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Abstract

In this paper, we derive a joint central limit theorem for random vector whose com-
ponents are function of random sesquilinear forms. This result is a natural extension
of the existing central limit theory on random quadratic forms. We also provide ap-
plications in random matrix theory related to large-dimensional spiked population
models. For the first application, we find the joint distribution of grouped extreme
sample eigenvalues correspond to the spikes. And for the second application, under
the assumption that the population covariance matrix is diagonal with £ (fixed) simple
spikes, we derive the asymptotic joint distribution of the extreme sample eigenvalue
and its corresponding sample eigenvector projection.
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1 Introduction

The aim of this paper is to derive the joint central limit theorem of a new type of
random vector whose components are made with several groups of random sesquilinear
forms. To be more specific, we consider a sequence {(:m7 yi)iem} of iid. complex-valued,
zero-mean random vector belonging to CK x C¥ (K fixed) with a finite moment of
fourth-order. For positive integer n > 1, write

‘ri:(‘rlia"' 7xK’i)T7 X(l):(xlla 7xln)T (1§l§K)7 (11)
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Joint CLT for random sesquilinear forms

with a similar definition for the vectors {y;} and {Y (!) }1<i<x. The covariance between
zyy and y;; is denoted as p(l) = E[Znyn], 1 <1 < K. Let {A, = [a;;(n)]} and {B, =
[bsj (n)]}n be two sequences of n x n Hermitian matrices, and define

(X" ALY (1) = p(DtrAs] (1.2)
[(X(1)*BaY (1) — p(l)trB,] .

We are studying the joint central limit theorem of the 2K-dimensional complex-valued
random vector:

If we use only one sequence of Hermitian matrix, say {A,} and consider one form
(K = 1), then the problem reduces to the central limit theorem of a simple random
sesquilinear form:

1 *
UQl) := ﬁ [X(l) A Y (1) — p(l)trAn} .
If we further impose Y = X, we obtain a classical random quadratic form
1
1) = —=|X(1)*A,X(1) — p(1)trA,
U (1) = = [X ()" A X (1) = p(1)tr A

with independent random variables.

There exists an extensive literature on the asymptotic distribution of quadratic form
U*(1). The pioneering work in this area dates back to [23], who deals principally with
the case when the variables X have normal distribution. This CLT is extended to ar-
bitrary iid. components in X by [24], with additional conditions on the matrix A: in
particular, A has a zero diagonal (i.e quadratic form: U(1) := ﬁX (1)*A4,X(1)). Later
extensions deal with other types of limiting theorem (functional CLT, law of iterated
logarithm) or dependent random variables in X, see: [21], [9], [10], [17] and [12] for
reference.

In a different area, [18] and [11] established the asymptotic behavior of quadratic
form and bilinear form, where A = S, is a sample covariance matrix and A = (M,, —
2I)~1 is the resolvent of some large dimensional random matrix M,,, respectively. Such
CLT can be used in the areas of wireless communications and electrical engineering.

In the paper of [2], the authors derived the central limit theorem for U(l) in (1.2)
(i.e with one group of sesquilinear forms) in their Appendix as a tool for establishing
the central limit theory for the extreme sample eigenvalues when the population has a
spiked covariance structure.

In this paper, we follow the lines and strategy that was put forward in [2], and ex-
tend this CLT to arbitrary number of groups of random sesquilinear forms, which is
presented in Section 2. Indeed, this extension has been motivated by applications in
the field of random matrix theory related to the spiked population model. When the
population has a spiked covariance structure, we establish the asymptotic joint distri-
bution of any two groups of extreme sample eigenvalues that correspond to the spikes.
Besides, when the population covariance matrix is diagonal with & (fixed) simple spikes,
we find the joint distribution of the extreme sample eigenvalue and its corresponding
sample eigenvector projection using our main result. All these applications are devel-
oped in Section 3. Section 4 and the last Section contain proofs and some additional
technical lemmas.
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2 Main result: central limit theorem for random sesquilinear
forms
Theorem 2.1. Let {A, = [a;;(n)]} and {B, = [bj;(n)]} be two sequences of n x n

Hermitian matrices and the vector {X(1),Y (I)}1<i<x be defined as in (1.1). Assume
that the following limits exist:

1 1 1
wy) = lim — tr[A4, o A,],we = lim — tr[B, o B,], w3 = lim — tr{A, o B,],
n—oon n—oon n—oon

1 1 1
91 = lim — tI‘[AnA:;], 02 = lim — tF[BnB:L], 93 = lim — tF[AnB,:],

n—oon n—oon n—oon
1 1 1

T = lim — tT[AiL To = lim — tT[B?J, T3 = lim — tT[Aan],
n—oon, n—oon, n—oon,

where A o B denotes the Hadamard product of two matrices A and B, i.e. (Ao B);; =
A;j - By;. Define two groups of sesquilinear forms:

U(l) = % (X (1) A.Y (1) — p(D)trA,] V(1) = —=[X(1)*B,Y (1) — p()trBy,) -

Then, the 2K -dimensional complex-valued random vector:

converges weakly to a zero-mean complex-valued vector W whose real and imaginary
parts are Gaussian. Moreover, the Laplace transform of W is given by

Eexp (((Ci)TW) = exp [; (fi)TB(c d)] . c,deCK,

B < By Bio ) .
Bi2 B 2K x 2K

Each block within B is a K x K matrix, having the structure (I, [ = 1,--- ,K):

with

/

By (l, l )
Bao(I,1)

/

Bio(l,1)

Cov (U(1),U(I')) = w1 Ay + (11 — w1)Ag + (61 — w1)As
Cov (V(1),V(I')) = wa Ay + (2 — w2)As + (02 — wa) As ,
Cov (U, V(') = w3y + (13 — ws)Ag + (05 — w3) As

where A1, As and A3 are given by

’

Ay = E@nynTy yrq) — p(Dpl) (2.1)
As = E@nzy ) E(ynyyy) (2.2)
Az = E@nyy ) E(@y,9n) - (2.3)

Proof. (proof of Theorem 2.1) It is sufficient to establish the CLT for the linear combi-
nations of random Hermitian sesquilinear forms:

K
D laX ()T AY (1) + diX(1)*B,Y (1))
=1

where the coefficients (¢;), (d;) € CX x CK are arbitrary. Also, it holds that

E[X(1)*A,Y ()] = p(DtrA, , E[X(1)*B,Y ()] = p()trB, .
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We use the moment method as in [2]. Consider the linear combination of the two
sesquilinear forms

K
T = % S {alX W) ALY (1) — pD)trAg) + di[X(1)* ByY (1) — p(D)trBy]}
=1

which can be expanded as follows:

mo= o= Al O @ = o)+ 3 XY (o]
=1 u=1

uFv

[ Y (XL W = )b+ D XW3Y (buo] }

u=1 uFv
1 K
- 777, { Z [(lel“yl“ - C[p(l))(luu + leluyl'uauv:l
e=(u,v) I=1

K
+ Z [(dlfluylu — dip(1))buw + dlfluylvbuv] }

=1

1
= = Z(ae"/}e + betpe)
Vn 4
where e is an edge associated with vertex v and v, i.e. e = (u,v) € {1,--- ,n}?; and
K
e 2 >l C}((-rluylu —p(l)), u=v, (2.4)
> i—1 AT Yl uFv,
o | L di@uy - o). u=v,
Pe = K (2.5)
Y1 AT Yio u#v.
Then
K
n:?2 77;1( = Z (a€1w61 + bel L1081) T (a’exwex + beK SDEK) (2.6)
e1 e
= Z ac, Ve, ba,ea,
G1UG:
where

aG1:Hae7 Ya, = H'l/)ea ba, = Hbea PGy = H‘Pe~

ecGy e€Gy ecGa e€Ga

To each sum in equation (2.6), we associate a directed graph G by drawing an arrow
u — v for each factor e; = (u,v). We denote G as a subgraph of G corresponding
to the coefficients being aw, and G, the remaining: Go = G\G;. Besides, to a loop
u — u corresponds the product a,,Vuu = duu Zfil ¢i(Ziuyiw — p(1)) and to an edge u — v
(u # v) corresponds the product a,,Yuy, = Guy Zfil T Y- The same holds for by, puy
and by, Qe

