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Abstract

In this paper, we consider a dual risk process which can be used to model the surplus of a business
that invests money constantly and earns gains randomly in both time and amount. The occurrences
of the gains and their amounts are assumed follow a semi-Markovian structure (e.g. Reinhard (1984)).
We analyze a quantity resembling the Gerber-Shiu expected discounted penalty function (Gerber and
Shiu (1998)) that incorporates random variables defined before and after the time of ruin, such as the
minimum surplus level before ruin and the time of the first gain after ruin. General properties of the
function are studied, and some exact results are derived upon exponential distributional assumptions
on either the inter-arrival times or the gain amounts. Applications in a perpetual insurance and the
last inter-arrival time containing the time of ruin are given along with some numerical examples.

Keywords: Dual risk model; Semi-Markovian risk process; Gerber-Shiu function; Generalized penalty
function; Perpetual insurance; Last inter-arrival time.

1 Introduction

In a dual risk model, the surplus process {U(t)}+>0 of a business enterprise is described by
N()
Ut)=u—ct+» Yo,  t>0, (1.1)
n=1

where u = U(0) > 0 is the initial surplus, ¢ > 0 is the constant rate of expenses per unit time, {Y,,}>2, is
a sequence of positive random variables with Y;, being the size of the n-th gain (also known as innovation),
and {N(¢)}+>0 is a counting process that counts the number of gains. The time of ruin is defined by
7 = inf{t > 0 : U(t) = 0}, with the usual convention that 7y = oo if U(t) > 0 for all ¢ > 0. Note
that if the process starts with zero initial surplus, then ruin occurs immediately at time 0. The dual
model is appropriate for companies which incur expenses at a fixed rate and earn gains that are random
in both time and amount. According to e.g. Avanzi et al. (2007), these include pharmaceutical and
petroleum companies where one can view each upward jump Y,, as the net present value of future income
arising from an invention or discovery. If {N(¢)}:>0 is assumed to be a Poisson process and {Y,,}°° ; is an
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independent and identically distributed sequence independent of { N () }+>0, then the model (1.1) reduces
to the dual compound Poisson model, for which classical results about ruin probability are available in
e.g. Cramér (1955, Section 5.13), Takdcs (1967, pp. 152-154), Seal (1969, pp. 116-119), and Grandell
(1991, p.8). Under such a case, Avanzi et al. (2007, 2013), Cheung and Drekic (2008), Gerber and Smith
(2008), and Ng (2009) have recently studied dividend problems under a barrier or threshold dividend
strategy; whereas Landriault and Sendova (2011) considered the case in which the expense rate can be
reduced if no gain occurs within an Erlang(n) period of time. Further results concerning the time of ruin
when {N(t)}+>0 is more generally a renewal process instead of a Poisson process have also been derived
by e.g. Mazza and Rulliere (2004) and Albrecher et al. (2008, Appendix). Related risk processes in
which the deterministic expense in (1.1) is replaced by a stochastic component have been studied by e.g.
Boikov (2002), Temnov (2004), Labbé and Sendova (2009), Albrecher et al. (2010), Labbé et al. (2011).

The afore-mentioned analyses of the dual risk model are performed under the assumption that the
inter-arrival times and the resulting gain sizes are all independent. However, in reality this is too good to
be true. Motivated by the inadequacy of the independence assumption, a few researchers have considered
dual models with dependence. For example, Yang and Zhu (2008) obtained some inequalities for the
infinite-time and finite-time ruin probabilities in a dual Markov-modulated risk process; whereas Cheung
(2008) looked at a threshold dividend strategy when gains occur according to a Markovian arrival process
using a connection to a fluid flow process. In these two contributions, the dependency is modelled via
a continuous-time Markov chain (see Remark 1). Cheung (2012) studied another dependency structure
where a given gain size has an impact on the next inter-arrival time, which is commonly referred to as
a dependent Sparre Andersen model in the terminology of insurance ruin theory (see e.g. Albrecher and
Teugels (2006) and Cheung et al. (2010b)).

In this paper, we shall study a different risk model that belongs to the class of semi-Markovian
risk processes. In the context of an insurance risk process (which is a reflection of the model (1.1)),
semi-Markovian models were defined under fairly general terms and studied in some early papers by
e.g. Reinhard (1984, Equation (1.1)) and Janssen and Reinhard (1985, Equation (1.1)). The dual semi-
Markovian risk model to be considered here is described as follows. First, we define {G,}%, to be
a time-homogeneous and irreducible discrete-time Markov chain on the state space &€ = {1,2,...,m},
where Gy is the environmental state at time 0 and G,, is the environmental state immediately after the
n-th gain for n = 1,2,.... The above Markov chain is assumed to have one-period transition probability
matrix P = [p;;]i";_;. Defining 7o = 0 and denoting the time of the n-th gain by T;, for n = 1,2,..,
the gain counting process {N(t)}+>0 is given by N(t) = sup{n € N: T,, < t}. Moreover, for n = 1,2, ...
we define V,, = T,, — T,,—1 to be the time between the (n — 1)-th and the n-th gain arrivals. Then, the
dependency structure in our model is summarized by, for n =1,2,...; 4,5 € £ and t,y > 0,

Pr{Vn < t,Yn < y,Gn :j’Gn_l = i, (Vk,Yk,Gk) for k = 0,1,. BN 1}
= Pr{V1 <t,Y1 <y,G1 = j|Go = i}
= Ki(t) Bi(y) pij. (1.2)

(For notational convenience we define Vp = Yy = 0.) The above dynamics imply that, for n = 1,2,...,
the inter-arrival time V,, and the resulting gain size Y, are conditionally independent given the state
Gr—1. In particular, V,,|Gr—1 = i has cumulative distribution function (c.d.f.) K;(-) with corresponding
density k;(-) and mean k;; whereas Y,,|G,,—1 = ¢ has c.d.f. B;(-) with corresponding density b;(-) and
mean ;. In other words, if the environmental state immediately after the previous gain is i, then the
time until the next gain and the size of the resulting gain have densities k;(-) and b;(+) respectively, and
the environmental state will become j with probability p;; immediately after the next gain.
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Remark 1 Markovian arrival process (MAP) is very well documented in the literature of applied prob-
ability (e.g. Neuts (1989), Latouche and Ramaswami (1999), and Asmussen (2003, Chapter XI)), and
insurance risk processes where claims occur according to a MAP have also gained popularity in recent
years (e.g. Badescu et al. (2005), Ahn and Badescu (2007), and Cheung and Landriault (2010)). In
a dual MAP model, {N(¢)}+>0 in (1.1) is replaced by a MAP, and the background process {.J(t)}+>0
is a time-homogeneous irreducible continuous-time Markov chain with finite state space {1,2,...,m}
governed by the generators Dg = [DO,ij] _; and Dy = [Dy, ,]} —1- While Dg;; > 0 is the tran51t10n rate
of {J(t) }+>0 from state i to state j # i Wlthout a gain; Dy ;; > 0 represents the transition rate from state
1 to state j with an accompanying gain. The diagonal elements of Dg are such that Dy + D1 is zero. If
the n-th gain Y}, is a result of a transition of {J(¢)}+>0 from state i to state j, then it is assumed to have
density f;;(-). Note that the dual Markov-modulated model in Yang and Zhu (2008) can be retrieved
from the above MAP model by letting D; be a diagonal matrix and assuming that f;;(-) does not depend
on j.

