] Uy, + UL D;'2$"D;' 2D, Uy, + U)T(DDGD;1/2S(2>D;1/2UXD}

+u’By (a2) UL D,'*T',D, " Uy,
(32)

Since [D,);; = (DY rxexe_i) Ux, ¥ (n) UL, (DY2ry.x.)is  where the [(i — 1)L +i] — th row of A is equal to A, and
a scalar, after taking the vec(:) operation we have the  zero elsewhere. Let ®(n) = vec(¥(n)). (32) can be
following: rewritten as

[Ds);; = <Di/2rchc-i)T © (D;/ZVXCXC-OT(UXD ® Uy, )vee(¥(n)) O(n+1)=T1(n)0(n) + I'a(n), (34)

= (4;) - vec(¥(n)).
where T (n) = I — ud, (62)(I © Ay,) — pdy (2) (Ax, @ 1) +
Hence, 1#Cy (o ){(U)T(D ® U}{'D)(S( >+<3))[(D;1UXD) ® (D,'Uy,)]-
(Ax, ®AXD) (UL @ ULl ® (D,"*Sy)D, ")+
]T (D;'/28\) D—1/2)®1}A},
I(n) = yzB ( 2)vee(UL D,'*T,D,'*Uy,), and §O70) =
= A-vee(¥(n)), (33)  diag(s© + S >)
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The algorithm will converge if ||[I —T";(n)||, < 1. Using
triangular inequality, we have

[ =Ty ()], = lludy (o )(I®AXD) + Ay (o )(AXD @I) —

(A, @ Axy) + (UL, @ UL ) 19 (D;'s)

< 20dy (02) A + 12Cy (0 )(A;m)2a’< 1

wCy (@) {(UF, @ U, )s 0 [(0, ' Ux,) @ (B, U,

'D;") + (p;'sy"

D,") @ 1]a},

where o = sﬂ?&i G (l;nax)fz (Sr(rizx + Sr(&a)x) Amax-
Therefore the algorithm converges if

1= 20y (0 + 4G, (0) () | <

= ‘<1 u(r;])l> (1 y(rll)1>‘ <1

' ' )
where 7y = A (4y(07) + \/Aﬁz(ﬁg) - Cu,(of)a’)
Hence, the maximum possible step size for mean square

convergence is
)+ \/ A2 (02) — Cy(c?)a )}

N -l
Hmax (r]> = |:lmax (
If the algorithm converges, we have from (34)

(I = T1(00)) 'Ta(c0).

-1

O(x0) =
The excess mean square error (EMSE) at time instant »
is EMSE(n) = Tr(=Z (n)Rx,x,.) = Tr(¥(n)Ax,). Hence

EMSE(00) = Tr(vec™ (©(c0))Ax, ), (35)

where vec '() is the inverse vec() operator. (35) is rather
difficult to further simplify in general. We shall analyze the
cases with small step size and uncorrelated transform output
below.

Small step sizes If p is small enough, then we can drop the
terms involving W(n) and 2, and (32) becomes

Wln 1) % P(n) — pudy (02)Ary ()
— pdy (07) ¥ (n)Ax,

+,UZBW(O€).T—‘UDJI, (36)

where T'yp_q = U} D, '2I',D,"/?Uy,. Let Dyiog(K) be an
operator which retains only the diagonal values of a square
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matrix K and setting the others to zero. When the algorithm
converges, we have
Diag (¥ (n)) =

BW (62)) Diiag (AXD r UDﬁ) (37)

2A(

Hence, (35) reduces to

B
EMSE(c0) = L

Uncorrelated Case 1If RXCX is diagonal, then it can be
shown that /; ;; = 2(v,/1,) a;s/z) L= a( 3/2) , and zero
otherw1$e where (B1 + Br)ei)gi(B+

= Jy Jo exp(~

ﬁz) dﬁzdﬁl and A; = Ry_x._;;- Hence, (30) reduces to
E( ) :uAW( g)DaRXCXcE(n)
- ,HAW(O-g)E(n)RXCXCDOI

+ 2/12C ( )RX(XC

En+1)=

) spdiag(= (n)) Ry x,.
+ 1By (00) Ryex Dy

which is equivalent to the following set of scalar equations:

E,—},-(n + 1) = Em‘(ﬂ) — Z/JA./,(O'g)a,-/’tl-Eivi(n)
+242C, (0226 P = (n)

v (o) . (39)

