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Creep of concrete could cause adverse stress redistributions and excessive deformations. Its structural effects can be

assessed by conducting time-step analysis using finite-element methods with time-integration formulation, in which

the creep strain at any time is determined as the cumulative creep responses to stress increments in previous time

steps. This process entails memorisation of the stress histories of all the concrete elements, leading to prohibitive

demands of computer memory and time, especially for large and complex structures. To avoid having to memorise

the stress histories, a remnant creep based visco-elastic model is developed, whereby the remnant creep strains are

employed to evaluate the incremental creep strains. This model circumvents the need for memorising the stress

histories and possesses a great flexibility in fitting with codified creep formulas. Numerical examples are presented

to demonstrate the general applicability of the proposed model.

Notation

Cy weighting coefficient

E. elastic modulus of concrete
m number of repeated units

t time

tos  creep half-time

ts time at drying starts

Ece creep strain

Ece instant elastic strain

Erc remnant creep strain

&y remnant creep strain in repeated unit
Oc applied stress

T time

0] creep coefficient

¢o  notional creep coefficient
Or remnant creep coefficient
Wy characteristic rate

1. Introduction

The creep of concrete is the gradual increase in deformation of
concrete under sustained load (Neville, 2011). As time goes by, it
could cause adverse stress redistributions and excessive deforma-
tions. In practice, its structural effects are manifold. First, it could
cause loss of prestress in prestressed concrete structures, which
often have to be overstressed initially in order to compensate for
such loss. Second, it could aggravate the deflections of flexural
members, leading to the concern of possible excessive deflections

of long-span beams and bridges. Third, it could augment the
differential axial shortening of the vertical members in tall
buildings, which might induce large shear forces and bending
moments in the horizontal members connected to the vertical
members (Kwan et al., 2003).

The structural effects of the creep of concrete can be assessed by
conducting time-step analysis, taking into account the loading
history of the structure and the time-dependent properties of the
concrete. For assessing the long-term creep effects, only the
sustained loads in the loading history need to be considered.
However, there are many time-dependent properties of concrete
to be considered, such as the gain in elastic modulus during
strength development, autogenous shrinkage, drying shrinkage,
early thermal expansion and contraction owing to heat generation
of curing concrete, thermal expansion and contraction due to
environmental temperature changes and, of course, creep (Ghali
et al., 2012; Gilbert and Ranzi, 2011).

Among the above time-dependent properties of concrete, the
shrinkage and thermal expansion/contraction will produce move-
ment of the structure, which if restrained, will induce internal
loads. Such internal loads induced by movement restraints may
cause cracking and even failure of the structure, and therefore
also need to be considered. Nevertheless, the creep of concrete
would generally help to alleviate the internal loads induced by
movement restraints (Kwan and Ng, 2009). Hence, the creep of
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concrete is not always detrimental to structural health but can
sometimes be beneficial. All in all, time-dependent movements,
internal loads induced by restraints and creep interact with each
other and thus should not be considered separately. An integrated
analysis considering all these factors is required.

Time-dependent shrinkage, thermal and creep movements take
place not only after completion of construction but also during
construction, especially when the construction period is long or
the construction is carried out in stages. These could significantly
affect the initial stresses (also called locked-in stresses) in the
structure at the time of completion. The movements during
construction could be detrimental or beneficial but in any case
must be taken into account in the structural analysis and design.
Their immediate and long-term effects are highly dependent on
the construction method and sequence. In fact, quite often,
preloading or prestressing are applied and/or the construction
sequence is strategically planned to purposely accelerate or delay
certain parts of the works in order to minimise the detrimental
effects and maximise the beneficial effects (Kwan and Ng, 2009).
Such active or passive construction measures aiming to cater for
the movements during construction fall within the scope of
construction control.

The importance of construction control can be seen from the
following examples. During the construction of cable-stayed
bridges by launching the deck segments in stages, the time-
dependent deck movements need to be analysed and monitored
on-site so that the cable forces can be adjusted to achieve perfect
match upon closure of the deck segments (Guan, 2000; Han and
Yan, 2003). Likewise, during the construction of multi-storey
buildings, the shrinkage of the floors would cause deformation of
the vertical members and induce tensile stresses in the floors,
which are often large enough to cause cracking. Such detrimental
effects can be alleviated by the provision of late-cast strips, which
are not cast until substantial shrinkage of the other parts of the
floors has taken place (Kim and Cho, 2004, 2005; Kwan et al.,
2002; Kwan and Ng, 2009). However, there are very few design
guides or computer programs that could help to analyse the
effects of time-dependent movements and assist the design of
construction control measures. For many years, there has been
constant demand from the industry for such design aids.

