REPRESENTATIONS OF INTEGERS BY TERNARY QUADRATIC
FORMS

BEN KANE

ABSTRACT. We investigate the representation of integers by quadratic forms whose
theta series lie in Kohnen'’s plus space M;'/2(4p), where p is a prime. Conditional upon
certain GRH hypotheses, we show effectively that every sufficiently large discriminant
with bounded divisibility by p is represented by the form, up to local conditions. We
give an algorithm for explicitly calculating the bounds. For small p we then use a
computer to find the full list of all discriminants not represented by the form. Finally,
conditional upon GRH for L-functions of weight 2 newforms, we give an algorithm for
computing the implied constant of the Ramanujan-Petersson conjecture for weight 3/2
cusp forms of level 4N in Kohnen’s plus space with N odd and squarefree.

1. INTRODUCTION

Let @ be a positive definite integral quadratic form in m variables and let

Oo(1) = Z AR

TEL™

be the associated theta series, where ¢ = ¢*™". We will omit the subscript Q when it
is clear. Throughout this paper, a theta series will always mean 6 for some (mostly
ternary) positive definite integral quadratic form Q. It is well known that 6 is a modular
form of weight . For general information about quadratic forms, a good source is [19].

The natural question of which positive integers n are represented by the form (@), that
is whether there exists x € Z™ such that Q(x) = n, has been studied extensively since
Gauss.

One such well known result of Lagrange shows that every positive integer can be
represented as the sum of four squares. The amazing “15 theorem”, proven first but un-
published by Conway and Schneeberger and recently shown by a much simpler method
by Bhargava, asserts that a positive definite integral quadratic form represents every pos-
itive integer if and only if it represents the integers 1,2,3,5,6,7,10,14, and 15 [1]. Bhargava
and Hanke have since shown that every integer valued quadratic form is universal if and
only if it represents every integer less than 290 [2].
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An eligible integer for a positive definite quadratic form (@) is a positive integer n for
which Q(z) = n always has a local solution. We will call Dg (resp. Dy, ) a good bound
for @Q (resp. 6g)if Q represents every eligible integer greater than D¢ (resp. ap(D) > 0)
where we have used as(n) to denote the n-th Fourier coefficient of f.

Relying on the fact that 6 is a modular form, Tartakowsky [29] effectively showed
that every sufficiently large eligible integer is represented by ) when m > 5. The
corresponding result for m = 4 was shown by the bounds of Kloosterman (the celebrated
result of Deligne proved the optimal bound [5]).

We will study here the case m = 3. Up to a technical complication at anisotropic
primes and Schulze-Pillot’s classification of finitely many spinor exceptional classes [26],
bounds by Iwaniec [13] and Duke [7] for coefficients of half-integral weight cusp forms
have shown that every sufficiently large eligible integer is represented.

Theorem (Duke- Schulze-Pillot [9]). If Q is a positive definite quadratic form in 3 vari-
ables, then every sufficiently large eligible integer represented primitively by the Spinor
Genus with bounded divisibility at the anisotropic primes is represented by Q).

This result is ineffective because it relies on a lower bound for the class numbers, while
the best known effective result, due to Oesterlé [22], is insufficient for our purposes.
Assuming GRH for Dirichlet L-functions, the result becomes effective, and hence under
this assumption an algorithm must exist to determine which integers are represented.

By using a deep connection of Waldspurger [30] between half integer weight cusp forms
and special values of L-series of weight 2 newforms, under the additional assumption of
GRH for weight 2 modular forms, Ono and Soundararajan obtain a feasible bound of
2 x 10'° for Ramanujan’s ternary quadratic form 22 + 3? 4+ 10z2. With the help of a
computer, they were able to prove the following.

Theorem (Ono-Soundararajan [24]). Conditional upon GRH, the eligible integers which
are not represented by x? + y* + 1022 are ezactly

3,7,21,31,33,43,67,79,87,133,217,219, 223, 253, 307, 391, 679, 2719.
In this paper, we generalize the results of Ono and Soundararajan to develop an

explicit algorithm for ternary quadratic forms () such that 0y € M;Q(le), the space of

modular forms of weight 3/2 and level 4p in Kohnen’s plus space (Ramanujan’s form
does not satisfy this condition). By the theory of modular forms, § decomposes into

(1.1) 0=E+> by
i=1

where F' is an Eisenstein series, b; € C and g; are fixed Hecke eigenforms in 55272(4]7). We
have already seen that the assumption of GRH for Dirichlet L-functions gives a bound
of D'/2=¢ for ap(D). The fact that 6 € M§2(4p) allows us to determine the coefficient

explicitly. It then remains to bound the coefficients of g;.
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Theorem 1.1. Let N be squarefree and odd, 6 > 0, and g € 352(4]\7) in the orthogonal
complement of the space of lifts of one dimensional theta-series. Then, assuming GRH

for L-functions of weight 2 newforms, there is an explicitly computable function cs such
that

lag(n)] < csllgllen dim(Sa(To(N)))2NEn i+,

where az(n) denotes the n-th Fourier coefficient of g, ||g|| denotes the Petersson norm
of g, and cn is an explicitly computable function which grows like N°€.

Remark 1.2. Taking 6 = €, we obtain an explicit algorithm to determine the implied
constant for the Ramanujan-Petersson conjecture in the n aspect under GRH. However,
cs is too large for practical purposes when § is small.

We can now basically combine Theorem 1.1 with Littlewood’s bound [20] for the
Eisenstein series to obtain our desired (explicit) algorithm.

Remark 1.3. In practice, we will not bound ag(D) and a4, (D) separately, but will rather
bound the ratio, to obtain a better bound for our algorithm.

Theorem 1.4. Let 0 € M;r/z(élp) be given. Assume GRH for Dirichlet L-functions and
L-functions of weight 2 newforms. Then there exists an explicit algorithm which deter-
mines all fundamental discriminants —D so that D is not represented by 6. Moreover,
this algorithm is “computationally feasible” for small p.

In another paper [16], we will give many examples where the good bound obtained by
Theorem 1.4 is computationally feasible as well as discuss in detail a connection to lifting
supersingular elliptic curves to CM elliptic curves coming from the Deuring lift [6] and
a correspondence of Gross [10]. We will list here the choices of p for which the bound
is computationally feasible for every 6 € M3+/2(4p), namely p = 11, p = 17, and p = 19.
For simplicity, when we write D henceforth, —D will be a fundamental discriminant and
d will denote that —d is any discriminant.

Theorem 1.5. The following table lists all eligible integers T' (or the size of the set and
the largest element) divisible at most once by p not represented by the given quadratic
form Q = [a,b,c,d, e, f] = ax®*+by* + cz® + dry +exz+ fyz. Moreover, d is represented
if and only if dp?® is represented and the supersingular elliptic curve corresponding to
Q lifts to an elliptic curve with CM by O_p if and only if D 1is not in the set T.
p | Quadratic Form QQ | T

111 [4,11,12,0,4,0] (3,67, 235, 427}
[3,15,15,-2,2,14] 4T = 21, maxpert = 11803
171 [7,11,20,-6,1,8] {3,187, 643}

[3,23, 23, -2,2,22] | #T = 88, maxyer t = 89563
19 [7, 11, 23, -2, 6, 10]| {4, 19, 163,760, 1051}
[4,19,20,0,4,0] 4T = 40, maxyert = 27955.