It is instructive to note that the present semi-Markovian risk process defined via (1.2) inherits cer-
tain characteristics of the MAP model and the Sparre Andersen (or renewal) model. For example, the
dependency structures in the semi-Markovian and the MAP models are similar in the sense that they
are both introduced via a Markov chain (though it is a discrete-time Markov chain in the former and a
continuous-time one in the latter). However, the inter-arrival times in a MAP model must be phase-type
distributed; whereas the semi-Markovian model allows for general inter-arrival time distribution. In this
aspect, the semi-Markovian model resembles the Sparre Andersen model. Nonetheless, we also note that
if one lets K;(t) = 1 — ePoiit (see Section 3) and p;; = —D;;j/Do,i; in the semi-Markovian model (1.2),
then it corresponds to a MAP model in which Dy is diagonal and f;;(-) = b;(-). O

In this paper, we aim at studying (a generalization of) the Gerber-Shiu type function under the
afore-mentioned dual semi-Markovian model. Recall that Gerber and Shiu (1998) defined the expected
discounted penalty function (now commonly known as the Gerber-Shiu function) in an insurance risk
model to be the expectation of the present value of a ‘penalty’ applied at the time of ruin, with the
‘penalty’ being a function of the surplus prior to ruin and the deficit at ruin. However, in a dual risk
model, both the surplus U(7;;) prior to ruin and the deficit |U(7y)| at ruin are zero and therefore the
Gerber-Shiu function is simply (a constant multiple of) the Laplace transform of the time of ruin. In
most situations, even when the surplus of a business line drops below zero, it can usually survive negative
surplus for a while by obtaining funds from another line of the same business or by borrowing. Due to
the positive security loading condition (see (2.10)), the ruined surplus process will be able to recover
eventually, and a quick recovery is always desirable. Therefore, quantities in relation to the survival of
the business line after ruin are also of critical importance. See also comments in e.g. Egidio dos Reis
(1993) and Gerber (1990). These motivated Cheung (2012) to consider the random variables

N(my)+1
U = Va (1.3)
n=1
and
N(ry N(my)
U (155 Z w— Vi) = Vet | = [ut > Yo =, (1.4)

n=1 n=1

given an initial surplus of U(0) = u > 0. Clearly, 7; represents the time of the first gain after the
ruin time 7; whereas |U(7/;")| is the amount of shortfall just before the first gain after ruin. On the



other hand, from a risk management perspective, it can be important to keep track the behaviour of
the sample paths leading to ruin. In this regard, various researchers (see e.g. Biffis and Morales (2010),
Cheung and Landriault (2010), and Cheung et al. (2010a,b)) have attempted to incorporate various
random variables defined before ruin into the Gerber-Shiu function to gain additional insights, albeit in
the insurance context. In the present dual model, we also consider the surplus level immediately after
the last gain before ruin, namely U(Ty(5,)) which is given by

N(ru N(rv)
U(TN(ry)) = Z Vo) =ut Y Vo= Ty (1.5)

n=1

In addition, for n = 1,2,... we define Ryy,, =u—cd ;4 Vi + 22;11 Y} to be the surplus level just before
the n-th gain. Although the surplus level just before the 0-th gain is not well-defined, for n = 0 we
simply set Ry o = U(0) = u (see Remark 2). In the case where there is at least one gain before ruin (i.e.
N(7y) = 1), the surplus level just before the last gain before ruin is Ry n(s,). Moreover, the minimum
value of the sequence {Ry,}22, before ruin is given by Ry = MiN,e(0,1,...N(ry)} Bun. With the above
definitions, we propose to study the Gerber-Shiu type function, for 7,7 € £ and u > 0,

Gsi50(u) = B [ e Tw(U (T (): [U(57)]s By R vir)) Mo < 001Gy = 3}IGo = 3, U(0) = u]

(1.6)
where w(-,-,-,-) is the penalty function that satisfies some mild integrability conditions, 1{A} is the
indicator function of the event A, and § > 0 is the force of interest or the Laplace transform argument
with respect to 7;. A sample path of the surplus process {U(t)}¢>0 and the associated random variables
defined above are shown in Figure 1. Because the ruin time 7y is related to 75 and |U(7;")| via
the identity 7y = 735 — |[U(7;)|/c, its Laplace transform (with argument J) is a special case of (1.6)
by setting w(zx,y,v,7) = (/9%  Similarly, information about the last inter-arrival time VN(r) 41 =
(U(TN(ry)) + U(75)I)/c containing the time of ruin (see Section 5.2) as well as the last gain before
ruin Yy(r,) = U(Tn(z,)) — Run(zy) (in the case where N(7) > 1) can be retrieved from (1.6) via
appropriate choices of the penalty function. We remark that the Gerber-Shiu function, being defined as
an expectation, represents an average value. Therefore, it is applicable in e.g. pricing insurance contract
and stochastic ordering where expected values are concerned (see Section 5). Moreover, in principle
the discounted densities associated with the variables (U (T (r,)), U (77 )|, By, Ry n(r,)) in the penalty
function are also obtainable from the Gerber-Shiu function (see Remark 3 in Section 2). However, one of
the limitations of the above Gerber-Shiu function is that it only involves a few selected random variables
along sample paths that lead to ruin. We refer interested readers to Cai et al. (2009) and Cheung and
Feng (2013) for the study of an alternative function that depends on the entire sample path until ruin as
well as its connection with the usual Gerber-Shiu function.

INSERT FIGURE 1

Figure 1: Sample path of {U(t)}+>0 and related random variables

In order to study the Gerber-Shiu function ¢s;7(u) defined by (1.6) that contains information both
before and after the time of ruin, in Section 2 we define a useful auxiliary process {Z(t)}+>0 to aid our
analysis. In particular, ¢s;(u) can be expressed in terms of another Gerber-Shiu function pertaining
to {Z(t) }+>0. In general, this latter Gerber-Shiu function is shown to satisfy a Markov renewal equation



without any specific distributional assumptions. Sections 3 and 4 are respectively concerned with the
derivations of some exact results when either the inter-arrival times or the gain sizes are exponential.
Section 5 provides applications of our results in (i) the fair price of a perpetual insurance that keeps the
business alive whenever the surplus reaches zero, and (ii) the distribution of the last inter-arrival time
containing the time of ruin. These are accompanied by some numerical illustrations as well.

2 General structures

Following Cheung (2012) (who studied a dual dependent Sparre Andersen model), we first start by
defining an auxiliary process {Z(t)}+>0 as follows. For convenience we let W,, = V,, 41 be the shifted
inter-arrival time and X,, = Y,,41 be the shifted gain amount for n = 1,2,.... The counting process
{M(t)}+>0 corresponding to the sequence {W,}22 , is then M(t) = sup{n € N: >, ; Wi < t}. Under
an initial level of Z(07) = z > 0, the process {Z(t) }+>0 is defined by

M(t)
Zt)=z+Yi—ct+ > X,  t=>0 (2.1)

n=1

Note that the initial level here is defined as the level just before time 0, and {Z(t)}+>0 indeed starts
with an upward jump of size Y7 at time 0 and therefore Z(0) = z + Y;. The ruin time of {Z(¢)}>0 is
Tz = inf{t > 0: Z(t) = 0}. In addition, the analogs of (1.3) and (1.4) in the process {Z(t)}+>0, both
defined after the time of ruin, are given by

M(Tz)+1
Ty, = Z W
n=1

and
M(rz) M(tz)
’Z(T;” =lz+h+ Z (Xn —cWy) — CWM(TZ)—H =lz+Y1 + Z X, —c1y|.
n=1 n—1

Letting Rz, = 2+ >, (Yi — cW;) for n = 1,2,... with starting value Rz = z, we are interested in
three random variables defined before ruin, namely

M(7z)

Z(17 = Watr)41) = 2 + Y1+ Z (X — W)

n=1
(which corresponds to (1.5)), Rz n(r,) and Ry = min,ecqo1,.. m(ry)} Bzn- See Figure 2. Clearly, the
relationships 77 = 75 — [Z(75,7)|/¢; War(rp)+1 = (Z(75 = Whi(ryy11) +1Z(757)])/c and Xpy(r,y = Z(75 —
Whi(ry)+1) — Bz ai(r,) hold. Now, the Gerber-Shiu function pertaining to {Z(t)}:>o is defined by, for
1,7 € £ and z > 0,

IIWAC)

= E e "2w(Z(1} = Wat(r)+1), 1 Z(757)|, Bz, Rz () Hrz < 00} {Gigryy1 = 3}Go = 6,2(07) = 2| .