In the paper of [2] (proof of Theorem 7.1), they show that only three types of com-
ponents in the graph G contribute to a non-negligible term (see Figure 1):

Because G; and G5 are subgraphs of GG, and by the definition in equation (2.4) and
(2.5), 9. differs from ¢, only through the coefficient ¢; or d; in front. So the difference
between v, and ¢, is at most O(1), which means that for the components in the graph
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Figure 1: three major components in the graph G

G that have o(1) contribution to En’/2¢K (see [2] for detail of &,,) should still have o(1)
contribution to En’/2nX. Based on this fact, we get this time that only the influence of
the following nine components (in Figure 2) counts. The numbers k1, - - - , kg in Figure 2
stand for the multiplicity of each component, so by degree of each vertex, we also have
the restriction that 4(ky + - -+ + kg) = 2K, which means K should be an even number,
denoted as 2p for convenience.

From the combinatorics, we have this time

En" /Pyl =F Y ag,ve ba.va,

G1UG2
<[2(> (K2— 2) L. <;> . oka+ke+ko
Z X D1D2"‘D9+0(nK/2)
2(ky+-+4ko)=K kil ko!
In)! . 2ks+ke+ko
= Z (QPZPMW X D1Dy -+ Dg + O(HK/Q) . @.7)

ki+--+ko=p

The coefficients in front of D D5 --- Dy is due to the fact that by observing the nine
components in Figure 2, we find that each component is made of two edges; first we
combine two edges in a group in the total of K edges, thatis (%) (“, *)--- (3); second,
the first £, (also the following ks, - - - , k9) groups should be the same, we must exclude
the k1! - - ko! possibilities from the total of (%) (“, *) --- (3); and last, for the three com-
ponents in the last column of Figure 2, the two edges in each component belong to
different subgraphs (one edge in G; and the other in G5), so there should be an addi-
tional perturbation oks+tkst+ke 3dded, and combine all these facts leads to the result.

Then we specify the terms of Dy, Ds,--- , Dy in the following:

k}l K
D, = [[E [aijuj{ > @iy v, — o) }2]
j=1 =1
k1
= H aiﬂj ZCZC[' [E(leyz@l'lym) —p(Dp(l )}
Jj=1 LU
k1

_ 2
- H Qs E: acy Ay
INg

Jj=1

(1>

k1

2
H Quju; 1 -
=1
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k1 k2 k3
ka ks k6
k7 k8 k9

Figure 2: nine major components in the graph G; | G2

Similarly, we have:

ko K
D, =[] E[bijuj{Zdl (T, Yru; — p(l))}ﬂ
j=1 =1

k2

N 2

- Hbujuyﬂl )
j=1

k‘g K
D3 = H E [aujuj- ijuj Z Cl (fluj yIUj - p(l)) Z dl (fluj- yluj - p(l)):|
j=1 =1 =1
k3
= H Auju; bu_,»uj 7
j=1
k}4 K 9
D, = H E[aiﬂj (chflujylvj) }
j=1 =1
ky
= H a?,,jq;j Z acy BE(@ny ) E(ynyy,)
Jj=1 1l
ka4
- H aiﬂ’j Z cicy Az
Jj=1 1l
kg
= H aiﬂjO@ )
j=1
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[ j(idzfluj yzu,-)Q}

(1>

ks
ks
2
H quJﬁQ ’

ke K K

D6 = H E |:auj7j]~ bujUj ( Z leluj ylv].) ( Z dlfluj Yiv, ):|
j=1 =1 =1

ke

H aujvj bujvj’yZ 9

j=1

k7 K K
D7; = H E {|aujvj 2( Z T, Yy ) ( Z CIT 1y, yluj)}
j=1 1=1 1=1
k7
= H ‘a'U/j'Uj |2 Z Clcl’E(fllylﬁ)E(fl’lyll)
j=1 L

k7
2
= H\aujvj| g ciep As
j Ly

(>
B
<

£
&

2

%)

j=1

(1>
=
<

&
<
S
o
ey
w

K K

kg
D9 = H E [aujuj bq)juj ( Z leluj ylvj) ( Z dlflvj Yiu, )}
j=1

=1 =1

ko
A
- H Qusjo; Doy V3 -

Combine these nine terms with equation (2.7), we have

(k1++-ko)
B (2]7) . 9ks+ke+ko K
Eny” = n? Z AN ]._.[ ainunallb‘%jz“jz
ki+-+ko=p B Grge)=(11)

ks 2 ka1.2 ks ke
></81 Qg “Js“J371 UjgVig 2 T Ujs Vs 02 aHJSUJGbuJGUJS’YQ

x |a“j7”77 |2 ‘buﬂs Vig | 53 a“ﬂg“ﬂg b”ﬂg Ujg 73 + 0(1)
2p -1 -
= Zauu +51 Zb +2’71Zauubuu +0[2 Zaiv
u=1 u=1 uFv
+B2 Z biv + 272 Z auvbuv + ag Z |auv|2 + ﬁS Z |bu'u|2
uFv uFv uFv uFv
+2’73 Z auvbvu)p + 0(1) )
uFv
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which means that 7,, = N(0, 0?) by the moment method, with

o2 = lim % {al Z ar, + B ; b2, + 2 22:1 by + 2 Z aZ, + Bo Z v2,

u=1 uFv uFv
+272 Z auvbu'u + a3 Z ‘auv|2 + 53 Z |buv‘2 + 273 Z auvbvu}
uFv uFv uFv uFv

= oqwi + frws + 2y1ws + ax(T1 — wi) + Bo(Te — wa) + 2v2(T3 — w3)
+ag (01 —wy) + B3(02 — w2) 4 2v3(03 — w3)
= Z crep Aywy + Z didy Aywg + 2 Z cdy Ayws + Z ciep Aa(m — wr)
N LU L Ll
+Zdldl/ AQ(TQ — U)Q) —|— 2 chdl'Ag(Tg — ’LU3) —|— chcl/Ag(Hl — wl)
LU LU LU
+Zdldl/A3(92 — U)Q) + QZCldl/Ag(gg — ’U)3)
NG LU
= Y ey (Aywy + Ax(ry — wi) + As(6r — wn))
LU

+ Z dldl’ (A1w2 + AQ(TQ — wg) + A3(92 — UJQ))
LU

+2 Z Cldl/ (Al’U)g + AQ(’Tg — w3) + A3(93 — wg)) .
NG

The proof of Theorem 2.1 is complete. O

Corollary 2.2. Under the same conditions as in Theorem 2.1, but with real random
vectors {(x;,y;)ien}, symmetric matrices {A, = [a;;(n)]}, and {B, = [b;j(n)]},, the
2K -dimensional real-valued random vector:

U),--  UK), V), V(K))"

converges weakly to a zero-mean 2K -dimensional Gaussian vector with covariance ma-
trix B.

