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New further integrability cases for the Riccati equation
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New further integrability conditions of the Riccati equation dy/dx = a(x) + b(x)y + c(x)y2 are
presented. The first case corresponds to fixed functional forms of the coefficients a(x) and c(x)
of the Riccati equation, and of the function F (x) = a(x) +

[
f(x)− b2(x)

]
/4c(x), where f(x) is an

arbitrary function. The second integrability case is obtained for the ”reduced” Riccati equation with
b(x) ≡ 0. If the coefficients a(x) and c(x) satisfy the condition ±d

√
f(x)/c(x)/dx = a(x) + f(x),

where f(x) is an arbitrary function, then the general solution of the ”reduced” Riccati equation can
be obtained by quadratures. The applications of the integrability condition of the ”reduced” Riccati
equation for the integration of the Schrödinger and Navier-Stokes equations are briefly discussed.
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I. INTRODUCTION

Recently two integrability conditions of the Riccati equation

dy

dx
= a(x) + b(x)y + c(x)y2, (1)

where a, b, c are arbitrary real functions of x, with a, b, c ∈ C∞(I), defined on a real interval I ⊆ � [1], [2], have been
obtained in [3]. By introducing a solution generating function f(x) ∈ C∞(I), one can attach to Eq. (1) the auxiliary
Riccati equation

dy

dx
=

d

dx

[
−b(x)±

√
f(x)

2c(x)

]
+
b2(x)− f(x)

4c(x)
+ b(x)y + c(x)y2. (2)

Then, if the coefficients a, b, c of the Riccati Eq. (1) satisfy the condition

a(x) =
d

dx

[
−b(x)±

√
f(x)

2c(x)

]
+
b2(x) − f(x)

4c(x)
. (3)

the general solution of Eq. (2) is obtained as

y±(x) = e±
∫ x
√

f(x′)dx′
[
−

∫ x

c (x′) e±
∫ x′
√

f(x′′)dx′′dx′ + C±

]−1

+

[
−b(x)±

√
f(x)

2c(x)

]
, (4)

where C± are arbitrary integration constants [3].
In [3] the general solution of the Riccati Eq. (2) was obtained and discussed in detail in two cases. First, the

functional forms of the functions b(x), c(x) and f(x), was fixed, and the general solution of the Riccati equation was
obtained with a(x) given by Eq. (3). In the second case, by fixing the functional forms of the functions a(x), b(x) and
f(x), the general solution of the Riccati Eq. (2) was obtained with c(x) given by Eq. (3).
It is the purpose of the present paper to consider some further integrability conditions of the Riccati Eq. (1), by

using the approach introduced in [3]. An integrability condition can be obtained by fixing the functional forms of the
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functions a(x), c(x), and of the function F (x) = a(x) +
[
f(x)− b2(x)] /4c(x), which allows us to obtain the general

solution of the Riccati Eq. (2), with b(x) determined from Eq. (3).
An integrability case for the ”reduced” Riccati equation with b(x) ≡ 0 is also obtained. Some physical applications

of the solution are considered for the case of the Schrödinger equation, and of the Navier-Stokes equation, respectively.
The present paper is organized as follows. The general solution of the Riccati equation with given a, c and F is

derived in Section II. An integrability case for the ”reduced” Riccati equation is presented in Section III. Some physical
applications of the solution generating method for the ”reduced” Riccati equation are presented in Section IV. We
conclude our results in Section V.

