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Yu Zhang,1,a) ChiYung Yam,1,2 YanHo Kwok,1 and GuanHua Chen1,b)
1Department of Chemistry, The University of Hong Kong, Pokfluam Road, Hong Kong
2Beijing Computational Science Research Center, Beijing 100094, China

(Received 3 June 2015; accepted 31 August 2015; published online 14 September 2015)

Recent development of theoretical method for dissipative quantum transport has achieved notable
progresses in the weak or strong electron-phonon coupling regime. However, a generalized theory
for dissipative quantum transport in a wide parameter space had not been established. In this work,
a variational polaron theory for dissipative quantum transport in a wide range of electron-phonon
coupling is developed. The optimal polaron transformation is determined by the optimization of
the Feynman-Bogoliubov upper bound of free energy. The free energy minimization ends up with
an optimal mean-field Hamiltonian and a minimal interaction Hamiltonian. Hence, second-order
perturbation can be applied to the transformed system, resulting in an accurate and efficient
method for the treatment of dissipative quantum transport with different electron-phonon coupling
strength. Numerical benchmark calculation on a single site model coupled to one phonon mode is
presented. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4930847]

I. INTRODUCTION

Quantum transport and energy dissipation in nanostruc-
tures have been of great interest, which requires the study
and understanding of nonequilibrium phenomena of open
quantum systems.1–7 In many previous studies on dissipative
quantum transport, the coupling between the system and the
phonon bath is considered as small. In these cases, second-
order perturbation (2PT) was employed, leading to a set of
equations of motion (EOMs).6 However, there exist many open
quantum systems with strong electron-phonon coupling. For
instance, the coupling between system and bath in energy
transfer process in photosynthetic complexes is comparable to
the electronic coupling;8–10 strong electron-phonon coupling
is also observed in resonant tunneling in molecular transport
junctions.11,12 Even though there are several non-perturbative
methods which can exactly evaluate the dynamics, such
as hierarchical equations of motion (HEOM),13,14 quasi-
adiabatic propagator path integral (QUAPI)15 and multicon-
figuration time-dependent Hartree (MCTDH) approach,16–18

these methods are computational demanding and nontrivial to
be implemented.

There is another approach applies to systems with
strong electron-phonon coupling, which makes use of polaron
transformation. A polaron transformed second-order master
equation for open quantum system has been developed
accordingly.19–22 The polaron theory has also been employed to
study the quantum transport in the strong coupling regime,23–29

in which strong phonon blockade effect is observed. The
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polaron transformation extends the validity of perturbative
treatment of electron-phonon interaction to strong coupling
regime, provided that the electronic couplings are small
compared to the typical electron-phonon coupling and bath
frequency. However, in weak coupling regime where polarons
fail to follow the system dynamics, the polaron theory performs
worse than the standard perturbative approaches.

In order to overcome the shortcoming of polaron transfor-
mation based approaches, the variational method has been
applied as a generalization of polaron transformation.30–34

In contrast with full polaron transformation, the variational
polaron approach searches for an optimal amount of trans-
formation by employing variational principle, based on the
minimization of the Feynman-Bogoliubov upper bound of free
energy.33 The optimal transformation is determined by the
properties of the bath and system-bath coupling. Thanks to the
variational principle, the variational polaron method applies in
both weak and strong coupling regimes and is able to capture
the dynamic behaviour in a wide parameter space. Moreover,
compared to the many-particle approaches, the computational
effort of variational polaron method is much lower.

Inspired by the recently developed variational polaron
master equation,30,31 variational polaron method for dissipative
quantum transport is developed in this work. The manuscript
is organized as follows. Sec. II introduces the variational
polaron theory for dissipative quantum transport. Starting
from the variational polaron transformation, the transformed
Hamiltonian is divided into two parts: a mean-field part and
an interacting part. Free energy optimization ends up with an
optimal mean-field Hamiltonian and a perturbation part which
2PT is applied. The variational polaron theory for quantum
transport is applied to study a single site model with different
electron-phonon coupling strength, which is given in Sec. IV.
Finally, we summarize this work in Sec. V.
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II. VARIATIONAL POLARON THEORY
FOR QUANTUM TRANSPORT

A. Model Hamiltonian

The problem of interest is an open system sandwiched
between two leads. The electrons can transfer from one lead
to the other through the system driven by bias voltage. The
electrons have the probability of being scattered inelastically
by phonons when they transport through the system. The
corresponding Hamiltonian reads

H = HS +

α

[Hα + HSα] + HB + HSB, (1)

where HS is the Hamiltonian of the system; HB is the
Hamiltonian of phonon bath; Hα is the Hamiltonian of lead α.
The lead serves as electron bath; HSB and HSα are the Hamilto-
nians of system-phonon coupling and system-lead interaction,
respectively. Expressions of those Hamiltonians are

