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A uniaxial cyclic constitutive model for strain-hardening cementitious composites (SHCCs) is proposed based on

the response of the material at the stress–strain level under different loading regimes. The ascending branch of

the compressive envelope curve was developed using the form of a parabolic curve, while the descending branch

adopted the bilinear form. The full tensile stress–strain curve was approximately simulated by a trilinear form

comprising ascending, strain-hardening and descending branches. Using the method of setting a reference point,

the characteristics of the unloading and reloading process were determined, with consideration of the partial

unloading–reloading scheme. Furthermore, the transition between tension and compression was taken into account

in the model development. The proposed cyclic constitutive model was coded into the OpenSees platform and

applied to simulate the responses of specimens at material and member levels. The simulation results indicate that

the proposed model is reasonably accurate in simulating the mechanical properties of SHCC material and the cyclic

behaviour of SHCC flexural elements.

Notation
E Young’s modulus
Er slope of reloading line
fc peak stress
fcu residual stress
ft0 cracking stress
ft1 peak tensile stress
k shape factor of ascending branch
εc compressive strain at peak stress fc
εcmin minimum experienced compressive strain
εcu strain corresponding to fcu
εtmax maximum experienced tensile strain
εtu ultimate tensile strain
εt0 strain corresponding to ft0
εt1 strain corresponding to ft1
εus strain at unloading point
σcom compressive stress
σcmin corresponding stress to εcmin

σten tensile stress
σtmax corresponding stress to εtmax

σus stress at unloading point

Introduction
There are enormous numbers of applications of concrete in
infrastructure construction throughout the world. However,

due to concrete’s low tensile strength, low toughness and the
uncontrollability of crack widths, problems of accumulative
damage and catastrophic behaviour of concrete structures can
occur under severe environments or during earthquake
loading. Since the early 1960s, various fibres (e.g. steel, glass,
carbon, synthetic and natural fibres) have been added to
cementitious composites to improve their mechanical perform-
ance, and these types of composites are well known as fibre
reinforced cementitious composites (FRCCs). Among the
various classes of FRCCs that have been developed, a particu-
lar class of generally moderate tensile strength but with strain-
hardening behaviour, called strain-hardening cementitious
composites (SHCCs), has gained ground in both research
and applications. Unlike the crack localisation and tension-
softening behaviours of normal FRCCs, SHCCs – composite
materials comprising a cement-based matrix and short rein-
forcing fibres – are highly ductile materials that exhibit mul-
tiple fine cracks and pseudo strain-hardening characteristics
under uniaxial tensile stress. SHCC characteristics have been
achieved with moderate fibre contents in engineered cementi-
tious composites (ECCs). ECCs, developed by Li and Leung
(1992) and Li et al. (1993) based on the basic principle of
micromechanics and fracture mechanics, consist of cement,
mineral admixture, fine aggregates (maximum grain size
usually 0·15 mm), water, admixtures to enhance strength and
workability, and less than 2% volume of short fibres. ECCs
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exhibit multiple cracks formed uniformly over the length of
the specimen, and the opening of each crack is usually con-
trolled to be less than 100 μm; consequently, the ultimate
tensile strain can reach over 2·0% with less than 2% volume of
fibres.

Over the past two decades, SHCC materials with excellent
tensile performance, high energy dissipation capacity and
good durability have attracted the attention of many research-
ers and designers. Research efforts have focused on the micro-
mechanics (Lee et al., 2010), interface tailoring (Li et al.,
2002), mechanical properties (Hou et al., 2012; Yun et al.,
2007), seismic behaviour (Kesner and Billington, 2005; Parra-
Montesinos and Wight, 2000) and durability (Yun et al.,
2011). Because the ductility and durability of SHCCs are sig-
nificantly greater than those of conventional concrete, attempts
are being made to replace conventional concrete with SHCCs
in structures in high-intensity earthquake regions or under
severe environmental conditions. Some fairly recent appli-
cations of SHCCs include precast SHCC coupling beams,
which were used to connect core walls in Japan (Maruta et al.,
2005), SHCC link slabs for replacing a conventional bridge
deck expansion joint in Michigan, USA (Keoleian et al., 2005)
and surface repair of concrete structures in Japan (Kojima
et al., 2004).