Theorem 2.1 can be generalized to the joint distribution of several sesquilinear
forms. We present this generalization in the following theorem. Recall that in the
proof of Theorem 2.1, we use the moment method and find the nine major components
presented in Figure 2, which all contain two edges. Therefore, if now we consider the
k sesquilinear forms as a whole, there should be 3k(1 + k) major components that will
lead to a nonnegligible contribution. And each component still has two edges, from the
same subgraph (both from G; (i = 1,--- , k) or from two different subgraphs (one from
G; and the other from G, (¢ # j)). This means that the k sesquilinear forms packed
together only has pairwise covariance function. The proof for other steps is similar and
omitted.

Theorem 2.3. Let {A,, = [agn) (”)}}n m = (1,--- ,k) be k sequences of n x n Hermi-

tian matrices and the vector {X(I),Y (I)}1<i<x are defined as (1.1). Assume that the

following limits exists (m,m’ = (1,-+- k) and m # m'):
Wy = nh_{réo% tr{Am 0 A, W) = nlgr;()% tr{A,, 0 A, /],
= lim % HALAL] L 6, = lim % AR AT ] |
T = nh_}rrgo % tr{A2)], T = nh_{go % tr{AnA,,] .
EJP 19 (2014), paper 103. ejp.ejpecp.org
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Denote the sesquilinear forms:
1
then the (K - k)-dimensional complex-valued random vector:
(U(l)(l), L UK, U ), UP(K),UP (1), U(k)(K))T
converges weakly to a zero-mean complex-valued vector W whose real and imaginary

parts are Gaussian. Moreover, the Laplace transform of W is given by

T T
C1 &1

Eexp W | =exp B(q ck) . ceCk

DN | =

Ck Ck

where B could be written as

By Bi2 -+ B
Bsy By -+ By
B = ) ) : ;
Bri Bra -+ B (K k)X (k)
each block is a K x K matrices with entries (forl,l/ =1,---,K):
Bii(1,1') = Cov (U (1),U(l')) = w; Ay + (i — w;)As + (0; — w;) As (2.8)

Bi(1,1") = Cov (U'(1), U7 (I')) = wiz A1 + (13 — wij) As + (0 — wij) As
(2.9)

and A, A; and Az are the same as (2.3).

Here we give an application related to the existing literature on large-dimensional
covariance matrices. In [18], they establish the central limit theorem of the random
quadratic forms s7 (SS7)is,, where S = (s1,--- ,8%), 8 = ﬁ(v“ covin) T, {vi;} are iid.
with Evy; = 0,Ev}; = 1, Ev}; = v4 < oo. This s7(957)%s; can be written as a linear
combination of a series of random quadratic forms whose random matrices involved
are independent of the random vector. Their Lemma 3.2 states such joint distribution
of these random quadratic forms, which can be restated and proved using our Theorem
2.3.

Proposition 2.4. [[18]] Let S1 = (s2 - - - s), independent of s;. Then the random vector

5?(515?)51 - y”fl‘den ()

2| sU(Si51)'s1 — g [2'dGy, (2)
stsp—1

is asymptotically normal with mean 0 and covariance matrix

Bll e Bli Bl i+1
: . . . ,
Bil e Bu Bii+1
Bivin o Bivti Bivtit1 /0y
EJP 19 (2014), paper 103. ejp.ejpecp.org
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where
va—1 . f2 _f2 .
B,,m,,:{ 7 L2m) - f2m) = ), lsm<i, 2.10)
H= m=i+1,
1/4—1 . _ -
B | EE S+ ) = f)fQ), 1<ml<i, 011,
%f(m), 1§m§27l22+17

here y,, = k/n, y = limy,, f(m) = y™ [2™dG,(z), and Gy(x) is the limiting spectral
distribution of 5,57 .

The proof of this Proposition is in Section 4.1.

3 Two applications in spiked population models

It is well known that the empirical spectral distribution of a large-dimensional sam-
ple covariance matrix tends to the Marc¢enko-Pastur distribution F,(dx):

F,(dz) =

Smzy (x — ay)(by — x)dz, ay, <z <b,,
where y = limp/n, a, = (1—,/y)* and b, = (1+,/y)* under fairly general conditions, see
[16]. Moreover, under a fourth moment assumption, the smallest and largest sample
eigenvalues converge almost surely to the end points a, and b,, respectively.

While in recent empirical data analysis, there is often the case that some eigenvalues
are well separated from the bulk, in order to explain such phenomenon, [13] proposed
a spiked population model, where all the population eigenvalues equal to 1 except some
fixed number of them (spikes). Clearly, the spiked population model can be considered
as a finite-rank perturbation of the null case where all the population eigenvalues equal
to 1. Then there raises the question that what’s the influence of these spikes on the
individual sample eigenvalues. [3] first unveiled the phase transition phenomenon in
the case of complex Gaussian variables, stating that when the population spikes are
above (or under) a certain threshold 1 + ,/y (or 1 — ,/y), the corresponding extreme
sample eigenvalues will jump out of the bulk (become outliers). [4] consider more
general random variable: complex or real and not necessarily Gaussian and they found
the same transition phenomenon. As for the central limit theorem, [3] proposed the
result for the largest sample eigenvalue in the Gaussian complex case. [19] found the
Gaussian limiting distribution when the population vector is real Gaussian and all the
spikes of the population covariance matrix are simple. [2] established the central limit
theorem for the largest as well as for the smallest sample eigenvalues under general
population variables.

Beyond the sample covariance matrix, there exist many recent and related results
concerning the almost sure limit as well as the central limit theorem of the extreme
eigenvalue of the Wigner matrix or general Hermitian matrix perturbed by a low rank
matrix. Interested reader is referred to [7], [5], [6], [8], [14], [22] and [20], for a
selection of such results.

In this section, we establish two new central limit theorems for the extreme sample
eigenvalues as well as sample eigenvector projections. First, Section 3.1 gives intro-
ductions on the model and some preliminary results. In Section 3.2, a joint central limit
theorem is proposed for groups of packed sample eigenvalues corresponding to the
spikes (primary CLT in [2] concerns only one such group). Next in Section 3.3, assum-
ing the simple spiked case, we derive a joint CLT for the extreme sample eigenvalue and
its corresponding sample eigenvector projection. Such CLT is a new result; indeed, we
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do not know any CLT related to spike eigenvectors from the literature. Finally, both ap-
plications are based on the general CLT for random sesquilinear forms in our Theorem
2.1.

3.1 Some notation and preliminary results

Suppose the zero-mean complex-valued random vector x = (¢, 1nT)T, where ¢ =
(€), -, &M)NT, n = (n(1),--- ,n(p))T are independent, of dimension M (fixed) and p
(p — o0), respectively. And denote z; = (¢,n1)T (i = 1,--- ,n) the n i.i.d. copies of
x. Moreover, assume that E||z||* < oo and the coordinates of 7 are independent and
identically distributed with unit variance.

