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Abstract

In the present paper we establish new inequalities similar to the extensions of
Hilbert's double-series inequality and also give their integral analogues. Our results
provide some new estimates to these types of inequalities.
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1 Introduction
In recent years several authors have given considerable attention to Hilbert’s double-series
inequality together with its integral version, inverse version, and various generalizations
(see [1-9]). In this paper, we establish multivariable sum inequalities for the extensions
of Hilbert’s inequality and also obtain their integral forms. Our results provide some new
estimates to these types of inequalities.

The well-known classical extension of Hilbert’s double-series theorem can be stated as
follows [10, p.253].

Theorem A Ifp1,py > 1 are real numbers such that + 5,21 and 0 <A =2—- P_l - piz =
q1 +5 =1 where, as usual, q, and q, are the con]ugate exponents of p1 and p; respectively,
then

1p1 / 0o 1/pa
Z Z o + n)x =K (Z a, ) (Z bZ) : (L1)
n=1

m=1 n=1

where K = K(p, p2) depends on p, and p, only.
In 2000, Pachpatte [11] established a new inequality similar to inequality (1.1) as follows:

Theorem A’ Let p, g, a(s), b(t), a(0), b(0), Va(s) and Vb(t) be as in [11], then

“ |ﬂ( )||b(t)| 1 (p 1)/p (q 1)/q Ie v
ZZW< Z(m—s+1)|Vn s)|

s=1 t=1 prq s=1

n 1/q
x (Z(n—t+1)|Vb(t)|q> .

t=1
The integral analogue of inequality (1.1) is as follows [10, p.254].
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Theorem B Letp, g, p', g’ and ) be as in Theorem A. Iff € LP(0,00) and g € L1(0, 00), then

[ fx)glx) > Ve e hd
/0 . oty dxdysl(( fo f"’(x)dx) ( /0 gq(y)dy) ) (1.3)

where K = K(p, q) depends on p and q only.

n [11], Pachpatte also established a similar version of inequality (1.3) as follows.

Theorem B’ Let p, q, f(s), g(£), f(0), g(0), f'(s) and g'(¢) be as in [11], then
[ [ Lo,
qs?- gsP-1 + pta-1 pti1

x 1/, 1/
< I%x“””"y‘”’q( fo x=9)|f'6)|" ds) ’ ( fo -0l |th) "

In the present paper we establish some new inequalities similar to Theorems A, A’, B
and B’. Our results provide some new estimates to these types of inequalities.

(1.4)

2 Statement of results

Our main results are given in the following theorems.

Theorem 2.1 Let p; > 1 be constants and pi,' + % =1 Let a,(sy...,Sy) be real-valued
functions defined for s; = 1,2,...,mj;, where mj (i,j = 1,2,...,n) are natural numbers.
For convenience, we write a;(0,...,0) = 0 and a;(0,s2;,...,8:) = ai(s1:,0,83i,...,8,) =

- = ai(s1i,---»84-1,,0) = 0. Define the operators V; by Viai(si;,...,Sui) = ai(S1ir--»Sui) —

ai(S1ir--»Si—1,i»Sii — L, Sis1,i» - - - » Sui) for any function a;(s1;, .. .,Sn). Then

mi1 Mpl M2 Mp2 Mmip Mpun
DR DD DR DD DR D=
AYZ AN ERLE
su=l  sm=lsip=l  sp=l s1u=l Snn—l > 1 (s1:- sm)/q,) =1 o
2.1
no [ My my; n Upi
;i
EM E E l_[ mj; — 5]z+l)’V vla S1is+ - rSni)| ! ’
i=1 \syi= s1;=1 j=1
where