4 BEN KANE

In Section 4, we deal with —d not fundamental, using the Shimura lift [27], the Hecke
operators (cf. [23]), and Deligne’s optimal bound for integral weight cusp forms [5].
Fixing a discriminant —d and exploring the representability of d' = dF?, the Hecke
operators lead to an equivalence between the following system of equations and the
representability of d by Q.

Theorem 1.6. There is a recursively defined polynomial Py, 11(x) and a function
Q' (x,y), defined as a rational function in terms of the Fourier coefficients of the de-
composition of 0 and its Shimura lift, such that ag(dF?*) = 0 if and only if for every

f= ];[l” dividing F and f = ];[lsl with s; < %vl(d),

II P2y =Q D).

I prime
Remark 1.7. The power of Theorem 1.6 is that the left side is growing like [, while the
right side grows like 2v/1, so that the resulting system of equations is seldom consistent.

Theorem 1.8. Fiz a discriminant —d. Consider = E + > b;g;, where g; are fived
Hecke eigenforms. If ag(dF?) = 0 with (F,p) =1,

m 24-€
F < (p—1)* <Z|bi|> e,
=1
6

where o = = unconditionally, o = —% under GRH for Dirichlet L-functions, and @ = —
under GRH for Dirichlet L-functions and L-functions for weight 2 newforms.

N |+

Combining Theorem 1.1 and Theorem 1.8 along with an argument of Duke [8] to
remove the dependence on @ yields the following result.

Theorem 1.9. Let p be a prime, 6 € M§2(4p), and € > 0. Assuming GRH for Dirichlet
L-functions and weight 2 modular forms, ag(d) # 0 for every discriminant —d with

(‘Tf) # 1 and p? { d such that

d >, p14+e'

Here the implied constant depends only on € and is effective. Moreover, ag(d) = 0 if and
only if ag(dp®) = 0.

We now interpret Theorem 1.9 in terms of lifts of supersingular elliptic curves.

Theorem 1.10. Let p be a prime and € > 0. Assume GRH for Dirichlet L-functions
and weight 2 modular forms. Let E/F, be a supersingular elliptic curve. Then E' lifts

to a elliptic curve over a number field with CM by O_p for every (%) # 1 with

D >>6 p14+€-

A more detailed introduction and further details of the proofs may be found in [15].
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2. NOTATION AND BRIEF OVERVIEW OF THE PROOF OF THEOREM 1.4

We give useful notation here as well as the background needed for Theorem 1.4. We
will denote half integral weight cusp forms with lower case letters and their Shimura lift
with capital letters.

Let p be an odd prime and 6 € M;Q(élp) be a theta function. Suppose —D < —4 is

a fundamental discriminant with (’TD) # 1 and ag(D) = 0. Using an explicit formula

for the coefficients of the Eisenstein series (cf. [10]) in terms of the class number, and
Dirichlet’s Class Number Formula [4],

12 Dy — 12 L(l)-\/ﬁ'

(2.1) ap(D) = W—H(_ ) = p—1) m2o®

Here L(s) is the Dirichlet L-function of the character x(n) := x_p(n) = (=2) and v,(D)

n

is the power of p dividing D. Using equation (1.1) we have decomposed the cuspidal

part into Y b;g;, where g; are a fixed set of Hecke eigenforms. Plugging in and using
i=1
Schwarz’s inequality yields

2.2) e LIV | ST Dl (D)

(p = D)2 (?)

A variant of the Kohnen-Zagier formula (3.1) gives |a,, (D)|* = ;27 (P) D3 . L;(1), where

(23) L |agi<mi)’2

G = 3

L(G“ my;, 1)m

S o=

with m; the first coefficient of g; such that ag,(m;) # 0 with (p,m;) = 1, and

(2.4) Li(s) == L(G;, —D, s) := iw

n=1

is the L series of G; twisted by the character y, where G; is the normalized Shimura lift of
g; (the unique newform with the same eigenvalues as g; normalized so that ag, (1) = 1).
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This gives
12 1 - - Li(1)
(2.5) — D1 < |b; |2 ¢ :
(p—1Dm27 = 22 ; ; L)

As in [24], we define

(2.6 F(s) = Fi(s) i= <§) s o)

where ¢ is the conductor of L;. Notice that F'(1) = f(—il)% By the functional equation

of L;(s) (assuming without loss of generality that the sign of the functional equation is
+1 as we automatically get a better bound if L;(1) = 0), we know that F(s) = F(2 — s)
and GRH for Dirichlet L-functions implies that F(s) is analytic for 1 < Re(s) < 3.
Therefore, for % < Re(s) =0 < % fixed, we know by the Phragmen-Lindelof principle
that the maximum is attained on the boundary of Re(s) = ¢ and Re(s) = 2 — o. Thus,
forl <o < %, the functional equation gives

F(1) < mtaX|F(o +it)].

We will bound L(s) from below in Section 6 and L;(s) from above in Section 7.

For d € N, with prime factorization d = [[I*, we will denote for notational ease
1

(2.7) Q(d) == Zel, v(d) =e;, v(d) =#{l:e, >0}, and ox(d) = an
l nld

We recall the Euler constant
/

r
(2.8) v = _F(l) A 5772
and denote the Riemann Zeta function by ((s). Finally, we denote
(2.9) (@)= S Am)
n<x
3. A KOHNEN-ZAGIER TYPE FORMULA

Let N be odd and square-free and let g € S;'¢Y /2(4]\7 ) be a newform in Kohnen’s plus

space. Let G € ST (N) be the Shimura lift of g normalized so that ag(1) = 1. Let wy
be the sign of the Atkin-Lehner involution W, for each prime [ dividing N.

Lemma 3.1. Let (—1)*D be a fundamental discriminant such that for each prime divisor
l of N, either (%) = w; or (l) = 0. Then

|a'g( )|2 ((ND)) ( — 1)’ . Dk—1/2 . L(Gv(_l)kDak)
<g,9> ok <G,G> 7

(3.1)
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Remark 3.2. If the conditions of Lemma 3.1 are not satisfied, then Kohnen proved in
[18] that a,(D) = 0.

Proof. This follows Kohnen’s proof in [17], where the result is shown whenever (D, [) = 1.

Noting that <%> = 0 for ¢ | ged(D, N), before evaluating (G|W;) (z) allows us to

remove the relatively prime condition. Further details may be found in [15]. U

4. BOUNDING NON-FUNDAMENTAL DISCRIMINANT COEFFICIENTS

In this section we employ the power of the Hecke operators and the Shimura lift to
obtain information about —d non-fundamental. The argument also repeatedly uses the
simple fact that ag(DI?) = 0 implies ag(D) = 0. Notice that many of the results in this
section do not require GRH.

Lemma 4.1. Fix a fundamental discriminant —D and F with (F,p) = 1. Define F' :=
[1l. Then the coefficients of the newform g; € S7(4p) satisfy

l|F 2

(4.1) lag,(DF?)| < 01 (F')F200(F)|ag, (D),

where o(n) is defined in equation (2.7).

Proof. First note that if a,,(D) = 0, then a,,(DF?) = 0 by the Hecke operators, so the
result follows trivially.