II. GENERATING SOLUTIONS OF THE RICCATI EQUATION BY FIXING a(x), c(x) AND F (x)

Eq. (3) can be rewritten as

F (x) =
d

dx

[
−b(x)±

√
f(x)

2c(x)

]
, (5)

where we have introduced a new generating function F (x) defined as

F (x) = a(x) +
f(x)− b2(x)

4c(x)
. (6)

From Eq. (6) we obtain f(x) as

f(x) = 4c(x) [F (x)− a(x)] + b2(x). (7)

Integrating Eq. (5) yields the following equation:

2c(x)

(∫ x

F (x′) dx′ + F0

)
+ b(x) = ±

√
f(x), (8)

where F0 is an arbitrary integration constant. By inserting Eq. (7) into Eq. (8), we find

2c(x)

[∫ x

F (x′) dx′ + F0

]
+ b(x) = ±

√
4c(x) [F (x) − a(x)] + b2(x). (9)

By squaring both sides of Eq. (9), we obtain the following equation:[
2c(x)

(∫ x

F (x′) dx′ + F0

)
+ b(x)

]2
= 4c(x) [F (x) − a(x)] + b2(x). (10)

Now rearranging the terms of Eq. (10), it is easy to show that

b(x) =
F (x)− a(x)∫ x
F (x′) dx′ + F0

− c(x)
[∫ x

F (x′) dx′ + F0

]
. (11)

By substituting Eq. (11) into Eq. (8), Eq. (8) can be expressed as

±
√
f(x) = c(x)

[∫ x

F (x′) dx′ + F0

]
+

F (x)− a(x)∫ x
F (x′) dx′ + F0

. (12)

By substituting Eq. (11) into the Riccati Eq. (1), the Riccati Eq. (1) takes the form

dy

dx
= a(x) +

{
F (x)− a(x)∫ x
F (x′) dx′ + F0

− c(x)
[∫ x

F (x′) dx′ + F0

]}
y + c(x)y2. (13)

Therefore we obtain the following:
Theorem. Let F (x) ∈ C∞(I) be an arbitrary function defined on a real interval I ⊆ �. If the coefficient b(x) of

the Riccati Eq. (1) satisfies the condition (11), then the general solution of the Riccati Eq. (13) is given by

y(x) =
e

∫
x

{
c(x′)

[∫
x′ F(x′′)dx′′+F0

]
+

F(x′)−a(x′)∫
x′ F(x′′)dx′′+F0

}
dx′

C0 −
∫ x

c(x′)e
∫

x′
{
c(x′′)

[∫
x′′ F (ξ)dξ+F0

]
+

F (x′′)−a(x′′)∫
x′′ F (ξ)dξ+F0

}
dx′′

dx′
+

∫ x

F (x′) dx′ + F0, (14)

where C0 is an arbitrary integration constant.
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A. Example 1

The coefficients of the Riccati equation

dy

dx
= k1x

m − k2xn
(
F0 +

k1x
m+1

m+ 1

)
y + k2x

ny2, (15)

where k1, k2, m and n are arbitrary constants, satisfy the condition (11). A particular solution of Eq. (15) is

yp = F0 +
k1x

1+m

1 +m
. (16)

The general solution of Eq. (15) is given by

y(x) = F0 +
k1x

m+1

m+ 1
+

exp
{
k2x

n+1
[

k1x
m+1

(m+1)(m+n+2) +
F0

n+1

]}
C0 − k2

∫ x
ξn exp

{
k2ξn+1

[
k1ξm+1

(m+1)(m+n+2) +
F0

n+1

]}
dξ
. (17)

B. Example 2

The coefficients of the Riccati equation

dy

dx
= k1x+

[
(n− k1)x
nx2/2 + F0

− 1

]
y +

1

nx2/2 + F0
y2, (18)

satisfy the condition (11). It has the particular solution

yp = F0 +
nx2

2
. (19)

The general solution of Eq. (18) is given by

y(x) =
ex

(
nx2 + 2F0

)1−k1/n

C0 − 2
∫ x

eξ (nξ2 + 2F0)
−k1/n dξ

+
nx2

2
+ F0. (20)

C. Example 3

The coefficients of the Riccati equation

dy

dx
= kxm +

[
2 (pxs − kxm)

pxs+1/(s+ 1) + F0
− n

x

]
y +

[
n

x
− pxs − kxm
pxs+1/(s+ 1) + F0

] [
pxs+1

s+ 1
+ F0

]−1

y2, (21)

where k, m, n, s and p are arbitrary constants, satisfy the condition (11). It has the particular solution

yp = F0 +
pxs+1

s+ 1
. (22)