The population covariance matrix of the vector x is then

V = Cov(z) = (% f) . (3.1)
p

Assume 3. has the spectral decomposition:

EZUdiag(al,"',CLl,"',CLk-,"',ak) U*a (32)
— —

ni Nk

where U is an unitary matrix, the a;’s are positive and different from 1, and the n;’s
satisfy ni + --- 4+ ny = M. Besides, let M, be the number of j's such that a; < 1 — VY
(here, y is the limit of dimension to sample size ratio: y = limp/n € (0,1)), and let M,
be the number of j's such that a; > 1 + ,/y. More specifically, if we arrange the a;s in
decreasing order, then 3 could be diagonalized as

diag(ala"' sy A1y QM s AMy """ s A—Ma+1y """ s A—My+1y """ 5, Ay - aak’) .
—_———

m nMy, Tk—Mg+1 n

>1+/y <l-\y

The sample covariance matrix of x is

1 n
=1
which can be partitioned as

S — (511 512> _ (XlXik XlX;) _ l <Z§i§;‘k Zfﬂ]f)
n )

Sa1 S22 Xo X7 XoX3 domi&l o ming
with
1 1
X = %(51, to 7§n)M><n = ﬁgl:n y
1 1

Xo = %(mw“ Jln)pxn = ﬁnl:n .

Since M is fixed and p — oo, n — oo such that p/n — y € (0,1), the empirical spec-
tral distribution of the eigenvalues of S,, as well as the one of S53, converges to the
Marcenko-Pastur distribution F(dz). For real constant A ¢ [a,,b,], we define the fol-
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lowing integrals with respect to F),(dx):

mo(\) ::/AiﬁFy(dm ma(A) ;:/Af F,(dr) |
x2

ma(\) ./(/\_QC)QFy(d:c), ms(\) :/(/\_xx)sz(d:v),
ma(\) ;:/ﬁ@(d:ﬂ), ms(\) ::/(/\_xx)ng(d:v),
me(\) ::/(Afwmdm), ma(\) ::/(/\TTPFy(dx). (3.3)

Letly > Iy > --- > [, be the eigenvalues of 5,,. Let s; =ny +--- +n; for 1 < j < M,
or k— M, +1 < j < k. [4] derive the almost sure limit of those extreme sample
eigenvalues. They have proven that foreachm € {1,--- , My} orm € {k—M,+1,--- ,k}
and s,,—1 <1 < Sy,

Yyam

m — 1

li — >\7n = ¢(am) = am +

almost surely. In other words, if a spike eigenvalue a,, lies outside the interval [1 —
V¥, 1+ y/yl, then the n,,-packed sample eigenvalues {l;,i € J,,} (associated to a,,)
converge to the limit \,,, which is outside the support of the M-P distribution [a,, b,]
(here, we denote J,,, = (Sm—1,5m]) whenm € {1,--- ,Mp} orm € {k — M, +1,--- ,k}).

Recently [2] derives the CLT for those extreme sample eigenvalues. More specifi-
cally, let 6, ; .= v/n(l; — A\p,), where m € {1,--- Myt orm e {k— M, +1,--- ,k}, i € Jp,
and \,, = ¢(am) ¢ [ay,b,] as defined before. They have proven that ¢, ; tends to the
solution v of the following equation:

| = [U"Ran)U],,,,, + 0(1 4 yma(n)am) T, + 0n(1)] =0, (3.4)

here |-| stands for determinant, [U*R,,(A,,)U] is the m-th diagonal block of U* R,, (A, )U
corresponding to the index {u,v € J,,}, and

= {6+ A0 -2+ 4,00) }

An(N) = X3 (M — X2 X3) 7' Xz .

R, (M)

Let R()\) denote the M x M matrix limit of R, ()), and R()\) := U*R(\)U. According to
(3.4), it says that ¢,, ; tends to an eigenvalue of the matrix (1 +ymz(Mm)am) "R ) mm.-
Besides, since the index i is arbitrary over .J,,, all the .J,, random variables /n{l; —
Am, © € Jn} converge almost surely to the set of eigenvalues of this matrix. The fol-
lowing theorem in [2] identifies the covariance of the elements within the limit matrix
R(\). For simplicity, we only consider the real case in all the following unless otherwise
noted.

Proposition 3.1. [[2]] Assume that the variables ¢ and n are real, then the random
matrix R = R;; is symmetric, with zero-mean Gaussian entries, having the following
covariance function: for1 <i<j< Mand1<i <353 <M

Cov (R(i,5),R(i,7))

= w{ BIEDEDE G — STy | + (0 - w0) Ty Sy,
+ (9 — w)Eii/Ejj/ R
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where the constants 0 and w are defined as follows:

0 =14 2ymy () +yma(N) ,

y(1+mi(\) )
)\—y(1+m1(/\)) .

w:1—|—2ym1()\)—|—<

3.2 Application 1: Asymptotic joint distribution of two groups of extreme sam-
ple eigenvalues in the spiked population model

In this subsection, we consider the asymptotic joint distribution of two groups of
extreme sample eigenvalues, say, {l;, i € J,,} and {l;;, i € J -} (m # m ) when X has
the structure (3.2), namely the random vector

< {\/H(ZZ - /\m)7 i,G Jm} )
{\/ﬁ(lz/ - )\ml)’ i€ Jm/} .

Following the work of [2], we know that this n,, + n,  dimensional random vector

converges to the eigenvalues of the symmetric (n,, +n,,/) x (nm, +n,, ) random matrix

[ROwm)lmm 0
1+yms(Am)am 3.5
0 (RO, D] o (3.5)
1+ym3(/\m/ )am/
Here, this random matrix (3.5) has two diagonal blocks with dimension n,, and n,,,
respectively. The covariance function of the elements within each block has been fully
identified by [2], see Proposition 3.1. But if we consider them as a whole, there’s still

need to explore the covariance between the elements from the different two blocks
[R()‘m)]mm and [R(Am/)]m’m/'

We establish such a covariance function in Theorem 3.2 when the observation vector
x is real with the help of our Corollary 2.2. However, it can also be generalized to the
complex case by considering the real and imaginary parts as two independent real
random variables with the help of our Theorem 2.1, readers who are interested in this

can refer to [2] (see the proof of their Proposition 3.2).

3.2.1 Main result

Theorem 3.2. Assume that the variables £ and n are real, then the two diagonal blocks
of the 2M x 2M random matrix
( R(Am) 0 ) (3.6)

0 R(\,)

are symmetric, having zero-mean Gaussian entries, with the following covariance func-
tion between each other: for1 <:<j< M and1<i <j < M, we have

Cov (R(Am)(i,5), RO\, )@, 50))

+ (Q(m,m/) —w(m,m )Eij/ DI
+ (G(m,m') —w(m,m’ )E, DI (3.7)
where
, A Am
O(m,m ) =14+ymi(An) +ymi(A,) +y| —2—mi(N\,/) + ———m1(Am) | ,
Am — Ay A/ — Am
EJP 19 (2014), paper 103. ejp.ejpecp.org
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y* (1 4+ mi(Am)) (1 +m1(A,))
()\m - y(]' + ml()‘m)))(Am/ - y(]' + ml(/\'m/)))
Remark 3.3. If we restrict the index (i, j) to the region J,, x J,, and (i ,j ) to J,» x.J, .,

we can get the covariance function between the two blocks of (3.5). And it should be
noticed that the two regions J,, x J, and J,» x J . do not intersect with each other.

wim,m’) =14 ymi(An) +ymi(\,) +

Remark 3.4. In general, the covariance of the elements from two blocks are not inde-
pendent asymptotically, that is Cov (R(Am)(i,7), R(\,,/)(i',5)) # 0. Notice that same
phenomenon also exists in the Wigner case, for example, see Theorem 2.11 in [14].

