
Proceedings of the Institution of Civil Engineers

Structures and Buildings 165 November 2012 Issue SB10

Pages 543–565 http://dx.doi.org/10.1680/stbu.10.00056

Paper 1000056

Received 19/10/2010 Accepted 10/10/2011

Published online 22/02/2012

Keywords: columns/concrete structures/design methods & aids

ICE Publishing: All rights reserved

Structures and Buildings
Volume 165 Issue SB10

Strain gradient effects on concrete
stress–strain curve
Peng and Ho

Strain gradient effects on
concrete stress–strain curve
j1 Jun Peng MPhil

PhD Student, Department of Civil Engineering, University of Hong
Kong, Hong Kong

j2 Johnny Ching Ming Ho PhD, MHKIE, MIEAust, CPEng
Assistant Professor, Department of Civil Engineering, University of
Hong Kong, Hong Kong

j1 j2

The stress–strain characteristic of concrete developed in flexure is one of the essential parameters for the ultimate

flexural strength design of reinforced concrete (RC) members. Currently, the stress–strain curve of concrete

developed in flexure is obtained by scaling down the uniaxial stress–strain curve. In current RC design codes, it is

represented by an equivalent rectangular concrete stress block depending solely on the concrete strength. By

comparing the theoretical strength evaluated for the stress block with the measured strength, the authors found

that current codes underestimate the actual flexural strength of RC beams and columns by 9% and 19%, respectively.

Since the underestimation is different for beams and columns, which are subjected to different strain gradients at

ultimate, it is suggested that the maximum concrete stresses developed in flexure should depend also on strain

gradient. The effects of strain gradient on the concrete stress developed in flexure were investigated in this work by

testing RC columns under concentric and eccentric axial loads or horizontal loads. The concrete stress–strain curves

of the eccentrically/horizontally loaded specimens were derived by modifying those of concentrically loaded

counterparts based on axial force and moment equilibriums. The results indicate that the maximum concrete stress

developed in flexure depends significantly on strain gradient. Formulas were developed to correlate the maximum

and equivalent concrete stresses developed in flexure to the strain gradient. Their applicability was verified by

comparing the results with measured flexural strengths of RC beams and columns.

Notation
Ac area of concrete compression zone

Ag column cross-section area

As area of steel bar

b width of cross-section

c neutral axis depth

d effective depth of column section

di distance of longitudinal steel bar to extreme

compressive fibre or effective depth of cross-section in

Equations 3, 4 and 5

Es Young’s modulus of steel bar

fav average concrete compressive stress over compression

area in flexural members

f 9c uniaxial concrete compressive strength represented by

cylinder strength

fcu uniaxial concrete compressive strength represented by

cube strength

fmax maximum concrete compressive stress developed under

flexure

fs stress of steel bar in Equations 3, 4 and 5

fy yield strength of steel bar

h height of cross-section

k1 ratio of average stress ( fav) over compression area to

maximum stress developed under flexure ( fmax)

k2 ratio of distance between extreme compressive fibre

and resultant force of compressive stress block (Pc) to

that between the same fibre to the neutral axis (c)

k3 ratio of fmax to concrete cube strength fcu

k93 ratio of fmax to the maximum uniaxial concrete strength

�max

M moment or flexural strength

MACI moment calculated based on ACI 318 (ACI, 2008)

MEC moment calculated based on Eurocode 2 (CEN, 2004)

MNZ moment calculated based on NZS 3101 (SNZ, 2006)

Mp moment calculated based on the proposed values of

equivalent rectangular concrete stress block parameters

obtained in this study

Mt measured moment capacity

n number of longitudinal steel bars

P axial load
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Pc resultant force of concrete compressive stress block

Æ ratio of equivalent concrete compressive stress

developed under flexure to concrete cube strength ( fcu)

� ratio of height of equivalent rectangular concrete

compressive stress block to neutral axis depth

� concrete strain

�cu ultimate concrete strain at extreme compressive fibre

measured at maximum load of eccentrically or

horizontally loaded specimen

rs longitudinal reinforcement ratio

� concrete stress

�max maximum concrete compressive stress developed in

concentrically loaded specimen

� strain gradient

1. Introduction
In the current reinforced concrete (RC) design codes, the concrete

stress distribution within the compression zone of a typical RC

section subjected to bending at ultimate state is non-linear, as

shown in Figure 1. This stress–strain curve of concrete is derived

by scaling down the stress–strain curve of concrete developed in

uniaxial compression to 67% of the compressive strength of

standard concrete cubes. This factor, which was derived from

converting 85% of standard concrete cylinder strength to the

respective cube strength proposed by Hognestad et al. (1955), is

to account for the different concrete strengths developed in

standard concrete cubes, fcu, and real columns. In ultimate

flexural strength design of RC sections, the non-linear concrete

stress distribution is represented by a concrete stress block

defined by three parameters, k1, k2 and k3 (Hognestad et al.,

1955; Ibrahim and MacGregor, 1996, 1997; Kaar et al., 1978;

Tan and Nguyen, 2004, 2005). k1 is the ratio of average stress,

fav, over the compression zone to maximum stress developed

under flexure, fmax, k2 is the ratio of distance between the extreme

compressive fibre and the resultant force of the stress block (Pc)

to that between the same fibre to the neutral axis (c) and k3 is the

ratio of fmax to uniaxial concrete cube (or cylinder) strength. This

stress block was further simplified to an equivalent rectangular

concrete stress block (Hognestad, 1957; Kriz, 1959; Mattock et

al., 1961; Whitney, 1940) to facilitate practical flexural strength

design of RC members, which are currently being adopted in RC

design codes such as Eurocode 2 (CEN, 2004), NZS 3101 (SNZ,

2006) and ACI 318 (ACI, 2008).

The equivalent rectangular concrete stress block (Figure 1(e)) is

defined by two parameters, Æ and �: Æ is the ratio of the

equivalent concrete compressive stress developed under flexure to

the concrete cube strength, fcu; � is the ratio of the height of the

equivalent rectangular concrete stress block to the neutral axis

depth (c). An ideal equivalent rectangular concrete stress block

could give an exact representation of the magnitude and location

of the resultant concrete compressive force and thus the flexural

strength of RC members. The values of Æ and � currently adopted

by various RC design codes (ACI, 2008; CEN, 2004; SNZ,

2006), which are dependent only on the concrete strength, are

summarised in Table 1. The accuracy of these equivalent stress

blocks in predicting the flexural strength of RC members can be

studied by comparing the theoretical with the measured flexural

strengths of RC beams and columns tested by other researchers.

The comparison is shown in Table 2. From the table, it is evident

that the equivalent rectangular concrete stress block can predict

fairly accurately the strength of columns subjected to very high

axial load levels, but underestimates the flexural strength of other

columns and beams. The underestimation of strength is about 9%

for beams and 19% for columns subjected to low to medium

axial load levels. These phenomena should be dealt with

cautiously because this will underestimate the shear demands of

beams and columns in moment-resisting frame buildings, which

will lead to premature shear failure (Arslan, 2010; Baczkowski

and Kuang, 2008; Bukhari et al., 2010; Lu et al., 2009; Pam and

Ho, 2001). The underestimation of maximum concrete strength

developed in flexure will also overestimate the available ductility

and rotational capacity of the lowest storey columns of a

moment-resisting frame building (Arslan et al., 2010; Do Carmo

and Lopes, 2006; Ho and Pam, 2010; Inel et al., 2007; Sebastian

and Zhang, 2008; Shim et al., 2008; Wu et al., 2004). Then,

plastic hinges cannot be formed (Bai and Au, 2008; Jaafar, 2008;

Pam and Ho, 2009) and the desirable ‘beam sidesway mechan-

b

h c

N.A.