The general solution of Eq. (21) is given by

y (x) = −G (x) +
xn

C0 −G (x)
, (23)

where the function G (x) is defined as

G (x) =
xn

F 2
0 (s+ 1)

⎡
⎣F0(s+ 1)

(
kxm+1 + F0 + F0s

)
pxs+1 + F0 + F0s

−
k(m+ n− s)xm+1

2F1

(
1, m+n+1

s+1 ; m+n+s+2
s+1 ;− pxs+1

sF0+F0

)
m+ n+ 1

⎤
⎦ ,
(24)

where 2F1

(
1, m+n+1

s+1 ; m+n+s+2
s+1 ;− pxs+1

sF0+F0

)
is the hypergeometric function 2F1 (a, b; c; z) [4].
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III. THE ”REDUCED” RICCATI EQUATION: THE CASE b(x) ≡ 0

If the function b(x) ≡ 0, the Riccati Eq. (1) takes the ”reduced” form

dy

dx
= a(x) + c(x)y2, (25)

We assume that a particular solution yp(x) of Eq. (25) satisfies the condition

dyp
dx

= a(x) + f(x), (26)

where f(x) ∈ C∞(I) is an arbitrary function. Substitution of Eq. (26) into Eq. (25) fixes the particular solution yp(x)
as

yp(x) = ±
√
f(x)

c(x)
. (27)

Therefore we obtain an integrability condition of the reduced Riccati equation, alternative to Eq. (3), and which
can be formulated as

± d

dx

√
f(x)

c(x)
= a(x) + f(x). (28)

Therefore we have obtained an integrability condition for the ”reduced” Riccati equation expressed as the following
Theorem. Let f(x) ∈ C∞(I) be an arbitrary function defined on a real interval I ⊆ �. Then the general solution

of the ”reduced” Riccati equation

dy

dx
= ± d

dx

√
f(x)

c(x)
− f(x) + c(x)y2, (29)

is given by

y±(x) = ±
√
f(x)

c(x)
+

e±2
∫

x
√

f(x′)c(x′)dx′

C± −
∫ x

c (x′) e±2
∫

x′
√

f(x′′)c(x′′)dx′′dx′
, (30)

where C± are arbitrary integration constants. If c(x) ≡ 1, the solution of Eq. (53) can be written as

y±(x) = ±
√
f(x)− d

dx
ln

[
C± −

∫ x

e±2
∫

x′
√

f(x′′)dx′′dx′
]
. (31)

IV. APPLICATIONS IN PHYSICS

In the present Section we consider some physical applications of the obtained integrability conditions of the Riccati
equation. In particular, we will consider the application of the obtained integrability conditions to the case of the
Schrödinger - Riccati system, and of the Navier-Stokes equations.

A. The Schrödinger-Riccati system

The one-dimensional Schrödinger equation for a potential V (x),

ψ′′(x) + [E − V (x)]ψ(x) = 0, (32)

where E = constant is the energy, the Planck constant h̄ = 1, and the massm of the particle is normalized tom = 1/2,
by means of the transformation

u(x) = −ψ
′(x)
ψ(x)

, (33)
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can be transformed to a ”reduced” Riccati equation of the form [5]

u′(x) = E − V (x) + u2(x). (34)

Therefore if the solution of the ”reduced” Riccati equation (34) is known, the wave function is given by

ψ(x) = ψ0 exp

[
−

∫ x

u (x′) dx′
]
, (35)

where ψ0 is an arbitrary constant of integration.
For the Schrödinger - Riccati equation (34) c(x) ≡ 1 and a(x) = E − V (x). Therefore for any given arbitrary

function f(x) the Schrödinger - Riccati equation has a closed form solution, with the potential fixed by

V (x) = E ∓ d

dx

√
f(x) + f(x). (36)