HS =

n

ϵnc†ncn,

Hα =

kα

ϵkαc†
kα

ckα,

HSα =

n,kα

[Vkαnc†
kα

cn + H.c.],

HB =

q

ωqb†qbq,

HSB =

nq

gnqc†ncn(b†q + bq),

(2)

where ϵn denotes the single-particle energy of the electronic
state n in the device and c†n (cn) is the corresponding creation
(annihilation) operator. Similarly, ϵkα and c†

kα
(ckα) represent

the single-particle energy and creation (annihilation) operator
of kth electronic state in lead α, respectively. Vkαn is the
system-lead coupling strength. The phonon creation and
annihilation operators are represented by b†q and bq.ωq and gnq
are the corresponding the phonon energy and electron-phonon
coupling constant, respectively.

In the absence of electron-phonon coupling, an exact
time-dependent quantum transport theory has been developed
recently.35–41 In presence of electron-phonon coupling, elect-
ron has the probability of being scattered inelastically by
phonon. Previous theoretical studies of dissipative quantum
transport usually focus on either weak or strong electron-
phonon coupling. In the weak coupling regime, 2PT (or
lowest order expansion) is widely employed. In the strong
electron-phonon coupling limit, the electron is localized by
phonon scattering, which is more suitable to be described by
the polaron theory. In this manuscript, a generalized theory
for dissipative quantum transport in a wide parameter space
of electron-phonon coupling is developed by extending the
polaron theory to its variational version.

B. Variational polaron transformation

Similar to the polaron theory, the variational polaron
theory starts from a unitary transformation generated by the
operator

U = exp



nq

λnqc†ncn(b†q − bq)

, (3)

where λnq = fnq/ωq. The unitary operator displaces the
phonon oscillation in the positive and negative directions. The
parameter fnq determines the magnitude of the displacement
for each mode. It is obvious that fnq = gnq corresponds to the
conventional polaron transformation, while fnq = 0 denotes
no transformation.

After the unitary transformation, except H̄α and H̄B

formally remain unchanged, other parts of Hamiltonians
become

H̄S =

n

(ϵn + Rn)c†ncn,

H̄Sα =

nkα

[Vkαnc†
kα

cnXn + H.c.],

H̄SB =

nq

ḡnqc†ncn(b†q + bq),
(4)

where Rn = λnq( fnq − 2gnq) is the renormalization energy
which describes the shift of single-particle energy of electronic
states induced by electron-phonon interaction. ḡnq = gnq
− fnq is defined as the reduced electron-phonon coupling
strength. ḡnq indicates that the electron-phonon coupling
is reduced by the unitary transformation. The system-lead
coupling is dressed by phonon displacement operator Xn,
where Xn is defined as

Xn = exp

−

q

λnq(b†q − bq)

. (5)

In short, phonon’s influence on electrons is transferred
into three terms by the variational polaron transformation:
(1) the polaron shift energy Rn, which represents the energy
renormalization effect due to electron-phonon interaction;
(2) the dressed coupling between system and leads by
the displacement operator Xn; (3) reduced electron-phonon
coupling ḡnq, which is zero in the strong coupling limit
and approaches gnk in the weak coupling limit. It should be
noted that the phonon-induced electron-electron interaction is
ignored in above transformation for simplicity. In principle,
variational polaron transformation ends up with an effec-
tive electron-electron interaction, H̄ee =


m,n Umnc†mcmc†ncn,

where Umn =


q
fmq( fnq−2gnq)

ωq
. However, the treatment of

electron-electron interaction is nontrivial, which is the focus of
researches on electron-electron correlation. In this manuscript,
we focus on the electron-phonon interaction and electron-
electron interaction is neglected in this work. In the following
numerical application, one-site model is used where the
phonon-induced electron-electron interaction naturally van-
ishes. For multiple sites, one can get rid of treating effec-
tive electron-electron interaction by considering the “local”
phonon only, i.e., each site is coupled to its own phonon modes.

The variational transformation results in a modification
of system-lead coupling, which is mediated by the phonon
displacement operator. The displacement operator can be
divided into two parts as Xn = ⟨Xn⟩ + Bn, where ⟨Xn⟩ is
the expectation value of operator Xn and Bn ≡ Xn − ⟨Xn⟩ is
defined as the fluctuation around ⟨Xn⟩. Assuming phonon is in
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thermal equilibrium, ⟨Xn⟩ can be written as

⟨Xn⟩ = exp

−1

2


q

λ
2
nq coth(βωq/2)


, (6)

where β is the inverse temperature. Consequently, HSα can be
separated into two terms,

H̄0
Sα =


n,kα

[V R
kαn

c†
kα

cn + H.c.],

H̄ I
Sα =


n,kα

[Vkαnc†
kα

cnBn + H.c.], (7)

where V R
kαn
= Vkαn⟨Xn⟩ is the renormalized system-lead coupl-

ing mediated by phonon. Thus, the total transformed Hamil-
tonian can also be grouped into two parts. One part is the
mean-field (or non-interacting) part H̄0 and the other one is
the interacting Hamiltonian H̄I , where H̄0 is defined as

H̄0 = H̄S +

α

(H̄0
Sα + H̄α) + H̄B ≡ H̄e + H̄B (8)

and H̄I = H̄SB +


α H̄ I
Sα.