εcu f

fmax

fcv

f k fmax 3 cu�

f k fcv 1 max�

εcu ε
(a) (b) (c) (d) (e)

f k fmax s cu�

k
c 2

Pc 1 2 cv� k k f bc

f k fcv 1 max�

αfcu

�c 0·
5�

c

P f bcc cv� α�

Figure 1. Concrete stress block parameters. (a) Cross-section.

(b) Strain distribution at ultimate state. (c) Stress–strain curve

under flexure. (d) Actual stress distribution at ultimate state.

(e) Equivalent rectangular stress block
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ism’ cannot be developed to allow moment redistribution (Oeh-

lers et al., 2010; Spence, 2008; Zhou and Zheng, 2010) to occur

during extreme events such as earthquake attack and accidental

impact (Chen and May, 2009; Inel et al., 2008; Jones and Fraser,

2009) The consequence is that the columns would fail in a brittle

manner without ample warning. For gravity-load-resisting struc-

tures, the overestimation of flexural strength will unnecessarily

increase the member size and carbon content of the buildings,

which reduces energy efficiency. Although the design of flexural

ductility may be considered less important in a gravity-load-

resisting structure, underestimation of flexural ductility will

reduce the level of structural safety when it is subjected to

extreme loads such as overloading, blasting and sudden impact.

From the comparison shown in Table 2, it is apparent that

underestimation of flexural strength by the equivalent rectangular

stress block of various design codes is different in beams and

columns. Since the strain gradient in beams and columns is

different at the ultimate state due to the presence of axial load, it

is believed that the underestimation may be attributed to the

effects of strain gradient. In fact, some researchers investigated

the effects of strain gradient on the concrete stress–strain curve

developed in flexure many years ago. Sturman et al. (1965)

determined the stress–strain curve of normal-strength concrete

(NSC) developed under concentric and eccentric loads and found

that the maximum concrete stress that can be developed in

eccentrically loaded columns was higher than that in concentri-

cally loaded columns. Clark et al. (1967) reported that the

maximum stress developed in NSC increases as strain gradient

increases. Soliman and Yu (1967) derived the NSC stress–strain

curve in flexure and pointed out that the maximum stress

increased as the volume of transverse steel increased (i.e. as

strain gradient increased). Smith and Orangun (1969) derived a

fourth-order polynomial for the concrete stress–strain developed

in flexure, which was significantly different from that of the

uniaxial concrete compression curve. More recently, Tan and

Nguyen (2004) derived stress–strain curves for NSC and high-

strength concrete (HSC) (up to 76 MPa) in flexure based on

experimental results and found that the maximum concrete stress

developed in flexure is higher than that in uniaxial compression.

This also agreed with the test results obtained by Yi et al. (2002)

who reported that the maximum and equivalent concrete stresses

decrease as column size increases (i.e. as strain gradient de-

creases). Tabsh (2006) also reported on the strain gradient effect

in the HSC stress–strain curve developed under flexure.

In this work, the effects of strain gradient on the maximum

concrete stress and equivalent rectangular concrete stress block

developed in flexure were studied experimentally by testing 16

inverted T-shaped column specimens under concentric and ec-

centric axial loads, as well as horizontal load. The specimens were

divided into six groups, each of which contained specimens with

identical cross-section properties. In each group, one specimen

was subjected to concentric load while the rest was/were subjected

to eccentric or horizontal loads. To study the effects of strain

gradient, the ratio of the maximum concrete compressive stress

developed in the specimens subjected to eccentric/horizontal load

to the maximum uniaxial compressive stress (�max) developed in

the counterpart specimens subjected to concentric load (denoted

by k93) was determined based on axial force and moment

equilibriums. Using the obtained value of k93, the stress block

parameters k1, k2 and k3 and the equivalent concrete stress block

parameters Æ and � were determined. From the test results, it was

found that the currently adopted values of k3 and Æ are only

applicable to RC members subjected to a small strain gradient.

For a larger strain gradient, these parameters increased as strain

gradient increased. On the other hand, k1, k2 and � remained

relatively constant irrespective of strain gradient. To facilitate

practical flexural strength design of RC members, formulas

correlating k3, Æ and � to the strain gradient are proposed. The

applicability of these formulas is verified by comparing the

theoretical flexural strength evaluated using the proposed formula

with the measured strength of RC beams and columns obtained

by other researchers. Lastly, the effects of strain gradient on the

Design

code

Æ �

ACI 318

(ACI, 2008)

0.85 for all f 9c 0.85 for f 9c < 28 MPa

0:85 � 0:007( f 9c � 28) > 0:65 for f 9c . 28 MPa

Eurocode 2

(CEN, 2004)

0.85 for f 9c < 50 MPa

0:85 � 0:85
f 9c � 50

200

� �
for 50 , f 9c < 90MPa

0.80 for f 9c < 50 MPa

0:8 � f 9c � 50

400

� �
for 50 , f 9c < 90 MPa

NZS 3101

(SNZ, 2006)

0.85 for 0 , f 9c < 55 MPa

0:85 � 0:004 ( f 9c � 55) for 55 , f 9c < 80 MPa

0.75 for f 9c . 80 MPa

0.85 for 0 , f 9c < 30 MPa

0:85 � 0:008 ( f 9c � 30) for 30 , f 9c < 55 MPa

0.65 for f 9c . 55 MPa

Table 1. The values of equivalent concrete stress block

parameters stipulated in RC design codes
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maximum concrete stress developed in flexure will be explained

using the previous test observations on the progressive develop-

ment of concrete micro-cracking in pure axially loaded and

flexural NSC columns obtained by Sturman et al. (1965).

2. Test programme

2.1 Experimental setup and details of specimens

Sixteen inverted T-shaped square column specimens with concrete

cube strength ranging from 32 to 58 MPa were fabricated and

Specimen code f 9c: MPa P=Ag f 9c Moment: kNm
(1)

(4)

(2)

(4)

(3)

(4)

MACI

(1)

MEC

(2)

MNZ

(3)

Mt

(4)