As a first application of the integrability case given by Eq. (28) we consider the choice f(x) = f0x
n for the function

f(x), where f0 and n are arbitrary constants. Then the potential for this problem is given by

V (x) = E + f0x
n ∓ n

2

√
f0x

n/2−1. (37)

and the general solution of the Schrödinger - Riccati Eq. (34) is

u±(x) = ±
√
f0x

n/2 +
(n+ 2)e±

4
√

f0
n+2 xn/2+1

(n+ 2)C± + 2xE n
n+2

(
∓ 4

√
f0

n+2 x
n/2+1

) , (38)

whereEn(z) =
∫∞
1
e−ztdt/tn is the exponential integral function [4]. The wave-function corresponding to this potential

is given by

ψ± (x) = ψ±0 exp
[
∓2

√
f0x

n/2+1/(n+ 2)
] [
C± + 2xE n

n+2

(
∓ 4
√
f0

n+ 2
xn/2+1

)
/(n+ 2)

]
. (39)

where ψ±0 are arbitrary integration constants. As a particular example we explicitly present the solutions correspond-
ing to the case n = 2, for which the quantum potential is

V (x) = f0x
2 + E ∓

√
f0, (40)

corresponding, from a physical point of view, to harmonic motion [6]. The solution of the Schrödinger - Riccati
Eq. (34) for this potential is

u± = ±
√
f0x+

e±
√
f0x

2

C± −
√
πF±

(
f
1/4
0 x

)
/f

1/4
0

, (41)

where F+ (z) = erf(iz)/i and F− (z) = erf(z), with erf(z) = (2/
√
π)

∫ z

0
e−t2dt [4]. The wave function for the harmonic

double well potential is obtained as

ψ± (x) = ψ±0 exp
[
∓
√
f0x

2/2
] [
C± +

√
πF±

(
f
1/4
0 x

)
/f

1/4
0

]
. (42)

Eqs. (41) and (42) have been used in the physical context of quantum mechanics since 1984 [7, 8].
As a second example of the application of the integrability condition given by Eq. (28) to the Schrödinger - Riccati

system we consider the case f(x) = f0x
n − E, n �= 0. The corresponding potential, satisfying the integrability

condition of the Riccati equation, is

V (x) = f0x
n ∓ f0n

2

xn−1

√
f0xn − E

, n �= 0. (43)

The general solution of the Riccati equation Eq. (34) for this potential is

u±(x) = ±
√
f0xn − E +

H± (x)
C± −

∫ x
H± (x′) dx′

, (44)
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By substituting Eq. (44) into Eq. (35), the wave function can be represented by

ψ±(x) = ψ±0H∓ (x)
[
C± −

∫ x

H± (x′) dx′
]
, (45)

where we have introduced the function H± (x), given by

H± (x) = exp

{
±2x

√
f0xn − E

[
2 + n 2F1

(
1,
1

2
+
1

n
; 1 +

1

n
;
f0x

n

E

)]
/ (2 + n)

}
. (46)

In Eq. (43) for all n �= 0 the potentials are singular at the points f0x
n = E. This singularity can be avoided, from

a physical point of view, by taking into consideration only bound physical states, that is, those for which the energy
E is negative, and by considering only half-line (radial) cases.

B. The Navier-Stokes equation

The Navier-Stokes equation for a steady viscous flow,

ρ (�v · ∇)�v = −∇p+ ρ�f + μΔ�v, (47)

where ρ is the density of the fluid, p is the fluid pressure, �v is the velocity, μ is the dynamic viscosity, and �f is
the external force acting on the fluid, is one of the most complex equations of mathematical physics. Therefore
reducing it to a simpler form, or establishing, by using some physically reasonable assumptions, a connection between
the Navier-Stokes equation and some other equations of the mathematical physics, is of fundamental importance in
obtaining some exact solutions of the Navier-Stokes equation. By introducing a strain field γ into the velocity field
�u of the fluid so that �u = [− (γ/2))x,− (γ/2))y, (γ) z + (−∂ψ/∂y, ∂ψ/∂x,W )], where ψ, γ and W are functions of x,
y and t, but not of z, solutions of the Burgers type can be constructed [9]. If the strain rate γ is a function of time
only, γ = γ(t), then it is related to the pressure p of the fluid by a Riccati equation of the form [9]