Here, G, is still the environmental state immediately after the n-th jump for n = 1,2,.... Since a jump
occurs at time 0, G is the environmental state at time 0.



INSERT FIGURE 2

Figure 2: Sample path of {Z(¢)}+>0 and related random variables

Comparing the definitions of the processes {U(t)}+>0 and {Z(t) }+>0, it can be seen that (apart from a
shift of the initial level) {Z(t) };>0 behaves like a copy of {U(t) }+>¢ with the first V; time units removed.
Hence, to study the Gerber-Shiu function ¢s,; 7 (u) pertaining to {U(t)};>0 with initial surplus U(0) =
u > 0, we distinguish between two cases when conditioning on the time V; of the first gain.

1. If the first gain occurs at time t < u/c, then {U(t)}+>0 simply reverts to {Z(t)}+>0 at time ¢ with
the newly established initial level Z(07) = u — ct.

2. If the first gain occurs at time ¢t > u/c, then ruin of {U(t)};>0 occurs at time 7y = u/c with 7j; = t;
U(TN(ry)) = Ry = Ryn(ry) = w and |U(77;7)| = ¢t — u (see Remark 2).

Further taking into account the states of the underlying Markov chain {G,}5° ), we arrive at, for ¢,5 € £
and u > 0,

u

bs,ij,u(u) = / e k;(t) psij,2(u — ct) dt + 1{i = 5} ek, (t) w(u, ct — u,u, u) dt. (2.2)
0 u

Since the second term in the above equation is known explicitly, it is clear that the Gerber-Shiu function
¢545,0(-) can be characterized by ¢s; z(-). It remains to analyze ¢s;; z(-) in general terms.

Remark 2 Because the surplus level just before the 0-th gain is not well-defined, the definition of
Ry n(ry) (and hence Ry;) is of slightly different nature depending on whether V1 < u/c (i.e. N(ry) > 1)
or Vi > u/c (ie. N(ty)=0). When N(1y) = 0, although the definition Ry n(-,) = Ry = u is artificial,
its contribution only appears via the second term in (2.2) which can be readily modified. Since our focus
will be to identify ¢5;; z(+), this definition would not affect our upcoming analysis. In addition, one can
also allow the time V; of the first gain to follow a different density by simply replacing k;(-) in (2.2) with
the appropriate density, so that {U(t)}+>0 resembles a delayed risk process (see e.g. Willmot (2004), and
Woo (2010)). O

In order to analyze ¢5;.7(2), it is sufficient to focus on the process {Z(t)}:>0. Because of (1.2), the
dynamics of {Z(t)}+>0 can be described by, forn =1,2,...; 4,5 € £ and t,y > 0,
PI‘{Yn < y,Wn < t,Gn :j|Gn_1 = i, (Yk,Wk,Gk) for k = 0, 1, ey — 1}
= Pr{V1 <y, W1 <t,G1 = j|Go = 1}
= Bi(y) pij K;(1), (2.3)
with the definition W = 0. This resembles Albrecher and Boxma (2005, Equation (2)) and Cheung and
Landriault (2009, Equation (1.1)). Suppose that we observe {Z(t)}+>0 at times {(3>_p_; Wk) ™ }22, so that
the sequence of increments is {Y,, —cW,, }22 ;. Then (2.3) indicates a semi-Markovian version of a ‘random
walk’ structure, and therefore one can proceed by conditioning on the first ‘drop’ of {Z(t)}+>0 below its
initial level Z(07) (see Figure 2) and the state of {G,,}72, at the time of the ‘drop’. To do so, we need
to introduce various (discounted) joint densities in relation to (Z(7; — Was(r,)4+1), |Z2(777)|s Rz pm(ry))
as follows. First, given Gy = ¢ and Z(07) = z, we note that the joint density of the quadruple
(72, 2(7 — Wat(r)+1): 12(757)|, Rz 0(r)) 18 of different forms depending on whether there is a sec-
ond jump (including the one at time 0) before ruin of {Z(t)}+>0 occurs. More specifically, for M (7z) = 0,
the joint density of (Z(77 — Way(r,)41),12(7;7)]) at (z,y) together with G = j is simply



r+y

hiijyz(x, ylz) = %bz(m — 2) pij k;j < ) , x> z;y > 0. (2.4)
The above density of sufficient to characterize the distribution of (77, Z(77—War(r,)41), 12 (75 7)|s Rz pm1(r))
since one has the relationships 7, = (v + y)/c and Ry pr(r,) = Rzo = z. On the other hand, for
M (7z) > 1 there are no simple relationships among the random variables, and we denote the joint density
of (13, Z(7 = Whi(ry)+1), |Z (757 )s Rz p(ry)) 3t (t, 2, y,v) together with G-,y = j by h;mz(t7 x,y,v|z)
forz >v>0;y > 0andt > (max(z,z)+y)/c. (Note that hj,;; ,(t,z,y,v[z) = 0 for t < (max(z, 2)+y)/c
because it takes at least (max(z, z)+y)/c time units for {Z(¢) }+>0 to reach —y from max(x, z).) By defin-
ing the diagonal matrices k(t) = diag{ki(t), ..., kn(t)} and b(y) = diag{b1(y), ..., bm(y)}, the discounted
(with respect to 77) densities associated to hj ,(z,y|z) = [h],; z(z,y|2)]];2, and hj 4 (¢, z,y,v[z) =
[hz,ij,z(tv z,, v|z)]§’”j:1 are respectively given by

T 1 T
b s (el2) =P ol = LG - 9 PR (TEY) essys0 @29)
and
[o.¢]
h3 5 7(@,y,v]2) = Aax{z,z}+y e_‘sthg Z(t,x,y,v|z)dt, z>v>0y>0. (2.6)

Similar to Cheung and Landriault (2009, Equation (2.9)), one may shift the process {Z(t)}+>0 by
an amount z and apply the discounted densities hj ; ;(x,y[0) and hj ; ;(2,y,v|0) to derive a Markov
renewal equation satisfied by ®5 7 (2) = [¢5.45,2(2)]7", "_1- This leads to

D5 7(2) = / f52(y) ®52(z —y) dy + s, z(2), z>0, (2.7)
0

where - ~
f5.2(y) = / h>1k75,z(357y|0) dx —|—/ / hj 5 7 (@, y,v(0) dv dx, y >0, (2.8)
0 0 0

is the matrix ladder height density, and

as (% / / w(x + 2,y — 2,2,2) hi 5 7(2,9]0) dz dy

+/ / / w(x + 2,y — 2,2,v + 2) hy 5 7 (2, y,v|0) dv dz dy, z >0, (2.9)
o Jo

is the outside term of the Markov renewal equation. Note that the (4, j)-th element of f5 z(y) represents
the discounted (with respect to the time of the first drop) density of the first drop amount y together
with the event that {G,}2%, is in state j at the time of the drop, given that Gy = i. Moreover, the
matrix fo fs5.2(y) dy is strictly substochastic if either § > 0 or the positive security loading condition

Z (B — crj) >0 (2.10)

holds, where (71,72, ..., mpy) is the stationary distribution of the Markov chain {G,}72,. For the rest
of the paper, either assumptlon is made so that solution of the defective Markov renewal equation (2.7)
is unique (e.g. Miyazawa (2002)). Such a solution is given by (see also Cinlar (1969, Section 3a) or
Asmussen (2003, Chapter VII.4))

®57(2) = s z(2 +Z/ y)asz(y)dy,  z>0. (2.11)



Here the n-fold convolution £57(-) is defined recursively via 57 (-) = (fé(Zn Uy £5.2)() = (£5,2 * f;(;_l))(-)

forn=2,3,... with £ g‘lz() = f5 (-), and the convolution operator * for two conformable matrix functions
a(-) and ap(-) is defined by (a; * az)(z) = [, ai(z — y)as(y)dy for x > 0. We also refer interested
readers to e.g. Wu (1999), Miyazawa (2002) and Li and Luo (2005) for two-sided bounds and asymptotic
behaviour of the solution of a defective Markov renewal equation. Once ®57(-) is known, ®s5y(u) =
[$s,ij,0(u)]i—; can be conveniently obtained from (2.2) as

o0

D5 (u) = /C ek (t) D5 7(u—ct)dt —i—/ e w(u, ct — u,u,u) k(t) dt, u > 0. (2.12)
0 u

c

It is instructive to note that the Markov renewal equation (2.7) and its solution (2.11) are characterized

by f57(-) and asz(-), which are in turn characterized by the discounted densities hj ; ,(z,y|0) and

55.7(,y,v[0). While hi s ~(z,y|0) is explicitly known in (2.5), h ; /(z,y,v[0) is yet to be determined.