Beams

Aa 41.3 — 97.0 97.0 97.0 104.0 0.93 0.93 0.93

Ba 41.3 — 45.0 45.0 45.0 49.6 0.91 0.91 0.91

T3b 27.7 — 28.9 29.3 28.9 32.5 0.89 0.90 0.89

T6b 27.7 — 170.5 171.2 170.5 192.4 0.89 0.89 0.89

Columns subjected to low axial load level

C1-1c 24.9 0.113 300.5 305.1 300.5 351.4 0.86 0.87 0.86

C1-2c 26.7 0.106 303.8 308.2 303.8 374.6 0.81 0.82 0.81

C2-2c 27.1 0.156 325.2 330.5 325.2 399.9 0.81 0.83 0.81

Columns subjected to medium axial load level

C3-3c 26.9 0.209 335.4 345.9 335.4 423.8 0.79 0.82 0.79

X6d 31.9 0.450 28.5 29.0 28.6 37.1 0.77 0.78 0.77

X7d 35.7 0.450 29.7 30.5 29.8 37.1 0.80 0.82 0.80

SBCM-8e 28.0 0.220 46.0 46.0 46.0 58.7 0.78 0.78 0.78

Columns subjected to high axial load level

A-16f 33.9 0.600 157.1 159.1 157.6 157.5 1.00 1.01 1.00

E-2f 31.4 0.610 160.1 163.5 160.5 169.3 0.95 0.97 0.95

Columns subjected to ultra-high axial load level

E-8f 25.9 0.780 128.4 129.2 128.4 129.2 0.99 1.00 0.99

E-10f 26.3 0.770 130.6 131.3 130.6 132.7 0.98 0.99 0.98

aPecce and Fabbrocino (1999)
bDebernardi and Taliano (2002)
cMo and Wang (2000)
dLam et al. (2003)
eMarefat et al. (2005)
fSheikh and Yeh (1990)

Table 2. Comparison of flexural strengths obtained from codes

and previous tests
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tested under concentric and eccentric axial loads or horizontal

loads. They were divided into six groups, with each group

comprising specimens with identical cross-section and material

strength properties. Concrete for the same group of specimens

was cast from the same batch of concrete transported by the same

truck from the same plant. They were also cured under the same

environmental conditions and thus the concrete strength for all

specimens within the same group can be regarded as identical.

One of the specimens in each group was tested under concentric

load, while the rest were tested under eccentric axial load (for

small strain gradient) or horizontal load (for large strain gradi-

ent). The specimens had a cross-section of 400 3 400 mm2: The

height of the columns was 1400 mm and the length of the

supporting beams 1500 mm, as shown in Figure 2. For specimens

400

3T12

Test region

30
0

80
0

30
0

3T12 3T12

40
0

R8@25

R8@75

R8@150

1500
75 75

(a)

3T12
550

18
00

40
0

400

3T16

Test region

30
0

80
0

30
0

3T16

3T16 & 2T12

40
0

R8@25

R8@75

R8@100

1500
75 75

(b)

4T12
550

18
00

40
0

A A

400

3T16

Test region

30
0

80
0

3T16

3T16

40
0

R8@25

R8@75

R8@100

1500
75 75

(c)

6T16

550

18
00

40
0

A A

400

40
0

A–A

6T12, 6T16
or 6T20

Figure 2. (a) PC specimen. (b) Eccentrically loaded RC specimen.

(c) Horizontally loaded RC specimen. Dimensions in mm
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tested under concentric and eccentric axial loads, the testing

regions were in the middle 800 mm of the column height. For

specimens tested under horizontal load, the testing regions were

within 800 mm from the beam–column interface. Outside the

testing regions, the columns were heavily confined with trans-

verse steel and/or square hollow steel tube (400 3 400 mm2) so

that failure would always take place in the pre-determined testing

regions. The plain concrete (PC) specimens did not contain any

longitudinal steel within the testing region, while RC specimens

contained different amounts of longitudinal steel with steel ratios

of 0.42–1.18%. The cross-section properties and material

strengths of each test specimen are listed in Table 3; the values

are those commonly adopted by other researchers (Ahn and Shin,

2007; Choi et al., 2009; Han et al., 2010; Kim et al., 2007; Sim

et al., 2009; Supaviriyakit et al., 2007; Xiao et al., 2008). The

specimens were coded as follows. The first number refers to the

concrete cube strength on day 28 and the second number refers to

the percentage longitudinal steel ratio.

The uniaxial concrete stress–strain behaviour in each group of

specimens was obtained by testing one of the specimens under

concentric axial load. For RC specimens, the concrete stress was

obtained by subtracting the steel force from the total applied load

and then the difference was divided by the concrete area. The

strain was obtained by dividing axial shortening of the specimen

(measured with linear variable displacement transducer (LVDTs))

by its gauge length. The concrete stress–strain curve developed

in flexure (with strain gradient) was obtained by modifying the

obtained uniaxial concrete stress–strain curve such that the

theoretical axial force and moment matched the experimentally

measured values. For the specimens tested under eccentric

loading, different eccentricities (ranging from 50 to 140 mm as

summarised in Table 3) were used to simulate different extents of

strain gradient in columns at ultimate state. Nevertheless, since

the maximum eccentricity, which is restricted by the column size,

was about 150 mm, specimens that needed to be tested under

larger eccentricities to simulate the effects of large strain gradient

were tested under simultaneous axial and horizontal loads.

The test setup for the three types of loading is shown in Figure 3.

The axial and horizontal loads applied to the columns were

produced by a computerised electro-hydraulic servo controlled

multi-purpose testing machine having a maximum loading capa-

cities of 10 000 and 1500 kN, respectively.

Because of the different loading arrangements, the failure modes

of the specimens were different. When a column was subjected to

concentric load or small eccentricity, it would fail in compression

where the tension steel would not yield. However, when a column

was subjected to large eccentricity or simultaneous axial and

horizontal loads, it would fail in tension where the tension steel

would yield. These failure modes are represented by different

locations on the interaction curve of the column specimens

(Figure 4).

2.2 Instrumentation

Instrumentation to monitor the behaviour of the column speci-

mens included strain gauges and LVDTs (Figure 5)

Group Specimen code Loading

mode

Longitudinal steel fcu: MPa Eccentricity: mm

rs: % Detail fy: MPa Es: GPa Day 28 Testing

day

1 PC35-0-CON Concentric 0 — — — 35.0 35.0 0

PC35-0-ECC Eccentric 0 — — — 35.3 120

2 RC30-0.42-CON Concentric 0.42 6T12 538 203 30.0 35.9 0

RC30-0.42-ECC Eccentric 35.9 140

3 RC28-0.75-CON Concentric 0.75 6T16 533 203 28.2 33.6 0

RC28-0.75-ECC Eccentric 31.6 140

4 RC38-1.18-CON Concentric 1.18 6T20 536 200 38.4 43.2 0

RC38-1.18-ECC Eccentric 42.8 110

5 RC50-0.75-CON Concentric 0.75 6T16 515 203 50.3 50.3 0

RC50-0.75-ECC-1 Eccentric 58.2 120

RC50-0.75-ECC-2 Eccentric 58.2 140

6 RC41-0.75-CON Concentric 0.75 6T16 498 198 40.6 42.1 0

RC41-0.75-ECC-1 Eccentric 49.1 50

RC41-0.75-ECC-2 Eccentric 49.1 130

RC41-0.75-HOR-1 Horizontal 46.4 —

RC41-0.75-HOR-2 Horizontal 46.4 —

Table 3. Specimen properties
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(a) Strain gauges were adopted for both steel and concrete. The

steel strain gauges were attached to the longitudinal steel bars

located within the testing region. The concrete strain gauge(s)

was/were attached on each face of every concentric and

eccentric specimen. For the horizontally loaded specimens,

concrete strain gauges were attached on the extreme tension

and compression column faces.

(b) For specimens subjected to concentric and eccentric loads, a

total of 12 LVDTs were installed on four sides of the

specimen within the test area to measure the deformation due

to axial load and/or bending moment. For specimens

subjected to horizontal load, three LVDTs were installed on

each of the extreme tension and compression column faces.

