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Abstract This paper examines the behavior of the competitive firm under price uncer-

tainty. The firm has access to a futures market for hedging purposes. Basis risk exists

because the random spot and futures prices are not identical at the time when the futures

contracts mature. We show that the firm optimally produces less in the presence than in

the absence of the basis risk. We show further that the concept of expectation dependence

that describes how the basis risk is correlated with either the random spot price or the

random futures price plays a pivotal role in determining the firm’s optimal futures posi-

tion. Specifically, an under-hedge is optimal if either the random spot price or the random

futures price is negatively expectation dependent on the basis risk. On the other hand, an

over-hedge is optimal if the random futures price is positively expectation dependent on the

basis risk. The firm’s optimal futures position becomes indeterminate if the random spot

price is positively expectation dependent on the basis risk.
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1 Introduction

The seminal work of Sandmo (1971) has inspired a large body of research on the theory

of the competitive firm under price uncertainty. One important strand of this literature

examines the behavior of the firm when a futures market exists for hedging purposes, from

which two celebrated theorems emanate (see, e.g., Adam-Müller, 1997; Broll, 1992; Broll

and Zilcha, 1992; Danthine, 1978; Feder et al., 1980; Holthausen, 1979; to name just a few).

First, the separation theorem states that the firm’s optimal output level depends neither

on the risk attitude of the firm, nor on the incidence of the price uncertainty. Second, the

full-hedging theorem asserts that the firm should fully hedge against its exposure to the

price risk if the futures market is unbiased.1

The purpose of this paper is to examine the robustness of the separation and full-hedging

theorems when basis risk is embedded in the futures contracts, i.e., the random futures price

does not converge to the random spot price at the time when the futures contracts mature.

There are various reasons why basis risk exists. First, the timing of the spot position may

not synchronize the settlement date of the futures position. Second, the underlying asset

of the spot position may not be identical to that of the futures position. Third, nearly

all commodity futures contracts have multiple delivery specifications that allow sellers to

deliver any of several grades of the underlying commodity and at any of several locations.

On the delivery date, the futures price as such converges to the spot price of the cheapest-

to-deliver grade and not to that of the par-delivery grade of the commodity (Adam-Müller

and Wong, 2003; Kamara and Siegel, 1987; Lien, 1988, 1991; Lien and Wong, 2002; Wong,

2014).

We show that the separation theorem fails to hold when basis risk prevails. To limit

its exposure to the basis risk, the firm has incentives to use operational hedging by cutting

down its optimal output level. The firm as such produces less in the presence than in the

1The full-hedging theorem is analogous to a well-known result in the insurance literature that a risk-averse
individual fully insures at an actuarially fair price (Mossin, 1968).
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absence of the basis risk, thereby invalidating the separation theorem. The full-hedging

theorem, however, holds if the random futures price is conditionally independent of the

basis risk. Since the basis risk is not hedgeable by trading the unbiased futures contracts

further, a full-hedge is indeed optimal in this special case.

In the general case that the basis risk is correlated with either the random spot price

or the random futures price, we show that the concept of expectation dependence (Wright,

1987) plays a pivotal role in determining the firm’s optimal futures position.2 Specifically,

we show that an under-hedge is optimal if either the random spot price or the random

futures price is negatively expectation dependent on the basis risk. On the other hand, an

over-hedge is optimal if the random futures price is positively expectation dependent on the

basis risk. The firm’s optimal futures position becomes indeterminate if the random spot

price is positively expectation dependent on the basis risk.

The rest of this paper is organized as follows. Section 2 delineates the model of the

competitive firm under price uncertainty. The firm has access to a futures market for

hedging purposes. Basis risk exists because the random spot and futures prices are not

identical at the time when the futures contracts mature. Section 3 characterizes the firm’s

optimal production decision. Section 4 examines the firm’s optimal hedging decision. The

final section concludes.