Defining ®1245.7(2) = [¢124,57ij7z(z)]%:1 to be a special case of ®57(2) under the penalty function

w(z,y,r,v) = wioa(z,y,v) that does not depend on the third argument 7, in principle (see Remark 3)
this comes down to finding ®194 5 7(0) due to the relationship

P124,6,2(2 / / wi2a (2, Y, 2) ) 5 7(x, y[2) da dy
+/ / / wi24(w,y,v) h3 5 7 (7, y,v|2) dv dzx dy, z>0. (2.13)
0 0 0

Further information about ®124 5 7(0) can usually be obtained by conditioning on the pair (Y1, W7) to
arrive at, for 7,5 € £ and z > 0,

z+y
$124,5,ij,2(2) / szl / e ky(t) praasjz(z +y — ct) di dy

+ / bi(y) pij /+y 6_6tk5j(t) wio4(z +y,ct — z — y, z) dt dy. (2.14)
0 ZTY

c

In general, the exact evaluation of @124 7(0) or hj s ,(z,y,v[0) relies on both the Markov renewal
equation (2.7) and the integral equation (2.14). This typically requires specific distributional assumptions
on either the inter-arrival times or the gain sizes. These will be illustrated in the next two sections.

Remark 3 From (2.13), it is clear that hj; ,(z,y,v[2) characterizes ®12452(2) (as hi;,(z,y|z) is
known). Indeed, it is also true that hj s ,(x,y,v|z) is characterized by ®12457(2). To see this, it is
sufficient to assume a penalty in the form wioy(z, y,v) = e~ 51F752Y754Y g0 that

/ / / TOETRYThy 5 2 (. Y, v|2) dvde dy = Pioas 2 (2 / / e IR 5 7 (@, y[2) da dy.

Once @194 7(2) has been determined, the right-hand side of the above equation is known. According
to the left-hand side, this represents the trivariate Laplace transform of hj s ,(x,y,v|z) with respect to
(z,y,v) under the transform arguments (s, s2,s4). Hence, one can get h;2‘7;;72(33,y,v|z) by performing
Laplace transform inversion (which can be analytic or numerical) due to the one-to-one correspondence
between probability distribution and Laplace transform. See Section 4. U



3 Exponential inter-arrival times

When specific distributional assumptions on the inter-arrival time densities k;(-)’s are made while the gain
size densities b;(-)’s are left arbitrary, one may proceed by identifying the solution form of ¢1246,52(2)
as a function of z (apart from some unknown constants) via the Markov renewal equation (2.7) with
the help of some probabilistic arguments. The unknown constants can be determined using the integral
equation (2.14). These ideas have been exploited by e.g. Willmot (2007) and Cheung et al. (2011a) in the
context of insurance risk processes, where the roles of inter-arrival times and jumps sizes are essentially
interchanged in the analysis.

To begin, we first define kf(y) = (1/c)ki(y/c) and K;(y) = Ki(y/c) to be the density and survival
function of a scaled random variable corresponding to the density k;(-). The density of the residual life-
time random variable associated to the density kf(-) is then denoted by kf . (y) = kf(z +y) /K (z). Fur-
ther define the diagonal matrices K (y) = diag{K;(y),..., K.,(y)}, k(y) = diag{k$(y), ..., kS, (y)} and
ki (y) = diag{k{ ,(v), ..., k5, ,(y)}. Weargue probablhstlcally that the discounted density h2 s.z(Ty,v]2)
defined by (2.6) admits the representation

hi 5 7(2,y,v]|2) = 675(xty)hg72%(:v, v|z) kS (y), z>v>0y>0. (3.1)
This can be interpreted as follows. Indeed, the (i, j)-th element of hg?%(a:,ﬂz) is the discounted (with
respect to 7y — Way(r,)41) joint density of (Z(77 — War(r,)11), Rzm(r,)) at (z,v) together with the event
that Gs(r,)+1 = J, given that Gp =i and Z(0~) = z. Being at level z in state j at time 75, — W+, 1),
the next inter-arrival time (having density k;(-)) should be of length (x+y)/c in order to bring the surplus
level to —y at time 7, so that |Z(7} )| = y. Since the latter event is conditional on that the surplus has
to drop below 0 from z before the next gain, this gives the density k:;m(y) Finally, the discount factor
e~ 0@ +v)/¢ takes care of the discounting when the process travels from level z to —y at the end. In matrix
form, the above descriptions precisely yield (3.1). It is interesting to note that the mathematical role
played by the quantity Z (7} — Wiy (r,)41) is like that of the surplus prior to ruin in the usual insurance

risk model. Because k¢(z +y) = K (2) kS (y), (2.5) can be rewritten as
hi; 7 (2, ylz) = efa(Lty)b(x —2)PK (2) Ks(y), x> zyy > 0. (3.2)
With the use of (3.1) and (3.2), the matrix ladder height density (2.8) becomes

£5 7 (y) = /0 i) (b(m)PKc(m)+ /0 h{’)(z,v]0) dv) KS(y)dz, y> 0. (3.3)

For the remainder of this section, we assume exponential inter-arrival time densities k;(t) = \;e~
for ¢ € £. With Remark 3 made at the end of the previous section, we shall study the Gerber-Shiu
function ®19457(2) under the penalty wioa(x,y,v) = e *1*7Ywy(y). (The mathematical analysis is
not more difficult even we keep ws(-) general instead of using the choice of ws(y) = e792Y.) Defining
A = diag{\1 ..., \p}, one has kS (y) = k°(y) = (A/c)e” A/ and K () = e~ A/, Let ayqs.7(2) be
the special case of a5 z(2) defined by (2.9) under the afore-mentioned choice of penalty function. Hence,
application of (3.1) and (3.2) leads (2.9) to

z P A
1246, z( / / +J ()P ( 6_?(334‘3/)) 6—81(m+2)—84zw2(y — 2)dz dy

P [

A
hy Z(m v|0) ( ,:y) e~ (@) =sav+2) ) (4 — 2) do d dy
c



oc Z A
/ / ) () P ( e—%(xﬂﬁ”) e @) =5z (4 d dy

/ / / (=) hg?% (x,v)0) <jz e_lc\(y-l-z)) e—s1(z+z)—s4(z+v)w2 (y) dv d dy.

Because we will focus on aja46,7(2) as a function of z, it is convenient to write

a2467(2) = Bs(s1, 54) 67%26_(81+84+%)Z7 z >0, (3.4)

where

1 o oo x
Ys(s1,84) = (/ b(x) Pe et (9110)7 gy / / hg’?%(x,le)e_(ler%)x_s‘*” dv dx) A
0 o Jo

Cc

X (/ e_%ye_%wa(y) dy)
0

is independent of z. In what follows, for a function g(-) deﬁned on (0,00) (which is not necessarily a
probability density), its Laplace transform is denoted by g(s fo e **g(x) dx for Re(s) > 0. The
Laplace transform of a matrix-valued function is taken element -wise. Taking Laplace transforms on both
sides of (3.4) with respect to z yields

~ . 1 1
a124,57z(5) = 25(51, 84) d1ag { gee ey } . (3.5)

s—l—51+34+)‘17+6 S+81+84+)\m7+6

On the other hand, taking Laplace transforms on both sides of (2.7) followed by rearrangements leads to

adj(I — f5,(s)) -
det(T— Ty (5)) Qa124,5,7(5), (3.6)

where I is the identity matrix of dimension m. Under the present assumption of exponential inter-arrival
times, (3.3) becomes

‘5124,5,2(8) = lI _ES,Z( )l 10512452( ) =

_A, S
fﬁ,Z(y) = Tée Ve Cya Yy > Oa

e (b(x)Pe_lcxm +/ h((;?%(x,vm) dv> dx} A.