2.3 Testing procedure

For specimens subjected to concentric and eccentric loads,

vertical load application was set in a displacement-controlled

manner at a rate of 0.36 mm/min. For horizontally loaded speci-

mens, the prescribed axial load was applied first. Horizontal load

was then applied in a displacement-controlled manner at a rate of

0.5 mm/min. Load application was stopped after the applied load

had reached the maximum value and then dropped below 80% of

the maximum value.

3. Experimental results

3.1 Concentric specimens

Example of specimens tested under concentric, eccentric and

horizontal loads after failure are shown in Figures 6(a), 6(b) and

6(c) respectively. The measured concrete compressive forces of

the concentrically loaded column specimens are plotted against

their corresponding axial displacements in Figure 7. The total

concrete compressive force is taken as the total compressive axial

load applied by the actuator for PC specimens, while that of RC

specimens was obtained by subtracting the compressive forces in

longitudinal steels from the applied axial loads. All steel

reinforcements adopted in the test were hot-rolled high-yield

deformed bars of characteristic yield strength of not less than

460 MPa. For this type of steel, it has been commonly accepted

for decades that a linearly elastic–perfectly plastic stress–strain

curve can be used to describe the uniaxial stress–strain behav-

iour. The same stress–strain curve will be adopted for the steel

reinforcement used in this study to determine the steel stress from

the corresponding strain measured in the test by the strain gauges.

The concrete stress–strain curves for all concentrically loaded

specimens are also shown in Figure 7; these will be used to

determine the maximum concrete compressive stress that can be

developed in the counterpart eccentrically/horizontally loaded

specimens. The strains of concrete were obtained by dividing the

LVDT readings with the gauge length; they show good agreement

with the strains measured by the concrete strain gauges (Figure

8). From Figure 7, it is evident that the concrete compressive

force–displacement and stress–strain curves are fairly linear up

to about 50% of the maximum force (stress). After this, the

displacement (strain) increases more rapidly than the concrete

(a)

(b)

(c)

Figure 3. Loading setup: (a) concentric loading; (b) eccentric

loading; (c) horizontal and axial loading
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compressive force (stress) due to the rapid degradation of column

stiffness.

3.2 Eccentric/horizontal specimens

The measured concrete compressive forces of the eccentrically

loaded specimens are plotted against actuator-measured vertical

displacements of the column in Figure 9(a). Similarly, the

concrete compressive forces of the RC specimens were obtained

by subtracting the steel forces from the respective total applied

loads. For the specimens tested under horizontal load, the meas-

ured horizontal load is plotted against its lateral drift in Figure

9(b). The maximum moment acting on the eccentrically loaded

specimens was evaluated by multiplying the applied axial load by

the eccentricity; for horizontally loaded specimens, the moment

was obtained by multiplying the horizontal load by the lever arm

(i.e. the vertical distance from the horizontal actuator to the

beam–column interface). With the obtained maximum axial loads

and moments, the concrete stress distribution developed in the

eccentrically and horizontally loaded specimens with strain

gradient effect can be investigated.

4. Derivation of concrete stress block
parameters

4.1 Derivation of stress block parameters k1, k2 and k3

The ratio of the maximum concrete stress developed in flexure to

the concrete cube strength, k3, will be determined by equating the

theoretical axial force and moment with the measured values of

the eccentrically or horizontally loaded specimens. The theor-

etical values can be computed based on the stress–strain curve

obtained from the concentrically loaded specimens multiplied by

k93, which is defined as the ratio of the maximum concrete stress

developed in eccentrically or horizontally loaded specimens to its

uniaxial strength in concentrically loaded columns, to take into

account the effects of strain gradient. Firstly, the uniaxial concrete

stress–strain curve of each concentrically loaded specimen was

obtained by fitting the measured stress and strain data using the

parabolic function

� ¼ A�2 þ B�1:

where � and � are the concrete stress and strain developed in

concentrically loaded specimens, respectively, and A and B are

coefficients obtained from regression analysis. From the definition

of k93, the concrete stress–strain curve developed in eccentrically

or horizontally loaded specimens with strain gradient effect can

be obtained by multiplying both sides of Equation 1 by k93

k93� ¼ k93(A�2 þ B�)2:

where k93� is the concrete stress developed in flexure. The value

of k93 and c for each eccentrically or horizontally loaded specimen

can be determined by considering the axial force (P) and moment

(M) equilibriums of the eccentrically or horizontally loaded

column section, as expressed by Equations 3a and 3b, respec-

tively (compression is taken as positive). Finally, the value of k3

can be determined using Equation 3d.

Small eccentricity and large axial load

( , )M  P

Column fails in tension
(yielding of steel occurs)

M

θ tan (1/ )
/ eccentricity

�
� �

�1 e
e M P

P

θ

Column fails in compression
(no yielding of steel)

Large eccentricity and small axial load

Figure 4. Failure modes and column interaction
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P ¼
ð

Ac

k3(A�2 þ B�) dAc þ
Xn

i¼1

f si Asi

3a:

M ¼
ð

Ac

k3(A�2 þ B�)
h

2
� cþ x

� �
dAc

þ
Xn

i¼1

f si Asi

h

2
� di

� �
3b:

� ¼ (x=c)�cu3c:

k3 ¼ k93(�max= f cu)3d:

where Ac is the area of concrete compression zone, x is the

distance of strip dAc from the neutral axis, n is the total number

of steel bars, fs i and As i are, respectively, the stress and area of

the ith steel bar, di is the distance of the ith steel bar from the

extreme concrete compressive fibre, �cu is the ultimate concrete

strain, fcu is the compressive concrete cube strength and �max is

the maximum uniaxial concrete stress obtained from concentri-

cally loaded specimens. The contribution of concrete tensile

stress to the bending moment capacity is neglected because either

the tensile stress of concrete is very small in eccentrically loaded

columns or the lever arm from the neutral axis is very small in

horizontally loaded columns.

Based on the values of k3 and c obtained from Equation 3, k1 and

k2 can be determined from Equations 4a and 4b, respectively

P ¼ k1 k3 f cubc þ
Xn

i¼1

f si Asi

4a:

M ¼ k1 k3 f cubc
h

2
� k2c

� �
þ
Xn

i¼1

f si Asi

h

2
� di

� �
4b:

The obtained values of k1, k2, k3 and c of the eccentrically and

horizontally loaded specimens are listed in Table 4 together with

their corresponding �max, ultimate concrete strain �cu and strain

gradient � ¼ �cu/c (in rad/m). It is evident from the table that

(a) the value of k3 and the product k1k3 increase as � increases,

which verifies the fact that the strain gradient can improve

the maximum concrete stress and concrete force developed in

RC members under flexure

Concrete
crushing

Longitudinal
steel buckling

(a)

(b)

(c)

Concrete
crushing

Longitudinal
steel buckling

Concrete
tension
cracking

Figure 6. Selected specimens after failure: (a) RC41-0.75-CON;

(b) RC41-0.75-ECC-1; (c) RC41-0.75-HOR-1
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(b) the values of k2 are not sensitive to variations in strain

gradient.