It is obvious that the polaron transformation ( fnq = gnq)
makes the explicit electron-phonon interaction term H̄SB

vanished. In contrast, the variational polaron transformation
employs fnq as parameters and the values of which are
determined by the minimization of an upper bound of free
energy. The minimization inherent to variational approach
allows to minimize the effect of H̄I and obtain an optimal
mean-field Hamiltonian H̄0. Thus, given an electron-phonon
coupling strength, the variational polaron transformation in
principle can end up with a small H̄I . Consequently, 2PT can
be employed to account the effect of H̄I . Because of the single-
particle nature of H̄0 and second-order perturbative treatment
of H̄I , variational polaron theory significantly reduces the
computational complexity compared to the many-particle
approaches.

C. Minimization of the upper bound of free energy

In this work, the Feynman-Bogoliubov upper bound of
free energy33 is chosen to determine the optimal value of fnq
for the variational transformation. The upper bound of free
energy is given as

Fu = −
1
β

ln{tr[e−βH̄0]} + ⟨H̄I⟩H̄0
, (9)

where ⟨H̄I⟩H̄0
= Tr[H̄Ie−βH̄0]. Fu gives the upper bound of the

true Free energy F, which is related to F by the inequality
F ≤ Fu. It is obvious that the second term on the right hand
side (RHS) of Eq. (9) is zero by construction. Besides, because
[H̄B, H̄e] = 0, Fu can be further simplified and divided into two
parts,

Fu = FB −
1
β

ln{tr[e−βH̄e]}, (10)

where FB is the free energy of phonon bath. Because FB is not a
function of fnq, it is neglected in the minimization procedure.
There are two ways to minimize the upper bound of free energy
with respect to fnq. One way is to treat the system and leads

as a whole system and the upper bound of free energy can be
numerically calculated by the diagonalization of H̄e. The other
approach is to employ the linked cluster expansion method.42

The mean-field part of the transformed Hamiltonian, H̄0, is
a function of the phonon-induced renormalization parameters
{Rn,⟨Xn⟩}. Consequently, the Feynman-Bogoliubov upper
bound of free energy Fu can be minimized with respect to
{Rn,⟨Xn⟩}. Hence, the minimization condition can be written
as

dFu

dfnq
=

∂Fu

∂Rn

∂Rn

∂ fnq
+

∂Fu

∂⟨Xn⟩
∂⟨Xn⟩
∂ fnq

= 0. (11)

Using the expressions for {Rn,⟨Xn⟩}, we can evaluate the
derivatives of {Rn,⟨Xn⟩} with respect to fnq analytically.
After simple algebra, the minimization condition gives the
expression of the variational transformation parameter fnq as
fnq = gnqFnq, where

Fnq =
ωq

∂Fu
∂Rn

ωq
∂Fu
∂Rn
− 1

2
∂Fu
∂⟨Xn⟩ coth(βωq/2)⟨Xn⟩

. (12)

Since {Rn,⟨Xn⟩} are also functions of fnq, above equation
must be solved self-consistently. After the minimization
procedure, the optimal choice of H̄0 and H̄I is obtained. In
Sec. III, dissipative quantum transport formalism with varia-
tional polaron transformation is presented.

III. DISSIPATIVE QUANTUM TRANSPORT THEORY
WITH VARIATIONAL POLARON TRANSFORMATION

Non-equilibrium Green’s function (NEGF) formalism is
employed to study the dissipative quantum transport. The key
quantity in the NEGF method is the single-particle Green’s
function, which is given by

Gmn(τ, τ′) = −i⟨Tccm(τ)c†n(τ′)⟩H
= −i⟨Tccm(τ)Xm(τ)c†n(τ′)X†n(τ′)⟩H̄ , (13)

where H and H̄ are the Hamiltonians before and after the
variational polaron transformation, respectively. τ and τ′ are
the time variables defined on the Keldysh contour and Tc is
the contour time-ordering operator. Eq. (13) determines the
dynamics of the coupled electrons and phonons. We employ
the following approximation to decouple the electron and
phonon dynamics:

Gmn(τ, τ′) = Ḡmn(τ, τ′)Kmn(τ, τ′), (14)

where

Ḡmn(τ, τ′) = −i⟨Tccm(τ)c†n(τ′)⟩H̄ ,
Kmn(τ, τ′) = ⟨TcXm(τ)X†n(τ′)⟩H̄ .