Assuming the difference equation converges, the cor-
responding steady state value of =;;(0co) can be obtained

from (39) as
uBy (o2(c0))a; "

e

Z(aiAw(G%(oo)) — ,UC.,,(O'g(oo))li&E*S/a) '

Ei,i(oo> =
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The EMSE is then given by

L
EMSE(00) = Tr(Ry.x.= Z 1Zi(00 (41)
Remarks

(R-A3): TDNLMS algorithm

In this case, 4,(o2) =Cy,(c?) =1, By(o?) =02
Since ¢%(n) = EMSETDNLMS( ) + o, the EMSE from the
small step size result in (38) is

1,2
- 2 HOzPTDNLMS

EMSETDNLMs(OO (42)

1 - %IU¢TDNLMS ’
where ¢rpnivs = Tr(IwD,"'). Particularly, for the LMS
algorithm, C =1, D, = I, and I', = Ryy. (42) will reduce
to

1,2
FHO P s

EMSE| ys(00) = 1__7%
LM

yPuvs = Tr(Ryx),  (43)
which agrees with the conventional result for the LMS
algorithm.

For the uncorrelated case,

1, 2
7 HO,OTDNLMS _U
EMSEpnpus_u(00) = = g (44)

)
1 - 2  HOTDNLMS U

L ( 3/2)
2

where ¢rpnivsu = ) ——=rsm- For perfect power

i=1 o;—pd;a; 3/2) ~

- -5/2
estimation, ;= 0%, and a. =0, a=¢, 1,0/ ( -
(w/edi

;% and pprpnims U = T /a = u’ which reduces to

the classical result of the LMS algonthm with an exact power
normalized step size (u/e;). For stability, EMSE(c0) should be
a finite quality and it gives the following two conditions on 1
for stability:

4/2>l

HO/ i

and E 6/2)§2.
=1 @; —,u/”ta

~5/2
0</,t<a,~/<la >

Following the approach in [30], one gets the approxi-
mate stepsize bound as

2
Hp=—F—"—"": (45)
Z ll(Ed, —|— Ci)
i=1
~(-3/2 -5/2
where ¢; = ali/l,-af 2 and d; = ,ul, : / ).
(R-A4): The TDNLMS algorithm with general nonlinear-

ity and the TDNLMM algorithm

For the TDNLMS algorithms with general nonlinearity,
(38) or (42) is a nonlinear equation in EMSE(w0) since
0;(00) = EMSE(00) + o7, general solution is difficult to
obtain. In contrast, for the TDNLMM algorithm using MH

nonlinearity and ATS, Ay (c?) ~ erf<7 \z/lfiexp( k;) =

Ac, Bvn (0'6) ~ (erf(ﬁ) — \z/k—exp(— 7))(78 = A.0%

k3
CMH (O'g) ~ Ac — \/75—,-[ exp(— 52 . EMSETDNLMM(OO) ~
%,u o’Tr (I“O,D;I). Solving for EMSErpnivm(©) gives

)
2 HO G OTDNLMM

EMSErpnLvm (00) =~ (46)

1 )
I = 5 tdrpNLvm

where ¢rpNivM = @TDNLMS-

For the LMM algorithm with MH nonlinearity, C = I, Dy =
I, and I';, = Ryy. (41) will reduce to
3 MO0

~ EEaE Pvm = Orms; (47)

EMSELMM (OO ) 1
— 7 HPrmm

which agrees with the result in [16] and is close to their LMS
counterpart. B ( ) and C ( ) for some related algorithms
are summarized in Table 1.

3.2 Convergence Behaviors in CG Noise

We now study the mean and mean square behaviors of the
TDNLMS algorithm with general nonlinearity and partic-
ularly the TDNLMS and TDNLMM algorithms in CG
noise environment. For most M-estimate functions which
suppress outliers with large amplitude, the convergence rate
will only be slightly impaired after employing ATS. We
shall employ an extension of the Price’s theorem to
Gaussian mixtures [18]. This extension was employed in
the analysis of the LMS and NLMS algorithms with MH
nonlinearity and CG noise in [16]. Similar techniques were
also employed in analyzing the RLM and other related
algorithms [15] for the MH nonlinearity. We shall show in
the following that with the use of M-estimate function and
ATS, the impulsive noise can be effectively suppressed and
the EMSE is similar to the case where only Gaussian noise
is present. On the other hand, the EMSE of the LMS-based
algorithms will be substantially affected by the impulsive
CG noise.