2 The model

Consider the competitive firm under output price uncertainty à la Sandmo (1971). There

is one period with two dates, 0 and 1. To begin, the firm produces a single commodity

according to a deterministic cost function, C(Q), where Q ≥ 0 is the output level chosen by

the firm at date 0, and C(Q) is compounded to date 1. We assume that the cost function,

2See Broll and Wong (2014), Hong et al. (2011), Li (2011), and Wong (2012, 2013) for other applications
of expectation dependence.
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C(Q), satisfies that C(0) = C′(0) = 0, C′(Q) > 0 and C′′(Q) > 0 for all Q > 0, and

limQ→∞ C′(Q) = ∞.3 The firm sells its entire output at the then prevailing per-unit price,

P̃ , at date 1. The firm regards the spot price, P̃ , as a random variable that is distributed

according to a known cumulative distribution function (CDF), Φ(P ), over support [P, P ],

where 0 < P < P < ∞.4

Although there are no hedging instruments directly related to the random spot price,

P̃ , the firm can cross-hedge its risk exposure to P̃ by trading infinitely divisible futures

contracts on a related commodity at date 0. Specifically, each futures contract calls for

delivery of one unit of the related commodity at date 1. The futures price at date 0 is

F0, which is determined by the risk-neutral measure. The firm regards the futures price at

date 1, F̃ , as a random variable that is distributed according to a known CDF, Ψ(F ), over

support [F, F ], where 0 < F < F0 < F < ∞. We define the basis risk embedded in the

futures contracts by Z̃ = P̃ − F̃ . Throughout the paper, we restrict our attention to the

case that the basis risk, Z̃, has a mean of zero.

The firm’s random profit at date 1 is given by

Π̃ = P̃Q + (F0 − F̃ )H − C(Q), (1)

where H is the number of the commodity futures contracts sold (purchased if negative)

by the firm at date 0. We say that the futures position, H , is an under-hedge, a full-

hedge, or an over-hedge, depending on whether H is smaller than, equal to, or greater than

the output level, Q, respectively. The firm possesses a von Neumann-Morgenstern utility

function, U(Π), defined over its profit at date 1, Π. The firm is risk averse so that U ′(Π) > 0

and U ′′(Π) < 0 for all Π ∈ <. The utility function satisfies the Inada condition in that

limΠ→∞ U ′(Π) = 0.

The firm’s ex-ante decision problem is to choose an output level, Q ≥ 0, and a futures

3The strict convexity of C(Q) reflects the fact that the firm’s production technology exhibits decreasing
returns to scale.

4Throughout the paper, random variables have a tilde (∼) while their realizations do not.
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position, H , at date 0 so as to maximize the expected utility of its profit at date 1:

max
Q≥0,H

E[U(Π̃)], (2)

where E(·) is the expectation operator with respect to the joint CDF of P̃ and F̃ , and Π̃ is

given by Eq. (1). The first-order conditions for program (2) are given by

E{U ′(Π̃∗)[P̃ − C′(Q∗)]} = 0, (3)

and

E[U ′(Π̃∗)(F0 − F̃ )] = 0, (4)

where an asterisk (∗) signifies an optimal level. The second-order conditions for program

(2) are satisfied given risk aversion and the strict convexity of the cost function.

3 Optimal production decision

In this section, we examine the firm’s optimal production decision. As a benchmark, we

consider first that the basis risk is absent, i.e., Z̃ ≡ 0, so that P̃ ≡ F̃ . Substituting Eq.

(4) with P̃ ≡ F̃ into Eq. (3) yields the optimal output level, Q◦, that solves C′(Q◦) = F0.

Hence, in the absence of the basis risk, the separation theorem holds in that Q◦ depends

neither on the risk attitude of the firm nor on the underlying output price uncertainty.