Time-step analysis of the structural effects of time-dependent
movements is not an easy task. In most cases, it is necessary to
employ the finite-element method because of the following
reasons. First, modern structures are generally far too compli-
cated to be analysed by simple calculations. Second, since differ-
ent parts of the structure may have different time-dependent
properties, the structure has to be divided into many small
elements for analysis. Third, since all the time-dependent effects
have to be considered at the same time so as to allow for their
complex interactions, each small element needs to be analysed at
each time step for its strains under external and internal loads,
and shrinkage, thermal and creep strains. Fourth, the movement

restraints, which are generally neither perfectly rigid nor comple-
tely free, have to be modelled as structural elements as well.
Fifth, different parts of the structure may be constructed at
different times (or, in other words, may have different birthdays)
and thus have to be modelled as separate structural elements.

In conducting finite-element analysis of time-dependent problems,
the whole time period is discretised into a series of time steps,
the structure is analysed at each time step for the stresses, strains
and movements, and step-by-step time integration is performed
for each concrete element to evaluate the cumulative effects of
creep (Anderson, 1982; Ghali et al., 2012). In theory, any
appropriate shrinkage and creep models of concrete can be
adopted for the analysis. Regardless of the shrinkage and creep
models adopted, the creep strains are generally evaluated as the
cumulative creep responses to stress increments in all previous
time steps. Hence, for each and every concrete element, the entire
stress history needs to be memorised just to evaluate the creep
strain at a particular time step. This entails memorisation of the
stress outputs of all concrete elements at all time steps. The
computer memory and time demands are enormous. This is in
fact the major hurdle to the development of time-step finite-
element analysis and practical application of such analysis to
real-life engineering problems.

In view of the above, some researchers (Bazant, 1982; Bazant and
Wu, 1974) have chosen to adopt the visco-elastic creep models
that do not require step-by-step time integration of creep
responses to stress increments in all previous time steps so as to
avoid the necessity of memorising the stress histories of all the
concrete elements. However, the existing visco-elastic models are
generally formulated in such a way that the creep strains are
evaluated in terms of the stress rates. This formulation works well
if the stresses in the various concrete elements vary as smooth
functions of time. If the loads are applied abruptly as discrete
time step functions, or if the concrete structure is constructed in
stages such that the structural configuration could abruptly
change with time, or if the concrete structure cracks, leading to
rapid stress redistributions, the stresses in the concrete structure
could suddenly change in the form of discrete stress increments
and the stress rates at certain moments could become undefined.

Herein, an alternative and more fundamental remnant-creep-based
approach using a multi-rheological unit model with the creep
strains evaluated in terms of stress increments rather than stress
rates is proposed. This approach would circumvent the memorisa-
tion of stress histories to reclaim computational efficiency and is
applicable even when the stresses could abruptly change in the
form of discrete stress increments (in other words, even when the
stress rates could become undefined). Preliminary study has
revealed that it is feasible, versatile and accurate (Ng et al.,
2007). Furthermore, the rheological parameters of such a rem-
nant-creep-based, multi-rheological unit model for simulating the
creep effects in accordance with the various design codes (the
creep models stipulated therein are generally in the form of creep
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coefficient-time curves not suitable for numerical analysis using
visco-elastic creep models) are evaluated and presented for
general applications.

2. Mechanisms of concrete creep

Over the years, different mechanisms of concrete creep had been
put forward, but the genuine mechanism has remained controver-
sial (ACI, 1992). Two major mechanisms are believed to be
dominant (Acker and Ulm, 2001; Neville, 1955, 1958, 2011). The
first mechanism is the viscous sliding of calcium-silicate-hydrate
(C-S-H) gel particles against each other and across microcracks.
Research on the relation between creep and gel density (Neville,
1958; Vandamme and Ulm, 2009) suggested that the gel particles
would slide against each other or rearrange themselves to achieve
a higher density during creep. Creep tests of cement paste
(Beaudoin et al., 2000; Tamtsia et al., 2004; Tamtsia and
Beaudoin, 2000) have reaffirmed this mechanism. The second
mechanism is the internal movement of adsorbed or intra-crystal-
line water, which is also known as internal seepage. It is believed
to be caused mainly by changes in the hygral equilibrium within
the pore structure of concrete (Neville, 1955; Powers, 1968).