3.2.1 Mean Behavior

Since 7, is now a CG noise as defined in (11), it is a
Gaussian mixture consisting of two components 7, ; and
7o 2, each with zero mean and variance G% = oé and
03 = 0%, respectively. The occurrence probability of the
impulsive noise is p,. Accordingly,
Eppxnplf (X(n), e(n))]

= (1 =p)Epxn,_y [ (X (n), e(n))]

+prE{v,X,n,,_2}[f(X(n)’ e(n))], (48)
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where (X (n),e(n)) is an arbitrary quantity whose statis-
tical average is to be evaluated. Since X(n), 7, i, and 7, »
are Gaussian distributed, each of the expectation on the
right hand side can be evaluated using the Price’s theorem.
Consequently, the results in section A can be carried
forward to the CG noise case by firstly changing the noise
power respectively to 0'§ and %, and then combining the
two results using (48).

Recall the relation of the mean weight-error vector in (13):

Elv(n + 1)) = Elv(n)] — pull’ (49)

where H' = Ejyx 3 [Ac!w(e(n)Xc(n)] = (1 — p)H, +
erz, H and H2 are respectively the expectation
of the term inside the brackets above with respect to
v Xe, 1o 1), and {v, X¢, 1, 2} From (16) and (17), we
have .Nl//(o )D Ry x.v(n), i=1,2, where

o;,(n)=0; (n)=Ely (n)RXCXC (n)] + o5, 0g,(n) =07, (n) =

el €g

E[v! (n)Rx.x.v(n)] + o2. Hence
H ~ Zv,(n)DO,RXCXCv(n), (50)

where 4,,(n) = (1 fp,)W(oﬁg(n)) +p,7(0'gz (n)) Sub-
stituting (50) into (49) and using the transformation
Vp(n) = Uy D, —1/2y(n), one gets

EWVp(n+ )] = (1 =y (m)Ax, ) ELV ()] (51)

For simplicity, we have replaced the approximate symbol
by the equality symbol. This yields the same form as (18),
except for A,(n). Similar argument regarding the mean
convergence in section 3.1 also applies to (51). A sufﬁc1ent
condition for the algorithm to converge is |1 — yA (n)A,
for all . If y’(0?) is upper bounded and so is Zu,(n), say by

Win+ 1) = ¥(n) — iy (n)Ax, ¥ (n) — sd, (n) ¥ (n) A,

~ Ut
i Cy(n)q ¥
+ Uy D,'* %D, > DU,

+ﬂ2§v/(”)U)T(DDEI/ZFD!DO_;I/ZUXD’

’ [(5(0) i S(z)) o (D;1 Uy, Ay, ¥ (n) Ay, UL, D

Ay_max, then following the argument in part 3.1, the
following conservative maximum step size is obtained:

Hmax < 2/ (’Zw-max/linax) .

Remarks:
(R-B1): TDNLMS algorithm

In this case, 4, (n) = 1. Compared with the Gaussian
case, the convergence rate remains unchanged. All the
conclusions in (R-A1) apply.

(R-B2): TDNLMS algorithm with general nonlinearity
and TDNLMM algorithm:

For general nonlinearity without ATS, both 6> and 0'
can be very large due to the large value of o> o and the slow
decay of the EMSE E[v! (n)Ry,_x.v(n)], as the gamA (n) =

(1 —p,)W(ofg(n)) +p,47<0'§2( )) can be very small
initially. This leads to nonlinear adaptation and slow
convergence. Near convergence, E[v!(n)Ryyv(n)] and
A,,(n) will become stable. The convergence is exponential
and the convergence rate of the i-th mode is approximately
1 - ,uz,,,(oo)/l;, where Zw(oo) is the steady state value of
Z.,,(n) Normally, the second term p,W(ofE (n)) will be
much smaller than the first one due to the clipping property
of the nonlinearity and the large variance of the impulsive
noise o2. For the TDNLMM algorithm with ATS, the
degradation in_convergence rate is not so serious since if
ofg << oﬁz, Amu =~ (1 — p,)A4, is a constant close to one if
P, 1s not too large.

3.2.2 Mean Square Behavior

Using a similar approach, it can be shown that

(52)

)| Ux, + U5, Do0; 25D, Uy,

where a//(”) =1 *Pr)cv(o'gg(”)) +pCylo
By(n) = (1~ p)By (02 (n) + p:By (o2 (n)).