The constitutive model under uniaxial reverse load conditions
is one of the most basic mechanical characteristics of
SHCCs and is the foundation for seismic non-linear analysis.
To date, very few cyclic loading experiments and few cyclic
constitutive models for SHCCs have been reported. Fukuyama
et al. (1999) investigated the tension–compression behaviour
of SHCC material with polyvinyl alcohol fibres. Kesner et al.
(2003) examined the response of SHCCs to uniaxial mono-
tonic and cyclic loading. The cyclic testing indicated that
results from monotonic uniaxial tension and compression tests
could be used to provide input parameters (i.e. modulus of
elasticity, peak stress and peak strain) for cyclic modelling
of SHCC using uniaxial stress–strain data, provided that the
compressive strength of the material was not expected to be
exceeded. Fischer and Li (2002) studied the effect of ductile
deformation behaviour of SHCCs on the response of steel
reinforced flexural members to lateral load reversals. Han et al.
(2003) proposed a constitutive model based on total strain to
simulate the uniaxial reversed cyclic experiment reported by
Kesner and Billington (2001). However, the compressive envel-
ope curve in the model of Han et al. (2003) was assumed to be
of bilinear form, which might be incompatible with reality,
and the transition between tension and compression was not
considered in the cyclic model. Gencturk and Elnashai (2013)
developed a cyclic constitutive model for SHCC materials
based on the study of Han et al. (2003), and this model was
implemented into Zeus NL software (Elnashai et al., 2010).
However, the model is relatively complicated and it is difficult
to port the model code across various platforms.

A uniaxial cyclic constitutive model for SHCC materials is
proposed in this paper. The ascending branch of the compres-
sive envelope curve was developed using the form of a para-
bolic curve, while the bilinear form was adopted for the
descending branch of the curve. A trilinear form was used to
simulate the ascending, strain-hardening and descending
branches of the tensile stress–strain curve. Using the method of
setting a reference point, the characteristics of the unloading
and reloading process were determined, with consideration of
the partial unloading–reloading scheme. Furthermore, the
transition from tension to compression or from compression to
tension was considered in the cyclic model. The proposed
cyclic constitutive model was coded into the OpenSees plat-
form (OpenSees, 2014) and the proposed model was validated
at the stress–strain level and the member level with OpenSees
programming.

Cyclic constitutive model for SHCC

Backbone curves
A backbone curve is constructed by joining the points with
the maximum absolute value of stress at every strain value in
the loading history. A monotonic curve can be taken as
the backbone curve for simplicity and ease in determination of
the model parameters (Bahn and Hsu, 1998; Gencturk and
Elnashai, 2013; Han et al., 2003; Yankelevsky and Reinhardt,
1989).

Tensile stress–strain curve
Monotonic tests performed on SHCC material indicate that
the tensile behaviour is characterised by three distinct branches
consisting of a linear elastic stage, a pseudo strain-hardening
stage and a tension-softening stage (Han et al., 2003), as
shown in Figure 1. Once the tensile strain exceeds εtu, the
SHCC material is unable to sustain any tensile stresses. The
expression for the tensile stress–strain relationship is

1: σten ¼

Eε ε � εt0ð Þ
ft0 þ ft1 � ft0ð Þ ε� εt0

εt1 � εt0

� �
εt0 , ε � εt1ð Þ

ft1
ε� εtu
εt1 � εtu

� �
εt1 , ε � εtuð Þ

0 ε . εtuð Þ

8>>>>>><
>>>>>>:

in which E is Young’s modulus, ft0 and ft1 represent the crack-
ing stress and peak tensile stress of the SHCC material,
respectively, εt0 and εt1 are the strains corresponding to ft0 and
ft1, respectively, and εtu is the ultimate tensile strain.