0

where

8

Il
——
ol
%
8

a
-

Hence, it is clear that

~ . 1 1
f5.2(s) = Ty diag { PRIPYES SAA NI W) } (3.7)
[

Since we aim at identifying the solution form of ¢12454j7(-) via (3.6), we turn to the denominator of
(3.6). As in Cheung et al. (2011a, Theorem 1), it can be proved using de Smit (1995, Theorem 11.3)
that all the m roots of the equation (in &)

det (I~ £5,2(€)) = 0 (3.8)
have negative real parts. These roots are denoted by {—¢x}}";. By applying (3.5) and (3.7) to (3.6)
and assuming that {e;}}"; and {s1 +s4 4+ (A\x +0)/c}}2, are all distinct, it is observed that ¢124,55,7(s)
generally admits the partial fractions expansion, for 7,5 € &,

m

~ Vijk Nij
P124,6,i5,2(8) = 224 : ,
N kZlS+5k S+ 81+ 81+ ﬁé

where 1;;1’s and 7;;’s are some unknown constants. Inversion of Laplace transforms gives, for i,j € £
and z > 0,
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—Epz —(51+84+/\j+6>z

¢12461] Z Zﬁm k€ + nije N . (39)

Having identified the solution form (3.9), the next step is to determine the constants involved by back

substitution into the integral equation (2.14). We consider the case s1 +s4 # 0 (see Remark 4). Omitting
the straightforward algebra, we arrive at

= xj+o
> Oijke + nije_(51+54+ ")z
k=1
S D ers
j (&
;{ ZAI‘F(S—CEk J7k}
)\ + 6 pilAl *(81+S4+>\j+6)z
b; ‘ -
{ ( : )zkl e
AN+6 ?9ljk 5 —(M)z
m 20 it s 4 :
lz; < c >pll{z:1)\l+5—cek A — (cs1+ csa+ Ap) e
1 )\ ) i +0 _ X;+8
+ EP;’j)\jfEQ < :_ ) b; ( J:' > e (s1+s4+ = >z (3.10)

—EkZ

Equating the coefficients of e on both sides yields

A
”k_b €k ZAZ B Vi i, 5,k=1,2,...,m. (3.11)

For each fixed j,k = 1,2,...,m, it is assumed that {¥;;1};~, are not all 0. With the system (3.11)
of m linear equations in the unknowns {9;;;}7, having a non-trivial solution, it is immediate that
det(I — II5(—ex)) =0 for k =1,2,...,m, where Ils(s) is the square matrix defined by

7 plj>\ :|m
=1

ILs(s) = [bi( )A iy = b(—s) Pk( + cs).

In other words, {—ex}}"; satisfy the Lundberg’s equation (in &)
det(I — II5(§)) = 0. (3.12)

Again, application of de Smit (1995, Theorem 11.3) reveals that the above equation has exactly m roots
with negative real parts. Hence, one asserts that these roots are {—ex}i ;.

In equating the remaining coefficients in (3.10), the terms involving e~ (151t +9)/€)z imply that

~ A +0) — PN 1 A+~ N+ 6
ij = bi ’ : i+ = pijAje (| ——— ) b; ’
hij <81+84+ ¢ >;)\l—(081+084+)\j)nlj+cp] jw2 c s1+ ¢

,j=1,2,...,m; (3.13)

whereas the coefficients of e~ ((A19)/9)z Jead to

m
Vij.k m; ,
) =0 Lji=1,2,...,m. 3.14
Z/\l+5—68k+)\l—(081+034+)\j) ’ I = H s, (3.14)
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For each fixed j = 1,2,...,m, the values of {;;}I"; can be solved directly from the system (3.13) of m
linear equations. It is instructive to note that the assumption that {e};" ; and {s1 +s4+ (A +9)/c}i,
are all distinct guarantees the uniqueness of the solution {n;; }/*,, since the coefficient matrix I —TIIs(s; +
s4 + (Aj +0)/c) has non-zero determinant. With {—ex}7, and {n;;}{";,_; obtained, the calculation of
{ij 1} =1 indeed comes down to determining {;; 5}, for each fixed j =1,2,...,m. Then for each
fixed k = 1,2,...,m, the m equations (by varying i) in the system (3.11) are linearly dependent because
of det(I — IIs(—ex)) = 0, and one of these equations is removed to get m — 1 equations. This gives rise
to m(m — 1) equations by varying k. Together with the m equations in (3.14) (by varying l), one arrives
at a total of m? linear equations from which {ﬁmk}?fk:l can be solved for.

Remark 4 In some special cases, the solution form (3.9) can be further simplified. For example, if
s1 + s4 = 0, by inspecting (3.6) we note that (3.9) still holds under the simplification n; = 0 for
i = 1,2,...,m. Linear equations can be obtained by replacing s; + s4 and {n;};”; by 0 in (3.10).
Equating the coefficients of e™%+* still leads to (3.11), i.e. {—ex}}", are the roots of (3.12) with negative
real parts. The coefficients of e~ ((M+9)/9)% regult in

@ Vi) ke i .
d = l 1
Z)\l+(5—cek+/\l—>\j 0. 1#J (3.15)
and
/\] +0 " pzk)\k )\ +6 ’lgjj7k
n,]—b< c ) Z Ak — A _b pl])\z)\ +d — cep
k=1,k#j
1 i +0\ ~ A +6
+ Epz])‘]f[DQ (il») b; (Sl + ]: > s iy =12...,m. (316)

Similar to the case s1 + s4 # 0, it is sufficient to fix j = 1,2,...,m throughout. Then there are m — 1
equations in (3.15) (by varying /) and m equations in (3.16) (by varying ¢). For each fixed k = 1,2,...,m,
one of the m equations (in ) in the system (3.11) is removed to get m — 1 equations, resulting in m(m—1)
by varying k. These form a total of m?+m—1 linear equations in {04k 5= and {mi;}iz;. It is instructive
to note that this case of s; + s4 = 0 can be useful in obtaining the Laplace transform (with argument s)
of the last jump before ruin Xy -,y = Z(75 — War(r,)+1) — Rz nm(r,) for the process {Z(t)}i>0 by letting
§1 = —84 = 8.

As another example, the very special case where s; = s4 = 0 would lead to n;; = 0 for all 4,5 =
1,2,...,m (see Cheung et al. (2011a, Appendix)). Replacing s1, s4 and {n;;}{_; by 0 in (3.10), one
observes that {—¢ey}}", are again the roots of (3.12) with negative real parts. In addition, we arrive at,

for j=1,2,...,m,
ﬂlgk _ .
Z )\l+§ CEL —07 l#‘j
ig:k _ 1~ (A
Z)\Jr&csk_ch(c)'

The procedure to solve for the {0;;}" ,_; from (3.11) and (3.17) is similar to the general case of
$1 + 84 # 0 and is omitted here. O

(3.17)

4 Exponential gain sizes

In this section, we make reverse distributional assumptions in comparison to Section 3, i.e. the gain
size densities are assumed to be exponential with b;(y) = pe #¥ for i € £ whereas the inter-arrival
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times are kept general. From Remark 3 at the end of Section 2, we consider the Gerber-Shiu function
®1245,7(%) under the choice of penalty function wiza(x,y,v) = e F1F752Y754Y,
able to determine hj ; z(x,y,v]|0) by performing Laplace transform inversion of ®124 5 7(0) with respect
to (s1,s2,s4). This is sufficient to characterize ®5 z(-) via (2.7) or (2.11), and hence ®5/(-) via (2.12).