Due to page limitation, we only summarize the result for
the small step size case as:

2 () and

00) &2 uMTr(FO,D;I).

EMSE( 7 (oc)
% 0.}
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(R-B3): TDNLMS algorithm

In these cases, Z,,,(n) = E‘,,,(n) =1, and B,(n) =
(1 7pr)( cxccss( )+G )+p7( cxccss( )+O-§) = ngccss(n) +63107
where 02 = (1 — p,) + Pr03 02es(n) = EW (n)

1, excess

Ry x.v(n)] is the EMSE. Hence
EMSETDNLMS (00) = Oyess (20))

2#( excess( )+O-3]UTr(F0D;1))’
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which gives

1,2
7 MOy, OTDNLMS

EMSEpNnLms (00) ~ (54)

1 b
1 — 5 ubrpNLMs

It can be seen that the EMSE will be considerably increased
over the Gaussian case by p,u62 dronims/ (1 — Hronims )
which increases with the probability of occurrence of the
impulses and the difference in power between the impulsive
and Gaussian components.

For the TDNLMM algorithm with MH nonlinearity and
ATS, Awu(oo) = (1 =p)de, Bwn(oo) = (1 —pr)o,

erf () = (1 = p)0Z Ac. Cua(o0) = Avm(o0)— (1~ p)

() exe(-5).

EMSErpnivm(00) &

%,uo-zrq)TDNLMS (55)
1- %/’l(bTDNLMS ’
which is identical to the case with Gaussian noise only.
This illustrates the robustness of the TDNLMM algorithm
to impulsive noise.

For the LMM algorithm with the MH nonlinearity, Dy =
I, and I'y = Ryy. (55) will reduce to

which is also similar to its conventional LMS counterpart
when the additive noise is Gaussian. This illustrates the
robustness of the M-estimation based algorithms to impul-
sive noise.

4 Simulation Results

In this section, computer simulations on the system
identification problem shown in Fig. 1 are conducted to
evaluate the analytical results for the TDNLMS and
TDNLMM algorithms obtained in section 3. The unknown
system W* is a FIR filter with L=8. Its coefficients are
randomly generated and normalized to unit energy. The
input signal x(n) is generated as a first-order AR process

x(n) = ax(n — 1) + v(n), (57)

where v(n) is a white Gaussian noise sequence with zero
mean and variance ¢2. 0<a<1 is the correlation coefficient
and in our experiment it is set to be 0, 0.5 and 0.9. DCT is
employed due to its wide usage and efficiency in practice.
The simulation results are averaged over K=200 independent
runs. Only impulses in the desired signal are considered. The
locations of impulses are not fixed for each independent run

2
o-Tr(Ryy) . . . : :
HO, and their amplitudes are varying. For the CG impulsive
EMSE;mm(00) = ———F—, 56 .
2 — uTr(Rxy) noise, we test p,=0.005, 0.01 and 0.02; r,,=50, 100 and
10
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Figure 3 The mean and mean square convergence performance of the TDNLMS algorithm with Gaussian noise: a, b: a=0, aé =104 ¢ d:
0=0.5, 0'5 =1073, e, f: a=0.9, O'z, = 107>; Three step sizes are used: (1) £=0.01, (2) £=0.004, (3) £=0.002.
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Figure 4 The mean and mean square convergence performance of the
TDNLMM algorithm with CG noise: a, b: a=0, O’; =10"*, r;,=200,
p,=0.02. ¢, d: a=0.5, 02, = 1073, r;,=100, p,=0.01. (e), (f): a=0.9,

200. 2 = 0.95, N,,=9, kg = 2.576. For mean convergence,
the norm of the mean square weight-error vector