The obtained values of k1, k2 and k3 obtained from Equations 3

and 4 were averaged and are compared with values obtained by

other researchers in Table 5 (Hognestad et al., 1955; Kaar et al.,

1978; Mansur et al., 1997; Swartz et al., 1985; Tan and Nguyen,

2004, 2005). The values of k1 and k2 obtained in this study agree

closely with those obtained by others. However, the values of k3

and the product k1k3 are larger than those obtained in other

works. This indicates that the maximum concrete compressive

stress and concrete force that can be developed in RC members

subjected to flexure with or without axial load should be larger

and dependent on strain gradient.

4.2 Derivation of equivalent rectangular stress block

parameters Æ and �
The values of Æ and � of the equivalent rectangular concrete

stress block can be evaluated using Equations 5a and 5b by

considering the axial load and moment equilibria in Figure 1(e).

The value of Æ for concentrically loaded specimens can be

evaluated using Equation 5c by considering an equivalent con-

crete stress, Æfcu, acting over the concrete cross-section. For

eccentric loading

P ¼ Æ� f cubc þ
Xn

i¼1

f si Asi

5a:

M ¼ Æ� f cubc
h

2
� �c

2

� �
þ
Xn

i¼1

f si Asi

h

2
� di

� �
5b:

and for concentric loading

P ¼ Æ f cu Ac þ
Xn

i¼1

f si Asi

5c:

Table 6 lists the obtained values of Æ and �, together with the

respective strain gradients � for all specimens. The following

conclusion may be drawn from the obtained results.

(a) The average value of Æ obtained from the concentrically

loaded columns is about 0.71, which is very close to the

design value of Æ ¼ 0.67 stipulated in Eurocode 2 (CEN,

2004) (assuming f 9c ¼ 0.8fcu).

(b) The values of Æ for specimens subjected to a strain gradient

are all larger than 0.67. This implies that strain gradient can

enhance the equivalent concrete stress of RC members

developed in flexure.

(c) The values of Æ for the eccentrically and horizontally loaded

specimens remain fairly constant at low strain gradient, but

increase with moderate strain gradient until reaching a

maximum limit of about Æ � 1.15.

It is evident from the above that the variation of Æ with strain

gradient is not linear and is dependent on the value of the strain
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gradient. This can be reasonably explained by the tests on

concrete micro-cracking reported by Sturman et al. (1965) who

observed that in columns subjected to concentric axial load,

extensive micro-cracking of concrete (5 in (127 mm) length)

occurred at low concrete strain (0.002) (see Figure 9 in Sturman

et al. (1965)). Nevertheless, in columns subjected to eccentric

axial load, less micro-cracking was observed at the same strain

and extensive micro-cracking occurred at larger concrete strains

of about 0.0030–0.0035. These observations can logically explain

the obtained non-linear variation of equivalent concrete stresses

with strain gradient as follows.

(a) Initially, when the column was subjected to small strain

gradient (i.e. large axial load with a small moment), large

concrete cracking occurred at a small concrete strain of about

0.002 and the concrete stress could not be further increased

due to crack formation.

(b) For columns subjected to larger strain gradient (i.e. medium

axial load with a larger moment), significant concrete

cracking occurred at a larger concrete strain (0.0030–

0.0035). Hence, larger maximum concrete stress was

developed because the formation of micro-cracking was

delayed.

(c) However, for columns subjected to an even larger strain

gradient (i.e. low axial load with a very large moment or pure

flexure), the maximum concrete stress could not increase

further. This is because the strain (0.0030–0.0035) at

maximum concrete stress has already reached the ultimate

concrete strain, �cu, which is equal to 0.0035 as per Eurocode

2 (CEN, 2004). At this stage, no further increase in concrete

stress should occur; otherwise, the flexural strength of the

columns would occur at a much larger strain than �cu, which
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Figure 9. (a) Axial load against vertical displacement for

eccentrically loaded specimens. (b) Horizontal load against column

drift for horizontally loaded specimens

Specimen code fcu: MPa

(testing day)

�max: MPa c: mm k1 k2 k3 k1k3 �cu �: rad/m d/c

Plain concrete specimen

PC35-0-ECC 35.3 28.1 199.2 0.71 0.40 1.33 0.95 0.0035 0.0176 2.01a

Reinforced concrete specimens

RC30-0.42-ECC 35.9 28.1 217.7 0.67 0.40 1.27 0.85 0.0031 0.0142 1.72

RC28-0.75-ECC 31.6 23.5 229.0 0.79 0.39 1.14 0.90 0.0031 0.0135 1.62

RC38-1.18-ECC 42.8 29.3 287.0 0.75 0.40 0.76 0.57 0.0029 0.0101 1.29

RC50-0.75-ECC-1 58.2 40.1 252.0 0.70 0.39 0.90 0.63 0.0035 0.0139 1.44

RC50-0.75-ECC-2 58.2 40.1 223.0 0.68 0.38 0.93 0.63 0.0030 0.0135 1.63

RC41-0.75-ECC-1 49.1 28.7 406.0 0.81 0.38 0.76 0.61 0.0033 0.0081 0.90

RC41-0.75-ECC-2 49.1 28.7 234.0 0.84 0.38 0.96 0.81 0.0033 0.0141 1.56

RC41-0.75-HOR-1 46.4 28.7 76.0 0.66 0.38 1.29 0.84 0.0033 0.0434 4.79

RC41-0.75-HOR-2 46.4 28.7 27.0 0.66 0.38 1.31 0.86 0.0028 0.1148 13.48

Average 46.0 30.4 — 0.73 0.40 1.02 0.76 0.0031 — —

ad is effective depth of RC specimens and is taken as the overall depth of column for the PC specimen

Table 4. Obtained values of k1, k2 and k3
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has never been observed in previous experimental tests for

unconfined columns.

From the above comparison, it is believed that the current design

codes can predict fairly accurately the strengths of RC columns

subjected to pure axial load without strain gradient, but under-

estimate the strengths of RC beams and columns subjected to

flexure with or without axial load. This is because the equivalent

rectangular concrete stress that is currently adopted for flexural

strength design does not take into account the enhancement of

concrete stress due to the strain gradient effect.

5. Modification of stress block parameters
by incorporating strain gradient effects

The stress block parameters of k1, k2, k3, Æ and � obtained

in this study are summarised in Tables 4 and 6, together with

their corresponding strain gradients � ¼ �cu/c (rad/m). How-

ever, since � is non-dimensionless, the formula that correlates

these stress block parameters to � will include the effect of

Research f 9c: MPa k1 k2 k3 k1k3

Hognestad et al. (1955) 27.6 0.79 0.45 0.94 0.74

Hognestad et al. (1955) 34.5 0.75 0.44 0.92 0.69

Kaar et al. (1978) 45.0 0.72 0.40 0.97 0.70

Mansur et al. (1997) 57.2 0.70 0.42 0.98 0.69

Swartz et al. (1985) 57.0 0.71 0.42 0.98 0.70

Tan and Nguyen (2004, 2005) 48.3 0.70 0.38 0.93 0.65

Current work 46.0a 0.73 0.40 1.02 0.76

afcu (in MPa)