We will use here the D-th Shimura correspondence [27] instead of the Shimura lift,
similar to the argument in [9]. We will show that if R = [ such that m > 1 and
(R, F) =1, then

(4.2) ag(D(FR)?*) = % {aGDYi(R) - (?) acp, (?)} :

Using equation (4.2), we get the result easily by multiplicativity and Deligne’s optimal
bound [5] for integer weight eigenforms, which shows that

acy, (R) - (?) a6, (?)‘ < (1 + ll) oo(R)R} ag, ,(1)].

We then use the fact that ag,,,(1) = ag, (D). We now return to showing equation (4.2).
Using the multiplicativity of the coefficients of Gp; normalized and the D-th Shimura
correspondence, we obtain

a/GD,i(F)aGD,i(R) = aGD,i(FR)aGD,i(l) - Zagi(D)agi(DnQ) (F_Rl;n>

n|FR

) 6, (Flac, (R/) + a0 (D)o (DI (77)

=|S
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Rearranging and using the D-th Shimura correspondence again for ag,, ,(F), we obtain

0= 3 (00 (DR )i (D) =y (0 [0, () = () aci (0] ) (577

fIF

Hence equation (4.2) follows by induction on the number of divisors of F. O

Theorem 4.2. If ag(DF?) = 0 with (F,p) = 1, then

vp(D) m
F2 (p—1)m27 = 1
4. < D71 b;|?
(43) 2U(F)O'_%<F,)O'O(F) - 12 ' 22:1] |

Here ¢; and b; are given by Equations (2.3) and (1.1), respectively.

SIS
VRS
[

O

|
—~ =
_
~—|
N | ~—
N——
N[

Proof. If d = DF? is not represented by @, then
ap(d) = =) biag,(d)
i=1

We then use the index formula (see [3], Theorem 7.24, p. 146) and Schwarz’s inequality
to bound

F agp d i 9 m 2
sy ae(D) < aE(<D)> cap(D) < | DIl | 3 lag (@)

We then plug in (4.1) to bound the right hand side in terms of a,, (D) and then relate
ag(D) with L(1) by Dirichlet’s Class Number Formula and ag, (D) with L;(1) by the
Kohnen-Zagier variant (3.1) as in equation (2.5). O

Proof of Theorem 1.8(Assuming Theorem 1.4). The first part of Theorem 1.8 now fol-

lows directly by taking Duke’s bound [7] for the cusp form to bound ay, (D) < D7t
and hence to bound L;(1) and using the trivial lower bound for L(1). The additional
assumptions give the corresponding (effective) optimal bounds for L(1) and L;(1). O

Theorem 1.6 involves showing a connection between ag(df?) = 0 and the following two
recursively defined functions.

Definition 4.3. Set m,n € Z, and ¢ € {—1,0,1}. Define the polynomial P, ;. ()
recursively as follows:

0 ifn<0orm<DO0,
1 ifn=0,

Pn,m,e('r) = (l’ — €>Pn71,1,e(x> -+ GPnfl,O,e me = O, n > O,
2P, _12.(x) + (ﬁ) P,10e ifm=1,n>0,

TPy 1 mi1(®) + Pocim—1e  ifm>1 n>0.
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Definition 4.4. For a discriminant —d with ( ) # 1 and | a prime with [* { d, define

ZbiaGi (l)nagi (dem)
Qnamll) 1= ———

Theorem 4.5. Let —d be a discriminant with associated fundamental discriminant —D
and 1 # p prime. Then ag(dl*™ ") = 0 if and only if

P’r,s’(#)(l) = QT’,S(Z)’
for everyr < n and s < m.

Proof. When n = 0, the result is clear. We proceed by induction on n. We note first
that ag(di*™1?"2) = 0 if and only if ap(dl*™21*") = 0. Therefore, by the inductive
hypothesis, ag(di*™1?"?) = 0 if and only if

oo (=) (1) = @rs(D),

for every r < n and s < m+ 1. These conditions match up with the assumptions above
except when s = m + 1. Thus, it suffices to show assuming P__ (=2 )(l) = @Q,s(l) for
S\ T

every r < n and s < m implies that

Pr,mﬂ,(#)(l) = Qr,m+1(l)7
for every r < n, is equivalent to

Pronn =2y (1) = Qo)

for every s < m.
Let » < n be given. Using the definition of Q. ,,+1(l), we have

ZbiaGi (l)ragi (Dl2m+2)
Qrm+1(1) —ag(DI2m+2)

Since g; is a hecke Eigenform with G; the normalized Shimura lift, and ag, (1) = 1, we
have

Zbiagi(l)”am(DlQm“) zbag()r+1 (D12
Z —ag(DP+2) T _ap(DPmr2)
D Eb ag; (1) ag, (DI*™) > biag; (1) ag,(DI*™2)
_< ! ) —ag(DIZm+2) —H - —ag(DIPm+2)
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Now, we note by the index formula (see [3]) that

—aE(Dl2m+2) g _DZQm
—ap(DP™) A

Therefore, it follows that
—Dj2m ZbiaGia)r_‘—lagi(Dlzm)
[ — r,m [) = :
(= (F57)) @m0 =
(=2 S (1) ag, (DI") L Sha, e, (0P

! —ag(DP2m) - ] — (7Dl?m—2) ’ —ag(DI2m=2)

— D[ [
Q) - ( : ) Qrnll) =y Qe a0

I
Now, assume that @Q;,m+1(l) = Prmyi1,. By assumption, we also have Q,.,, = Py .
and Q-1 = P m—1,. Therefore, rearranging the above formula gives

—D[*m —Dpm {
Qr+1,m(l) - (l - ( I )) Pr,m+1,e<l)+< I ) Pr,m,e(l)+W'Pr,m—l,e(l)'
l

If m > 2, then the right hand side is

lPr,m—l—l,e(l) + Pr,m—l,e(l) - Pr+1,m,e(l)7
as desired. If m = 1, the right hand side is
-D

lPr,m-l—l,e(l) + (T) Pr,m—l,e(l) - Pr-l—l,m,e(l)'

Notice that we used [? { D above so that (_l—D) = (_TD) Finally, if m = 0, we use the

same observation above to see that the right hand side is

(1= () Porec0 + (F2) o) = Prssna

The reverse direction follows by reversing the argument. U

Theorem 4.6 (Theorem 1.6). Let —d be a discriminant and (F,p) = 1. Then ag(dF?) =
0 if and only if for every f dividing F', with f = ][] " and m; := L#J , we have

I prime

20 IT ac.(D)™ay, (#)

i I prime

L prime
|| RAESIOE ,
I prime —ag ( d )

H lZsl

l prime
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for everyr; < ny ¢ and s; < my, where —D is the fundamental discriminant corresponding
to the discriminant —d.

Proof. For F' a prime power, this is exactly Theorem 4.5. The proof follows by induction
on the number of prime divisors of F', following the same template as in the proof of
Theorem 4.5. [

Corollary 4.7. If 0 = E + g with g an eigenform, then ag(DF?) # 0 for every F {6
with F # p".

Proof. For | > 3, Theorem 4.5 implies 2v/1 > ag(l) = [ and the cases | = 2 and [ = 3
follow from inconsistencies between the polynomials for F = [ and F' = [? obtained from
Theorem 1.6. O

Corollary 4.8. If § = E + byg1 + bago, then forl > 5 a prime and —D a discriminant,
ag(DI*) # 0.