As we shall see, we are

First, we define the Dickson-Hipp operator 7; introduced by Dickson and Hipp (2001) which will be
extensively used in our analysis. For Re(s) > 0, it is defined as

Tf(y) = / T ey de,  y >0,
Yy

Readers are also referred to Li and Garrido (2004, Section 3) for various properties of Dickson-Hipp
operators. With exponential gains and the penalty function wios(z,y,v) = e~ 51F752Y754V by a change of
variable x = (z + y)/c we can rewrite (2.14) as

b124,8:5,2(2) = cp; Zpil/ 6’”(“‘2)/ ey (t) pr2a 5052 (c(x — 1)) dt da
=1 ’c 0

c

[e.9]
+C,Uipij€(51+84+i)z/z e (mtsit )2 k() da.

Upon differentiation of the above integral equation with respect to z, one obtains the integro-differential
equation

m Z
Droa6.45.2(2) = Hid124,6,65,2(2) — i ZPU/ e Oy (t) Pr24525.2(7 — ct) dt
=1 0

. s z - . :
— pipize” (TFSRE)ET sk (E) —cpipigsie” T 5T sk <c> '

Taking Laplace transforms yields

(5 — 1) P124,645.2(5) + i Y pir ki(es + 0) Gra,5.15.2(s)
=1

2
= ¢124,5,ij,Z(0) - Cﬂipijq—cs+c51+034+67-032+6kj (O) —C Mipij347—cs+c51+034+67-c,ui+csl+67-052+5kj(0)-

This can be conveniently rewritten in matrix form as

As(5) Braas2(5) = Proas z(0) — As(s), (4.1)

where B
As(s) =sI —p+ pPk(cs+0)
with g = diag{p1, ..., m}, and the (7, j)-th element of As(s) is given by
[A5(5)]ij = cpipijTestes+esars Lesa+ski(0) + CQ,U’ipij347-cs+csl+CS4+67.cui+csl+6,].052+6kj (0). (4.2)
Using the result in Li and Garrido (2004, Section 3, Property 2) regarding double Dickson-Hipp operators,
we note that
54T cstesy+esato Teps+osi+6 Lesa+6K5(0)
= [(es 4 cs1 + csq + ) — (cpi + c51 + )| Tesscor+esatos Teps+esi+5 Leso+5k5(0)
+ (i — 8)Tesyesy +esatd Lepitess+6 Lesy 5K (0)
= Tepitesi+6Teso+6k5(0) — Testesi+esatos Tesat5k5(0) + c(pti — ) Testesi+csato Lepitcsi+6Tesa+6K5(0).
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Thus, (4.2) becomes

[Aé(s)]ij = Cﬂipijlzvcui—f—csl—i-(slz—csri-(ikj (0) + CQ,Uipij (Mz - 8)72$+051+CS4+57:,‘},LZ‘+081+(57—CSQ+(5kj (0)

Since later on we will invert Laplace transforms with respect to (s1, s2,$4), by explicitly writing the
Dickson-Hipp operators as multiple integrals we can rewrite the above expression as

1 o0 oo =
[As(s)]ij = / / ey {Mz‘e_’”w_é( i kj (1: - y)} dx dy
cJo 0 (&

1 [° [0 [ )
+ C/o /0 /0 e S1T—52Y—S4v {Mi(ﬂi _ S)e—sv—ui(m—v)—5( ng)pij k; (561_y>} dv dz dy.

(4.3)

To obtain ®19457(0) from (4.1), we apply the eigenvector method (see e.g. Albrecher and Boxma
(2005, Section 2), Ren (2007, Section 3), and Zhang et al. (2011, Theorem 2)). Following Adan and
Kulkarni (2003, Theorem 2.3) and Albrecher and Boxma (2005, Proposition 2.1), it is known that the
Lundberg’s equation (in &)

det As(§) =0

has exactly m roots with non-negative real parts. We denote these roots by {pj}}",, which are assumed
to be distinct. For k = 1,2,...,m, define ~; to be the left eigenvector of As(py) corresponding to the
eigenvalue 0. Further assuming that every element of ®194 5 7(px) is finite, pre-multiplying (4.1) by s
under s = py, yields, for k=1,2,...,m,

0 = Y1 As(pr) @12452(0k) = TP124.5.2(0) — Y6 A5 (pk),

where 0 is a zero column vector of dimension m. Using (4.3), the above equation can be rearranged as

o0 (0.0) 1 = m
7k¢124,5,Z(0) = ’Yk/ / e S1rTSY |:c /,Lie_'u'im_a( Jcry )ij k] (x —Z y>:| dx Cly
0 0

2,j=1

[e'e] [ee) x 1 ) z m
+/ / / e—s1x—52y—34v6—pkv,yk |: Mﬁe—ul(z—v)—é( ty)pij kj (CB + y>:| dv dx dy
o Jo Jo c ¢ ij=1

o OO pT 1 ) z "
_/ / / eI TS o 0PV Ay |: 'ul,e*uz(wfv)ﬂS( Jcry)pij kj <x+y>:| dv dx dy.
o Jo Jo ¢ ¢ ij=1

Since this is true for k£ = 1,2,..., m, putting all the pieces together yields

0 poo 1 -
I“I)124,6,Z(0) _ F/ / e S17—s2Y { ue*ﬂ:}cfél( ty)Pk <$ + y>} da dy
0 0 C C

+ / / / e S1T—82Y =54V o= PUT {1 u2€_“(x_v)_6l(mty)P K (x + y) } dv dx dy
o Jo Jo ¢ ¢
R B —81T—82Y—S4V , _— PV 1 - (:L’—v)—(SI(IH’) Tty
- e SIETRYTY =P T L — pe M < /Pk dv dx dy,
o Jo Jo ¢ ¢

(4.4)

where p = diag{p1,...,pm} and T is the square matrix containing the left eigenvectors ~;’s such that
T'=1[y,...,75,]". Further define the matrix ® = I'"!pI". Then it is known that Tl P'T = ¢~ ©v
and Tl pe™P'T = O e ”T = O ® = ¢~©Y®. Hence, pre-multiplying (4.4) by I'"! along with the
use of (2.5) (under b(x) = pe H*) yields
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P124,5,2(0) = / / e Hhy 5 5 (2, y[0) de dy
o Jo
+ / / / emS1TTs2y s —Ou(y ©)hj ; 7 (z,y[v) dv dz dy.
o Jo Jo

Comparing with (2.13) under z = 0 and wig4(z,y,v) = e~ 517752Y~%4? Jeads us to
h;,&,Z(xa y,v\O) = e—@v(u - @)hié,Z(l‘ymv)) z>v>0;y>0,

via uniqueness of Laplace transforms.

5 Applications

5.1 Fair price of a perpetual insurance

In the context of the usual insurance risk process, ruin-related problems involving perpetual (re)insurance
have been studied by e.g. Pafumi (1998) and Dickson and Waters (2004, Section 6.3). Generally speaking,
the idea of perpetual (re)insurance is that a company (which may be an insurance company) pays a single
premium up-front to another (re)insurer who guarantees to make any necessary capital injections to keep
the company’s surplus non-negative, so that the company will be able to continue its business forever.
In the case of the dual risk model (1.1), this means that the company will have its expenses paid by the
insurer whenever its surplus reaches zero. Mathematically, the dual risk process modified by the above
perpetual insurance, denoted by {U’(¢)};>0, follows the dynamics

Ul(t) = U(t) — min <0,Oinf U(s)), t>0.

<s<t

See Figures 3a&b.