(15)

The decoupling in Eq. (14) is similar to the concept of Born-
Oppenheimer approximation. This approach is valid when the
dynamics of phonon and electron have different time scales.
But it should be noted that the decoupling approximation used
in Eq. (14) has not been fully justified to the best of our
knowledge.

With the decoupling approximation, the key quantity
becomes Ḡ(τ, τ′) which is associated with H̄ . As illustrated
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in Sec. II, the variational polaron transformed Hamiltonian
can be divided into two parts: H̄0 and H̄I . H̄0 is mean-field part
of the Hamiltonian, the quantum transport problem associated
with H̄0 can be easily solved as demonstrated by previous
publications,43 while the correction of H̄I to the quantum
transport can be taken into consideration by the perturbation
theory because the variational polaron transformation ends up
with small H̄I . First, zero-order Green’s function G0(τ, τ′) is
obtained by using H̄0,

G0(τ, τ′) = g0(τ, τ′) +


dτ1


dτ2g0(τ, τ1)

×



α

Σ̄0α(τ1, τ2)


G0(τ2, τ
′), (16)

where g0(τ, τ′) is the electron Green’s function in absence of
system-lead coupling. The effect of system-lead coupling is
represented by the self-energy,

Σ̄0α,mn(τ, τ′) =

kα

V ∗kαmVkαngkα(τ, τ′)⟨Xm⟩⟨Xn⟩

≡ Σα,mn(τ, τ′)⟨Xm⟩⟨Xn⟩, (17)

where gkα(τ, τ′) is the surface Green’s function of lead α and
Σα(τ, τ′) is the lead self-energy in absence of phonon. Next,
G(τ, τ′) is derived at second-order expansion with respect to
H̄I , starting from G0(τ, τ′).

A. Second-order perturbation theory

Within the 2PT theory, the Green’s function can be
expressed as

Ḡ(τ, τ′) = Ḡ0(τ, τ′) +


dτ1


dτ2Ḡ0(τ, τ1)

× Σ̄I(τ1, τ2)Ḡ0(τ2, τ
′), (18)

where Σ̄I(τ, τ′) is the self-energy to Green’s function at the
second-order with respect to H̄I and Ḡ0(τ, τ′) is the Green’s
function corresponding to H̄0. Since H̄I contains two parts,
H̄ I

Sα and H̄SB, Σ̄I(τ, τ′) is divided into two parts accordingly,

Σ̄I(τ, τ′) = Σ̄ep(τ, τ′) +

α

Σ̄Iα(τ, τ′).

Within the 2PT, ΣI(τ, τ′) is derived as

Σ̄Iα,mn(τ, τ′) = Σα,mn(τ, τ′)⟨TCBn(τ′)B†m(τ)⟩H̄0
. (19)

The definition of Σ̄Iα is very similar to Eq. (17) except
the phonon renormalization factor ⟨Xi⟩ is replaced by the
correlation function of Bi. According to the definition of Bi,
the self-energy Σα, I can be rewritten as

Σ̄Iα,mn(τ, τ′) = Σα,mn(τ, τ′)[Knm(τ′, τ) − ⟨Xm⟩⟨Xn⟩]
= Σα,mn(τ, τ′)Knm(τ′, τ) − Σ̄0α,mn(τ, τ′), (20)

where Σ̄0α(τ, τ′) is the phonon dressed self-energy, which is
used to evaluate the zero-order Green’s function Ḡ0(τ, τ′) as
described previously.

The derivation of Σ̄ep(τ, τ) is same as that in Ref. 6. The
only difference is that the electron-phonon coupling constant
(gnq) is replaced by the reduced one (ḡnq). The expression of

Σ̄ep(τ, τ′) is

Σep(τ, τ′) = ḡD0(τ, τ′)Ḡ0(τ, τ′)ḡ, (21)

where D0(τ, τ′) is the bare phonon Green’s function.
In practical implementation, the Green’s function and

self-energies defined on the Keldysh contour are projected
on real-time axis, resulting in equations for retarded/advanced
and lesser/greater Green’s functions and self-energies. In this
work, we focuses on the steady state. In steady state, all
quantities (two-time functions) depends only on the time
difference instead of two times. Hence, Fourier transformation
is employed to transfer the quantities from real-time domain
to energy space. Since H̄0 is the mean-field part of the total
Hamiltonian, the corresponding Green’s functions can be
easily evaluated as

Ḡr
0(E) = [E + iη − H̄0 −


α

Σ̄
r
0α(E)]−1,

Ḡ<
0 (E) = Ḡr

0(E)[

α

Σ̄
<
0α(E)]Ḡa

0 (E),
(22)

where η → 0+. Σ̄r0α and Σ̄<0α are the phonon dressed retarded
and lesser self-energies of lead α, respectively, which are
written as