Remark 3.5. If the coordinates {£(i)} of £ are independent (thus, ¥ is diagonal and
U = I,), [2] has already proved that the covariance matrix within each diagonal block
in (3.6) is diagonal; in other words, the Gaussian matrix R(\,,) and R(\,, ) are both
made with independent entries. And by noting that the regions J,, x J,,, and J,; x J, s
are disjoint, the only covariance function that may exist between the two blocks is
Cov(R(Am)(i,4), R(\,,/)(i ,i')) GG € Jm, i € J, ). Using (3.7) and the fact that {¢(i)} are
independent, we have

o

Cov (R()‘m)(i’i)vR()‘m')(i ) ))
= w(m,m){BIEG)EW )] ~ DuSey |+ 2(0(m,m

= w(m,m’){E“Ei/i/ - EiiEH} + 2(9(m,m/) —w(m, m )) (E“J)Q

)

which means that the two diagonal blocks in (3.5) are independent. Besides, [2] have
already pointed out the variances within each block:

Var(R(3,j)) = 6052, i<j (3.8)
Var(R(i,i)) = w(E£(@)* — 3%%) + 2052 . (3.9)

Therefore, if {£(i)} are independent, then any two groups of packed extreme sam-
ple eigenvalues {\/n(l; — \n),i € Jn} and {\/n(l; — \,),i € J,/} are asymptot-
ically independent, converging to the eigenvalues of the Gaussian random matrices

T oy [B(Am)]mm and W [R(A,,7)] respectively. And both the Gaus-

sian random matrices are made with independent entries, with a fully identified vari-
ance function given by (3.8) and (3.9). Moveover, if the observations are Gaussian, (3.9)
reduces to Var(R(i,i)) = 20%2,.

roo
m m ’

3.2.2 Conditions that two groups of packed extreme sample eigenvalues are
pairwise independent

An interesting question in the asymptotical analysis of spiked eigenvalues is to know
whether two groups of packed extreme sample eigenvalues are asymptotically pairwise
independent. In Remark 3.5, we have seen that when {£(i)} are independent, {\/n(l; —
Am),i € Jo} and {y/n(l; — A,),i € J, /} are asymptotically independent.

We aim to relax the independent restriction of {£(¢)} under the condition that all the
eigenvalues of ¥ are simple, that is, ¥ has the spectral decomposition:

ag 0 .- 0
0 ay - 0
x=v| . . . : U,
0 0 - aug
EJP 19 (2014), paper 103. ejp.ejpecp.org
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where the a}s are arranged in decreasing order. We discuss the condition that when the
extreme sample eigenvalues are pairwise independent, asymptotically.

Let l;, I; denote the extreme sample eigenvalues correspond to two different spikes
a; and a;, where a;,a; ¢ [1 — /y,1+ ,/y]. Then, the two-dimensional random vector

()= ()

converges to the eigenvalues of the following random matrix:

Cﬂﬁwmmwmi 0 ).
0 W[R(Aj)]n

Since all the eigenvalues of 3. are simple, the multiplicity numbers n; and n; both equal
to 1. Therefore, [R();)];; and [ﬁ()\ )];; are now two Gaussian random variables (actually,
they are the (,7)-th and (j, j)-th elements of the M x M Gaussian random matrices R();)
and R()\ ), respectively, denoted as R();)(i, i) and R()\ )(4,4)). As a result,

T
(5n,i 5n,j)

actually converges to the Gaussian random vector

( oo B ) )

T oo B (69

with
Var (R(\;)(i,4)) = w(i){E[¢(0)*] - 2}+2( (i) —w(i))XZ (3.10)
Var (R(A;)(j,4)) = w(i){E[£(G)*] — 3,1 +2(00()) —w(5)) X3 (3.11)
Cov (R(Xi)(i,7), R(X;)(4, 7)) = w(i, j {E[ €)% — ZuXy; )
+2(0(i, ) — w(i, )53 (3.12)
where

9(%) =1 + 2ym1()\z) + ymg()\z) s

y( +m (N ))Z))>2

(i) = 1 2m ) + (5]

are given in [2]. From the definitions of w(i,j) and 0(¢, j) in Theorem 3.2, taking the
fact that mq(\;) = 1/(a; — 1) (see Lemma 5.1) into consideration, we have,

w(i,j) = 1+ymi(N)+ymai(N;)
4 y2(1—|—m1()\i)) (1—|—m1()\J))
(N =y +mi(X))) (A — y(1+ma(Ny)))
y y y?
S S ey S B P
(y+ai—1)(y+a;—1)

(@—1(a -1
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Y2
—1)(a; — 1)
(y+ai—1)(y+a;—1)

—D(a; — D [(a;i = )(a; —1) —y]

The values of w(i, j) will always be positive whenever a;,a; ¢ [1 — /y,1 + ,/y], while
6(i, j) —w(i,j) will be negative if a; > 1+,/y and 0 < a; < 1 —,/y (corresponding to one
extreme large and one extreme small sample eigenvalues), and positive if a;, a; > 1+,/y
or 0 < a;,a; <1—,/y (corresponding to two extreme large or two extreme small sample
eigenvalues).

Therefore, if any two extreme large (or small) sample eigenvalues are mutually in-
dependent (equivalent to the condition that Cov(R(\;)(%,¢), R(A;)(j, 7)) = 0), a sufficient
and necessary condition is

E[¢(i)%¢(j)?] — ZuX;; =0,

and
E[£(4)€(7)] = 0 (= E()EL())) ;

another way of saying this is

) { Cov (£(7),£(j)) =0 (X is diagonal or U = Ip) ,and
Cov (&(1)%,£(7) ) 0

Obviously, when {£(i)} are independent, the condition (x) is satisfied.

We consider a special case that the observations are Gaussian, with a diagonal pop-
ulation covariance matrix. This model satisfies condition (x). It is due to the fact that
when the observations are Gaussian, uncorrelation between £(¢) and £(j) implies in-
dependence, which further implies £(i)? and £(j)? are uncorrelated. Therefore, if the
observations are Gaussian and the population covariance matrix is diagonal, then any
two extreme large (or small) sample eigenvalues are mutually independent. Further-
more, we can derive explicitly the joint distribution of §,, ; and d,, ;. According to (3.10),
(3.11) and (3.12), we have a much more simplified form due to the Gaussian assumption:

Var (R(A\;)(i,4)) = 20(i)a; ,
Var (R(X)(j,4)) = 20(j)a3 ,
Cov (R(\i)(i,1), R(A)(5,5)) =0, (3.13)

where 0(i) = % and 0(j) = W by definition. And using the expression
mz(A\) = W (see Lemma 5.1), we finally derive the asymptotic joint distribution:

Vv (li = Ai) Y 0 | W 2 0 2
Vi(ly = Aj) 0 0 2ajl(a;—1)"—y]

(a;—1)?
But, if we only assume X is diagonal, and no Gaussian assumptions are made, things
are different. One such example is that £(¢) and £(j) come from the uniform distribution
inside the ellipse:
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one can check that E£(i)E(5) = EE(i) - EE(5) = 0, but EE(i)? = 4, EE(j)? = 9 and
E£(i)2£(5)? = 24, that is EE(i)2£(5)? # EE(i)? - EE(5)?, therefore, condition (x) is not
satisfied. From this example, we see there could happen that although £(¢) and £(j)
are uncorrelated, ¢£(i)? and £(j)? are correlated. And in such a case, even though the
population covariance matrix is diagonal, the two extreme large (or small) eigenvalues
of the sample covariance matrix may actually have correlation between each other.