Compressive stress–strain curve
Many constitutive laws for concrete under uniaxial compress-
ion have been proposed, but the model proposed by
Hognestad et al. (1955) is widely used. The ascending branch
of the compressive envelope curve was developed using the
form of a parabolic curve, while the bilinear form was adopted
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in the descending branch of curve, as shown in Figure 2. The
expression of the compressive stress–strain curve is

2: σcom ¼
fc k

ε

εc

� �
þ 1� kð Þ ε

εc

� �2
" #

ε � εcð Þ

fc þ fcu � fcð Þ ε� εc
εcu � εc

� �
εc , ε � εcuð Þ

fcu ε . εcuð Þ

8>>>>>><
>>>>>>:

where εc is the compressive strain at peak stress fc, which is
usually fixed at 0·002 for normal concrete, fcu is the residual
stress, εcu is the strain corresponding to fcu and k is the shape
factor of the ascending branch.

Unloading mechanism
Yassin (1994) proposed a cyclic unloading and reloading
model for concrete, which is represented by a set of straight
lines. On the compressive side of the model, as shown in
Figure 3, the degradation of stiffness is such that the reverse
extension lines of all reloading lines intersect at a common
point (called the reference point R). The reloading line is
determined by the connecting line of the historic maximum
strain of the monotonic envelope curve and the reference point
R, and the slope of the reloading line is recorded as Er. The

unloading rule follows two straight lines with modulus E and
0·5Er respectively. This method of presetting a reference point
provides a solution of stiffness degradation of concrete at
unloading under different loading histories.

Based on the unique characteristics of SHCCs, the bilinear
form of the descending branch in the model proposed by
Yassin (1994) was changed into the curved form. In seismic
non-linear analysis, partial unloading and reloading often
occurs. In the proposed constitutive model, partial unloading
and reloading are also considered to accurately model the
SHCC material, which means unloading is allowed to start
from reloading by partial unloading or from the envelope
curves. The detailed unloading and reloading curves in tension
and compression are schematically shown in Figures 4 and 5,

ft1

ft0

O ε t0

σ

ε t1 ε tu ε

Figure 1. Uniaxial tensile stress–strain curve

O

fc

fcu

σ

εc εcu ε

Figure 2. Uniaxial compressive stress–strain curve

E

E
Er

0·5Er

R

A

B

O
ε

σ

Figure 3. Uniaxial cyclic constitutive model for concrete proposed

by Yassin (1994)

O

A

B

C

G(εtmax, σtmax)

H(εtrs, σtrs)

I(εtus, σtus)

TK

Rt(εtref, σtref)

Er

Ei

Eru

J

E0

P

σ

ε

Figure 4. Stress–strain curve of SHCC under cyclic loading in

tension
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respectively. Rt(εtref, σtref) and Rc(εcref, σcref) represent the refer-
ence points of unloading and reloading curves in tension and
compression, respectively.

To facilitate the use of computer-aided calculations, the
unloading curve before reaching the zero-stress axis in tension
(lines GH and IJ in Figure 4) and in compression (lines LM
and NP in Figure 5) are unified as follows

3: σ* ¼ αε*þ ð1� αÞðε*Þp

in which

ε* ¼ ε� ε0
εus � ε0

σ* ¼ σ

σus

α ¼ Ei

Er

and p is the power law of ε*. α and p are introduced to control
the shape of the curve, and the values of α and p can be deter-
mined through experiment. ε0 is the residual strain at the point
where the stress is reduced to zero and is given by

4: ε0 ¼ εus � σus
Er

The value of Er can be determined by the location of the refer-
ence points (Rt(εtref, σtref) in Figure 4 and Rc(εcref, σcref) in
Figure 5). Er can be calculated from

5: Er ¼ σus � σref
εus � εref

in which

σref ¼
σtref in tension

σcref in compression

�

εref ¼
εtref in tension

εcref in compression

�

and εus and σus are the strain and stress at the unloading point;
their values are listed in Table 1.

It is important to note that the strain is regarded as positive in
tension and negative in compression for the derivations pre-
sented in this study. In Table 1, εtmax and εcmin are the maxi-
mum experienced tensile strain and the minimum experienced
compressive strain as shown in Figures 4 and 5, respectively.
σtmax and σcmin are the stresses corresponding to εtmax and
εcmin, respectively. Full reloading means that reloading starts
from complete unloading in tension or in compression, such
as points G(εtmax, σtmax) in Figure 4 and L(εcmin, σcmin) in
Figure 5, while partial reloading means that reloading starts
from a partial unloading originating in tension or in com-
pression, such as I(εtus, σtus) in Figure 4 and N(εcus, σcus) in
Figure 5.