Σ̄
r/<
0α,mn

(E)=

kα

V ∗kαmVkαng
r/<
kα

(E)⟨Xm⟩⟨Xn⟩

=Σr/<α,mn(E)⟨Xm⟩⟨Xn⟩, (23)

where Σr/<α,mn(E) is the lead self-energy in energy space
in absence of phonon. Defining the unperturbed linewidth
function as Γα(E) = −2ℑ[Σrα(E)], where ℑ denotes the imag-
inary part, the phonon dressed linewidth function becomes
Γ̄α,mn(E) = Γα,mn(E)⟨Xm⟩⟨Xn⟩. The dressing factor indicates
the localization of electron induced by the electron-phonon
interaction. In term of linewidth function, the corresponding
lesser self-energy can be rewritten as Σ̄<0α(E) = i fα(E)Γ̄α(E)
according to the fluctuation-dissipation law, where fα(E) is
the Fermi-Dirac distribution function of lead α with chemical
potential µα.

After the zeroth-order Green’s functions, Ḡr/<
0 (E), are

evaluated, the Green’s functions with H̄I are obtained through
the 2PT theory as

Ḡr(E) = Ḡr
0(E) + Ḡr

0(E)Σ̄rI (E)Ḡr
0(E),

Ḡ<(E) = Ḡ<
0 (E) + Ḡr

0(E)Σ̄<I (E)Ḡa
0 (E),

(24)

where Σ̄r/<I (E) is the self-energy to Green’s function at
the second-order with respect to H̄I . As shown previously,
Σ̄
r/<
I (E) contains two parts, Σ̄r/<I (E) = Σ̄r/<ep (E) +α Σ̄

r/<
Iα(E). Retarded and lesser phonon self-energies within the 2PT

are6,44,45

Σ̄
<
ep(E) =


q,±

ḡqN±q Ḡ<
0 (E ± ωq)ḡq,

Σ̄
r
ep(E) =


q,±

ḡq[N∓q Ḡr
0(E ± ωq) ± Ḡ<

0 (E ∓ ωq)]ḡq
+ Σ̄H ,

(25)

where Σ̄H is the Hartree part of the retarded self-energy
which represents phonon-induced energy shift. Its element is
Σ̄Hm = −i


n

2ḡmqḡnq
ωq


Ḡ<

n (E) dE2π . N±q = Nq +
1
2 ±

1
2 . Nq is the
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phonon occupation number of mode q, which is determined
by Bose-Einstein distribution function.

The derivation of Σr/<Iα (E) requires the knowledge of
the displacement correlation function K(τ, τ′). K(τ, τ′) in
principle depends on the phonon Green’s function which
is coupled with electronic Green’s function via its self-
energy.27–29 Therefore, self-consistent calculation of phonon
and electron Green’s function is required. However, numerical
implementation of self-consistent calculation is non-trivial and
very computational demanding. In practice, we assume the
phonon is in equilibrium and undressed by the electron in
this work. The quality of the assumption is justified by the
interplay of electron-phonon interaction and the dissipation of
phonon’s energy to bath. In the strong damping limit, phonon
dissipates the extra energy got from electron quickly to the
environment. Then phonon is close to equilibrium. In contrast,
phonon is driven far from equilibrium if the damping is weak.
The influence of electron to the phonon can be introduced
through a phenomenological rate equation including the
renormalization, damping, and heating effect.46–48 With the
assumption that phonon is in the equilibrium and undressed
by electron, the displacement correlation function can be
rewritten in a simple form.25,27,42 The lesser projection of
displacement correlation function is expressed as

K<
mn(t, t ′)=⟨X†n(t ′)Xm(t)⟩

=

q=1


e−
λ2mq+λ

2
nq

2 (2Nq+1) exp

λmqλnq

×

Nqe−iωq(t−t′) + (Nq + 1)eiωq(t−t′)


, (26)

where Nq is the occupation number for the qth phonon mode.
K<

mn(t, t ′) can be decomposed as

K<
mn(t, t ′) =


p

Lp
mneip

Tω(t−t′), (27)

where both p and ω are the row vectors, pTω =


q pqωq.
And Lp

mn = Lp1
mnLp2

mn . . . LpM
mn , where Lpq

mn is modified Bessel
function

Lpq
mn = e−

λ2
iq
+λ2

jq
2 (2Nq+1)epqωqβ/2Ipq


2λmqλnq


Nq(Nq + 1)