A small simulation is conducted below to check this covariance formula according to
the two cases mentioned above. The dimension p is fixed to be 200 and the sample size
n is fixed to be 300. We choose two spikes a; = 9 and as = 4, which are both larger than
the critical value 1+ /y (= 1+ \/2/73). We repeat 10000 times to calculate the empirical
covariance value between the largest (/1) and the second largest (/3) sample eigenval-
ues. The first case is the two-dimensional multivariate Gaussian vector (£(1),£(2))7,

which has a joint distribution
0 9 0
()6 9)

According to (3.13), the theoretical covariance value between [; and [> should be 0,
and the empirical covariance value from the 10000 sample simulated turns out to be
0.0019. The second case is the aforementioned uniform distribution inside the ellipse:
£(1)%/36 + £(2)%/16 < 1. This time, the theoretical covariance value between /; and I,
could be calculated as —0.0366 according to (3.12), and the empirical covariance value
from the 10000 sample simulated turns out to be —0.0371. The two errors are both
smaller than the order O(1/4/10000) under both cases.

3.3 Application 2: Asymptotic joint distribution of the largest sample eigen-
value and its corresponding sample eigenvector projection

In this subsection, we consider the joint central limit theorem of extreme sample
eigenvalue and its corresponding sample eigenvector projection, which may find appli-
cations in principal component scores, where both the eigenvalue and its eigenvector
are involved, see [15].

Let the population covariance matrix be diagonal with k£ simple spikes:

V:diag(al,n- ,ak71,--- 71),
—— —
k p
where now the ¥ in (3.1) reduces to a diagonal matrix diag(as,--- ,ax) with all the

diagonal elements a; larger than the critical value 1 + ,/y. The sample covariance
matrix .5, is also partitioned as before:

S — (511 S12> _ (X1Xik X1X§) _ l <Z§i§;‘k Zfﬂ]f)

Sa1 Saz Xo X7 XoX;5 2om&l o ming
with
Xy = (6 Eaien = =k
1= —7=\81,"""»Sn)kxn - Lin
\/‘ X \/>
1 1
Xo=— e n n = ROR)
2 \/ﬁ(nb | )p>< \/*771
which are mutually independent. And we denote v4(i) = E&(i)*/a? — 3 fori = 1,--- ,k

as the kurtosis coefficient of the i-th coordinate of &.

Now suppose /; is an extreme eigenvalue of S,,, converging to the value \; = ¢(a;) =
a;+ya;/(a; —1) and let (u;,v;)” be the corresponding sample eigenvector with w; its first
k components and v; the remaining p components. We derive the following central limit
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theorem that establishes the asymptotic joint distribution of the extreme sample eigen-
value [; and its corresponding sample eigenvector projection u;(i)? (here u;(i) stands
for the i-th element of the k£ x 1 vector u;). Notice that the population eigenvector cor-
responding to the spike a; is simply e¢; = (0,---,1,---,0)7, the i-th standard canonical
basis vector. Therefore, u;(i) represents the inner product between the sample eigen-
vector (u;,v;)T and the population one e;.

. a;— 2_
Vn (Ui(l)2 - (ai(:l)(i)i—lziy)) — N <<O> <U11 v12)>
V(s — ) 0 V12 Va2

afy®(af +y —1)? ‘
V11 = (a/i — 1)4(Cli — 1 +y)4l/4(7’) +

_ yaZ(a? —1+y)((ai — 1) —y) .
v e i - e O

Vgg = a?((cziai—l)f); y)2V4(i) +

Theorem 3.6.

where

2a2y((a; +y — 1)* + ya?)

((ai =12 —y)(ai =1+ y)*’
2a3y

(@i —1)(ai —1+y)*’

203 ((a; —1)* —y)

((Zi — 1)2

Remark 3.7. Ifthe observations are Gaussian (v4(i) = 0 fori = 1,--- , k), then the three
values above are simplified to be:

2a2y((a; +y — 1)* + ya?)

V11 = )
((a; =1)* —y)(ai =1+ y)*
2a}y
v == )
P (0 - (0 — 1+y)?
o — 247 ((a; — 1)* — y)
22 (av', — 1)2 .

Remark 3.8. Trivially, the following central limit theorem of the eigenvector projection
holds

()2 — (@i —1)°—y v
i (w0 - G g i) e

In particular;

ul(l)Q P (a; — 1)2 - Y )
(ai — 1)(&1 -1+ y)
Observe that this limit € (0, 1). In particular, the sample eigenvector does not converge
to the population eigenvector; only their angle tends to a limit. Notice that the limit of
the angle has already been established by [19] for the Gaussian case and [6] on some-
what different but closely related random matrix models with a finite-rank perturbation.

4 Proof of Proposition 2.4, Theorem 3.2 and 3.6

4.1 Proof of Proposition 2.4
Proof. We give a short proof of Proposition 2.4 using our Theorem 2.3. Let

1 1
U™ = — |s7(8,8T)™s) — = tr(S18T)™| ,1<m<i
\/551(11)51 n (S151) ,y Lsm=1,
. 1
Ui+ — = [sTs1 —1] ,
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so we have
k=i+1,
X(1)=s1:= %(011,"' )T =Y (1), (K=1),
p(l) = Ex1iyn = % )
A= ln—1), A=Ay =

and the matrix
Am) — (S1S7)™, 1<m<i
RO m=i+1

Then,
! lim *tr(5,57)*™, 1<m<i
Tm = O, = lim 7tr[A(m)]2: nosoo ™ ( 1 1) |
n—oon ]., m:Z+1

y*™ [ 2?™mdGy(z) , 1<m<i
1, m=1i+1

lim L tr [(Slsf)m(sls{)m/} . 1<mm <i,
n—oo
lim Jtr(SuST)™ m=i+1,1<m <i,

B y"”‘m fmm+de (x), 1<m,m <i,
™[ g™ dG, (x) m=i+1,1<m <i,

1
Wy, = lim — tr[A™ o A™)] =

n—oon

(nli_{r;o% tr(S1ST)™)?2, 1<m<i,
(lim Ltrr,)?, m=i+1,
n—oo

B me(fxdey(m))Q , 1 S m S i )
11, m=i+1,

1 ’
w,,, = lim —tr[A™ o A(m)]

n—oon
lim ltr(S STY™ - limy, o0 = (SlsT) . 1<mm <i,
hmltr(SlST) m=i+1,1<m<i,

n— oo

oy [amdGy(x) - y™ fxm/de(x) , 1<m,m <i,
y™ [2™dGy(z) , m =i+1,1<m<i,

Combine all that above with (2.8) and (2.9) leads to the result.

4.2 Proof of Theorem 3.2
Proof. We prove this result with the help of Corollary 2.2. Consider

Zu(i) (I + An(Am))u()"
Jeu (Z)(I+An(A Du(i)T

)

>1<i<j<M, 1<i'<j' <M
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with u(i) = (&1(i), - ,£a(i)). Moreover, we define X (1) = u(i)”,Y(l) = u(j)T, X(I') =

" , ./ : C oy g ' M(M+1
w(@)T, Y (1) = u(j")T, with I = (i,5), I = (i',5'), where I and {' both have K = M+
options. Recall the definition of R,,, we have:

1 *
RuOn) = = {€n (4 AnO)ef, = St + Au(An) |
R ()\'m ) = %{gln(-["_ An()\m/))gikn - Etr(I+ An()‘m/))} .