The coordinate values of reference points Rt(εtref, σtref) and
Rc(εcref, σcref) can be determined according to the experimental
results. The determination procedure is as follows. The unload-
ing curve at the peak point in tension or in compression is
taken, and a secant is drawn to intersect the peak point and
the point where the stress is reduced to zero; the slope of this
line is Eru. This line is then extended to the intersection with
the tangent line at the original point whose slope is E0, and
the intersection is defined as Rt(εtref, σtref) (or Rc(εcref, σcref)).

Rc(εcref, σcref)

ε

σ

O

EF

D

L(εcmin, σcmin)

M(εcrs, σcrs)

N(εcus, σcus)

P
Ei

Er

Eru

E0

J

K

Figure 5. Stress–strain curve of SHCC under cyclic loading in

compression

Full reloading Partial reloading

Tension εus = εtmax εus = εtus
σus = σtmax σus = σtus

Compression εus = εcmin εus = εcus
σus = σcmin σus = σcus

Table 1. Determination of εus and σus
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Assuming γ=Eru/E0, the calculation formula of coordinate
values of Rt(εtref, σtref) (or Rc(εcref, σcref)) is as follows

6:
εref ¼ ðσu=E0Þ � γεu

1� γ
σref ¼ E0εref

8<
:

where

σu ¼
ft1 in tension

fcu in compression

�

and εu is the strain corresponding to σu.

Reloading mechanism
The reloading curve is simplified to the straight line between
the loading point (point H in Figure 4 or point M in Figure 5)
to the stress point (point G in Figure 4) corresponding to the
maximum strain in the previous load history in tension and
the stress point (point L in Figure 5) corresponding to the
minimum strain in the previous load history in compression,
that is line HI in Figure 4 and line MN in Figure 5. Their
expressions are as follows

7: σ ¼ σrs þ σm � σrsð Þ ε� εrs
εm � εrs

in which

εm ¼ εtmax in tension

εcmin in compression

�

σm is the stress corresponding to εm

εrs ¼
εtrs in tension

εcrs in compression

�

and σrs is the stress corresponding to εrs.

Transition between tension and compression
Unloading from a point in the non-linear phase and at the
moment of reaching the zero-stress axis, the stress usually does
not stay at zero but continues to reduce, which means that the
stress state is changed from tension/compression into com-
pression/tension. Kesner et al. (2003) gave a typical complete
stress–strain hysteresis loop of SHCC from a Y–R loading
mode (Yankelevsky and Reinhardt, 1989). They concluded that
there were three distinct phases in both the unloading and
reloading portions of the complete hoop: the unloading phase
comprised initial elastic unloading, cracks closing with low
compressive stiffness and cracks closing with increasing com-
pressive stiffness in which the material could again sustain the
compression; the reloading phase was composed of initial

elastic unloading, crack opening with low stiffness and increas-
ing tensile stiffness with increasing crack opening due to the
fibre-bridging effect. In the model of Han et al. (2003), the
transition effect from tension to compression or from com-
pression to tension was ignored, and they assumed that the
behaviour of further unloading started from the initial elastic
unloading to the original point.

If SHCC material is loaded from tension to compression, the
stress–strain relation is simplified to be bilinear, as shown by
lines JK and KL in Figure 5. Point K lies in the axis of stress,
which means that the strain at point K is zero and the slope of
line JK is Ei. Line KL is the connecting line between point K
and point L. If the material is loaded from compression to
tension, the stress remains zero while the strain goes back to
the original point first. Then, a secant is drawn to intersect the
original point and the maximum strain point in the previous
load history, as shown by lines PO and OG in Figure 4. The
detailed expressions are as follows.

From tension to compression

8: σ ¼
Ei ε� ε0ð Þ ðε0 � ε . 0Þ
ε

εcmin
σcmin þ Eiε0ð Þ � Eiε0 ðε � 0Þ

8<
:

From compression to tension

9: σ ¼ 0 ðε , 0Þ
σt max=εtmax ðε � 0Þ

�

During the transition between tension and compression,
if unloading or reloading occurs, the stress–strain relation is
consistent with the aforementioned models in the Sections
‘Unloading mechanism’ and ‘Reloading mechanism’, such as
T!G in Figure 4.