When concrete is under a sustained stress, the corresponding
stress-dependent strain of concrete comprises two components: an
instant elastic strain and a time-dependent creep strain. The
elastic strain occurs immediately, whereas the creep strain in-
creases with time at a gradually decreasing rate. For a constant
stress o, applied at time 7y, the instant elastic strain &c.(%, fp) and
the time-dependent creep strain &..(z, fy) at any time ¢ after #, are
given respectively by

O'c(l‘O)

8ce(t, tO) = E (tO)

2. 8cc(l, t()) = ¢(t, tO) ece(ty tO)

in which E (%) is the elastic modulus of concrete at the time of
stress application, and ¢(¢, ty) is the creep coefficient describing
the time-dependence of creep. Combining Equations 1 and 2, the
governing equation of concrete creep is obtained as

Oc(tO)
Ec(tO)

8cc(t, ZLO) = ¢(f, ZLO)

t
0
UC
Straight line
approximation
do(t;_4) . :
! o :
o) § /0 T
I : : : ¢
0 h 6y & & T G G

Figure 1. Decomposition of stress history into stress increments:
(a) variation of stress with time; (b) stress increments

caused by a variable stress are evaluated by summing the
responses to the stress increments do.(t) each applied at time 7
from 7y to ¢ as

o) J’aoc(n

t, ty) =
feell 10) = 0 Eu(0)
4. T=to

O-c(tO)
Ec(tO)

Ecc(t, tO) = ¢(t’ tO)

If the applied stress o, is not constant, the total stress-dependent
strain may be evaluated using the principle of superposition,
which postulates that the response of concrete to a sum of two
stress histories may be obtained as the sum of the individual
response to each stress history (McHenry, 1943). By virtue of this
principle, the stress history is decomposed into a number of stress
increments as in Figure 1 and the elastic strain and creep strain

In finite-element analysis, the above integrations are performed
numerically. When so doing, the stress history of each and every
concrete element is required and therefore has to be stored in the
computer memory. Generally, the accuracy of the numerical
integrations would improve with increasing number of time steps.
However, increasing the number of time steps would greatly
increase the computer memory needed to store the stress histories
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of the concrete elements and the computer time needed for the
analysis. For this reason, when the above time-integration
formulation is directly employed in the time-step finite-element
analysis, a compromise between numerical accuracy and compu-
tational efficiency has to be made.

3. Visco-elastic modelling of creep

3.1 Overview of visco-elastic models

In general, the time-dependent stress—strain behaviour of a
material can be described by the parameters of its constitutive
rheological elements. There are three types of basic rheological
elements. The first type is an elastic spring and is referred to as
Hookean or elastic element. The second type is a viscous damper
and is referred to as Newtonian or viscous element. The third
type is a plastic body and is referred to as St. Venant or plastic
element. Readers may consult general textbooks (Creus, 1986;
Neville et al., 1983) for further explanations. By connecting the
rheological elements in series and/or in parallel, various rheologi-
cal models have been developed. If plasticity is not significant,
the plastic elements are not needed and without plastic elements,
the rheological models are generally called visco-elastic models.

Throughout the years, a number of visco-elastic models have
been developed for concrete creep (Bazant, 1982; Bazant and
Wu, 1974; Creus, 1986; Neville et al., 1983). These include the
Maxwell model, Kelvin model, Burgers model, Bingham model
and their variations. All of them comprise an elastic spring to
account for instant elastic deformation and several units to
account for time-dependent creep deformation. Among the wide
spectrum of models, the generalised Maxwell model (formed by
connecting Maxwell units in parallel) and the generalised Kelvin
model (formed by connecting Kelvin units in series) are the most
versatile for the approximation of creep functions (Bazant, 1982).

3.2 Remnant-creep-based visco-elastic model

Herein, a new numerical implementation based on the multi-unit
visco-elastic creep model, as shown in Figure 2, is proposed. The
model is made up of two parts connected in series as for the
other existing models. The first part is an elastic spring for
simulating the instant elastic deformation. The second part is an
assemblage of repeated units connected in series for simulating
the time-dependent creep deformation. Each repeated unit com-
prises an elastic spring and a damper connected in parallel. The

1st unit 2nd unit mth unit

)
Instant elastic
deformation

Creep deformation

Figure 2. Proposed multi-unit visco-elastic creep model

number of repeated units in the model can be varied to suit the
creep characteristics of the concrete.

Under the framework of the multi-unit visco-elastic model, the

creep coefficient ¢(#, t) can be expressed in the form of a
Dirichlet series as follows

D1, 7) = Pp(00, 1) Y ey{1 — exp[—wy(t — D]}
j=1

where m is the number of repeated units in the model, and c;
and w,; are respectively the weighting coefficient and character-
istic rate of the jth unit. The weighting coefficient c,; represents
the fraction of creep strain allocated to the jth unit. To ensure that
the creep strains of the m number of units would add up to the
actual creep strain, the sum of all weighting coefficients is always
set equal to unity.