Table 5. Comparisons of k1, k2 and k3

Specimen code Æ � �cu �: rad/m d/c

PC35-0-CON 0.80 — — 0.0 0.0

RC30-0.42-CON 0.66 — — 0.0 0.0

RC28-0.75-CON 0.70 — — 0.0 0.0

RC38-1.18-CON 0.68 — — 0.0 0.0

RC50-0.75-CON 0.76 — — 0.0 0.0

RC41-0.75-CON 0.68 — — 0.0 0.0

Average 0.71 — — 0.0 0.0

PC35-0-ECC 1.18 0.80 0.0035 0.0176 2.01a

RC30-0.42-ECC 1.06 0.81 0.0031 0.0142 1.72

RC28-0.75-ECC 1.15 0.78 0.0031 0.0135 1.62

RC38-1.18-ECC 0.72 0.79 0.0029 0.0101 1.29

RC50-0.75-ECC-1 0.80 0.79 0.0035 0.0139 1.44

RC50-0.75-ECC-2 0.82 0.77 0.0030 0.0135 1.63

RC41-0.75-ECC-1 0.80 0.76 0.0033 0.0081 0.90

RC41-0.75-ECC-2 1.07 0.76 0.0033 0.0141 1.56

RC41-0.75-HOR-1 1.10 0.77 0.0033 0.0434 4.79

RC41-0.75-HOR-2 1.15 0.75 0.0028 0.1148 13.48

Average — 0.78 0.0031 — —

ad is effective depth of RC specimens and is taken as the overall depth of column for the
PC specimen

Table 6. Obtained values of equivalent rectangular stress block

parameters and strain gradient
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column dimensions. In order to eliminate the column size

effect, a dimensionless factor, d/c, is proposed to replace � to

represent strain gradient, where d and c are effective and

neutral axis depths respectively. To investigate the relationships

of k1, k2, k3, Æ and � with strain gradient in dimensionless

form, the values of these parameters obtained in the present

study are plotted against d/c in Figures 10 and 11. It is

apparent from Figures 10(a), 10(b) and 11(b) that k1, k2 and

� remain fairly constant at 0.73, 0.40 and 0.80, respectively.

However, Figures 10(c) and 11(a) show that k3 and Æ increase

with strain gradient in a tri-linear manner. Two formulas are

thus proposed to correlate k3 and Æ with strain gradient using

linear regression analysis

k3 ¼
0:76 for 0 < d=c , 1:3

0:77(d=c)� 0:24 for 1:3 < d=c , 2:0

1:3 for 2:0 < d=c

8>><
>>:

6:

Æ ¼
0:67 for 0 < d=c , 1:3

0:69(d=c)� 0:23 for 1:3 < d=c , 2:0

1:15 for 2:0 < d=c

::

8>><
>>:

7:

For the obtained value of k2 ¼ 0.40, the following fixed value of

� is proposed

� ¼ 2k2 ¼ 2 3 0:4 ¼ 0:88:

From Table 4, the value of ultimate concrete strain for design is

taken as �cu ¼ 0.0031.
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Specimen code f 9c ¼ 0.8fcu: MPa Moment: kNm
(1)

(5)

(2)

(5)

(3)

(5)

(4)

(5)

Mp

(1)

MACI

(2)

MEC

(3)

MNZ

(4)

Mt

(5)

Pecce and Fabbrocino (1999)

A 41.3 103.8 97.0 97.0 97.0 104.0 1.00 0.93 0.93 0.93

B 41.3 46.8 45.0 45.0 45.0 49.6 0.94 0.91 0.91 0.91

C 42.3 693.4 636.7 636.7 636.7 712.5 0.97 0.89 0.89 0.89

Ashour (2000)

B-N2 48.6 55.4 53.6 53.6 53.6 58.2 0.95 0.92 0.92 0.92

B-N3 48.6 81.1 77.1 77.1 77.1 80.6 1.01 0.96 0.96 0.96

B-N4 48.6 105.6 98.4 98.4 98.4 99.6 1.06 0.99 0.99 0.99

Pam et al. (2001)

1 29.9 58.3 56.1 56.1 56.1 77.6 0.75 0.72 0.72 0.72

2 29.4 85.0 80 80.0 80 103.5 0.82 0.77 0.77 0.77

3 29.1 128.5 114.1 111.5 114.1 126.5 1.02 0.90 0.88 0.90

4 33.8 122.6 112.0 112.7 112.0 129.0 0.95 0.87 0.87 0.87

5 37.1 148.4 133.8 134.8 133.8 142.8 1.04 0.94 0.94 0.94

6 34.6 173.9 144.8 139.6 144.8 162.0 1.07 0.89 0.86 0.89

7 46.9 158.4 145.7 162.3 145.7 164.6 0.96 0.89 0.89 0.89

8 45.7 176.8 160.6 161.4 160.6 166.2 1.06 0.97 0.97 0.97

Debernardi and Taliano (2002)

T1 27.7 11.1 10.8 10.8 10.8 13.6 0.82 0.79 0.79 0.79

T2 27.7 21.3 20.5 20.6 20.5 23.6 0.90 0.87 0.87 0.87

T3 27.7 30.9 28.9 29.3 28.9 32.5 0.95 0.89 0.90 0.89

T4 27.7 48.7 46.9 46.8 46.9 59.8 0.81 0.78 0.78 0.78

T5 27.7 92.6 93.1 93.1 93.1 107.5 0.86 0.87 0.87 0.87

T6 27.7 176.9 170.5 171.2 170.5 192.4 0.92 0.89 0.89 0.89

T7 27.7 242.0 217.2 221.7 217.2 221.6 1.09 0.98 1.00 0.98

T8 27.7 81.4 81.1 81.2 81.1 93.9 0.87 0.86 0.86 0.86

T9 27.7 152.0 152.0 151.9 152.0 182.7 0.83 0.83 0.83 0.83

T10 27.7 322.9 324.6 324.7 324.6 330.4 0.98 0.98 0.98 0.98

Lam et al. (2008)

L-C1 29.8 15.0 14.6 14.6 14.6 14.2 1.06 1.03 1.03 1.03

L-D 29.8 10.1 9.8 9.8 9.8 11.6 0.87 0.84 0.84 0.84

L-E 29.8 30.1 25.9 26.0 25.9 29.4 1.02 0.88 0.89 0.88

Fathifazl et al. (2009)

EV-1.5N 43.5 83.4 79.4 79.5 79.4 86.9 0.96 0.91 0.91 0.91

EV-2.7N 43.5 113.4 108.3 108.4 108.3 126.4 0.90 0.86 0.86 0.86

CG-2.7N 43.5 112.9 106.3 106.3 106.3 118.5 0.95 0.90 0.90 0.90

Average 0.95 0.89 0.90 0.89

Table 7. Proposed strength comparisons of beams
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6. Verification of the proposed stress block
parameters

The applicability of the proposed stress block parameters (i.e.

Æ, � and �cu) was verified by comparing the measured

flexural strengths obtained experimentally by other researchers.

The flexural strengths predicted using the proposed stress

block parameters, Mp, were compared with experimentally

measured strengths, Mt, and the strengths calculated using

various RC design codes (i.e. MACI based on ACI 318 (ACI,

2008), MEC based on Eurocode 2 (CEN, 2004) and MNZ

based on NZS 3101 (SNZ, 2006). The comparisons are shown

in Tables 7 to 11.