SHCC model implementation and validation

SHCC model implementation and coding in OpenSees
OpenSees (2014), a well-recognised open-source platform
developed at UC Berkeley and supported by the Pacific
Earthquake Engineering Research Center (PEER) and the
Network for Earthquake Engineering Simulation (NEES), has
been utilised based on object-oriented C++ language source
code since the end of the last century. Given that OpenSees is
open source with a well-developed fibre element method to
perform non-linear structural analysis, the proposed SHCC
model was implemented into OpenSees to enable structural
simulations. The proposed cyclic model was embedded as new
user-defined material in the OpenSees platform, and called
SHCC01 based on the C++ language.
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Determination of model parameters
The proposed constitutive model is suitable for cement-based
materials with tensile strain-hardening behaviour, including
high-performance fibre reinforced concrete (HPFRC) and
ECCs (Li, 2002). Normal concrete and fibre reinforced
concrete (FRC) with tensile strain-softening behaviour are
not suitable for the model. The applicability of the proposed
model to several types of cement-based materials is listed
in Table 2.

The tensile failure envelope of SHCCs can be determined
based on experimental observations. The first cracking stress
( ft0) approximately varies from 2·0 MPa to 5·0 MPa and the
tensile strength ( ft1) ranges from 1·2ft0 to 1·5ft0. However, the
relationship between tensile strength ( ft1) and compressive
strength ( fc) needs to be discussed further.

For the compressive failure envelope of SHCCs, Han et al.
(2003) assumed that the envelope was linear up to a peak com-
pressive stress, meaning k in Equation 2 equals 1·0, and the
softened branch was also linear until the strain reached the
ultimate compressive strain. Through a series of compressive
tests on SHCC material, fcu in Equation 2 is proposed to vary
from 0·2fc to 0·3fc, εcu is taken as 1·2εc to 1·5εc, and k varies
from 1·0 to 2·0.

Based on test results reported by Kesner et al. (2003), the
suggested model parameters in the aforementioned unloading
mechanism are listed in Table 3.

Experimental verification at material level
To evaluate the validity of the proposed cyclic constitutive
model of SHCC, experimental observations at the material
level (Kesner et al., 2003) were selected for comparison with

the results simulated by the model SHCC01 in OpenSees. The
loading and unloading curves are plotted for tension and com-
pression in Figures 6 and 7 for a better comparison of the
material tests and the proposed model. The simulation results
of the proposed model show very good correspondence with
the test data.

Concrete FRC

SHCC

Common HPFRC ECC

Fibre No fibre Any type; Vf≤ 2%,
df≈500 μm (steel)

Mostly steel; usually
Vf > 5%, df≈150 μm

Tailored, polymer fibres most
suitable; usually Vf < 2%,
df < 50 μm

Matrix Coarse aggregates
used

Coarse aggregates
used

Fine aggregates used Controlled for matrix toughness
and initial flaw size; fine sand
used

Tensile behaviour Strain-softening Strain-softening Strain-hardening Strain-hardening
Tensile strain
capacity

≈0·01% ≈0·10% <1·5% >3%

Applicability of
proposed model

No No Yes Yes

Table 2. Applicability of proposed model to cement-based

materials

α p γ

Tension 0·2 5 0·2
Compression 0·2 3 0·35

Table 3. Model parameters

2 3 4 5 6 7 8 9 10
0

0·5

1·0

1·5

2·0
Test data
Proposed model

Te
ns

ile
 s

tr
es

s:
 M

Pa

Strain ×10–3

Figure 6. Comparison of tested and simulated unloading curves

in tension
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Comparison of the results under cyclic loading and unloading
in tension and compression regions are shown in Figures 8 and
9, respectively. Figures 8 and 9 indicate that the proposed
SHCC constitutive model can simulate the experimental be-
haviour of SHCC under cyclic tensile or compressive loading
(e.g. strain-hardening, pinching effect, unloading and reloading
response, strength and stiffness degradation) with reasonable
accuracy, which means that the unloading and reloading mech-
anisms presented in this study reflect the actual behaviour of
SHCC material well.