,

and Ipq is the pqth order Bessel function.
The greater projection of displacement correlation func-

tion is K>
mn(t, t ′) = ⟨Xm(t)X†n(t ′)⟩ = [K<

mn(t, t ′)]†. It can be
verified that K<(t, t ′) ≃ K>(t, t ′) in the high-temperature limit
since Nq ≃ Nq + 1 in this limit. Actually, there are previous
works adopted K<(t, t ′) ≃ K>(t, t ′) as an approximation in
low temperature, which is regarded as neglecting the Fermi
sea.23–26,49

With K≶(t, t ′) known, the lesser (greater) self-energy in
energy space can be obtained from the Fourier transformation
of Σ≶Iα(t, t ′),

Σ̄
≶
Iα,mn(E) =


p

Lp
nmΣ

≶
α,mn(E ∓ pTω) − Σ̄≶0α,mn

(E). (28)

B. Observable of interest

The steady-state current through the junction can be
expressed in Meir-Wingreen formula43

Iα =
2e
~


dE
2π

Tα(E), (29)

where the factor 2 accounts for the spin degeneracy and Tα is
the transmission coefficient through lead α, which is expressed
in terms of Green’s functions and self-energies within NEGF
formalism,

Tα(E) = Tr
�
Σ
<
α(E)G>(E) − Σ>α(E)G<(E)� . (30)

According to Eq. (14), lesser/greater projection of Green’s
functions is G≶mn(t, t ′) = Ḡ≶mn(t, t ′)K≶mn(t, t ′). Utilizing the
expansion of K≶mn(t, t ′), Fourier transformation of G≶(t, t ′)
gives the Green’s functions in energy space as

G≶mn(E) =


p
Lp
mnḠ≶mn(E ∓ pTω). (31)

Hence, transmission coefficient and current can be obtained
through substituting Eq. (31) into Eq. (30). With lesser/greater
Green’s function known, the spectral can be expressed as
A(E) = i[G>(E) − G<(E)]. Thus, density of states (DOS)
can be obtained by tracing spectral function. In short, the
computational procedures are briefly summarized as follows:
(1) bare Green’s functions Ḡr,≶

0 (E) in variational polaron
picture are calculated; (2) Green’s functions Ḡr,≶(E) at second-
order with respect to H̄I are evaluated; (3) Green’s functions
in the H picture are obtained through Eq. (31); (4) physical
quantities, such as DOS and currents, are obtained from the
Green’s functions and self-energies.

IV. NUMERICAL EXAMPLES

The variational polaron theory for dissipative quantum
transport is employed to study the transport through a
monoatomic chain. The system consists of a single site.
The two leads are modeled by semi-infinite linear chains as
illustrated in Fig. 1. The onsite energy of the system is denoted
by ϵS. The onsite energy and hopping element of leads are
ϵ and t, respectively. The system-lead coupling constant is
denoted by Vα. In this work, it is assumed that the system
is coupled to the two leads equally, i.e., VL = VR = v . The
linewidth function of the semi-infinite leads is Γα = 2V 2

α/t
within the Wide-Band-Limit (WBL) approximation.50

In this work, the system-lead coupling is set to be equal to
the hopping in the leads, i.e., v = t. The onsite energy is set to
be 0 eV and hopping is set as t = 0.1 eV. And the Fermi energy
of the leads is set as 0 eV, which corresponds to half-filled on
each site. Temperature is set as T = 300 K. In this work, only

FIG. 1. Illustration of a single site model coupled to two leads. It is assumed
that the system coupled to the two leads equally, which are denoted by v. The
onsite energy and hopping element of leads are ϵ and t , respectively.
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FIG. 2. Optimal value f of variational polaron transformation against dif-
ferent electron-phonon coupling constant g . The system-lead coupling and
hopping in leads are v = t = 0.1 eV, T = 300 K.

one phonon mode is considered to be coupled to the system for
simplicity. However, the current method is general and is appli-
cable to multiple phonon modes. In fact, early works on spin-
boson model usually considered multiple phonon modes.33,34

The optimal value f of variational polaron transformation
is searched for different phonon frequency and electron-
phonon coupling strength. The phonon frequency is chosen
in three different regimes: ω > t, ω = t, and ω < t. The
optimal value f of variational polaron transformation for
different electron-phonon coupling constant g is shown in
Fig. 2. As it is expected, different electron-phonon coupling
strength corresponds to different optimal value of f in the
variational transformation. Besides, f increases monotonously
with electron-phonon coupling strength g. When g → 0,
f /g ratio approaches a small value which is affected by
the phonon energy. In the g → 0 limit, f /g ratio is small,
which approaches no polaron transformation limit. While
in the strong electron-phonon coupling limit (g → ∞), f /g
ratio approaches to 1, which corresponds to full polaron
transformation. In the intermediate regime, variational polaron
transformation ends up with f /g < 1, which denotes the partial
polaron transformation.