We now resume the original case that P̃ is not identical to F̃ . To compare Q◦ with Q∗,

we proceed in two steps. First, we derive the optimal futures position, H(Q), for a given

output level, Q, which solves the following first-order condition:

E{U ′[Π̃(Q)](F0 − F̃ )} = 0, (5)

where Π̃(Q) = P̃Q + (F0 − F̃ )H(Q)− C(Q). Second, taking the optimal futures position,

H(Q), that solves Eq. (5) as given, we differentiate the objective function of program (2)

with respect to Q, and evaluate the resulting derivative at Q = Q◦ to yield

∂E[U(Π̃)]

∂Q

∣

∣

∣

∣

Q=Q◦,H=H(Q◦)
= E{U ′[Π̃(Q◦)](P̃ − F0)}, (6)
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since C′(Q◦) = F0. If the right-hand side of Eq. (6) is negative (positive), it follows from

Eq. (3) and the second-order conditions for program (2) that Q∗ < (>) Q◦.

Using the covariance operator, Cov(·, ·), with respect to the joint CDF of P̃ and F̃ , we

can write Eq. (5) with Q = Q◦ as5

E{U ′[Π̃(Q◦)]}[F0 − E(F̃ )]− Cov{U ′[Π̃(Q◦)], F̃} = 0, (7)

and Eq. (6) as

∂E[U(Π̃)]

∂Q

∣

∣

∣

∣

Q=Q◦,H=H(Q◦)
= E{U ′[Π̃(Q◦)]}[E(P̃)− F0] + Cov{U ′[Π̃(Q◦)], P̃}. (8)

Since Π̃(Q◦) = P̃Q◦ + (F0 − F̃ )H(Q◦) − C(Q◦), we have

Cov{U ′[Π̃(Q◦)], Π̃(Q◦)} = Cov{U ′[Π̃(Q◦)], P̃}Q◦ − Cov{U ′[Π̃(Q◦)], F̃}H(Q◦)

= Cov{U ′[Π̃(Q◦)], P̃}Q◦ + E{U ′[Π̃(Q◦)]}[E(F̃)− F0]H(Q◦) < 0, (9)

where the second equality follows from Eq. (7) and the inequality follows from U ′′(Π) < 0.

Eq. (9) implies that the right-hand side of Eq. (8) is negative if E(P̃ ) ≤ F0 ≤ E(F̃ ). Since

E(Z̃) = 0, we have E(P̃ ) = E(F̃ ).

Proposition 1 The competitive firm optimally produces less when the zero-mean basis

risk, Z̃, is embedded in the unbiased commodity futures contracts than when it is not, i.e.,

Q∗ < Q◦, if the futures contracts are unbiased in that F0 = E(F̃ ).

To see the intuition for Proposition 1, we can write Eq. (1) as

Π̃ = F0Q + Z̃Q + (F̃ − F0)(Q− H)− C(Q). (10)

It is evident from Eq. (10) that the firm can limit its exposure to the zero-mean basis

risk, Z̃, by reducing its output level. The firm as such uses operational hedging via setting

Q∗ < Q◦. This result holds irrespective of how the basis risk, Z̃, is correlated with either

the random spot price, P̃ , or the random futures price, F̃ .

5For any two random variables, X̃ and Ỹ , we have Cov(X̃, Ỹ ) = E(X̃Ỹ ) − E(X̃)E(Ỹ ).
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4 Optimal hedging decisions

In this section, we examine the firm’s optimal hedging decision. To this end, we differentiate

E[U(Π̃)] with respect to H , and evaluate the resulting derivative at Q = Q∗ and H = Q∗

to obtain

∂E[U(Π̃)]

∂H

∣

∣

∣

∣

Q=Q∗,H=Q∗

= E[U ′(Π∗ + Z̃Q∗)][F0 − E(F̃ )] − Cov[U ′(Π∗ + Z̃Q∗), F̃ ], (11)

where Π∗ = E(P̃ )Q∗ − C(Q∗). If the right-hand side of Eq. (11) is negative (positive), it

follows from Eq. (4) and the second-order conditions for program (2) that H∗ < (>) Q∗.

As a benchmark, we suppose that the basis risk is absent, i.e., Z̃ ≡ 0, so that Q∗ = Q◦.

If H = Q◦, the firm’s profit at date 1 becomes F0Q
◦ − C(Q◦), which is non-stochastic.