Z;‘:l 1/pi-n n

n
M=M(my,...,my) = (7’1 - Z 1/Pi) H(mu )Y
i1 i=1

Remark 2.1 Let a;(sy;,...,S,;) change to a;(s;) in Theorem 2.1 and in view of a;(0) = 0 and
Vai(s;) = ai(s;) — ai(s; — 1) for any function a;(s;), i = 1,2,...,n, then

my my

n (e, B n m; ‘ 1pi
2.2 Z HiZf/Z;(é’y)_ll,qifMH(Dmi—si+1>|wi<si>|”') SCY)

s1=1 s2=1 Sp= i=1 \s;=1

where
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Remark 2.2 Taking for n = 2 in Remark 2.1. If p;,p; > 1 satisfy le +o-=1 and 0 < A =

T s qll q2 <1, then inequality (2.2) reduces to

m m
N e |611(51)||ﬂ2(52)|

2. s asy

s1=1 sp=1 qZSl + Q152
1 my ;1
1q1  1lq2 )21
<——m;"'m (my —s +1)’Va (s)| ) (2.3)
x0T 2 Z 1 1 11
(Aq142) <51=1

my 1ip2
X (Z(le —$+ 1)|Vﬂ2(52)|p2) ;

so=1

which is an interesting variation of inequality (1.1).

L -1, 1 _7andsop; =g, p2=qi. In this case

On the other hand, if A =1, then L +
P1 p2 q q2

inequality (2.3) reduces to

my  my
ZZ a1 (s1)]]aa(s2)]
Pi1s1 + 4152

s1=1 s9=1

< —

1/p;
1 (m /m (-D/q Pl
(m1 —s1 +1)|Vaq(sy)
p1q1 my E 181 | 1(81 \

my 1/q1
X (Z(le — S+ 1)|V612(S2)|q1> .

so=1

s1=1

This is just a similar version of inequality (1.2) in Theorem A’.

Theorem 2.2 Let p; > 1 be constants and 1} + i =1 Let fi(t1i, ..., Tni) be real-valued nth

differentiable functions defined on [0, x1;) x - - - x [0,%,;), where 0 < xj; < t;, t;; € (0,00) and

i,j=1,2,...,n Suppose

X1i Xni a”
Si1is o5 %) = / / ——fi(t .. T dr - - - A,
0 0o 0Ty--- 0Ty

then

/‘tn /tm /tu /tnz /tln /tnn
0 0

[T o |ar1 — [T T P Ty dr,)'Pi
(O Geri -~ ) i) i Vi

dxm dxiy -+ Ay -+ dxry -+ dxpn

dxu s (24)

n ti tni "
<N[] / f [ [@i— )
i=1 \V0 0

pi Upi
dxyi- - dxy ’

"
———JiX1ir e s X
axli"‘ 8xniﬁ( 1i m)
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where

n 1 Z;’nzl 1/pi—n n
N =Nt tui) = (” - Z _,) ' H(tli N
! i=1

i=1

Remark 2.3 Let f;(x1;, . ..,%,;) change to fi(s;) in Theorem 2.2 and in view of £;(0) = 0, i =
1,2,...,n, then

/ / Hll[fSl dsn"'d31
(X7 silq) > e

_ n X » 1/p;
N i—s)|ff ()" dsi ),
< 1;[(/0 (x S)Lf(s)| s)

(2.5)

where
n 1 Z?:l Upi-n
= - 1/q;
N:N(xl,...,xn)=<n—zf> ~l_[xl.q.
i i i-1

Remark 2.4 Taking for n = 2 in Remark 2.3, if p;,p, > 1 are such that 1%1 + plz >1 and

O<A=2- pil - piz = % + qiz <1, inequality (2.5) reduces to

/ /"2 fi(s1)l[fa(s2)] ds, ds,
(qu1 + 4152)

1 g va v
< G ( / (1 = s)|fGs0)” dsl) 2.6)

X2 1/p2
x(/ (xz—s2>tg(sz>|”2dsz) ,
0

which is an interesting variation of inequality (1.3).