Moreover, if q is another prime with (q,6pl) = 1, then
ag(DIPPq*) # 0

Proof. This follows easily from contradictions in the system of equations that are ob-
tained from Theorem 1.6, using —D a fundamental discriminant. Details of the calcu-
lations may be found in [15]. O

5. REVIEW OF THE WORK OF ONO AND SOUNDARARAJAN

In this section, we review some results of Ono and Soundararajan [24] in preparation
for bounding L(s) and L;(s) in the next two sections. Recall x := x_p, L(s) := L(s, x),
Li(s) :== L(G;,—D,s), and F(s) = F(s).

5.1. Explicit Formulas. We will use the following 2 lemmas from [24] for explicit
formulas of %(s) and %(s) These formulas are derived by studying an integral and

shifting the line of integration, giving £ (s) or %(s) as one of the residues.

Lemma 5.1 (Ono-Soundararajan [24]). Assume that L(s) # 0. Then

L L
—f(s) =G1(s,X) + Egy(s) — f(s — )Xt = R(s),
where
—Re(s)—1/24+ic0 I
1
) _ p—s . _ = = w
Eig(s) ZX I(p—s), and R(s) 5 / 7 (s +w)(w) X" dw

P —Re(s)—1/2—ioc0
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and

(5.1) Gi(s, X) := i%e‘"/x,

with A the Von-Mangoldt function. Here p denotes a nontrivial zero of L(s).
Lemma 5.2 (Ono-Soundararajan [24]). If L;(s) # 0, then

e (5) = (s, X) + Ruls) + Runls) + Bns),
where
(5.2) Fi(s,X) := i%e—n/x

with \; defined such that for Re(s) > 3/2

—%(8) = Z—/\i(n:;((n) ,

n=1

Ryi(s) = ZXM_SF(M —5), Ryis) = ZX_"_SF(—n —s),
Pi n=0
and

Rins(s) = Z(_f# ' %(8 —n).

Here p; are the nontrivial zeros of L;.

We will fix i and investigate F'(s) := F;(s). Then

%/(s) = log (;/—f) + %(s) + 1%(3) - Lf/(s) + %(2 —3).

5.2. Bounds for FF’ We will need bounds for %’, and will use the bounds obtained in
[24].
Lemma 5.3 (Ono-Soundararajan [24]). Set s = z + iy.
1) If x > 1, then
I 11 log(1+2%)  log(l+ y?)
- < =
relsgt— 5t
2) If x > 0, then we have the bound
N N Y |s|

. —(s)) <= iR

(5.4) Re(r(s))_r(x)—l— +log<x>

xls|?

(5.3)
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3) In general, one has

F/

(5'5) T (8) 1 M

log(2
<x>(1_<x>)+og(—|—]x|)+ 2 ’

<25
=2

where < x >:= min|z + n|.
neN

Lemma 5.4. If0 <z < 1, then

I ~u N log(2) N 1 N log(1 + y?)

(5.6) T (S)‘ =372 T2 2

Proof. This follows from
1"/
F(S)

I

< L + F,( +1)
— —(s
T sl T

and Lemma 5.3, since ﬁ < % and log(1 + 2?) < log(2). d

Lemma 5.5 (Hadamard’s Factorization Formula, Ono-Soundararajan [24]). If L(s) # 0

then
L 1 m 1 I (s+1 1
where the sum is taken over all non-trivial zeros p of L(s) and m is the conductor of x.
Additionally, if L;(s) # 0 then

Re (%@)) = —los (L) - e (FF (s)) + %:Re (S ! pi) ,

where the sum is taken over all non-trivial zeros p; of L;(s) and q is the conductor of

Li(s).

6. BounDING L(s) FROM BELOW

Fixl<o< % For notational ease, define s := o+it, sg := 2—o+it, and g := Re(sy).
1

+7
Fix X > ¢ 3-7 | recalling the Euler constant « in (2.8). In preparation for bounding

LL((S;)) ), depending on X,

t, and o. A philosophical explanation of the techniques used and further details may be
found in [15].
Set

F(s), in this section we will find a bound from below for log

o—1/2

oo—1/2
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We note that since I' decays exponentially in y and the other term only has polynomial
growth, §(X) is well defined. Recall our definition (5.1) of G; and denote

(6.1) G(s, X) = iA(")X ) e=n/X /G1 w, X)d

n®log(n)

The goal of this section is to prove the following.

Theorem 6.1. Assume GRH for Dirichlet L-functions. Let X be a primitive Dirichlet
character of conductor m and let L(s) = L(s, x). For X > e’ ; we have

|L(s0)] X

L) = X 11 ox)x - [elGlso, X)) = Re(Gls, X)) + co0.x1

log
+ Cooxt1 + CooXm1) s

where the functions cp o x 1, Co.0. X1, ANd Co o x m1 GTE givEn by

IT'(3/2 = ao)| (7759 N 7r10g(226
o X o0+1/2 \ 100 2r2 \/_r2

() ()
(

(%) (@4 2 ) - 25(X”0g% -0t (755),

2

Co0,X,1 = —(U 0)

with r = /(00 + 1/2) (09 — 1/2),

. FB/2—-00) 1 o(X) 2
Coo, X ,t,1 = (0' — 0'0) (— 4TXUO+1/2 — X — 5 10g(1 +1 ),

and finally

X -1 06X m
Co.0.Xm1 = |0 — 0p| ( ~7 (2 )) log (;) .

Proof. Integrating from sy to s in Lemma 5.1 yields

log (LL((S;))> — G50, X)— G(s, X) + 7Esig(w)dw - 7R(w)dw + % log (%) |

S0 S0

We will take the real part of both sides, and bound each term.
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(i) We will first bound [R(w)dw. We will show

S0

S S

log (™
(62) Re —/R(w)dw > /R(w)dw z—|g_0—0|[ i{;)
S0 S0
IT(3/2 —0o0)| (7 (759 1 5 mlog(226) 2
— - (—=+ zlog(1+1¢ .
T exe i o \too T2los ) ) T T
Rewriting w = w + it and plugging in the functional equation for % gives
—u—1/24i00
1 m 1 IM(2—z—w
- ()X~ |1 <_) S (2D Emw
Rlw) =55 / (2) {Og )3 F< 2 )
—u—1/2—i00

L

Consider z = —u—1/2+iy. Since Re (2t2) = 1 Re (227%) and BY = Im (H2t2) =

—Im (HT_“’), we use Lemma 5.4 to bound the term with 1“% and Lemma 5.3 to bound

the term with 2_22_1”. Since Re (HZ%) = 2 we can bound the Lf/ term by ‘% (%)‘ < bl

2 100
Noting that

1 TV /1424w L
= (1 —2— .
5 F( 5 )—I— (1-=2 w)}dz

t 2
log (1 + #) <log(1 +* 4+ 9 + t%y*) = log(1 + 1) + log(1 + ¢?),

we obtain
L 1 14+ z4w 1 (2—z—-w
3) | =(1—z— bl (i N e P (e
(63) |p-= w>+2r< 2 >+2r( 2 )‘
151 11 log(2) 11 log(1+25/16) 1 o1 )
< — 4+ — 24+ — —log(1+t —log(1
S T L T2t 1 2og(+)+2og(+y)
79 1 1
< — + —log(1 + %) + = log(1 + ¢°).
< 1op T 5 los(l+ ) + S log(l+v7)
Since |I'(z + iy)| < |['(z)|, the functional equation for I' yields
|XZF(Z)| — X*’U,*l/? . ‘F(Z+2>’ S Xfufl/Q . ‘F(3/2_u)‘ )
|2(z + 1)| (1/2 4+ u)(u —1/2) + 32

N
It is easy to see that for X > e -2 this function of u on the right hand side decreases
in [1/2, 0], so we get that the maximum for u € [0y, o] is attained at u = oy.