Table 7 shows the strength comparison of beams subjected to pure

flexure (Ashour, 2000; Debernardi and Taliano, 2002; Fathifazl et

al., 2009; Lam et al., 2008; Pam et al., 2001; Pecce and

Fabbrocino, 1999), while Tables 8 to 11 show the strength com-

parisons of columns subjected to low axial load (0 , P/Ag f 9c <

0.2) (Marefat et al., 2005; Mo and Wang, 2000; Tao and Yu, 2008;

Watson and Park, 1994), medium axial load (0.2 , P/Ag f 9c < 0.5)

(Lam et al., 2003; Marefat et al., 2005, 2006; Mo and Wang, 2000;

Sheikh and Khoury, 1993; Tao and Yu, 2008; Watson and Park,

1994), high axial load (0.5 , P/Ag f 9c < 0.7) (Ho and Pam, 2003;

Lam et al., 2003; Sheikh and Yeh, 1990; Sheikh et al., 1994;

Watson and Park, 1994) and ultra-high axial load level (0.7 ,

P/Ag f 9c) (Nemecek et al., 2005; Sheikh and Khoury, 1993; Sheikh

and Yeh, 1990; Sheikh et al., 1994) (P is compressive axial load,

Ag is the gross area of concrete and f 9c is the concrete cylinder

strength). It should be noted that the concrete cylinder strengths

reported by other researchers were converted to cube strength

using f 9c ¼ 0.8fcu in the comparison. From the tables, the following

conclusions may be drawn.

(a) The flexural strength evaluated with the proposed equivalent

rectangular stress block parameters Æ, � and �cu, which take

into account the strain gradient effects, results in a better

estimation than that predicted by the current design codes for

RC beams and columns subjected to low and medium axial

load levels.

(b) For RC columns subjected to high and ultra-high axial load

levels, the flexural strengths evaluated with Æ, � and �cu, are

similar to those predicted by current design codes.

Specimen code f 9c ¼ 0.8fcu: MPa P=Ag f 9c Moment: kNm
(1)

(5)

(2)

(5)

(3)

(5)

(4)

(5)

Mp

(1)

MACI

(2)

MEC

(3)

MNZ

(4)

Mt

(5)

Watson and Park (1994)

1 47.0 0.100 323.5 302.0 306.9 302.0 335.2 0.97 0.90 0.92 0.90

Mo and Wang (2000)

C1-1 24.9 0.113 335.3 300.5 305.1 300.5 351.4 0.95 0.86 0.87 0.86

C1-2 26.7 0.106 340.1 303.8 308.2 303.8 374.6 0.91 0.81 0.82 0.81

C1-3 26.1 0.108 338.0 302.8 307.2 302.8 427.7 0.79 0.71 0.72 0.71

C2-1 25.3 0.167 361.0 319.1 326.8 319.1 347.3 1.04 0.92 0.94 0.92

C2-2 27.1 0.156 365.6 325.2 330.5 325.2 399.9 0.92 0.81 0.83 0.81

C2-3 26.8 0.158 364.5 324.4 329.7 324.4 427.2 0.85 0.76 0.77 0.76

Marefat et al. (2005)

STCM-9 24.0 0.190 25.7 22.8 22.5 22.5 23.3 1.10 0.97 0.98 0.97

SBCC-7 27.0 0.160 43.5 41.6 41.9 41.7 45.1 0.96 0.92 0.93 0.92

Tao and Yu (2008)

US-3U 49.2 0.108 17.9 16.5 16.5 16.5 15.9 1.13 1.04 1.04 1.04

BS-3U 49.8 0.098 16.7 15.4 15.4 15.4 14.6 1.14 1.05 1.05 1.05

BS-4U 49.8 0.067 14.9 13.6 13.7 13.6 13.3 1.12 1.02 1.03 1.02

Average 0.99 0.90 0.91 0.90

Table 8. Proposed strength comparisons of columns subjected to

low axial load level
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(c) For RC beams, the average ratio of the predicted to

experimentally measured flexural strength is 0.95, whereas

the average ratio of the code-predicted to measured strength

is 0.89. Therefore, it is evident that the proposed stress block

parameters can improve the accuracy of flexural strength

prediction by 6% on average.

(d ) For RC columns subjected to low and medium axial load

levels, the average ratios of the predicted to experimentally

measured flexural strength are 0.99 and 1.02, respectively,

whereas the average ratios of the code-predicted to measured

strengths are 0.90 and 0.84, respectively. The proposed stress

block method can thus improve the accuracy of flexural

strength prediction by 9% and 18% on average.

(e) For RC columns subjected to high and ultra-high axial load

levels, the average ratios of the predicted to experimentally

measured flexural strength are 0.86 and 0.92, respectively,

Specimen code f 9c ¼ 0.8fcu: MPa P=Ag f 9c Moment: kNm
(1)

(5)

(2)

(5)

(3)

(5)

(4)

(5)

Mp

(1)

MACI

(2)

MEC

(3)

MNZ

(4)

Mt

(5)

Sheikh and Khoury (1993)

AS-19 32.3 0.470 234.4 178.5 183.9 179.2 219.7 1.06 0.81 0.84 0.82

Watson and Park (1994)

2 44.0 0.300 493.3 405.9 410.2 406.0 486.0 1.02 0.84 0.84 0.84

3 44.0 0.300 493.3 405.9 410.2 406.0 479.1 1.03 0.85 0.86 0.85

4 40.0 0.300 462.6 382.1 385.3 382.3 448.1 1.03 0.85 0.86 0.85

5 41.0 0.500 572.8 372.9 383.2 373.4 525.8 1.09 0.71 0.73 0.71

6 40.0 0.500 562.4 367.2 376.7 367.8 526.4 1.07 0.70 0.72 0.70

Mo and Wang (2000)

C3-1 26.4 0.213 386.9 333.3 343.9 333.3 353.4 1.10 0.94 0.97 0.94

C3-2 27.5 0.205 390.4 337.7 348.2 337.7 395.5 0.99 0.85 0.88 0.85

C3-3 26.9 0.209 388.2 335.4 345.9 335.4 423.8 0.92 0.79 0.82 0.79

Lam et al. (2003)

X6 31.9 0.450 33.1 28.5 29.0 28.6 37.1 0.89 0.77 0.78 0.77

X7 35.7 0.450 36.7 29.7 30.5 29.8 37.1 0.99 0.80 0.82 0.80

Marefat et al. (2005)

NTCM-14 20.1 0.310 18.7 16.0 16.0 16.0 16.8 1.11 0.95 0.95 0.95

NBCC-12 25.2 0.230 22.5 22.0 22.4 22.0 21.7 1.04 1.01 1.03 1.01

NBCM-11 24.5 0.250 46.8 38.6 38.5 38.6 44.6 1.05 0.87 0.86 0.87

SBCM-8 28.0 0.220 52.4 46.0 46.0 46.0 58.7 0.89 0.78 0.78 0.78

Marefat et al. (2006)

NTMM-13 21.0 0.310 19.1 16.3 16.4 16.3 17.3 1.10 0.94 0.95 0.94

Tao and Yu (2008)

BS-2U 49.8 0.230 24.2 21.7 21.8 21.7 25.1 0.96 0.86 0.87 0.86

Average 1.02 0.84 0.85 0.84

Table 9. Proposed strength comparisons of columns subjected to

medium axial load level
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whereas the average ratios of the code- predicted to measured

strengths are 0.87 and 0.95, respectively. The proposed stress

block method, therefore, gives the same accuracy as the

current codes in predicting flexural strength.