Experimental verification at member level
To assess the validity of the proposed cyclic constitutive model
of SHCC at the member level, the cyclic response of a

reinforced ECC (R/ECC) cantilever beam experiment reported
by Fischer and Li (2003) was simulated using SHCC01 in
OpenSees. The geometry and reinforcement details of the
cantilever beam specimen are shown in Figure 10. The canti-
lever beam was tested under cyclic horizontal forces.

The R/ECC cantilever beam was simulated using a fibre-based
non-linear beam–column finite element with two-dimensional
sections in OpenSees. The cross-section of the beam was
divided into fibres, which forms the basis of distributed inelas-
ticity models. Each fibre can then be assigned a different
material model. The proposed SHCC01 material model was
used for the SHCC in the beam and the Steel02 material
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Figure 7. Comparison of tested and simulated unloading curves
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model was used for the reinforcement. It should be noted that
the effect of confinement of transverse reinforcement on the
hysteretic behaviour of specimens was insignificant in the
experimental observations of Fischer and Li (2002, 2003). This
is because the PVA fibres serve as the self-confinement in
SHCC, and the influence of lateral compression on the uniax-
ial compression behaviour is not obvious. An assumption in
this study was thus to ignore the effect of confinement from
the transverse reinforcement.

For the sake of comparison with the model of Han et al.
(2003), the model parameters in this study were kept identical
to those presented by Han et al. and the loading schemes were
also the same. Figure 11 shows a comparison of the reversed
cyclic test results with simulations from the proposed model
and the model of Han et al. (2003).

The comparisons in Figures 11(a) and 11(b) indicate that the
initial stiffness of the calculation curve by the proposed model
is greater than the test results, and slightly greater than the
results of the model of Han et al. After the cantilever beam
enters the plastic state, compared with the simulation results
from Han et al.’s model, the proposed model shows more con-
sistency with the test data. Furthermore, the proposed model
displays more distinct pinching, more closely matching the
experimental results, as a result of accounting for the transition
from tension to compression or from compression to tension
as described earlier in the paper.

Conclusions
A cyclic constitutive model for strain-hardening cementitious
composite (SHCC) material was proposed. Based on a com-
parison of numerical and experimental studies, the following
conclusions can be drawn.

(a) In the proposed cyclic constitutive model for SHCCs, the
ascending branch of the compressive envelope curve was
developed using the form of a parabolic curve, while the
descending branch adopted the bilinear form. A trilinear
form was used to simulate the ascending, strain-hardening
and descending branches of the tensile stress–strain curve.
Using the method of setting a reference point, the
characteristics of the unloading and reloading process
were determined, with consideration of the partial
unloading–reloading scheme. The transition between
tension and compression was also considered in the cyclic
model development.

(b) The proposed cyclic constitutive model was implemented
into the OpenSees platform for structural simulations.
The accuracy of the proposed model was verified through
unloading and reloading experiments of SHCC at the
material level. The results of the comparative analysis
indicate that the proposed model captures the most
distinct mechanical characteristics of SHCC material,
such as strain-hardening, the pinching effect, unloading
and reloading response and strength and stiffness
degradation with reasonable accuracy.

(c) Further calibration of the proposed model was carried out
through a comparison with a cantilever beam test. The
simulation results demonstrate that a fibre-based non-
linear beam–column model embedded with the proposed
model can characterise the hysteretic behaviour with
reasonable accuracy. Compared to the model of
Han et al. (2003), the proposed model can capture the
pinching effect, which is more similar to the behaviour of
SHCC members entering the plastic state.

(d) The proposed model can be applied to a fibre-based
non-linear beam–column element for simulating the
behaviour of flexural members and the global response of
complete structural systems constructed with SHCC
materials. The fibre-based finite-element method can also
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Figure 11. Comparison of test hysteresis loops with (a) model of

Han et al. (2003) and (b) proposed model
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be applied to pushover analysis and dynamic time history
analysis, and consequently to assess the seismic
performance of SHCC structures.
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