It is proposed herein to incorporate in the analysis also the
remnant creep strain: that is, the remaining portion of the
ultimate creep strain which is yet to take place. As a complement
of the creep coefficient, the remnant creep coefficient ¢.(#, 7) is
defined as follows

P:(t, 1) = P(00, ) — P2, 7)

, = ¢(00,7) Z cyiexp[—wy(t — 7)]
. j=1

For a stress history consisting of a constant stress o.(y) applied
at time 7y and stress increments Jo,(t) each applied at time 7
from 7, to ¢, the remnant creep strain &,.(, 7o) is given by

0o (1)
E(7)

Uc(tO) t

e =g E +J 0. 7)

Substituting the formula for ¢,(z, 7) into the above equation, the
remnant creep strain &.(f, fp) may be determined as

m
erlt, 10) = Y eyt fo)
Jj=1

where &,(t, ty) is the remnant creep strain in the jth unit given by

6
Downloaded by [ University of Hong Kong] on [15/08/16]. Copyright © |CE Publishing, al rights reserved.



Structures and Buildings
Volume 168 Issue SB1

Remnant creep based visco-elastic model
for concrete creep analysis
Kwan and Ng

o(to)

¢(00, ty) E.(t0)

eyi(t, ty) = ———cyiexp[—wy;(t — to)]

i j O N

On the other hand, substituting the formula for ¢(z,7) into
Equation 5 and differentiating with respect to the time ¢, the rate
of change of creep strain with time may be derived as

agcc(ts tO) o

ot
c( 0)
Z ¢(c0 E X )cuja)uj exp [—wyi(t — to)]
+3 J 0 ey expl-wy( - o)
11. 7=

Rearranging, the formula for the incremental creep strain at time
t becomes

m
Decelt, o) = | Y wyey(t, )| Ot
12. j=1

The above formula for the incremental creep strain is astonish-
ingly simple. More importantly, it is not directly dependent on
the stress history. The implication is that if we use the remnant
creep strains to evaluate the incremental creep strains, there is no
longer any necessity to memorise the stress histories of the
concrete elements.

3.3 Numerical implementation

Although there is no longer any necessity to memorise the stress
history, it is now necessary to evaluate the remnant creep strain at
each time step. For the first time step, the remnant creep strain
&yj(t, to) in the jth unit at time £ is given by

c(tO)
Edlto) ™

&yi(to, to) = ¢(o0, o)

13.

Consider the ith time step in the analysis. Let the beginning time
and ending time of the time step be #,; and ¢;, respectively. The
increment in remnant creep strain Ae,; can be determined by
substituting #; ; and #; in turn into Equation 10 in place of ¢ to
obtain &,;(fi1, to) and &y;(t;, to), and subtracting &, (¢, to) from
eyj(ti, 1) as

Aey; = &yi(ti1, to)[exp(—wy;At) — 1]

c(tz l)

+ @00, ti ) Eti ) Cyj

14.

where At =1; —t;1. Since e&;(t;, to) = &y;(ti1, to) + Agy;, the
remnant creep strain &(#;, fo) may be obtained directly from the
remnant creep strain & (i1, o) as

evj(tia ty) = gvj(ti—b 1) eXp(—ijAf)

AOﬂc(tifl)

+¢(OO) ti—]) E (t‘—l) Cyj

15.

The first term in the right-hand side of the above equation
represents the decaying remnant creep, whereas the second term
represents the contribution of current stress increment. From
Equations 13 and 15, the remnant creep strain at every time step
can be evaluated. It should be noted that only the remnant creep
strain at the previous time step &;(#_1, f) and the current stress
increment Ao.(#;-1) but not the stress history are involved in the
formulation.

Having obtained the remnant creep strains, the incremental creep
strain at ith time step can be determined as

m
Aece(tir, to) = | > wyeli(tis ti1)| At
16. J=1

where &yi(#;, t;_1) is the mean value of &,,(t, f) within the time
step. For simplicity, the value of &;(#;, #;—1) may be taken as the
average of &y;(ti1, to) and &;(t;, o). From the incremental creep
strain, the creep strain at time #; may be obtained as

m
Eecltis to) = €celti-1, t0) + | Y wyelilti, ti1) | At
17. j=1

Again, it should be noted that only the remnant creep strains
evj(ti-1, to) and &y(#;, 1), and the creep strain at the previous time
step &cc(ti-1, t) but not the stress history are involved in the
formulation. Hence, the proposed model enables the evaluation of
creep strain without entangling with the memorisation of stress
histories.

4. Application with design codes

The proposed multi-unit visco-elastic model has been incorpo-
rated into a finite-element structural analysis program developed
by the authors for the analysis of concrete structures using the
creep formulas stipulated in the design codes. The codified creep
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formulas implemented are those in the CEB-FIP model code
1990 (CEB, 1993), ACI Committee 209 report (ACI, 1992),
British Standard BS 5400: Part 4 (BSI, 1990), and Eurocode 2:
Part 2 (CEN, 2005). For ease of reading, the symbols used
hereafter follow the respective design codes, except where
clarifications are made.