It is also noticed from Fig. 2 that there is a sharp transition
of f in a certain regime of g if ω < t. Larger t

ω
results in the

steeper transition. Finally, f shows discontinuity against g
ω

.
This discontinuity appears due to different local minimum
becomes the global minimum at certain parameter regime.
Taking ω = 0.05 eV as example, the free energies against f /g
ratio with electron-phonon coupling strength around 0.1 eV are
plotted in Fig. 3. As it shown in Fig. 3, two local minimums
start to emerge at g ≈ 0.1 eV. The local minimums of smaller
and larger f /g become the global minimum for g = 0.098 eV
and g = 0.102 eV, respectively. The discontinuity of f may
cause unphysical phase transition from delocalized to localized
regime.34,51,52 For multiple site systems, the free energy can
be more complex and more local minimums may emerge;
thus, there is larger possibility of discontinuity. However,
even the discontinuity appears, the variational transformation
is still likely to work better than the untransformed scheme
or polaron transformation. Moreover, the discontinuity of f
may be removed by employing certain ansatz. For instance, a
ground state ansatz has been proposed recently to get rid of

FIG. 3. Free energy as a function of variational transformation parameter
f for different electron-phonon coupling strength g . The phonon energy is
0.05 eV. When g is around 0.10∼ 0.102 eV, different local minimum may
become the global minimum, resulting in abrupt transition of f .

the discontinuity in the variational polaron.52,53 Similar ansatz
may be proposed to remove the discontinuity problem in the
quantum transport system, which will be explored in further
development of the method.

After the variational polaron transformation parameter
is found, the quantum transport properties of the system,
such as DOS and current-voltage characteristics, at different
electron-phonon coupling regimes can be studied by the
method described in Sec. III. Here, three sets of parameters
are studied, ranging from weak to strong electron-phonon
coupling regime. The parameters as well as optimal factor of
variational polaron transformation are summarized in Table I.
Models A, B, and C correspond to the weak, moderate, and
strong coupling regimes, respectively. The optimal values of
variational polaron transformation are 0.17, 0.54, and 0.90.
Here, the g/ω ratio is set as a constant for the three models.
As shown in Fig. 2, large g/ω ratio (g/ω ≫ 1) represents the
system in polaron regime while small g/ω ratio (g/ω ≪ 1)
represents the system in weak or moderate coupling regime.
Hence, g/ω = 0.8 is chosen to make sure that the system
varies from the weak to strong coupling by tuning the electron-
phonon coupling constant.

In presence of electron-phonon coupling, electronic
structure of the system is affected at different levels depending
on the electron-phonon coupling strength. Consequently, DOS
of the system is affected, and such effects include energy shift
of peak, broadening of the spectral, and emergence of phonon
side-bands. Fig. 4 plots the DOS of the system with different
electron-phonon coupling strength.

(a) In model A, the electron-phonon coupling strength is
small. Phonon has limited effects on the electronic structure
of the system. The phonon-induced energy shift is about
50 meV. The DOS of variational polaron transformation is
close to that of 2PT. Moreover, the DOS of both variational

TABLE I. Parameters of the models.

Model ω (eV) g (eV) f /g

A 0.05 0.04 0.17
B 0.15 0.12 0.54
C 0.40 0.32 0.90

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  147.8.204.164 On: Tue, 18 Oct

2016 07:40:44



104112-7 Zhang et al. J. Chem. Phys. 143, 104112 (2015)

FIG. 4. DOS of the system with different electron-phonon coupling constant:
(a) ω = 0.05 eV and g = 0.04 eV. The electron-phonon interaction is in the
weak coupling regime. DOS of variational polaron is same as that of 2PT,
while polaron theory overestimates the phonon side-bands. (b) ω = 0.15 eV
and g = 0.12 eV. In this moderate electron-phonon coupling regime, 2PT
starts to fail and polaron still overestimates the phonon side-bands. (c) ω
= 0.40 eV and g = 0.32 eV. The system is in the strong coupling regime.
Variational polaron theory gives similar results as polaron theory. While 2PT
is not applicable in this regime, which gives unphysical DOS. See text for
other parameters.

polaron theory and 2PT is almost the same as that of non-
interacting system except the phonon-induced shift of the
peak. No obvious phonon side-bands are observed in the
DOS of variational polaron theory and 2PT. However, polaron
theory overestimates the energy shift and phonon side-bands,
resulting in stronger localization effect. Consequently, main
peak of DOS is sharpened and phonon side-band appears as
shown in Fig. 4(a).