By applying Corollary 2.2, we have
Cov(R(mn) (i, §), RO\, (i 5 5)) = wa Ay + (15 — ws) A + (05 — ws3) As .

We specify these values in the following:

n

1
w3z = nlgrolo n Z(I + An(Am))ua(I + An (X)) uu

u=1
n

= 1+ lim % > (An(xm)w + An (A o + An(Am)uuAn(Am/)uu)

u=1

y2(1 + ml(/\m)) (1 + ml()\m/ ))
(A = y(L+mi(An)) (N = y(L+ma(A,,0)))

= 14+ymi(An) +ymi(A,,) +

/

= wm,n),
Bo= B= Jm DS (Al A )
ww=1
=l e (T A+ Au(A)
= 14+ymi(An)+ymi(A,,) +y/ o _;)2(/\m ) Fy(dx)
= L ym Q) Fym ) + y<MA_m’A/m1(Am/> + Af'_”MmmAm)) ,

= O(m,m),
where we have used Lemma 6.1. in [2]; and

Ay

E@nynTyyr) — pDpl) = BEGEGHEE)EG)] = Sy Sy

Ay = E@nzy)E(ynyy,) = EBE@OEE)]EEG)EG )]
As = EB@nyy)E@un) = BEGOEGELGEE)]
Combine all these, we have
Cov(R(Am )(i,j),R(Am')(i'7j')
= w(m m’>{1E (EEIEG ) - 5455}
+ (6(m,m') — w(m,m))EE@)EG)EE[)E))
+ (6m,m’) = w(m,m")E[E0ENEEG)EG)]
The proof of Theorem 3.2 is complete. O
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4.3 Proof of Theorem 3.6

Proof. Since [; is the extreme eigenvalue of S,, and (u;,v;)? its corresponding eigenvec-

tor, we have
lZI]C — Xle —)(1)(5K Ui\ 0
7X2Xik lzIp — )(2)(5< Uy - ’

where u; is the first K components, and v; the remaining p components, and this leads

to
{ (lZIk — Xle)uz — XlXék’Ui =0

—XgXikui + (lilp — XQXS)Ui =0.

Consequently,
vi = (Ll — XoX3) ' Xo X u; , (4.1)
(L — X1 (In + X3 (L, — X2 X3) 7' Xo) X{)u; = 0. (4.2)
(4.2) is equivalent to

Ly +Lis(L) | 2 - ¢ | +o(l) |u; =0, (4.3)

where

st) = [ B, @)

l; —x v

Ey(x) is the LSD of X X,. Since s(l;) = —1/a;, we have (4.3) equivalent to

a;

1—o .0 ui(1)
: g : : [ =0,
0 o 1— ) \y(k)

and that leads to

Moreover, combining (4.1) with the fact that

leads to
wi (I + X1 X5 (LT, — XoX3) 2 X0 X )u; =1,

which is also equivalent to
ui (D[ + X1 X5 (LI, — XoX3) 2 Xo X{](4,4) = 1 (4.5)
if take (4.4) into consideration. Therefore, we have

1

1+ [XlX; (lz[p — XQX;)_QXQXT}(Z, Z)
1
= * *\—2 *1(s + C
1+E[X1X2 (>\in _X2X2) XzXl](’L,Z)
1 1
= ———+C+o(— N
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where
c = 1 1
14 [X1X2*(lifp — XQXS)*2X2XT](Z', i) 1+ E[X1X§()\ifp — XQXS)*QXQXT}(i, 1)
1 1
1 + [XlXS(lZIp — XQX;)_2X2XT](Z7Z) B 1+ [XlXS(AZIp — XQX;)_QXQXT](Z,Z)
1 1
+ N P
1+ [XlXék()\ZIp — XQXQ*)_QXQXT](Z, Z) 1+ IB[Xng()\zIp — XQX%)_2X2XT](’L7 Z)

= C;+0Cy.

Next, we simplify the values of C and Cs.

1 1
1+ XX (i, — XoX3) 2XaX11(50) 1+ X0 X3 (Nl — XaX3)2XaX7](1)
Xng [()\zlp — XQXS)_Q — (lzlp — XQXS)_Q] X2Xf(2,l)
[1+ X1 X5 (L, — X2 X3) 72X X (4,4)] - [1 4+ X0 X5 (Nl — XoX3) 2 XoX{(4,1)]

C, =

First, consider the part in the above numerator:

(Ndp — XoX3) 72 — (L1, — X2 X3) 72
=[N — XoX3) 7' — (il — XoX3) 7 - [(Nidp — XoX3) 7+ (i, — X2X3) 7]
= (i = M) Nilp — XoX3) (il — XoX3) 71 [Ny — XoX3) 7+ (i, — X2 X35) 7' .
(4.6)

Since /n(l; — A;) has a central limit theorem with the following expression using our
notation (see [2]):

= X (I + X5\, — XoX3) 1 Xo) X5 (4,0) — BEX (I + X5 (NI, — XoX3) 1 X0) X5 (4,4)

4.7)
which implies that (4.6) tends to
2(L; — M) NI, — XaX3) 73 +o(1/y/n) .
So
X1 X5 (\idp — XoX3) P Xo X7 (i, 1)
Ci o= 20— N\ —— 1
' ( ) 1+ X1 X5 (N, — XoX3) 2 X0 X7 (i,4)]2 Foll/vn)
2a;yms(A;)
(=N —‘rOl\/ﬁ. (4.8)
(14 aiyms(\i))? ( )+ oll/Vn)
And
O 1 1
271 + X0 XNy — XoX3)2Xo X5 (4,0)  1+EX X3\, — XoX5) 2 X0 X (4,49)
_ )(1)(5< (/\zlp — XQX;)iZXQXT (Z, Z) — E[Xng(Azlp — X2X§)72X2Xik](l, Z)
(14+ X1 X5(NIp — XoX3) 2 X0 X (4,9) (1 + EX1 X5 (NI, — XoX35) 2 X0 X5 (4,1))
_ _X1X§()\Jp — X2X§)*2X2Xf(i,i) - E[X1 X5 (N1, — XQXQ‘)*QXQXT](Z',Z')
(1 + aiyms(A;))?
+o(1/v/n) . (4.9)
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Let
AN =1, + X5 (NI, — XoX3) 7' Xo (4.10)
B(\) := X5 (NI, — XoX3) %Xy, (4.11)
combining with (4.7), (4.8) and (4.9) leads to

 Xu[B - BBX; (i)
(1+ asyms(Xi))?

o 2a;yms(N) B s
O = TragmsDap 1A~ BAXIG)

_ 2aiym5(Ai) . El:n[A B EA]ng(’L,Z) _ gl:n[B - EB]giﬁn(%Z) +0(1/\/ﬁ) ) (412)

+o(1/vn)

(1+ a;yms(N;))3 n n(1+ a;yms(N;))?
Therefore,
NS (u%) - 1)
! 1+ aiyms(N;)
_ 2aiym5(>‘i) . Elin[A - EA]ffn(sz) . flzn[B - EB]gikn(%Z) + 0(1)
(14 a;ymsz(N\;))?3 N V(1 + a;yms(N;))? ’
which leads to the fact that
. 2a;yms () -1 1 . % ..
vn (U?(Z) - m> _ [ Tt Tt | | (ﬁ&:"[A BAELA(1:1)
Vil — \i) om0l 0 Jméun[B — EBJST,, (i,4)
+o(1).
If we denote
Zaiyms()\,;) —1
D= (I+a;ymz(Xi))3  (1+aiyma(X;))?