4.1 CEB-FIP model code 1990 (MC-90)

Unlike the other creep models, the creep coefficient ¢o5(%, tp) in
MC-90 is defined in terms of the elastic modulus E(28) at the
age of 28 d: that is

Gc(tO)
E¢(28)

18. €Cc(t’ tO) = ¢28(t5 tO)

The creep coefficient in the above equation is given by

19. (1, t9) = @y Be(t — 1o)

in which ¢, denotes the notional creep coefficient, which is
dependent on the notional size of member, the environmental
conditions, the compressive strength of concrete and the age of
concrete at load application. The time function S.(—#) describes
the development of creep with time and is given by

B 03
ﬂc(t—to)z{ k) ]

20. Pur + (t—to)

where the coefficient Sy 1 is a function of the environmental
conditions and the notional size of member.

From the above equation, the creep half-time fy.s (the time for
half of the ultimate creep to take place) may be evaluated as

P Bur
21, 03 T 5103

By curve-fitting, it is found that a four-unit visco-elastic model
(m =4) is able to fit very closely the time function in MC-90.
The parameters of the four-unit model are: c¢,; = 0-3279,
cva = 0-2939, ¢y3 = 0-2556, ¢4 = 0-1225, wy) = 6 Wy, Wy = Oy,
wy3 = (1/6) wy and wyy = (1/36) w,, where w, (= — In(0-5)/f.5)
is the value for a one-unit model that will give the same creep
half-time. The MC-90 creep model and the proposed four-unit
model are compared in Figure 3, from which it can be seen that
nearly perfect agreement has been achieved.

It is noteworthy that in the creep model of Eurocode 2: Part 1-1
(CEN, 2004), the time function f.(1—1y) is the same as that given
in Equation 20, albeit the notional creep coefficient ¢ is distinct

—— MC-90

—-=— Proposed model

O 1 1 1 L L J
0 200 400 600 800 1000 1200
t—tyd

Figure 3. Comparison of MC-90 with proposed model

from that in MC-90. Moreover, an update of MC-90, known as
FIB model code 2010 (MC-10), has recently been drafted and
published (FIB, 2012). The creep model of MC-10 is essentially
the same as that of MC-90, except slight modifications of the ¢
and Sy r formulas to allow for the effect of concrete strength. Its
time function fB.(1—ty) is the same as that in MC-90. Hence, the
above set of ¢,; and w,; values is also applicable to Eurocode 2:
Part 1-1 and MC-10.

4.2 ACI Committee 209 report: 1992 (ACI 209)
According to ACI 209, the creep coefficient v, may be evaluated
as the product of ultimate creep coefficient v, and a time function

Bc(1), as given by

22, v = vfc(t)

in which v, is product of a constant and several multipliers

23. v = 2'35ylayrh7/h VsVtaVa

The multipliers V1., Y, ¥h, Vs» Vfa and vy, are to allow for the
effects of loading age, relative humidity, effective thickness,
slump, fine to total aggregate ratio and air content, respectively.
On the other hand, the time function () is given by

t0~6

24. ﬂc(t) = 10 + 96

Somehow, the above time function is independent of the environ-
mental conditions and the notional size of member. From the
above equation, the creep half-time #y.s may be evaluated as

25. s = 10100
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By curve-fitting, it is found that a four-unit visco-elastic model
(m =4) is able to fit very closely the time function in ACI 209.
The parameters of the four-unit model are: c¢,; = 0-2886,
cvo = 0:3943, ¢y3 = 0:1661, cyy = 0-1511, wy; = 8 wy, Wy = Wy,
wyz = (1/8) wy and w4 = (1/64) wy, where w, (= — In(0-5)/t).5)
is the value for a one-unit model that will give the same creep
half-time. The ACI 209 creep model and the proposed four-unit
model are compared in Figure 4, which demonstrates excellent
agreement.

4.3 British Standard BS 5400: Part 4: 1990 (BS 5400)

In the creep model of BS 5400, the creep coefficient ¢ is
evaluated as the product of five partial coefficients, as given by

26. ¢ = KiKnK.K.K,

where Ki depends on the relative humidity, K, depends on the
maturity of concrete at the age of loading, K. depends on the
composition of the concrete, K. depends on the effective
thickness /. of the member (defined as the ratio of cross-sectional
area of member to half the perimeter in contact with the
atmosphere) and K; defines the development of creep with time 7.
The partial coefficients Ki, Ky, K¢, K. and K are presented in
the form of graphs.