This gives the bound
IT'(3/2 — 09)|

(6.4) [XT(z)] < X702 (1/2+ 09)(00 — 1/2) + 12
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Furthermore, shifting the line of integration in the remaining term to the far left, noting
that -2 < -0 —-1/2 < —-u—1/2 < —0p—1/2 < —1, then for X > 1,

—u—1/24ic0
o _n 1 m
65) o / (o)X 1o () = tog (22) S2EE)" Oic(?)'
—u—1/2—ico n=2

Recall = /(00 + 1/2)(09 — 1/2). Plugging in the bounds from equations (6.3), (6.4),
and (6.5) give

lo o
R(w)] < <8z) 4 rep °'f e (39 4 Llog(1 + %) + Llog(1 +12) dy

X0'0+1/2
_ log(®) | r3/2-00)| [« (159 , 1 9 log(14
=5+ poweorn | 7 (15 +zlog(1+1%) + f i +rg

Splitting the remaining integral into the range 0 to 15 and 15 to oo gives
log () |0(3/2—00)| (7 (759 1 7 log(226) 2
R — ~log(1 +¢* :
Rw)l s =337+ = i (r (100 g los(l+ )) LT R \/ﬁﬂ)

Since this is independent of w, integrating from w = sy to w = s gives equation (6.2).
(ii) We will next find a bound for + LoDl We will show

(

(6.6) —1 ’L<50_1)‘>_{1 |L(s)]

og T6-1) 0g|L( )’—1—|0 Uo\log<$>

2
1—o0p (22 log(1+ (32)9) o log(2) 2
— = log(1 +t%) + == + =
5 <3 + 5 +log(1+t%) + 5 + p

1
X

c—1
2

— 0p )

22 2 2
(3 +log(1 + %) + log(2) + 3 + —)] :

Again using the functional equation for £ and noting that |L(2 — s¢)| = |L(s)| and

L

|L(2 — s)| = |L(so)|, we have
I (3—w +F/<w> |
r\ 2 r\2/| "

(6.7)
For w € (09, 1) we use equation (5.3) to bound IV /T'((3 — w)/2) while we use equation

Liso =) . 1L(s)] m 1]

lo >lo + |lo — oyl lo <—>——
BTG 1) = ne 7 )

(5.6) to bound the other term and again to bound both terms when w € [1, o], yielding

equation (6.6).

S0
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(iii) Finally, we bound [ Egg(w)dw. We will show here

S0

S

(6.8) / Re(Eag(w))dw > —5(X) -

S0

4 9] oc+1 12 n c+1 o09+1 | 1+ 12
(0] . — (0] — .
S\ootr1) 21 (09t 1) 2 2 & (00 + 1)

Since ﬁ is analytic from sy to s, an individual zero p := 1/2 + iy contributes

L(s)|  o—0y, (m I ()
Liso)] 2 log(w)”bgF(fm“)

2

log

/Re(X”_“T(p —w))dw > — /Xl/z_“F(l/Q —u+i(y —t))dul -

S0 g0

o Cr=k o () e

S0

We have added the additional term (6.9), which is 1, so that we may use Re <wL_p> later

in Hadamard’s factorization formula (5.5).

Since the integral and the log term merely make up one such term for y fixed, we
know that they are bounded above by §(X). Therefore, summing the contributions of
all zeros gives us

s

(6.10) /Re(Esig(w))dwz—é(X) /ZRe L.

w—p

S0 s

Integrating Hadamard’s factorization formula (5.5) yields

(6.11) |
Jore (g ) =g - v () e (5 (57 v

We now use equation (5.4) to bound the I''/T" term. After noting that for w = u + it,
4 (“T“)z + 12 > t* + (00 + 1)? and integrating, we obtain equation (6.8).
Finally, rearranging equations (6.2), (6.6), and (6.8) and combining the terms involv-

LL((SSO)) yields Theorem 6.1. O

ing log

7. BOUNDING L;(1) FROM ABOVE

We use the same notation as in Section 6. We also define 01 := 3 —0¢ and s; := oy +it.
In addition, we will fix 1 < 0o < 2 and consider s, := 0y + t. In practice we will
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choose o5 > o, but the theorem holds in general. We will find a bound from above for
log(|Li(D)|), depending on X, ¢, and o. Recall our definition (5.2) of F'; and denote

F(w,X) := anbgn /Fle

Theorem 7.1. Assume GRH for L-functions of weight 2 newforms, and set L;(s) =
L(Gi, x, s) with x a primitive character such that L; has conductor q. Then,

X X((1+29(X))a(X) =7 (X) (X))

log\Li(s)\§X+1F(s,X)— X+ 1)1 (X)) F (s, X)

+ X (Coox2 7+ Cooxt2+ Co0X02)
X +1

where

b2 £~ ne1log(n) ! —n71~1/2log(n)
lea'

(X — 1) log(X)

+loB(C(4 = = 1/2)) = loa(¢(4 =0 = 1/2)] (52 + 5305 )

+ max{[['(o)[, (o)} -

+ %log(g(?) —o—1/2))+ % (% + log(20)> + %log%

2 (log 25 —log 52) (1 +2y(X))a(X) — y(X)3(X) (T 1
3X2 * (1+~(X)) <_(02> " _)

T 09

IT(—0y)| X 3X +2 (49 1
. a(X)—SXQ ( G + log(20) + 2= on)(o2—1)

._ o (2001—0) (01—0)  (1+29(X))a(X) —~(X)B(X)
Cooxt2 = log(l+ 1) ( 3 X2 + X + 201 + (X))

3X +2
X2 &(X)) )

+ a(X)

2,(3— 1/2—0’2)
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q ) ((1+27(X))Q(X) —(X)B(X)

Co,0,X g2 = 108 (

Ar? 2(1 4+ (X))
2(X)(@(X) = AX) | Do)l X" a(X) 01— a)
1+ (X)) X -1 X X )’

2
Y(X) = X772 . max |T(1 — oq + 1) ((02 -1+ i ) ,
Y 0'2—1

M[Re (X" T(1—u))du if X <T(2—o0y)7T

X271 T'(2—02
(71) ﬁ(X) = 1) xoa—1 a' 1 )
Mme (X' T(1 —w))du fT2—09)= T <X

X727 14T(2—02

and finally

o1

(12) a(X) = max / (XTT(1 — u + iy)) du — (B(X)X*T(1 — o5 + i)

. ((02 — 1)+ @yi 1) .