INSERT FIGURE 3

Figures 3a&b: Original and modified sample paths for {U(t)}+>0 and {U”(t)}+>0

Before finding the fair price at time 0 of the perpetual insurance contract, we need to introduce
a few intermediate functions. We define Lj;;(u) = [Lj,; ;(w)]i;=; to be the special case of @y (u)
with w(:,-,-,-) = 1, i.e. L} (u) represents the matrix Laplace transform of 7. Also define Lsy(u) =
[Ld,ij,U(U)]Z}ﬂ to be matrix Laplace transform of the ruin time 77. Recalling the relationship 7y = 775 —
\U (77" )|/c from Section 1, one asserts that Ls 7 (u) can be retrieved from ®57(u) by letting w(z, y,v,r) =
e(/9)y  Similarly, the special cases of ®; 7(2) under w(-,-,-,-) =1 and w(z,y,v,r) = e/ are denoted
by Lj ,(2) = [L};; z(2)]7%=1 and Ls z(2) = [Lej,2(2)]i";=; respectively. Note that Ly ,(z) and Ls z(z)
can both be computed using Remark 4 if the inter-arrival times are exponential, and hence L} ;;(u) and
Ls 7 (u) follow from (2.12) as well.

The upcoming analysis is similar to that in Cheung (2012, Section 3.2) who considered the dual
dependent Sparre Andersen model. The difference is that we need to additionally take into account the
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states of the Markov chain at both time 0 and the first time {U(t)}+>0 reaches zero. Throughout we
assume a force of interest § > 0. Given the initial state Gy = i and the initial capital U?(0) = u, we
denote the ‘price’ of the perpetual insurance in {U’(t)};>0 by PL y(u). Analogous to Cheung (2012,
Equation (3.3)), we arrive at, for i € £ and u > 0,

PIi,U(U) = cZE |:6_5TUaﬁ‘51{TU < OO}l{GN(TU) = ]}’GO =1, U(O) = ’U,i|
j=1

3 E [6*575 1y < 00} 1{Gr(ry) = 5}|Go = 1,U(0) = u] PL 4. (5.1)
7j=1

Here the actuarial symbol a5 = (1 — e79) /6 denotes the present value (discounted at § > 0) of a
continuous stream of payment at rate 1 between time 0 and time ¢; whereas PI; 7 is the ‘price’ of the
perpetual insurance corresponding to a similarly modified version of {Z(¢)}+>0 given initial state Go = j
and zero initial level. The expression (5.1) can be interpreted as follows.

1. In the first term, cE[e*‘STUaT; Hry < 00} {Gn(ry) = j}HGo = i,U(0) = u] represents the

—TU|6
present value of the first payment stream at rate c¢ from time 7y to 775, if the first ruin of {U(t)}i>0
occurs in state G (r,) = J-

2. For the second term, E[e 070 1{ry < 00} H{Gn(ry) = 7}HGo = 4,U(0) = u] can be regarded as the
discount factor from time 77; to time 0, if the first ruin occurs with Gy (-,) = j. Under such a case,
PI; 7 is simply the present value (at time 77;) of potential future payments if the process {U”(¢) }+>0
ever reaches zero again.

In the above two contributions, summing over j € & yields the desired result (5.1) as the state j is
arbitrary. The same arguments also lead to a similar expression for PI; 7, namely, for j € &,

PL,=cY E {e*waﬁwum < 00} {Gat(ryyi1 = K} Go = 4, Z(07) = o]
k=1

+> E [6_&21{72 < 0} Gp(ryya1 = k}|Go = j, Z(07) = 0} Pli 7. (5.2)
k=1

Using matrix notations defined previously, we can rewrite (5.1) and (5.2) respectively as
c « *
PIy(u) = 5 {Lsp(u) = Lip(u)} 14 L 5 (u)Ply, u >0, (5.3)

and
C
PI; = < {Ls2(0) = L52(0)} 1 + Lj (0)PI. (5:4)

where PIy(u) = {PLiy(u),...,Plou(u)}’, PIz = {Pl; z,...,PL,#}", and 1 is an m-dimensional
column vector of ones. Rearrangements of (5.4) yield

PI; = 5 [1- L £(0)] " {Ls.2(0) — Lj 2(0)} 1,

which is an explicit expression for PIz. Then PIy(u) can be computed from (5.3). However, it is
instructive to note that PIy(u) is still not the actual price of the perpetual insurance contract. This is
because the company needs to use part of its surplus to buy the contract, and the decrease in surplus
will in turn drive up the price of the contract. Given Gy = ¢ and initial surplus u before purchase of
insurance, we denote the actual fair price of the perpetual insurance by API;(u). If the fair price API;(u)
exists, then it satisfies
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With expression for PI; /() available, one can solve the above equation for API;(u) numerically using
common software packages such as Mathematica. It is also clear that API;(u) does not exist if u <
PI,; ;7(u), as the whole surplus is not enough to buy the perpetual insurance in this case. Moreover, if the
solution API;(u) to (5.5) exists, it must be no less than PI; ;7 (u).

Example 1 This example aims at illustrating how certain model parameters of the dual semi-Markovian
risk model affect the fair price of the perpetual insurance. For simplicity, we study a two-state model
(i.e. m = 2). Two different transition probability matrices will be considered, namely

1 1 2 3

2 2 5 9
P, = and P, =

1 1 3 7

2 2 10 10

Under Py, the stationary probabilities of the Markov chain {G),}32, are given by m = 73 = 1/2. On the
other hand, the transition matrix Ps would result in the stationary probabilities 7 = 1/3 and 7o = 2/3.
It is assumed that the process has exponential gain sizes and exponential inter-arrival times in both
environmental states, i.e. b;(y) = ;e "¥ and k;(t) = \je i for i = 1,2, so that one has 3; = 1/u; and
ki = 1/A;. Two sets of parameters for A = diag{A1, A2} will be used, namely Ay = diag{4/5,4/3} and
Ao = diag{4/5,/16/61}. Throughout we assume p = diag{u1, u2} = diag{1,5/4}, expense rate ¢ = 0.4
and force of interest 6 = 0.05. By varying P and A, we study four cases that are summarized in Table 1
below.

Case | A | P | m | m | E1[Y1 — cWVi] | EolYs — cWi] | Vary (Y1 — ¢Vh) | Varg(Yr — c¢Vy) Z?:l i (Bj — ckj)
=01 —ck1 | = [ — ck = [} + ?K} = 3 + ?K3
A AL | P 1/2]1)2 0.500 0.500 1.250 0.730 0.500
B AL | P | 1/3]2/3 0.500 0.500 1.250 0.730 0.500
C X | Py 1/2]1/2 0.500 0.019 1.250 1.250 0.259
D Ao | Py | 1/31]2/3 0.500 0.019 1.250 1.250 0.179

Table 1: Parameter values and related attributes in the four cases

In the above table, for i = 1,2 the quantity E;[Y; — cV1] = E[Y1 — ¢V1|Gp = i (resp. Var;(Y1 — Vi) =
Var (Y1 — c¢V1|Go = i)) represents the expected increment (resp. variance of the increment) of the process
{U(t)}+>0 when it is in state ¢. In all four cases, the positive security loading condition (2.10) is satisfied
as E;[Y1 — V1] is always positive. In particular, the value on the left-hand side of (2.10) is also presented
in the last column of Table 1. With the use of Mathematica, the API values are obtained via (5.5) and
the results are summarized in Table 2 for different initial states and various values of initial surplus. The
entries showing ‘NA’ correspond to the cases where API value does not exist because of insufficient initial
surplus.

In each row of Table 2, it is noted that the value of API decreases as the initial surplus u increases.
This is because the process stays further away from level zero when w is larger, and therefore both the
chance of ever having an insurance payment and the amount of required payment will be less. In Case A,
we observe that the API values under Gy = 1 are higher than the corresponding ones under Gy = 2. An
intuitive explanation is that the variance of increment in state 1 is larger than that in state 2 (with the
expected increment being same), implying state 1 has a higher risk. Hence, starting in the riskier state 1
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results in higher price for the perpetual insurance. Moving from Case A to Case B, the same phenomenon
is observed. However, the values in Case B are slightly smaller than those in Case A. Although Cases A
and B have identical parameters concerning the gain sizes and the inter-arrival times in each state, under
Case B the process only has 1/3 chance of being in the risker state 1 in the long run compared to the
probability of 1/2 for Case A. This explains the smaller API values in Case B.