7. Conclusion
A total of 16 inverted T-shaped specimens were fabricated and

tested to investigate the effects of strain gradient on the maxi-

mum and equivalent concrete stresses that can be developed in

RC members under flexure. The specimens were divided into six

groups, each of which consisted of columns with identical section

properties and material strengths. One of the specimens in each

group was concentrically loaded while the rest was/were eccen-

trically or horizontally loaded. Strain gradient effects on the

maximum concrete stress were studied using k3, the ratio of the

maximum concrete stress developed under flexure to the concrete

cube strength.

The effect of strain gradient on the equivalent concrete stress

developed under flexure was investigated using the parameter Æ,

the ratio of the equivalent concrete stress to concrete cube

strength.

The effects of strain gradient on the maximum and equivalent

concrete stresses developed in flexure were studied by modify-

ing the uniaxial stress–strain curve of concrete obtained from

the concentrically loaded specimen, based on which the axial

load and moment capacities evaluated for the eccentrically or

horizontally loaded specimen were matched with the experimen-

tally measured values. From the results obtained, it was found

that the values of k3 and Æ are larger than those obtained by

Specimen code f 9c ¼ 0.8fcu: MPa P=Ag f 9c Moment: kNm
(1)

(5)

(2)

(5)

(3)

(5)

(4)

(5)

Mp

(1)

MACI

(2)

MEC

(3)

MNZ

(4)

Mt

(5)

Sheikh and Yeh (1990)

E-2 31.4 0.610 152.3 160.1 163.5 160.5 169.3 0.89 0.95 0.97 0.95

A-3 31.8 0.610 151.3 162.7 161.9 163.1 197.8 0.77 0.82 0.82 0.82

F-4 32.2 0.600 155.1 164.8 168.0 165.2 198.4 0.78 0.83 0.85 0.83

F-12 33.4 0.600 155.1 156.1 157.9 156.5 161.1 0.96 0.97 0.98 0.97

A-16 33.9 0.600 156.0 157.1 159.1 157.6 157.5 0.99 1.00 1.01 1.00

Sheikh et al. (1994)

AS-3 33.2 0.600 154.2 167.1 169.3 167.5 192.9 0.80 0.87 0.88 0.87

AS-3H 54.1 0.620 203.0 208.6 210.2 208.3 237.4 0.86 0.88 0.89 0.88

Watson and Park (1994)

7 42.0 0.700 537.7 430.3 434.0 430.3 516.8 1.02 0.83 0.84 0.83

8 39.0 0.700 529.2 407.7 411.4 407.7 524.5 1.01 0.77 0.78 0.77

Ho and Pam (2003)

BS-60-06-61-S 51.1 0.675 361.9 373.4 400.7 373.0 417.7 0.86 0.89 0.96 0.89

BS-60-06-61-S 53.2 0.647 368.5 384.7 405.6 376.4 426.7 0.86 0.90 0.95 0.88

Lam et al. (2003)

X4 31.9 0.650 23.7 24.3 24.6 24.9 34.5 0.69 0.71 0.71 0.72

X5 31.9 0.650 23.7 24.3 24.6 24.9 36.3 0.65 0.67 0.68 0.69

Average 0.86 0.86 0.88 0.86

Table 10. Proposed strength comparisons of columns subjected

to high axial load level
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previous researchers and those specified in current RC design

codes. More importantly, it was found that k3 and Æ are

dependent on strain gradient but the variations are non-linear.

The values of k3 and Æ remain relatively constant at low strain

gradient, but increase significantly with moderate strain gradient

until they reach the maximum limits of about 1.3 and 1.15

respectively. It was also found that the values of Æ for

concentrically loaded columns are very similar to those speci-

fied in the current design codes.

Based on the obtained values of k3 and Æ, empirical formulas

were proposed for k3 and Æ that incorporate strain gradient

effects; the values of the other stress block parameters, k1, k2, �
and �cu, were found to remain relatively constant at about 0.73,

0.40, 0.80 and 0.0031 respectively. In order to verify the

applicability of the proposed equivalent rectangular stress block

parameters, they were used to predict the flexural strengths of RC

beams and columns subjected to various axial load levels in tests

carried out by previous researchers. The predicted strengths were

compared with experimental strengths and theoretical strengths

calculated using current RC design codes. The comparisons show

that the proposed strain-gradient-dependent equivalent concrete

stress block is more accurate in predictions of the flexural

strength of RC beams and columns subjected to low and medium

axial load levels than current codes. The improvements are 6%

for RC beams and 18% for columns subjected to a medium axial

load level. However, the proposed parameters do not improve the

flexural strength prediction of RC columns subjected to high and

ultra-high axial load levels because the strain gradient developed

in these columns is very small.

Lastly, it is worth noting that this paper has only considered the

beneficial effects of strain gradient on the flexural strength design

of RC beams and columns; it does not comment on the suitability

Specimen code f 9c ¼ 0.8fcu: MPa P=Ag f 9c Moment: kNm
(1)

(5)

(2)

(5)

(3)

(5)

(4)

(5)

Mp

(1)

MACI

(2)

MEC

(3)

MNZ

(4)

Mt

(5)

Sheikh and Yeh (1990)

F-6 27.2 0.750 126.3 133.5 134.7 133.5 145.4 0.87 0.92 0.93 0.92

D-7 26.2 0.780 116.2 121.0 123.1 121.0 133.3 0.87 0.91 0.92 0.91

E-8 25.9 0.780 121.0 128.4 129.2 128.4 129.2 0.94 0.99 1.00 0.99

F-9 26.5 0.770 123.8 130.9 131.6 130.9 152.0 0.82 0.86 0.87 0.86

E-10 26.3 0.770 121.9 130.6 131.3 130.6 132.7 0.91 0.98 0.99 0.98

A-11 27.9 0.740 130.6 139.1 139.7 139.1 135.2 0.96 1.03 1.03 1.03

E-13 27.2 0.740 126.7 134.9 136.2 134.9 128.0 0.99 1.05 1.06 1.05

D-14 26.9 0.750 122.9 126.9 128.8 126.9 116.5 1.05 1.09 1.11 1.09

D-15 26.2 0.750 123.8 124.6 124.6 124.1 134.5 0.92 0.93 0.93 0.92

Sheikh and Khoury (1993)

ES-13 32.5 0.760 130.7 139.8 141.2 140.0 163.3 0.80 0.86 0.86 0.86

FS-9 32.4 0.760 129.7 139.6 141.0 139.9 157.2 0.83 0.89 0.90 0.89

Sheikh et al. (1994)

AS-17 31.3 0.770 128.3 136.2 137.4 136.4 180.2 0.71 0.76 0.76 0.76

Nemecek et al. (2005)

N50 30.0 0.915 9.9 9.5 10.9 9.4 9.6 0.94 0.99 1.14 0.98

N100 30.0 0.900 10.1 9.9 11.4 9.9 9.3 1.08 1.06 1.23 1.06

N150 30.0 0.892 10.2 10.2 11.6 10.1 9.3 1.09 1.10 1.25 1.09

Average 0.92 0.96 1.00 0.90

Table 11. Proposed strength comparisons of columns subjected

to ultra-high axial load level
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of implementing the proposed equations on Æ and � in existing

design codes. This is because the current study did not consider

any variability (e.g. material strength) and uncertainty, which

should also be taken into account when establishing design

clauses.
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