Proof. Integrating both sides of Lemma 5.2 from s to s; yields

log L;i(s) =log L;i(s1) + F (s, X) — F(s1,X) + /(Rsig(w) + Rins(w) + Riyi(w))dw.

s

We take real parts of both sides to bound log|L;(s)|. Since |\;(n)| < 2y/nA(n), we
bound

LY YD

(7.3) log |Li(s1)| — Re(Fy(s1, X)) < (1 — %)} W12 log(n)"
n =N+1

— n7 log(n)

Notice that taking the logarithmic derivative of ¢ and integrating yields

= 2A(n) (n)
——————— =2log(¢(o; — 1/2)) =2y ——————,
nzj\;—lnall/Q log(n) an 12 1og(n)
which can easily be computed numerically with a computer.
(i) We first bound the contribution from the trivial zeros:
Since 1 <o < w < 0y < 2 and [I'(—n — w)| < |I'(—w)|, the maximum is attained
either at s or s;. Thus, we can factor out max{|T'(¢)|, |I'(c1)|} and integrate to obtain

(7.4) /Rtri(w)dw < max{[F() | [N} - —)i)lcjg(X)'

S
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(ii) We now bound the contribution from the poles of I': We will show

(7.5)

S1

[ Bl < lox(c(a = o1 =1/2) ~1ogtcta = =120 (53 + 53005 )

s

_ lo—g“;(s)') + % log(¢(3—0 —1/2)) + % (%9 + log(1 + %) + log(20)>
(01 —0)

2(log 2=t —log32) 2 D(o1+1) o1—o0
+ — log X

n q
3X? X " T(c+1) X

42’

+ log(1 +#%) + log

We use the functional equation to obtain

51

/Rlns(w)dW—Z_T lOg LZ(2+n_S) +<O'—O'1>10gw

s n=1

S1

+/(%(2—w+n)+%(w—n)) dw

S

First we note that

“(=X)™ q (01 —0)log ;L5
(7.6) ;T(a —o1)log 5 < % .
Expanding log % and noting that for n > 2, mzﬁwal — mzfnﬂ, < m41701 _ m417[”
we get the bound
> (—X)in L1(2—|—TL—31)
7.7 1
(7.7) ; n! °8 Li(24n—s)
< 2[log(C(4 — o1 — 1/2)) —log(¢(4 — 0 — 1/2))| ( 525 + 5
0 — 0 — —1lo —0 — )
=28 ! s 2X? " 6X3(X 1)

For n = 1, taking the real part and noting that |L;(3 — s1)| = |L;(s)|, we have

LB = sVl - _log(ILi(s)]) | 2 log(C(3 — o — 1/2)).

(7.8) (—X) 'log LG5 = % %

For n > 1 we have Re(2 —w +n) > 1, so we may use equation (5.3) to bound the term
with that parameter. For n > 2 we use equation (5.5) to bound the other term, and for
n =1 we may use equation (5.6).
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It remains to bound

S1

/ (%(2—w+n)+%(w—n)> dw.

S

Since 1 < 0 < w < g1 < 2, we know that 2—w+n > 1 for all n > 1, so that we can use
equation (5.3) to bound that term. We will use equation (5.5) to bound the term with
w —n for n > 2. For n =1, we have u —n € (0, 1), so that we can use equation (5.6).
We note that for v = Re(w) > 1 we have <u—n> (1-<u—n>)=(2—u)(u—1).
This yields, for n > 2,

F(Q—w+n)+F(w—n)

‘I‘V /

1
(2—u)(u—1)

49
< 5 +log((3+mn —u)(2+n—u)) +log(l+t*) +

For n =1, we have u — 1 > 0 and 3 — u > 0, so that we can use equation (5.4) and the
functional equation to obtain

Re (- 1)) < e () ~Re (1) < e ()

I’ 2
Tt e s

!/

r 1 1 r 1
(u)+5—|—— log(14+t%) = — (u+1)+= log(1+t?)

<
- 2 r 2

1 !/
+=log(1+t%) < T

and

Re (—,(3—w)) < FF/(B—u) + € —u)(tQt—l— B0 + %log(l + %)

/

! 1 1 r 1
—(3—u)+—— + =log(l +2) = — (4 —u) + = log(1 + 12).
(3= )+ o + S log(1+ ) = (4 — ) + 5 log(1 + £

Since u > 1, log((3 + n — u)(24+ n —u)) <log((n+ 1)(n + 2)) < % log(20) for n > 3
so for X > 2,

s

(7.9) — im/Re (%(2 —wtn) + I%(w _ n)> dw

— n! i
2(o0y — o) (49 9 2 (log 2= —log 3=2)
< 250 (== 4 log(1 + %) + log(20 z z
< 3xe <6+og(+)—l—og()+ ax?
2 ['(oy+1) (01—0) 5
—1 log(1 + 12).
Txlepory T x ettt
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(iii) Finally we bound the contribution from the significant zeros of L;: We
will show

10) 7Re (Rau(w) do < <(1+27(X)ia X) —v(X)ﬁ(X)> (1 log( q )

+v(X) 2 42

+%log(l—l—ﬁ)—|—%(02)+0%—F1(52,X))+a(X) X 1
1(X)(a(X) = B(X)) |D(=a9)| X'~ q 3X +2 (49
1+7(X) x o1 (471'2) o X) (g +log(20)

1 2 a(X) q
o) o) st )2 )+Tbg(ﬁ)‘

Fix an individiual zero p := 1 + iy.

T (—a2)| X

+

Z’(B 12— )

S1

[ Re (X7l = w) dw = Re (30X 10 - 52)

S
S1

+ /Re (X"™T(p — w)) dw — Re (B(X) X T (p — 52))

s

< Re (B(X)X"*T(p — 52)) + (X )Re <$2 1_ p) .

Now, summing over all non-trivial zeros of L; gives the bound
s1

(7.11) / Re (Ryy(w)) dw < B(X)Re (Ryg(s2)) + (X)> Re ( 1 ) :

S2—p
s P

Rearranging Lemma 5.5 gives

(712) S Re (52 L p) ~ Re (%(52)) + 5108 (115) + Re <FF (32>)

We again use the exact formula for % from Lemma 5.2 to obtain

L
(713> ﬁ(SQ) = _F1(527 X) - Rsig(SQ) - Rtri(SQ) - Rins(SQ)-
We again need to bound each of these.
Clearly, taking the absolute value and noting that |['(—n — s9)| < |['(—03)|, we have
D (=0y)| X
X -1

(7.14) |Rui(s2)] < [T(=0)] Y X7 =

n=0
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We next bound Rj,s(s2). We use the functional equation of tO obtain
(7.15)

3 I U Pt log (—
Rins (52) Z ! f(”+ _52)+f(52_”)+F(”+ —s2) + 0g<4_7r2> -

n=1

=

[e.e]

We note that L—,( )= Z Aulmx(m) with |\ (m)| < 2¢/mA(m) and again use equations

(5.5), (5.3), the fact that % < 1 for every n > 3, and X > 2 to obtain

1 q 3X +2 (49 1
1 . < —1 — + log(2
(7.16) | Rins(s2)] < 57 log <47T2> T X (6 +log(20) + (2= 03) (00 — 1)

+ log(1 +t?) + 2 Z/(?) —1/2 — 0y)

)

We then use equation (5.4) to bound Re (% (s5)) < %(Ug)‘F%—i—% log (1 + t?). Combining
the terms involving Re(Rgg4(s2)), it remains to bound
(7.17) B(X) — a(X)| Re(Raig(52))-

We bound Re(Rsig(s2)) similarly to the way that we bound Ry, above. Bounding by
the absolute value, each non-trivial zero p of L; contributes at most

| X752 (p — 55)| < X102 [D(1 — 05 + iy — 1)) ((02 1)+ M) ‘Re ( ! ) .