On the other hand, if A =1, then X ot plz = qi iz =1and so p; = q3, p2 = q1. In this case

inequality (2.6) reduces to

/ /xz [fl51)||f2 (s2)]
Pis1 + 4152

Ih i
e 1712 §p1 )Ip1 (q1 -1/q1 (/ (%1 — Sl)vl(sl)| d51>
hiq

X2 1/q1
X (/ (%2 —82)|f (s2)|" dSz) .
0

This is just a similar version of inequality (1.4) in Theorem B’.
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3 Proofs of results

Proof of Theorem 2.1 From the hypotheses 4;(0,...,0) = a;(0,5;, .. .,84) = ai(s1;, 0,835, - - -,

Sui) =+ = ai(S1ir-..,S4-1,,0) = 0, we have
Sni S1i
|ai(s1is .. 80i)| < Z Z Ve Viai(tiis . Ti) | (3.1)
Tyi=1 1=

From the hypotheses of Theorem 2.1 and in view of Holder’s inequality (see [10]) and
inequality for mean [10], we obtain

n Spj S1i
1_[|al(51n 15m)| = HZ Z|V Vlﬂi(fliwn,fni”
i=1 1,=1 7=
n Spi 1 1pi
Di
= H(Slt “Sni) /ql Z Z|V -Viai(ti, .. ;Tm‘)| l
i=1 Tyi=1 7=

(3.2)

< (il - 'Sm')/qi)zflzl Vgi
U 1/p;)'~Eiza Vpi

Sni S1i Up;
i
X 1_[ E E 'Vlﬂi(fliw.,fni)| ' .
i=

Tpi=1

Dividing both sides of (3.2) by (3", (s -sni)/qi)zf':l Vai and then taking sums over 8ji
from 1 to m;; (i,j = 1,2,...,n), respectively and then using again Holder’s inequality, we

obtain
mi1 Myl M2 My Mip Mpp n
[TV

DIEED D IETH DTS SIS 3 ne e V1ai(St - S

n n 1/q;
si=l  sm=lsiz=l  syp=1  s1p=1  spu=1 (Zizl(sli”'sm)/%)z“l 1

n Z?:l 1/pj—n
< (l’l - Z l/pl)
i=1

n My my; Spi S1i 1/p;
X H(Z Z(Z Z|V Vlﬂ Tlis - i pt) )
=

Sni=1 s1i=1 \1p;=1

n Y VUpi-n
< (ﬂ - Z UP:’)
i=1

n My myj [ Spi s1i 1/p;
X H(Wl]i. c My )I/q, (Z Z(Z Z|V 'vldi(‘fli,...,‘[m')|pi>)
i=1

Spi=1 s1=1 \1y=1 ni=

. Mni mij n 1/p;
:MH(Z'”Zn(mﬁ_'[ﬁ"'1)|Vn"'vlﬂi(f1i,m ‘Pi>

=l mi=l j=1

no [ Mpi my n Up;
:Ml_[<z e Zl—[(mﬂ _Sji + 1)|Vn . vlai(sli;u.,sm‘)|pi) ‘

$pi=1  s1;=1 j=1

This concludes the proof. d
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Proof of Theorem 2.2 From the hypotheses of Theorem 2.2, we have

fi@rio o) | < f f

On the other hand, by using Holder’s integral inequality (see [10]) and the following

8t11 mf(Tm S Th)|dT - dTy. (3.3)

inequality for mean [10],

n 1Y%, Ug;
H)\}/q" < ZA Iqi;  *i>0,
i=1 Zz 14/4i

i=1

we obtain

HV;‘(xli» . "rxm')|
i=1

SIS

1/g;
= l_[ X1i - xni) i

(-

< (Z:;l (%1 - - 'xm')/qi)ziﬂ 1/g;
- (n - Z;‘q:l l/p,-)”‘z?ﬂ Upi

T

Dividing both sides of (3.4) by (3_F; (x1; - - ~x,,,»)/q,»)z7=l U4i and then integrating the result
inequality over xj; from 1 to ; (i,j = 1,2,...,n), respectively and then using again Holder’s

f(Tln ,fm’) dTli e d":m'