dγ

dt
+ γ2 + pzz(t) = 0, (48)

where pzz(t) is the second partial z-derivative of the pressure, which must be spatially uniform, a constraint necessary
for the existence of stretched vortex solutions of the 3D Navier Stokes equations with uni-directional vorticity, which
is stretched by a strain field that is decoupled from them. Therefore, if there is a function f(t) so that the pressure
can be represented as

pzz(t) = ∓ d

dt

√
f(t)− f(t), (49)

the strain rate γ(t) for a viscous fluid flow can be obtained as

γ±(t) = ±
√
f(t) +

d

dt
ln

[
Γ± +

∫
e±2

∫
t
√

f(t′)dt′dt′
]
, (50)

where Γ± are arbitrary constants of integration.
In [10] and [11] it was shown that along a streamline the two-dimensional Navier-Stokes equation can be written

as a Riccati equation of the form

u̇1 − α(s)u21 + β(s) = 0, (51)

where the dot denotes the derivative with respect to the parameter s, α = 1/2ν, where ν = μ/ρ is the kinematic
viscosity, and β = −(1/ν) (q̇/ρ− f1) s + C/ν, with C an arbitrary constant. The parametrization of the trajectory
is of the form Φ : s → (φ1(s), φ2(s)) = (x, y), and �u = �v ◦ φ and q = p ◦ φ, respectively. A solution of the Riccati
equation in terms of the Airy function was obtained in [10]. By using the integrability condition Eq. (28) more general
solutions of the two-dimensional Navier-Stokes equation can also be constructed. Hence, if there exists a function
f(s) so that the condition

± d

ds

√
f(s)

α(s)
= −β(s) + f(s), (52)



7

is satisfied for all α(s), β(s) and f(s), the general solution of Eq. (51) is given by

u±1(s) = ±
√
f(s)

α(s)
+

e±2
∫ s
√

f(s′)α(s′)ds′

U± −
∫ s
α (s′) e±2

∫ s′
√

f(s′′)α(s′′)ds′′ds′
, (53)

where U± are arbitrary integration constants.

V. CONCLUSIONS

In the present paper, by extending the work initiated in [3], we have obtained two integrability conditions for the
Riccati equation, one for the ”full” equation, and one for its ”reduced” form, respectively. Both integrability cases are
based on the correspondence between the initial Riccati equation and a more general equation containing a solution
generating function f(x). If the coefficients of the Riccati equations and the function f(x) satisfy some differential
integrability conditions, the general solutions of the considered Riccati equations can be explicitly obtained. However,
we would like to mention that generally the linear term in the Riccati equation, containing the function b(x), can be
eliminated from the initial Riccati equation by means of the transformation

y(x) = e
∫

x b(x′)dx′v(x), (54)

with v(x) satisfying the ”reduced” Riccati equation

dv

dx
= a(x)e−

∫ x b(x′)dx′ + c(x)e
∫ x b(x′)dx′v2. (55)

The integrability conditions given by Eqs. (29) and (53) can also be applied to Eq. (55). However, sometimes in
practical applications the analysis of the solutions of the Riccati equation can be done easier in the general form,
especially in the situations in which the integral of the function b cannot be obtained in an exact analytical form.
We have also presented some explicit physical applications of the integrability conditions for the Schrödinger-Riccati

and the two-dimensional Navier-Stokes equations. Therefore, for the evolution equation of natural processes that can
be reduced to a Riccati form, the presented integrability conditions open the possibility of finding explicit exact
solutions for physical models showing a complex dynamical behavior.
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