0'2—1 So — P

We then bound (X)) so that we have shown, using the functional equation for and
the exact formula from Lemma 5.2,

Re(Rqg(s2)) = Re) (X T(p — 53)) < v(X)Re (Z ! )

S9 —
P P

=7(X) (% log (%) + Re (1%(52)) + Re E%(m)) — (X))
((% + !F(—;)_\)fl—”) log <4q2> + Re (?( )) — Fy(s5, X) — Re(RSig(SQ))) ,

We have already bounded Re(%(SQ)), so combining the Re(Rsg(s2)) terms yields

(7.18) |Re(Rgg(s2))| < % ((% + |F(—;2)_])i1—"2) log (4%)

I 1 1 2
4+ (02)+_+—log(1—|—t) Fi(s2, X) ).

r 2
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The inequalities (7.14), (7.16), and (7.18) bound the terms in equation (7.13). Noting
that «(X) > B(X) because plugging y = 0 into the term we are maximizing in a(X)
gives exactly 5(X), since (o9 — 1)I'(1 — 09) = —I'(2 — o), we get equation (7.10). O

8. FUNDAMENTAL DISCRIMINANTS AND BOUNDS FOR WEIGHT 3/2 Cusp FORrRMS

In this section we show how to find a bound Dy, ., such that for every fundamental

discriminant —D with (%) #1and D > Dy, ,, we have ag(D) > 0. Thus, combining

this result with Section 4 gives the result for all discriminants.

8.1. Bounds for Fundamental Discriminants and Half Integer Weight Cusp
Forms. We now proceed to show how bounds for a(X), v(X), and §(X) are obtained.

Lemma 8.1. Fiz a finite number of intervals [Yon, Y1.n] with 0 < yo, < Y1, < 00 such
that U, [Yo.n, Y1.n) U [Y1,m, 00) = [0,00). Then
(8.1)

o—1/2

. | 1, Yt (o= 1/27\"
(X)) < maz < maty<p, / XD (—u +iyon)|du - <§10g y%n + (00— 1/2)? )

oo—1/2
o—1/2
Cu . 2
X702 = ut iym)| ; e
oo—1/2 <(Uo -+ ?J%m> log (@O_Q—lm)

For v(X), we obtain the bound

2
(82) 7(X) <X max{maxngm ID(1 — o3 + iyo.n)| ((@ 1)+ gy17n1) :
-

1
'3 — Y1 m .
G0+ i) — |

Finally, for a(X) we obtain

2
(8.3) a(X) < mazx maxngm/Xl_“W(l — U+ iYon)| ((02 -1+ Ui )

g

2
—B(X)X'T(1 — 09 + iy1.) ((02—1)+ Yon )

0'2—1

2
o1 yl,m

(02—1)+
XT3 = u + iyrm o2-1
Jx noll | G e,
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Remark 8.2. Taking the limit X — oo in the lemma with the intervals [0, 1] and [1, 00),
we see that )%im (X) =0 and )}im a(X) = 0 after noting that )}im B(X) =0.

Proof. We will show the result for 6(X), and the analogous calculation for «(X) and
(X)) is left to the reader.
First define dpy,,,(X) to be the max taken in the interval yo < y < y;. Further,

o—1/2 - 2 (o 2\ —1 ‘

define f(y) := f1/2X_U|F<_u + iy)|du and g¢(y) := (%log %) . Notice
go—

first that f is strictly decreasing in y > 0, which follows easily from the fact that

(z) =<1 (1+ i)_l en, while ¢ is strictly increasing. Therefore, noting that both

n=1

functions are even in y, we fix 0 < yg < y < y; < 0o, then pull the absolute value inside
the integral to give

(5[y07y1]<X) < f(yo)g(yl)-

Now we deal with the case where y; = 0o. The functional equation of I'(z) gives us
e ( )
_ I'2—-—u+1y

= X ¢ du.

0= | X g

oo—1/2

Wethenboundl—uzl—(a—%):%—0:00—%anduzag—%andnotethat

IT'(2 — u +iy)| is decreasing in y to get

o—1/2
fly) < / X2 —u+idyo)|du | - o _l)2+ .
o0—1/2 072 y
Defining z := (00 — %)2 +y? and a == (O’ — %)2 — (JO — %)2, we see that the remaining
terms with y form m, which decreases in z since a > 0 and z > 0. 0

We have now set up the framework to show our main theorems.

Proof of Theorem 1.1. We only need to show the result for a fundamental discriminant,
since the results from Section 4 extend the bound for non-fundamental discriminants.
We will first show the result for an orthonormal basis of newforms g;. Consider the
completion of L;(s), which we will normalize to

s—1

Ai(s) := (4;;2> ©T(s)Li(s).

Again using the functional equation A;(s) = +£A;(2 — s) and the analytic continuation,
assuming without loss of generality that the sign of the functional equation is 1, we can
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bound L;(1) = A;(1) < mtaX|A,-(a—|—it)| with 1 < o < 2. We will choose 0 < 1+ 4.
Since

)%im a(X)=0= lim (X),
This gives the power of ¢ from Theorem 7.1 as

X [0+ 2y(X))a(X) - (X)B(X) a(X) - B(X) [D(=o9)| X"

X +1 2(1+ (X)) X)X X -1
or—0o a(X) o—1
Tx x| T3

We then choose X large enough so that the resulting sum is less than ¢, which is
possible because every term goes to zero except "T’l < g. Note that this choice of X
only depends on o,05 and not on the level or the particular form. We then choose
X, > X large enough so that the decay in ¢ from T'(s) overwhelms the polynomial
growth from the cg, x ;2 factor in Theorem 7.1. Choosing N = 1 in ¢y, x 2, We now
note that the resulting constant is independent of the form L;, except for F(s, X) and
F(sy,X). Bounding |[\;(n)] < 2y/nA(n) in each case, we are able to bound these
independent of L; using Lemma 8.5 below. Since our choice of X; did not depend on
L;, we obtain a bound from the Kohnen-Zagier variant (3.1) of
2 vp(D) 1 1 2_UP(D) 5 %+25’

(8.4) lag, (D)|? = DzL;(1) < —————¢sN°D
! ml|GilP? 1G>
where c; is the constant obtained from Theorem 7.1 after plugging in X; and o, mul-
tiplied by |T'(0)|, noting that ¢ < ND?. Thus, for the coefficient |a,, (D)|, the only
9
dependence we have on L; is ng—?”, where G is normalized to have ag, (1) = 1.

We then take an arbitrary form g with Petersson norm 1 and write ¢ = > b;g;,

where g; are an orthonormal basis, so that (g;, g;) = d;; and Y |b;|*> = 1 and each of g;

satisfy the bound (8.4) from some level dividing the level N of g. Then we simply take

CN = MaXygy G 7 and we get the desired result since there are at most dim(S2(T'o(N)))

terms and ¢y < N°¢ from Hoffstein and Lockhart [12].
U

We use the following lemma of Duke [8] to prove Theorem 1.9.