Hence, we have

∂E[U(Π̃)]

∂H

∣

∣

∣

∣

Q=Q◦,H=Q◦

= E{U ′[F0Q
◦ − C(Q◦)]}[F0 − E(F̃ )]. (12)

If F0 = E(F̃ ), the right-hand side of Eq. (12) vanishes so that a full-hedge is optimal,

which is simply the celebrated full-hedging theorem. If F0 < (>) E(F̃ ), the right-hand side

of Eq. (12) is negative (positive) so that an under-hedge (over-hedge) is optimal. In this

case, the firm is induced to buy (sell) the futures contracts for speculative purposes, thereby

rendering the firm to deviate from a full-hedge by adopting an under-hedge (over-hedge).

We now resume the original case that the random spot price, P̃ , is not identical to the

random futures price, F̃ . Consider first that F̃ is conditionally independent of the basis

risk, Z̃.6 According to Ingersoll (1987), we have Cov[f(Z̃), F̃ ] = 0 for all functions, f(·).7

Hence, the second term on the right-hand side of Eq. (11) vanishes. In this case, we have

H∗ is smaller than, equal to, or greater than Q∗, if F0 is smaller than, equal to, or greater

than E(F̃ ), respectively. Consider now that P̃ is conditionally independent of Z̃. According

6Lence (1995) uses the concept of conditional independence to derive a necessary and sufficient condition
for a constant optimal hedge ratio.

7Ingersoll (1987) shows that X̃ is conditionally independent of Ỹ if Cov[f(Ỹ ), X̃] = 0 for all functions,
f(·). He further shows that X̃ and Ỹ are independent if Cov[f(X̃), g(Ỹ )] = 0 for all functions, f(·) and g(·).
Hence, the concept of conditional independence is weaker than that of independence.



Futures hedging with basis risk and expectation dependence 7

to Ingersoll (1987), we have Cov[f(Z̃), P̃ ] = 0 for all functions, f(·). The second term on

the right-hand side of Eq. (11) becomes Cov[U ′(Π∗ + Z̃Q∗), Z̃] < 0 since F̃ = P̃ − Z̃ and

U ′′(Π) < 0. Hence, in this case, we have H∗ < Q∗ if F0 does not exceed E(F̃ ).

Proposition 2 Given that the random futures price, F̃ , is conditionally independent of

the zero-mean basis risk, Z̃, the competitive firm optimally opts for an under-hedge, a full-

hedge, or an over-hedger, depending on whether F0 is smaller than, equal to, or greater than

E(F̃ ), respectively. Given that the random spot price, P̃ , is conditionally independent of Z̃,

the firm optimally opts for an under-hedge if F0 ≤ E(F̃ ).

The intuition for Proposition 2 is as follows. Suppose that the firm adopts a full-

hedge, i.e., H∗ = Q∗. In this case, the firm’s profit at date 1 becomes Π∗ + Z̃Q∗, which

remains stochastic because of the presence of the basis risk, Z̃. If the random futures

price, F̃ , is conditionally independent of Z̃, the basis risk is not hedgeable by trading the

futures contracts further so that the full-hedge is optimal for hedging purposes. Given

that F0 < (>) E(F̃ ), there is a speculative motive that makes an under-hedge (over-hedge)

optimal. On the other hand, if the random spot price, P̃ , is conditionally independent of

Z̃, the firm can limit its exposure to the basis risk by reducing its futures position from

the full-hedge, thereby rendering the optimality of an under-hedge, i.e., H∗ < Q∗, which is

reinforced (counteracted) by the speculative motive given that F0 < (>) E(F̃ ).

We now turn to the general case that the basis risk, Z̃, is correlated with either the

random futures price, F̃ , or the random spot price, P̃ . Consider first that F̃ is negatively

(positively) expectation dependent on the basis risk, Z̃ , in the sense of Wright (1987).

According to Wright (1987), we have Cov[f(Z̃), F̃ ] < (>) 0 for all increasing functions,

f(·). Hence, the second term on the right-hand side of Eq. (11) is negative (positive). In

this case, we have H∗ is smaller (greater) than Q∗, if F0 is no greater (smaller) than E(F̃ ).