Case |Goglu=1|u=2|u=3|u=4|u=>5 u="~06 u="17 u=_
A 1 | NA | NA [0122]0.020 | 0.004 | 6.65 x 107% [ 1.21 x 107 [ 2.18 x 1075
A 2 | NA | NA [0.083 ] 0.013]0.002 [ 424 x10% [ 7.54x107° | 1.34 x 10~°
B 1 | NA | NA [0.119 [ 0.019 | 0.003 | 6.10 x 10=* [ 1.09 x 10=* | 1.93 x 10~°
B 2 | NA | NA | 0.055 | 0.009 | 0.001 | 2.52x 10~* [ 4.32x10°° | 7.41 x 10°©
C 1 | NA | NA | NA | 0501 | 0.143 0.052 0.020 0.008
C 2 | NA | NA | NA | NA | 0.564 0.155 0.056 0.021
D 1 | NA | NA | NA | NA [0.292 0.103 0.041 0.017
D 2 | NA | NA [ NA | NA |0.779 0.210 0.081 0.033

Table 2: Values of API under four cases

Now we turn to Cases C and D. In these two cases, the parameter A = A5 is indeed chosen such
that the process {U(t)}+>0 has the same variance of increment in both states. However, the expected
increment in state 1 is larger than that in state 2, meaning that state 1 has higher expected profit and is
the less risky state. Hence, within each case, the API values when Gy = 1 are smaller than those when
Gy = 2. Note that the API values in Case D under Py are larger than those in Case C because the
process in Case D has higher chance to be in the riskier state 2 in the long run.

Next, one can also compare Cases A and C in which the transition probability matrix Py is the same
but the parameter A is different. From Table 1, it is clear that state 2 of Case C is riskier than that
of Case A as its increment has lower expectation and higher variance. Consequently, the API values in
Case C are higher. The fact that Case D has higher API values than Case B can be interpreted in the
same manner.

Case |Gy |lu=1|u=2|u=3|u=4|u=>5 u=~06 u=" u=38
A 1 | 1.780 | 0.405 [ 0.086 | 0.017 | 0.003 | 6.11 x 10~* [ 1.14 x 10~* [ 2.08 x 10~°
A 2 2041 | 0.390 | 0.072 | 0.013 | 0.002 | 4.23 x 10~% | 7.54 x 107° | 1.34 x 10~°
B 1 | 1.779 | 0.406 | 0.083 | 0.016 | 0.003 | 5.58 x 10~* [ 1.02 x 10~* | 1.83 x 10~°
B 2 [ 1.685 | 0.295 | 0.050 | 0.009 | 0.001 | 2.52 x 10~% | 4.32 x 107° | 7.41 x 10~
C 1 | 4404 | 1.877 | 0.775 | 0.313 | 0.125 0.049 0.019 0.008
C 2 | 9.012 | 4.199 | 1.847 | 0.769 | 0.317 0.128 0.051 0.020
D 1 [6.503 2963 | 1.277 | 0.540 | 0.226 0.094 0.040 0.017
D 2 [ 8.947 | 4.514 | 2.092 | 0.934 | 0.408 0.176 0.075 0.032

Table 3: Values of PI under four cases

Finally, for reference we also include Table 3 showing the values of PI; y(u). It is noted that the
ranking of the values in Table 3 follows closely that in Table 2, and the probabilistic interpretation in
relation to the concept of risk is identical to that for Table 2. Moreover, whenever PI; ;7(u) is small (of
order 10~ or less) under initial surplus levels of u = 6,7, 8, the value of API;(u) in Table 2 is very close
to the corresponding PI; ;7(u) in Table 3. In these cases, the purchase of the perpetual insurance itself
has virtually no impact on the initial surplus. O
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5.2 Ordering properties of the last inter-arrival time containing ruin

In a dependent Sparre Andersen insurance risk model where a given inter-arrival time affects the dis-
tribution of the resulting claim severity, Cheung et al. (2011b, Section 2) provided sufficient conditions
under which the size of the claim causing ruin (resp. the last inter-arrival time before ruin) is stochas-
tically larger (resp. smaller) than the generic claim size (resp. inter-arrival time) random variable. In
this subsection, we aim at studying whether similar ordering properties hold true in the context of a
dual risk model. For example, (given that ruin occurs) it is natural to expect that the last inter-arrival
time containing the time of ruin tends to be long, since a prolonged period without a gain would be
detrimental to the company and can be a reason for ruin.

First, we recall from Section 1 that the inter-arrival time containing the time of ruin is related to
other variables by Vi(r)41 = (U(Tn(ry)) + [U(7777)])/c. Therefore, by letting w(z,y,v,r) = e~ *@tu)/c
and § = 0 in (1.6), we retrieve the Laplace transform (with argument s) of Viy(r,,)41. This will be denoted
by, for 7,7 € £ and u > 0,

Giu(s,u) = E [e "W 11y < 00} 1{Gn(ry) = 5} Go =4, U(0) = ul . (5.6)

Upon Laplace transform inversion with respect to s, one obtains ¢;; (-, ) which is the defective density
of Viy(r)+1 together with the events {7 < oo} and {G y(r,) = j}, given Go = i and U(0) = u. Moreover,
setting s = 0 in (5.6) (or setting w(-,-,-,-) =1 and 6 = 0 in (1.6)) leads to Pr{ry < o0, Gn(s,) = j|Go =
i,U(0) = u}. Therefore, the normalized density of Viy(r,)41 is given by, for i,j € & u > 0 and t > 0,

ij,u(t,w)
Pr{7y < 00, Gn(ry) = j|Go =i,U(0) = u}

q;kj,U(t7 u) =

Further define the associated proper survival function @;}U(t,u) = ftoo q;‘j,U(:U,u) dr. With the oc-
currences of gains and the resulting amounts following a semi-Markovian structure, it is reasonable to
compare @:}U(-, u) for ruin in state j with the survival function K ;(-) of the generic inter-arrival time in
state j to see whether a stochastic ordering holds. However, unlike Cheung et al. (2011b), it is difficult to
derive ordering properties analytically in the present model which is more complex. Therefore, in what

follows we shall provide a numerical example to support the idea that Q:j,U(" u) is larger than K (-).

Example 2 In this example, we follow identical parameters used in Case A in Example 1 (except that ¢ is
now 0). For i, j = 1,2, Figures 4a-d first show the plots of the densities ¢; ;;(¢,u) (when U(0) = 2,4,6,8)
and k;(t) against t. It can be seen from Figures 4b&c (i.e. when (4, j) = (1,2) and (4, j) = (2, 1)) that the
density quﬂ(t, u) is always continuous in t. However, the same is not true for Figures 4a&d: q;‘j’U(t, u)
is discontinuous at the point ¢ = u/c with an upward jump. This is because when i = j, there is an
additional contribution to the density in the domain ¢ > u/c for ruin occurring without any gains, which
is evident from (2.2).

INSERT FIGURE 4

Figures 4a-d: Plots of ¢;; (¢, u) and k;(t)

Next, for i,j = 1,2, Figures ba-d depict the behaviour of the survival functions @;U(t, u) and K (t)
against t. Regardless of the initial states and initial surplus levels under consideration, it can be seen
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that @:jy(t,u) is always larger than K(t), which is expected. Note that @;U(t,u) is not smooth at
t = u/c when i = j because of the discontinuity of density.

INSERT FIGURE 5

Figures ba-d: Plots of @Z}’U(t, u) and K (t)

We have also performed the above analyses using the parameters of Cases B-D in Example 1, and

the same phenomena are observed. The related plots are not reproduced here for the sake of brevity. [
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