Iva(m)]l, = \/ S, [,L > vE’”(n)} i

=1,-.,K

)

is used as the performance measure. EMSE(n) = Tr
(E(n)Rxx) = Tr(®(n)A) is adopted as the mean square
performance measure. The integrals «; defined in (A-9b),
al(k) in (B-9) and al(m’") in (B-10) are evaluated numerically
[28]. Figures 3 and 4 respectively depict the mean and mean
square performance of the TDNLMS algorithm in Gaussian
noise and the TDNLMM algorithm with CG noise. The
theoretical results are computed respectively from (19), (30)
and (51), (52). Different values of a, u, 02,, rim and p, are
used as specified in respective figure caption. All these
figures show a satisfactory agreement between the theoretical
and simulation results. Since the results for the TDNLMM
algorithm in Gaussian noise is similar to those in CG noise,
they are omitted to save space. For the TDNLMS algorithm
in CG noise, the mean weight vector can be considerably
affected by the impulsive noise and the independent
assumption in assumption 3 becomes less accurate. Since
this case is of little interest, the simulation result is also
omitted.
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O’é = 1073, r,=100, p,=0.005; Three step sizes are used: (1) z=0.01,
(2) 41=0.004, (3) £=0.002.

To study the effect of the recursive power estimation of
the signal components in the normalization part of the
TDNLMS algorithm, &;(n) = (1 — a.)oy,  + a.XZ(n) is
used, which allows us to approximately model the effect of
prior knowledge of the signal power on the algorithms. This
is valid when the recursive estimation of the signal power
converges. The value of 0'3(6_[ can be obtained from

0 T T T
—— Simulation results
101\ — Theoretical results | |
-20F TDNLMS algorithm with Gaussian noise R
Test of effect of prior knowledge of signal power
in normalization
_30 - 4
o
=
w 40+ (1) b
=
w
50+ (2) i
-60 (3) i
-70f (4) b
-80 . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Time index n

Figure 5 Test of the effect of a priori knowledge of signal power in
normalization part of the TDNLMS algorithm. ¢=0.01. (1) @. = 0.01,
O’é =1073, (2) a. = 0.25, aé =10"% (3) a. = 0.5, O’é =1073, (4)
a. =0.75, 07 = 107°.
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calculation or offline estimation. In our experiment, it is
derived from (57) plus DCT operation and known param-
eters. Figure 5 illustrates that with the increase of ¢, the
estimation accuracy slightly deteriorates. This verifies the
efficiency of power normalization in TDNLMS algorithm.

5 Conclusions

The convergence performance of the TDNLMS algorithm and
its. TDNLMM generalizations with Gaussian inputs and
additive Gaussian and contaminated Gaussian noises is
presented. Difference equations describing the mean and mean
square convergence behaviors for these algorithms are derived.
The analytical results reveal the advantages of the TDNLMM
algorithms in impulsive noise environment, and they are shown
to be in good agreement with computer simulation results.
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Appendix A

In this Appendix, H —E{X . }[ cyle(m)Xc(n))l is
evaluated. For notational convenience, we shall drop the
subscript C in Xc. An approach similar to [15, 29] is
employed to evaluate this expectation. As n,(r) and x(n) are
assumed to be statistically independent, and X are jointly
Gaussian with covariance matrix Ry,_y,, the i-th element of
the vector H, is

[ w(e)X; 1
H ;= Cg ” mexp (* EXTRXLX(X>fm (ng)dnng
L+1 fold
(A-1)
where Cr = (27) L/2|RXCXC| 12 and fy, (n,) is the PDF of

the Gaussian noise 7),. || denotes the determinant of a
matrix. Similar to [17], let us consider the integral

w(e)X;exp(—B(si + a-X7)) Lo
Fl(ﬂ) = CR JJ g+ a;XZ - - €Xp ZXTRXcXc ﬁlg (ng)dngdx (A - 2)
L+1fold o

It can be seen that H,; = F{0). Differentiating (A-2)
with respect to (3, one gets
dF;(B 1 _

d/(3 ) = —exp(—Pe;)Cr JJ v(e)X; exp<_§XTBl_ IX)fng (ng)dnng, (A=3)

L+1fold
-1 ~1/2

where B; = 2,Be,e +RXCXL , =0 and e; is a  where Cp,=(27) L/2|B |7'2,7.(B) = exp(—pe; )( ,(ﬁ)) ,

column vector with its i-th element equal to one and zero
elsewhere. Using the matrix inversion lemma, we get

~ ~1
= <2ﬁe,»el-T + R;L}X(?> = Ry .x G, (A—4)

where G, = i] Y <g,- (B)) 1EE> 2 (B) =1+ 2BRyoxoiss
Rx.x._ij is the (i, j)-th element of Ry, x. and E; = e,-r)T(C Xe_it
Y x. is the i-th row of Ry.x.. The Eileterminant of B;
is |Bi| = [Ryx.||Gi| = [Ryox.| (g,» (ﬁ)> . (A-3) can be
rewritten as follows

dF;(B)
dap

1
)G, || wlent-exp(~ X8 X i, (1)
L+1 fold
= 77’i(ﬂ)E{XV,,g}[W(e)/\/iw”E[XXT]:B,‘ = =7i(B)La.s,