Consider now that P̃ is negatively (positively) expectation dependent on Z̃. According

to Wright (1987), we have Cov[f(Z̃), P̃ ] < (>) 0 for all increasing functions, f(·). The
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sign of the second term on the right-hand side of Eq. (11) is negative (ambiguous) since

Cov[U ′(Π∗ + Z̃Q∗), Z̃] < 0. Hence, in this case, we have H∗ < Q∗ if F0 does not exceed

E(F̃ ) and P̃ is negatively expectation dependent on Z̃ .

Proposition 3 Given that the random futures price, F̃ , is negatively (positively) expectation

dependent on the zero-mean basis risk, Z̃, the competitive firm optimally opts for an under-

hedge (over-hedger) if F0 is no greater (smaller) than E(F̃ ). Given that the random spot

price, P̃ , is negatively expectation dependent on Z̃, the firm optimally opts for an under-

hedge if F0 ≤ E(F̃ ).

To see the intuition for Proposition 3, we focus on the case that F0 = E(F̃ ) so that the

firm has no speculative motive. Given that covariances can be interpreted as marginal vari-

ances, Eq. (4) implies that the optimal futures position, H∗, is the one that minimizes the

variance of the firm’s marginal utility. Consider first the case that the random futures price,

F̃ , and the basis risk, Z̃, are negatively (positively) correlated in the sense of expectation

dependence. In this case, a full-hedge, i.e., H∗ = Q∗, that completely eliminates the risk

from the random spot price, P̃ , is suboptimal because the firm’s profit at date 1, Π∗ + Z̃Q∗,

remains stochastic. Given that F̃ and Z̃ are negatively (positively) correlated, the firm is

induced to opt for a long (short) futures position to hedge against the basis risk, thereby

rendering the optimality of an under-hedge (over-hedge).

Consider now the case that the random spot price, P̃ and the basis risk, Z̃, are negatively

(positively) correlated in the sense of expectation dependence. Substituting F̃ = P̃ −Z̃ into

Eq. (1) yields

Π̃∗ = Π∗ + Z̃H∗ + [P̃ − E(P̃ )](Q∗ − H∗). (13)

As is evident from Eq. (13), the firm has the incentive to limit its exposure to the basis

risk, Z̃, by reducing its futures position (see also Proposition 2). Given that P̃ and Z̃

are negatively (positively) correlated, the firm is induced to opt for a long (short) futures

position to hedge against the basis risk. Combining these effects implies that the firm’s
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optimal futures position is an under-hedge if P̃ is negatively expectation dependent on Z̃,

and becomes indeterminate if P̃ is positively expectation dependent on Z̃ .

5 Conclusion

This paper examines the behavior of the competitive firm under price uncertainty à la

Sandmo (1971). The firm has access to a futures market for hedging purposes. Basis risk

arises from the difference between the random spot and futures prices at the time when the

futures contracts mature. We show that the separation theorem fails to hold when the basis

risk prevails. To limit its exposure to the basis risk, the firm is induced to use operational

hedging by reducing its optimal output level. The firm as such produces less in the presence

than in the absence of the basis risk, thereby invalidating the separation theorem. The full-

hedging theorem, however, holds if the random futures price is conditionally independent of

the basis risk. Since the basis risk is not hedgeable by trading the unbiased futures contracts

further, a full-hedge is indeed optimal in this special case.

In the general case that the basis risk is correlated with either the random spot price

or the random futures price, we show that the concept of expectation dependence (Wright,

1987) plays a pivotal role in shaping the firm’s optimal hedging decision. If either the

random spot price or the random futures price is negatively expectation dependent on the

basis risk, we show that the firm’s optimal futures position is an under-hedge. If the random

futures price is positively expectation dependent on the basis risk, the firm’s optimal futures

position is an over-hedge. Finally, the firm’s optimal futures position becomes indeterminate

if the random spot price is positively expectation dependent on the basis risk.
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