To facilitate direct computation of the various coefficients,
Alexander (2002) converted the graphs for the partial coefficients
into formulas. The time-dependent partial coefficient K; was
formulated as

tO~8

Ki=——
27. 7 250h + 198

from which the creep half-time #).s may be evaluated as

02 —s— ACI| 209
’ —-=— Proposed model
o L L 1 1 L J
0 200 400 600 800 1000 1200

t:d

Figure 4. Comparison of ACI 209 with proposed model

28.  fos = (250h)' %

By curve-fitting, it is found that a four-unit visco-elastic model
(m =4) is able to fit very closely the time function in BS 5400.
The parameters of the four-unit model are: c¢,; = 0-3040,
cyva = 03666, cy3 = 0-1522, ¢y = 0-1772, wy; =4 0y, 0y = 0y,
w3 = (1/4) o, and wyy = (1/16) wy, where w, (= — In(0-5)/ty.5)
is the value for a one-unit model that will give the same creep
half-time. The BS 5400 creep model and the proposed four-unit
model are compared in Figure 5, from which it can be seen that
very close agreement has been achieved.

4.4 Eurocode 2: Part 2: 2005 (Eurocode 2-2)

Whereas the creep model in Eurocode 2: Part 1-1 (Eurocode
2-1-1) is similar to that in MC-90, the creep model in Eurocode
2: Part 2 (Eurocode 2-2), which is specifically for high-strength
concrete, is quite different. In Eurocode 2-2, the creep of concrete
is explicitly separated into two components, namely basic creep
and drying creep, and the creep strain is evaluated in terms of the
basic creep coefficient ¢(t, 7)) and drying creep coefficient
da(t, 1), as follows

Oc(tO)
E.

59 Eeclts 10) = [Py(t; 10) + @yt 10)]

The basic creep coefficient ¢(2, 1) is given by

30.  @y(t, to) = PyoBe(t — to)

where ¢y is dependent on the strength, composition and age at
load application of the concrete and the time function f.(1—t) is
formulated as

1-0p
0-8F
061
N
0-4F
02l —s— BS 5400
—-=— Proposed model
O L L L L L ]
0 200 400 600 800 1000 1200

t.d

Figure 5. Comparison of BS 5400 with proposed model
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o (t—1)”
31. pelt = to) = Boe + (t — 10)™”

in which Sy is dependent on the composition and age at load
application of the concrete. On the other hand, the drying creep
coefficient ¢q(t, ty) is given by

32. ¢d(t: tO) = ¢d0[€cd(t) - ecd(tO)]

where ¢qo is dependent on the composition of concrete, and
&.d(?) 1s the drying shrinkage strain of concrete at time 7.

In the time-step analysis, the drying creep component may be
determined simply by cumulating the incremental drying creep
strain at each time step. This procedure does not involve
memorisation of the stress history and hence prediction of drying
creep by visco-elasticity modelling is not recommended. Only the
basic creep component needs to be modelled by the proposed
visco-elastic model. From Equation 31, the basic creep half-time
fo.s may be evaluated as

33. 105 =B

By curve-fitting, it is found that a four-unit visco-elastic model
(m =4) is able to fit very closely the time function for the basic
creep strain in Eurocode 2-2. The parameters of the four-unit
model are: c¢,; =0-3139, ¢y, =0:3511, ¢35 =0:1137, cyy =
0-2213, wy; = 8 wy, Wy = 0y, Wy = (1/8) w, and wys = (1/64)
wy, where wy (= — In(0-5)/ty.5) is the value for a one-unit model
that will give the same creep half-time. The time function for the
basic creep strain in the Eurocode 2-2 creep model and the time

function of the proposed four-unit model are compared in Figure
6, from which very good agreement can be seen.

4.5 Comparison of design codes

From the preceding section, it is seen that for all the design codes
considered, the creep time functions can be represented very
accurately by the proposed multi-unit visco-elastic model with
m = 4. In other words, a four-unit visco-elastic model is accurate
enough for practical applications with the design codes. The set
of ¢y; and wy; values for the creep time function in each of the
design codes are summarised in Table 1. It should, however, be
noted that the proposed multi-unit visco-elastic model is comple-
tely general and its application is not limited to the above design
codes. In theory, the proposed multi-unit visco-elastic model may
be used to fit any creep time functions, including those derived
directly from creep tests of concrete.