(A-5)

and Ly ; = E{Xﬂg}[ w(e)Xi|v] E[XXT]=B, is the expectation of
y(e)X; conditioned on v when X, X, € X are jointly
Gaussian with covariance matrix B;. Since X and e are assumed
to be jointly Gaussian in Assumption 3, the Price’s theorem
[18] for X and e can be invoked to obtain the following,

Ly; = y/(c2)b]v(n). (A —6)
b; is the i-th column of B, Inserting (A-6) into (A-5) and
integrating with respect to 3 yields

rip) =~ [ nipivtetstas) o
~ V()T (B)v(n).

w}}ere v'(o2) = [T 25“3 exp(—ﬁ>de I7(g) =
- }/1

deﬁ and the constant of integration is equal to

(A=7)
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zero because of the boundary condition Fjo0)=0. Here, we
have assumed that o(v) depends weakly on /3 and can be
taken outside of the integral. This is a good approximation if
the variation of W(oﬁ) is limited, such as in the TDONLMM
algorithm with adaptive threshold selection or at the steady
state of the algorithm. To evaluate I7(B), we note from
(A-4) that

[Bi),; = Recxcij — 2B (gt (E) ) h [Rxcx Eil;,

SO |
= (gi (ﬂ)) Ry xc_ij- (A —28)
Hence,
1) = [ BB M8 = e (A=)
and
17(0) = airy y ;s (A —9b)

v (e)XiXexp(=Bi (6 + a:X7?) — Pa(e + a:X7))

Y
where o; = [ exp(—f¢;) <g,-(ﬁ>) dB. Combining,

we have the desired result

H,; = F;(0) ~ y/(02)a;e] Rx.x.v(n).

e

(A —10)

Appendix B

In this appendix, s3 = E{XC . }[1//2(e)AElXcX£AE1 v] is
evaluated. Similar to deriving H; in Appendix A, the (i, j)-th
element of s is given by

v’ (e)XeX;

s3ij = Cr JJ
, 2)( e 2
1fold(€, + o.X, )(ej + a.X; )

1 i
- exp (— EXTRXCIXCX> fre (ng)dng,dX, (B-1)

Let us define

Fiy(B1,8) = C ”

L+1 fold (&i + 0:X?) (Ej + ag)f}z)

1
.exp< 2XTR)_(C1XCX>f,7g (ng)dn,dX. (B—2)

It can be seen that s3,; =F;;(0,0). To evaluate
F;;(B1,B>), let’s differentiate (B-2) twice with respect to
0y and (5:

O*F;;(By, )

9B,0B, = Cp eXP(* (ﬁlgi +ﬁ25j))

[ 1
. JJ y/z (e)X:X; exp (— EXTBI.}IX)f,,g (ng)dnng
L+1 fold
= yij(ﬁl 7ﬂ2)L3,fJ7
(B-3)

where Ly = Eqx, 1 [v?(€)XuX)]] Bi; =

‘E[XXT] =B

(ZﬁleieiT‘F zﬁzejef +R);;XC)715 71‘;(:317/32) = exp(—(Bi&it
1/2 . - ~1/2

Br))|Bij| ' |Ryox. |77, and Cp, = (27) 7By 7

Using the matrix inversion formula, it can be shown that
[30] the determinant of B;; and its (i, k)-th and (%, j)-th
elements are respectively given by

18] = (s (B B2)) IR (B~ 4)
[Bi] r = (ui.j (ﬁl 732) ) 71¢i,j,i,k (Bz) ; (B —4b)
B, = (us(BrB)) ous (). (B - 40)

@ Springer

where u (Bhﬁz) = &i (El)gj(ﬁ2) - 4EIBZR§((:Xc_j,i’
Dijik (Ez) = [RX(,'X(‘_i.k +28, (Ryexe_j Roexe_ik — Rxexe_i jRyexej) | »
Buyis (Br) = [Ricrets + 21 (Rrere iR i — Ricres
Ry x. )], and

B;,] ik = Reexe_iwll + 2(B1 + B)Ryexesi] | (B—4d)