811,

(3.4)

pi 1/pi
f(Tu;...,Tni) dry;- - dfm')

ale Tni

pi Up;
f(rlw ¥ Tni) dTli e dTni) .

afll

integral inequality, we obtain

/tn /tnl /tu /tnz /tm ftnn
0 0 0 0 0 0

l(fxll . (;‘m
Iy CoTRE 'xm‘)/%‘)z’il Vai

dxn - dxpdxiy - dxp - dxr, - dxpy

n Y Upi-n
< (n - Z l/pi>
i=1

S L

8}’1
mﬁ(ﬁn e tm)

i
drli A dtni)l/pi

oT1i afnj(flzy ;fm’)

1/p;
dle d‘fm') dxli s dxm
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Z:’:l lpi-n n

<|n- i 1/p; H(tli o t)
i1

14 =
i Lni X1

0 0 0
n

0
—fi(Tus e Twi)

1
/‘xni
0
Aty 0Ty

Di

1/pi
dry; - - dfm') dxy;- - dxm)

n [51] tyi M 9" i Upi
=N1;[ /0 /0 !;[(tji - Xji) mﬁ(xliw--;xni) dxy - dxy
This concludes the proof. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

C-JZ and W-SC jointly contributed to the main results Theorems 2.1 and 2.2. All authors read and approved the final
manuscript.

Author details

'Department of Mathematics, China Jiliang University, Hangzhou 310018, PR. China. ?Department of Mathematics, The
University of Hong Kong, Pokfulam Road, Hong Kong, PR. China.

Acknowledgement
CJZ is supported by National Natural Science Foundation of China (10971205). WSC is partially supported by a HKU URG
grant. The authors express their grateful thanks to the referees for their many very valuable suggestions and comments.

Received: 12 January 2012 Accepted: 6 June 2012 Published: 22 June 2012

References
1. Pachpatte, BG: On some new inequalities similar to Hilbert's inequality. J. Math. Anal. Appl. 226, 166-179 (1998)
2. Handley, GD, Koliha, JJ, Pecari¢, JE: New Hilbert-Pachpatte type integral inequalities. J. Math. Anal. Appl. 257, 238-250
(2001)
. Gao, MZ, Yang, BC: On the extended Hilbert's inequality. Proc. Am. Math. Soc. 126, 751-759 (1998)
. Kuang, JC: On new extensions of Hilbert's integral inequality. J. Math. Anal. Appl. 235, 608-614 (1999)
. Yang, BC: On new generalizations of Hilbert's inequality. J. Math. Anal. Appl. 248, 29-40 (2000)
Zhao, CJ: On inverses of disperse and continuous Pachpatte’s inequalities. Acta Math. Sin. 46, 1111-1116 (2003)
Zhao, CJ: Generalizations on two new Hilbert type inequalities. J. Math. (Wuhan) 20, 413-416 (2000)
. Zhao, CJ, Debnath, L: Some new inverse type Hilbert integral inequalities. J. Math. Anal. Appl. 262, 411-418 (2001)
. Handley, GD, Koliha, JJ, Pecari¢, JE: A Hilbert type inequality. Tamkang J. Math. 31, 311-315 (2000)
Hardy, GH, Littlewood, JE, Pélya, G: Inequalities. Cambridge University Press, Cambridge (1934)
Pachpatte, BG: Inequalities similar to certain extensions of Hilbert's inequality. J. Math. Anal. Appl. 243, 217-227 (2000)

—oLV®ENO UV AW

doi:10.1186/1029-242X-2012-145

Cite this article as: Zhao and Cheung: On Hilbert type inequalities. Journal of Inequalities and Applications 2012
2012:145.



http://www.journalofinequalitiesandapplications.com/content/2012/1/145

	On Hilbert type inequalities
	Abstract
	MSC
	Keywords

	Introduction
	Statement of results
	Proofs of results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.440 793.440]
>> setpagedevice