10p

ﬁc(t - to)

02 —s— Eurocode 2-2
—-+— Proposed model

O 1 ' ' 1 1 J
0 200 400 600 800 1000 1200
t—tyd

Figure 6. Comparison of Eurocode 2-2 with proposed model

Parameter Design code
MC-90 ACI 209 BS 5400 EC2-2

(and draft MC-10)
m 4 4 4 4
G 0-3279 0-2886 0-3040 0-3139
G2 0-2939 0-3943 0-3666 0-3511
G3 0-2556 0-1661 0-1522 0-1137
Cva 0-1225 0-1511 0-1772 0-2213
Wy 6wy 8wy 4w, 8wy
w2 Wy Wy Wy Wy
w3 (1/6)w, (1/8)wy /4w, (1/8)wy
(o (1/36)wy (1/64)wy (1/16)wy (1/64)wy
to-s ﬂH,T/(O'571/O'3—’|> 101/06 (250he)1'25 ﬁkz)c
Wy —|ﬂ(0'5)/t0.5 —|ﬂ(0'5)/t0.5 —|n(0-5)/t0.5 —|ﬂ(0'5)/t0.5

Table 1. Parameter values of proposed multi-unit visco-elastic
model
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5. Examples of time-step finite-element
analysis

Two numerical examples are presented to demonstrate the applic-

ability of the proposed visco-elastic model. In these examples,

tensile stress is taken as positive and compressive stress is taken

as negative.

5.1 Example 1: restrained concrete prism

A uniaxially restrained plain concrete prism is analysed for the
axial stresses induced by shrinkage and creep effects. The
concrete prism is 500 mm long and has a uniform cross-section
of 75mm by 75 mm, as shown in Figure 7(a). Its ends are
perfectly restrained such that axial movement is totally prevented.
Drying is allowed from all four side faces so that the notional
size of the concrete prism is 37-5mm. The prism is cast of
concrete having a mean 28 d cylinder compressive strength of
37-0 MPa. It is wet cured during the first day after casting and
thereafter kept in an environment with a constant temperature of
23°C and a relative humidity of 50%. The time at which drying
starts is denoted by ¢ (day).

The shrinkage and creep models in MC-90 (CEB, 1993) are
employed for the analysis. To verify the applicability and
accuracy of the proposed remnant-creep-based visco-elastic mod-
el with m = 4, the analysis is carried out twice, first using the
conventional approach of storing the stress history and evaluating
the creep strains by time-integration of creep responses, and then
using the proposed approach of evaluating the incremental creep
strains at each time step from the remnant creep strains without

175 mm

Concrete prism

' 500 mm '

Noowe W A
o O » o
T T T 1

—
ul
y

—&— Conventional approach

—
o
T

—0O— Proposed approach

Restrained shrinkage stress: MPa
N
o

@
o
T

o

50 100 150 200 250 300 350 400
t—t:d

(b)

o

Figure 7. Restrained concrete prism: (a) schematic representation
of prism; (b) time variation of restrained shrinkage stress

storing the stress history. In applying the conventional approach
or the proposed approach, 61 time steps are used in the numerical
analyses and the demarcation of time steps follows basically a
geometrical progression (Kwan and Ng, 2009; Ng ez al., 2007).
The respective computed tensile stresses—time curves so obtained
are plotted in Figure 7(b). It is seen that regardless of the method
used for the analysis, the computed tensile stress increases from
zero to a maximum value of about 3-5 MPa owing to the effect of
shrinkage restraint and then decreases gradually due to the effect
of creep (analogous to stress relaxation). The good agreement
between the two curves in Figure 7(b) verifies the accuracy of the
proposed remnant-creep-based visco-elastic model.

5.2 Example 2: concrete podium structure

A concrete podium structure with its floor slab structurally
connected to a number of beams and columns, and two core walls
supporting tower blocks on top, as shown in Figure 8(a), is
analysed. The podium structure is 90-0 m long and 42-0 m wide,
and has a storey height of 3-5m. The slab has a constant
thickness of 200 mm and is cast of concrete having a 28 d
cylinder compressive strength of 37-0 MPa. It is provided with
steel reinforcing bars along the x- and y-axes, and the steel ratios
in both directions are 0-4%. All the beams have a uniform cross-
section of 500 mm by 500 mm and are cast of the same concrete
as the slab. They all have the same steel ratio of 1-0%. All the
columns have a uniform cross-section of 600 mm by 600 mm and

15000 10000L15000 10000L15000 10000L15000

1 1 i | 1 h h 1
TETTTE TR TR T W R TR
| | | | | | | 13
| | I | 1 I I 1 | o
ol I | | | | | | | | —
S| m—— ——— k- —— & 19
ol I |8
< _ I _ _ s
Rt S R e S B
| | | | | | | 118
| | | | | | | 1| e
Sk & _h_ ok _ & _h___d |
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Legend
——=— Beam ® Column szlrle

Figure 8. Concrete podium structure: (a) structural plan; (b) finite-
element mesh. All dimensions in mm
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are cast of concrete having a 28 d cylinder compressive strength
of 48-0 MPa. Their steel ratios are 2-0%. The two core walls have
a constant wall thickness of 500 mm and are cast of the same
concrete as the columns. Their steel ratios in both the horizontal
and vertical directions are 1-0%. The tensile strength and elastic
modulus of the beam and slab concrete are 2-9 MPa and
33-55 GPa respectively while the tensile strength and elastic
modulus of the column and wall concrete are 3-5 MPa and
36-27 GPa respectively. The Poisson’s ratio of concrete is
assumed to be 0-18. Lastly, the elastic modulus of reinforcing
steel is taken as 200 GPa.