Using (B-4), v, (31, 3>) is determined as follows
SO,
Vi (Br:Ba) = (”i,j(ﬁbﬂz)) exp(— (515i+ﬁ251))~
(B-5)
Using the Price’s theorem, L;;; is evaluated to be [30]
L~ 2C, (07) b w'b; + B, (07) bi. (B—6)

where b;; is the (i,j)-th element of B, and B, (c?) =
X 2
E[y*(e)l = st 7, vi(e)exp (—5)de, Cy(07) = 4
E[y?(e)]. From (B-3) and (B-6), we have
OFij(B1,B>)
9B, 0B,

=2Cy (02)7:;(B1.Br)b] v' b,

+ By (G(ze)ViJ(ﬁl ,By)bi.

Integrating (B-7) with respect to 3; and (3, yields

(B—7)

53.1) = Cy(02) 11 i + By (07) L, (B—38)
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where ;= [0° [7°27,,(B1,52)b/ w'bdp,dp; and
Lij= o 5" 7i,(Bi, Bo)bijdBrdp.

To simplify the analysis, we shall assume that o2
depends weakly on [ and is taken outside the integral
(mean value theorem). Like A,,,(O'g), this is a good

3

bL;; = Rx.x._ij J:OJ:C <ui,/ (ﬁl ﬁz) ) N

exp(—(Bie1 + Bae2))dPrdp) = Za 4") <_

approximation if the variations of By, (62) and C, (c?) are
limited. The integrals are evaluated below.
Evaluation of 1, ; ;.

From (B-5) and (B-8), we have

3
5+ m

-1 (2m+1)
DR Be9)

where = f(;m fom (BIEZ gl( 1)g,( 2)) 2k+3)/2
exp(— (Bi&i + Brg;) ) dBdPB, :a,(k)a( anda =)
~ ko~ —(2k4+3))2
B (@(B) """ exp(~pe))dp

L L -
1]71,/ 2;;"1‘%]0 fo (%’J(ﬁl:ﬁZ))

L

Evaluation of /, ; ;.
Similarly from (B-5) and (B-8), we get

o exp(—(Bi&i + Bag))) - b (~1 ) Dijik (Nz) dp,dp,
—2 2 S 5 (2 (B)e(B)) 7 (- (Bt 822)

(5 () (i) (s (e ()]

o <ﬁ1>¢”,zk(ﬂz)dﬁ1dﬁz

L

=1 /=1

(m, 3+2m)/2)
- ZRXCXC—iJRX(TXC—j;kRXL'XC—lJ 1 0;

S~ &,A

(m-+1,(5+2m) /2)
_2RXcXC_iJRXCxC_l,iRXCXC_i,ka i

&

m,(3+2m)/2)
+ 4RXCX( ljRXCXC—lyiRXCXC—jakai

L
2 + m—1 m m m m, m
- Zvlvk2< ? )(_4RXcXc_j,i) '(RXCXC_I,/‘RXCXC_i,kal( (342 )/2)0!]( (3+2m)/2)

m+1,(54+2m)/2)

(m+1,(5+2nz)/2)a(m+1,(5+2m)/2))
] )

(B — 10)

where we have assumed that the matrix Ry_x,. is diagonal-
dominant so that we can employ the binomial expansion
and

2 / Y Blew(pE)
I 0 (1 + 2ERXCXC_I‘,1')

(o @]
Sl()p) ) Z <—5 +m—1 ) (_4RXCXC_J.J)ma(m,(3+2m)/2)aj('m7(3+2m)/2)

1

Dol =34+m—1 +1(m,(3+2m) /2
Sz(j): Z( ’ )(4RXcXCiJ)m a" R g

2 m
m=0
1 & _5 — m m m m
SEJZ) 2 Z( +mm 1)(_4Rxcxcw‘) Haf‘ LR g
m=0
% 5
G) 1 —2+4+m-—1 m+2 (m+1,(5+2m)/2)
D a3 (TH) a2

In matrix form, we have

_ [0 T T (1) T T
Lij=s; (Cxexe i) wWrxexej + 557 (Prexe_j) v rxexe

@) T T 3) T T
55 (Pxexe_i) W rxexe_i + 85 (Pxexe_i) WV Pxexe_js

where

)

(m1,(5+2m)/2)

)

(3+2m)/2)

)

(In+ 1,(542m)/2)
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