Lemma 8.3 (Duke [8]). Fiz f € S35 (I'o(N), ). Then

IFII* < I(a NQ“Z\af %

where o > % is any number so that the series exists, d(-) is the divisor function, and the
constant is absolute.
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Proof of Theorem 1.9. Set g := 0 — E. We will bound E and ¢ independent of #. After
noting that dim(S»(Io(p))) < [E5F] < p, Theorem 1.1 yields
(8:5) jag(d)] <. [lgllp*ed"/*+<.
Assuming GRH for Dirichlet L-functions, bounding the class number from below in
equation (2.1) yields

1
(8.6) ap(d) > —d/*.

p

It remains to use Lemma 8.3 to bound ||g|| independent of §. Define
M(G) =) wyl,
Qea
where G is the genus containing () and w¢ is the number of automorphs.
Since ag,, (d) > 0 for every @', Siegel’s averaging theorem (cf. [10]) gives
|ag(d)] < (M(G)wq + 1)ap(d).

Moreover, it is well known [21] that wg < 48, so |ag(d)| < M(G)ag(d). The Eichler
mass formula (cf. [10]) gives

Therefore,
lay(d)| < pag(d) <. d>*e.
It is important to note here that the implied constant does not depend on g. The power

of d attained allows us to choose a@ = 2 4 2¢ in Lemma 8.3 for the convergence of the
sum. Since we know that N = p is the level, this yields

lgll* < p*He.
Therefore,
(8.7) Jag ()] < [lgllp2d"/*te < p3tedt/te.
Combining equations (8.6) and (8.7), ag(d) > |a,(d)| if d >, p'**¢, as desired. O

Theorem 8.4 (Theorem 1.4). Fiz 6 € M§2(4p). Assume GRH for Dirichlet L-series

and L-functions of weight 2 newforms. For every X > 52 such that

X [A+2X)X) —y(X)BX) | 29(X)(a(X) — 5(X)) D (=o)X

X i1 17 (X) 1+ 7 (X) X -1
2(01 —0)  2a(X) X (o — 0p) I(X) X-1 1
TTx TTx X+1—5(X)X( > X )+(U_1)<§
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there exists an effectively computable constant D, x such that for all fundamental dis-
criminants —D < —D, x with (%) # 1, one has ag(D) # 0.

Moreover, such an X ezists, so, assuming GRH for Dirichlet L-functions and weight
2 modular forms, there is an effectively computable constant D, such that for all funda-

mental discriminants —D < —D, with (%) # 1, ag(D) # 0.

Proof. By equation (2.5), it suffices to bound F'(s). By definition,

o —
log | F'(s)| = log(|Li(s)]) + log(|I'(s)]) — log(|L(s0)[) — log(|L(s)|) +
Plugging in our bounds from Theorems 6.1 and 7.1 yields

X X ((1 +29(X))on(X) — 7(X)B(X)
xiteX) - (X + (1 + (X))

T X C1-5(X)X ( Re(G(s0, X)) — Re(G(s, X)) + coo,x2 + Co0x2 + Co.0,X.0,2

log |[F(s)] <

Fl(SQ,X)

>

— (Co.0.x1 + Coox 21+ Cooxmn) +log |['(s)| — 21log |L(s)|.

Using the fact that ¢ = pD? and m = D, it remains to deal with log [['(s)|, 2log |L(s)],
and the remaining terms involving F', F'y, and G. We will combine the terms ¢y, x 11
and ¢y, x 2 and use the exponential decay of log |I'(o + it)| to remove the dependence
on t. Since o > 1, the term dealing with log |L(s)| may be bounded easily by

(8.8) log |L(s)| = —log[¢(a)]-

If we denote the sum of the terms involving F', F'y, and G, using the notation used
in [24], as

R X
(8.9) ZRen%g(n) (n; X),

n=2

then, fixing a constant Ny, we may bound the first Ny terms by a constant, and the
remaining terms we will bound separately.
The contribution to v(n; X) from the terms involving F' and F'; is

)z X 1 log(n
) (o~ ax )

where ax is the term in front of F'; above. Choosing 0 > ¢ and noting that ax > 0,
the asymptotic growth shows us that there exists an Ny such that for n > Ny we can

bound the above term by
X 1
s . B i B
(x(n) - = QW)
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Now, using the fact that |A\;(n)| < 2A(n)y/n, we have

o(n; X)| < e /* (M +bx (M - M)) < CXL&"/%

no—1/2 noo ne npmin(oo,0—1/2)

Therefore, since cx is independent of n, it remains to bound sums of the form

> An)
H(a,X)= Y ————e""
(0, X) no‘log(n)6
n=No+1

We will need the following lemma which is a small generalization of a lemma from [24]
to proceed with bounding the terms n — oco. Recall our definition (2.9) of ¢ (x).

Lemma 8.5. Conditional upon the Riemann Hypothesis, one has for 0 < a < 1,

—No/X Xl—a
€ No — (Np)) + 20 _D(1— a, Ny/X)

Hia, X) < log(No)

~ Nglog(No) (e

where

o0

[(x;y) == /tx_le_tdt,

y
and Y(x) < e,z for every x > Np.

Proof. Since () jumps only at prime powers, it follows that

ot/ X

t>log(t)

H(a, X) = / du(1)

No

Using the results in Rosser and Schoenfeld [25], we have ¢(z) < cy,z for x > Ny — 1/2,
and some cy, > 1. Since Chebysheve showed that ¢ (z) ~ z is equivalent to the prime
number theorem, shown by Hadamard and de la Vallée-Poussin (cf. [11]), this constant
goes to 1 as Ny goes to infinity, but Rosser and Schoenfeld give an explicit constant of

108;(]\70)2

1+
87T\/N0

assuming the Riemann Hypothesis.
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Integration by parts now yields

o~ No/X ot/ X ]
HoX) < ——— No — (N, —dt
.3 < gt o~ v +on |
No
o~ No/X N et/ X
< Ny — (N, 0 dt
~ Ng'log(No) (oo =¥ (No)) + log(No)Z e
0
o~ No/X enne—No/X X1

= — Ny — (N 2 I'l —a,Ny/X).
Ny Tog(Ng) oo VRN Ty T e o/ X)

O

We now return to the proof of Theorem 1.4. Notice that we have now shown that the
only terms involving D are the terms ”T_l log (#), Co.0,X,q,2 AN —Cp o X m,1-

Investigating equation (2.5) shows that if the constant in front of log(D) is less than
%, then we will have a result of the form D < ¢. Therefore, it only remains to show
that there is an X such that the constant in front of log(D) is less than or equal to
%. Plugging in m = D and ¢ = pD?, and using our bounds for a(X), 7(X) and 6(X)
obtained in Lemma 8.1, we see that the limit of the power of D as X — oo is 0 — 1.
Since o < %, such an X exists. O

Remark 8.6. In practice, we will fix a constant Ny and use cancellation between the
first Ny terms of the sum in equation (8.8) and the first Ny terms of (8.9) to get a better
explicit bound (see [16]).
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