(b) In the moderate coupling regime, phonon has larger
effect on the electronic structure of the system and phonon
side-bands start to appear due to the increased phonon-induced
electron localization. In this regime, the DOS of variational
polaron theory starts to deviate from that of 2PT as shown
by Fig. 4(b). Due to the principle of 2PT, only two phonon
side-bands can be observed in the DOS. However, higher
order corrections become more and more significant in the
moderate coupling regime. As a result, 2PT fails to describe
the renormalization effect induced by phonon. Besides the
phonon side-bands, the energy shift due to electron-phonon
interaction is underestimated slightly by 2PT. In contrast,
higher order phonon side-bands can be evaluated by both
polaron theory and variational polaron theory. However,
polaron theory overestimates the phonon dressed system-lead

coupling compared with variational polaron theory. And the
phonon side-bands are much more significant in the DOS.
Our results shows that variational polaron theory correctly
describes the renormalization effect. The DOS of variational
polaron lies between those of 2PT and polaron.

(c) In the strong coupling limit, phonon induces pro-
nounced side-bands effect and polaron is formed. Conse-
quently, the variational polaron transformation approaches the
polaron theory. As shown in Fig. 4(c), DOS of variational
polaron theory is almost the same as that of polaron theory
since the optimal value of f /g is 0.9, which is close to 1,
i.e., variational polaron transformation approaches polaron
transformation. In contrast, 2PT greatly underestimates the
phonon side-bands, phonon-induced energy shift, and even
gives unphysical negative DOS. The pronounced phonon
side-bands indicate that electron is localized by the phonon.
The phonon side-bands are also responsible for the phonon
blockade in the current-voltage characteristics, which is
represented by steps in the current-voltage characteristics or
peaks in the differential conductance.24–27

The corresponding current-voltage curves of the system
with different electron-phonon coupling strengths are shown
in Fig. 5. In the weak coupling regime, current calculated by

FIG. 5. Current of the system with different electron-phonon coupling con-
stant. The chemical potentials are set as µL =−∆V /2 and µR =∆V /2, where
∆V is the bias voltage. (a) ω = 0.05 eV and g = 0.04 eV; (b) ω = 0.15 eV and
g = 0.12 eV; (c) ω = 0.40 eV and g = 0.32 eV. Other parameters are same as
those of Fig. 4.
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the variational polaron approaches agrees well with that of
2PT, while polaron theory overestimates the current since it
overestimates the DOS. In the strong coupling regime, the
current predicted by variational polaron is consistent with
polaron theory, while 2PT underestimates the current (it even
gives negative current at low bias) due the unphysical negative
DOS as shown in Fig. 4(c). The comparison of current-voltage
characteristics confirms that the variational polaron theory
is applicable to a wide parameter space of electron-phonon
coupling strength.

V. SUMMARY

In this work, a dissipative quantum transport theory
with electron-phonon coupling in a wide parameter space is
developed by employing the variational polaron transforma-
tion. Variational polaron transformation provides an optimal
set of parameters for the unitary transformation, which is
determined by the minimization of the Feynman-Bogoliubov
upper bound of free energy. After the minimization, the
variational polaron transformation leads to an optimal mean-
field and a perturbation Hamiltonian.

The mean-field part Hamiltonian, H̄0, contains the
phonon-induced energy renormalization and phonon dressed
system-lead coupling. Thanks to the variational polaron
transformation, the many-body effect of electron-phonon
interaction is transformed into the small interacting part of the
Hamiltonian (H̄I), which validates the 2PT treatment. Upon
the variational transformation, a quantum transport theory
with electron-phonon interaction in a wide parameter space is
established within NEGF formalism. Following the quantum
transport theory of non-interaction system, the mean-field part
is treated exactly. H̄I is taken into account through the self-
energies which are in second-order of H̄I .

Numerical examples on an atomic chain demonstrate
the validity of the variational transformation. The optimal
value of variational transformation increases monotonously
with electron-phonon coupling strength, which connects the
2PT in weak coupling regime and polaron theory in strong
coupling limit. Comparison of DOS and current-voltage
characteristics in different parameter regimes indicates the
applicability of the variational polaron transformation: (a) In
weak coupling limit, polaron theory overestimates the phonon-
induced energy shift and side-bands; (b) in the strong coupling
limit, 2PT underestimates the renormalization effect induced
by phonon and even gives unphysical DOS; (c) variational
polaron transformation naturally connects the 2PT in the weak
coupling limit and polaron theory in the strong coupling limit
by making use of the optimal transformation. More numerical
benchmark comparison with numerically exact methods, such
as QUAPI and MCTDH, will be considered in the future works.

The variational polaron theory for dissipative quantum
transport is expected to work well over arbitrary parameter
space. However, it works best for fast phonon, i.e., phonon
frequency is not smaller than the system frequency (ω > t).
For slow phonon, discontinuity emerges in the search of
optimal transformation. The emergence of discontinuity limits
the application of the method in certain parameter space.
However, it is expected that the discontinuity only exists in a

limited parameter space. Moreover, the discontinuity problem
of finding optimal variational transformation can be solved
by employing appropriate ansatz,52,53 which can be the future
improvement of the method.
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