1 ’
1+aiyms(Ai) 0

and combining with Lemma 5.2, we have got that

NG —
Vn(li = i)

is asymptotically Gaussian with mean 0 and covariance matrix

DBDT _ <U11 le)

Uiz V22
where
(2a;yms)? da;yms n 1 B
v = —
H (1+ a;yms3)® 1 (1+ a;yms)® 12 (14 ayms)* >
— al?y2(a’12 + Yy — 1)2 1/4(’6) 2a12y((ai + Yy — 1)2 + ya%)
(a; —1)*(a; —1+y)* ((a; — 1) —y)(a; — 1 +y)*
Vyp = _ 2aiyms - ;Bm
(1+ a;yms)? (14 a;yms)3
2(g2 — 1 - 1)2— 2a?
_ yai(a; ty)((a ) i y) va(i) + a;y i
((LZ—].) (az—l—I—y) (az—l)(az—l—i—y)
1
Vg9 = ————-B
22 (1 + ayms)? 11
a?((a; — 1)2 — y)? . 2a2((a; — 1)? —
_ a1y, o 26w -1 —y)
(a; — 1) (ai —1)
O
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5 Appendix

Lemma 5.1. Fora ¢ [1 —/y,1+ /y] and ¢(a) = a + ya/(a — 1) ¢ [ay,b,], we have the
following relationship:

moo @) =

o (@) = —— |

ma00(0) = e =

ms o ¢(a) = ﬁ )

) = [ T
mso60) =

e 0 d(a) = (a — 1)(4([0511_1)1;:9;)2: a’y] 7
s 0 9(a) +mr o ofa) = WD

Proof. (Sketch of the proof) Recall the definitions of these functions in (3.3), which can
all be related to the combinations of the Stieltjes transform:

m(\) = / - L CdF ()
and it’s derivatives. Besides, m()\) (definition and properties can be found in [1]) satis-
fies: 1 y
w3 Tm()
by taking derivatives on both sides with respect to A and combing with the relationship
between m(\) and m(\):

A=—

1
m(A) = ym(X) = +(1-y)
will lead to the result. Details of the calculations are omitted.
O
Lemma 5.2. With the matrices A and B defined in (4.10) and (4.11), we have
1 * .-
—=E1n[A — EAJET, (4, 1) 0 Bii B
(¥ N = x((0). ,
ﬁfl:n[B — EBJ¢;.,(4,1) 0 Bia B
where
Bll = (Z?’U.)ﬂ/;;(’i) + 27’10,12 y BQQ = afw21/4(i) + 2’7’2(112 y B12 = G?U)3I/4(’L') + 27’30,? s
and
I TRk &3 ) S y? o — y(y +ai — 1)
1= —F /95 s W2= 75 5, W3=
(a; —1)? ((ai —1)2 —y)? (a; —1) - ((a; —1)? —y)
o la—1+y)? o ylai—DY(ei—149)? +afy) _ aylei—1+y)(a — 1)
1= 775, T2 = , T3 =
(i —1)2—y ((a; —1)* —y)® ((a; —1)2 —y)?
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Proof. Using Corollary 2.2, and let X(1)* = Y(1)* = (&1, - ,&n) (i-th row of &1.,),
=1 =1and K =1, we have

Ay = B¢ — (BE)? = af (3 + (i) — af |

Ay = BGEE = af |

Az = EGEE = af .

?

We only have to calculate these values of w; and 7;.

First,
. 1 - % $\—1 L2
w = lim 521 (1+ X3 (M, — XoX3) "' Xo(i,4))
y(1+mi(A)) )2
=1+ +2 A
<A—y<1+m1(A>) ym )
_faity—1 2
N ai—l ’
and

1
61 =7 = lim —tr (I, + X5 (A, — XaX3) ' X;)?

n—oo N
=1+ 2ymy(A) +ymz(A)
_(a—1+4y)?
C(ai =1~y
has been proven in [2].
Next,
1o . N I, 2 e 12
wp = lim — Z;[B(A)(Z,Z)P = lim —~ 2 (X3 (A, — X2 X3) 72 X0(i,1)]
1= 1=
Since
X5\, — XoX3) 2 Xo(i,1) = e X5 (M, — XoX3) 2 Xae; (5.1)

where e; is the column vector with its i-th coordinate being 1. Recall that

1 1
X2 - ﬁ(nb e ann)pxn = %nl:n .

then (5.1) reduces to
1
— (A = X2X3) 71 . (5.2)

Denote X5; as the matrix that removing the ¢-th column of Xs:

1
Xo; = %(771,"' i1 Mit1s > 1)

then )
Xo X5 = X0, X5, + Enmf .

Using the matrix identity that

1
(M, — X5 X3) 7! — (M, — X0:X5,) ™" = (M, — XzXS‘)*lﬁﬁm?(/\fp — X9 X5,)7",
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we have

1
M, — Xo X)L =
(AL = X2 X3) 1= Lnr (M, — X2: X3;) s

n

S — X9 X5;) 7

which leads to

1
(1- %77: (A, — X2iX§i)_177¢)2

(>‘Ip - X2X§)72 = : (/\Ip - XZZ‘X;@‘YQ )
and (5.2) equals to
%nﬂ)‘lp — X X3;) %
(1= g (ML = XoiX5,) " 1)

)

which tends to the limit:

yfﬁdF(w) o ymu(N)

(1—y[x5dF(z)?  (1—ymo(N)?

Therefore,

(ym4()\) 2 ?

_ )
(1=ymo(N)? (e —1)?—y)*

1 . -

ws = nh%rrgo - E_l AN)(4,7)B(N)(4,1)
: 1 - * *\ — s o * *\ — s o
Jim § (14 X5 (M — XoX3) ' Xo(i,4)) - X5 (M, — X2X3) 2 Xo(4,1)

=1

: 1 . * *\ — .. * *\ — . .
nan;o%z§=1 X5, — XoX3) 1 Xo(i,1) - X5 (N, — X2X3) 2 Xo(i, 1)
. 1 * *\—2
+ lim = tr [ X5 (AL, — X2X3) % Xs]

n—o0o M

y(1+mi(N)) yma(A)

=Xy m ) (= gme(n TV
_ y(y +a; — 1)
(ai = 1)((a; — 1) —y)
Oy =19 = nlgrolo% Z (X;()\Ip — XQX;)_2X2(i’j))2
1,7=1
= lim % tr [X5 (AL, — X2X3) 2 Xo] ?
-y [ @
= yme(A)

_ylai —1)* ((ai — 1 +y)* + afy)
((ai —1)2 —y)°
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Oy = 75 = lim ~tr[ AN B(V)]

n—oo N

1
= lim —tr{(f, + X;(\I, — XgX;)ing) X5(MI, — X2X§)72X2}

n—oo N,

:y/ﬁdF(x)—i—y/()\fix)ng(x)
y(msz(A) +mz(N))
_ aiy(a; —1+y)(a; —1)?

((ai —1)2 —y)?

The proof of Lemma 5.2 is complete. O
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