The construction of the columns and core walls is 7 d ahead of
the slab. The wet curing period of all concrete members is 3 d:
that is, the concrete starts to dry and shrink 3 d after it is cast. It
is assumed that the ambient temperature is 27°C and the relative
humidity is 75% throughout the period of analysis. The shrinkage
and creep models in MC-90 are employed for evaluation of
shrinkage and creep strains whereas the finite-element mesh
generated for the finite-element analysis is shown in Figure 8(b).
A total of 6032 plane stress elements were used to model the
podium structure. As in the previous example, the analysis is
carried out twice, first using the conventional time-integration
formulation approach and then using the proposed remnant creep
formulation approach. In applying the conventional approach or
the proposed approach, the number of time steps used in the
analysis was 69 and the demarcation of time steps followed
basically a geometrical progression (Kwan and Ng, 2009; Ng et
al., 2007).

Slab elements whose major principal stress exceeds the tensile
strength of concrete are considered prone to cracking, and the
potential crack direction in each element prone to cracking is
taken as perpendicular to the direction of the major principal
stress. The contours of major principal stresses as well as the
potential crack directions (marked by short straight lines) at
365 d after casting of the floor slab based on the conventional
approach are plotted in Figure 9(a), whereas those based on the
proposed approach are plotted in Figure 9(b) for comparison. To
reveal the long-term effects, the analysis results at 1095d
(3 years) after casting of the floor slab based on the conventional
approach and the proposed approach are plotted in Figures 10(a)
and 10(b), respectively, which show virtually identical stress
contours and areas prone to cracking. More importantly, in
extending the analysis period from 365 d to 1095 d, the required
computer memory tripled from an already very high level when
the conventional approach was adopted, but the required compu-
ter memory remained at the same low level when the proposed
approach was adopted. The economisation of computer memory
requirement is not at the expense of accuracy. Comparing Figure
9(a) with Figure 9(b), as well as Figure 10(a) with Figure 10(b),
it can be seen that excellent agreement between the numerical
results obtained by the two approaches has been achieved. Hence,
the proposed approach is numerically equivalent to the conven-
tional approach.

Kwan and Ng
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Figure 9. Major principal stress contour and potential cracks at
365 d: (a) as determined by conventional approach; (b) as

determined by proposed approach. All values in MPa
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Figure 10. Major principal stress contour and potential cracks at
1095 d: (a) as determined by conventional approach; (b) as

determined by proposed approach. All values in MPa
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6. Conclusion

The conventional approach of concrete creep analysis based on
time-step integration requires memorisation of the stress histories
of all the concrete elements. Such time-step integration demands
a huge computer memory and a long computer time, especially
when many time steps are used to trace the time-dependent strain
and stress developments. To avoid having to memorise the stress
histories and to deal with stress increments with undefined stress
rates, a new numerical implementation of the multi-unit visco-
elastic creep model based on remnant creep formulation, whereby
the remnant creep strains are employed to evaluate the incre-
mental creep strains at each time step and the incremental creep
strains are evaluated in terms of stress increments rather than
stress rates, has been developed.

The remnant creep formulation employs a multi-unit visco-elastic
creep model, which allows the creep coefficient to be expressed
in the form of a Dirichlet series. Step-by-step mathematical
derivations of the remnant creep strains and the increment in
creep strains at every time step have been presented. From the
formulas so derived, it is seen that at any time step, the remnant
creep strains can be obtained from the corresponding remnant
creep strains at the immediate past time step and the increment in
creep strains can be obtained from the current remnant creep
strains. Hence, only updating of the remnant creep strains at each
time step is needed and there is no longer any necessity to
memorise the stress histories. As a result, the computational
efficiency of the time-step analysis is dramatically improved.

The remnant creep formulation has been successfully applied to
the prediction of concrete creep in accordance with the creep
models given in CEB-FIP model code 1990 (and draft FIB model
code 2010), ACI Committee 209 report, British Standard BS
5400: Part 4 and Eurocode 2: Part 2. Excellent agreement with
the codified creep formulas has been achieved. Furthermore,
numerical examples of time-dependent finite-element analysis of
the shrinkage-induced stresses in a restrained concrete prism and
a concrete podium structure are presented to demonstrate the
applicability and accuracy of the new approach. It is advocated to
adopt this approach in the analysis of time-dependent problems
and the design of construction control measures.
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