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Abstract

Magnetohydrodynamic (MHD) flow and heat transfer over a stretching sheet
with a variable thickness in a rotating fluid with Hall current is investigated.
Both analytical and numerical methods are employed to solve the governing
coupled nonlinear differential equations. The analytical solutions are obtained
through the optimal homotopy analysis method (OHAM) where the numerical
solutions are computed by a second-order finite difference scheme. The
solutions for the non-dimensional velocity and temperature fields are obtained
and presented graphically for various physical parameters. The accuracy of
the analytical solution is verified by plotting the residual errors and by
comparing solutions with available results in the literature for some special
cases. The Hall current gives rise to a cross flow. The rotating fluid frame and
the wall transpiration (suction/injection) can have strong effects on the shear
stress and the Nusselt number.
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1. Introduction

The study of boundary layer flow and heat transfer over a stretching sheet is of interest
as it occurs in a variety of engineering and technological processes. These processes include
cooling of an infinite metallic plate in a cooling bath, extrusion of polymers involving
cooling of a molten liquid, drawing and tinning of copper wires, paper production, glass
blowing, and heat treatment of materials travelling on conveyor belts. Some considerations
must be made to accomplish the desired quality in such processes, namely, selection of the
liquid to be used to cool the object of interest and the rate of stretching applied to the
material. Processes involving sudden solidification focus heavily on the rate of stretching. In
these processes, we come across nonlinear relations between stress and rate of strain. In
science and technological industries, frequently we find systems of coupled nonlinear
boundary value problems. The analysis of such systems of nonlinear boundary value
problems is usually coupled and poses challenges to mathematicians and physicists. Because
of such complexities, there are many problems still open in the literature and one such
problem is the Navier-Stokes equations. Traditionally, solutions of nonlinear boundary value
problems strongly depend on the type of nonlinearity, physical parameters, and the employed
techniques. Crane [1] considered the stretching sheet problem and presented the exact
solutions. Later, various extensions were carried out by Wang [2], Miklavcic and Wang [3],
and Fang and Zhang [4]. There are several analytical techniques available in the literature to
solve nonlinear boundary value problems. Some of the classical analytical techniques are
Adomian’s decomposition method (ADM), Lyapunov’s artificial small parameter method,
the J-expansion method, Chebyshev spectral collocation method, Padé approximation,
homotopy perturbation method (HPM), Laplace decomposition method (LDM), homotopy
analysis method (HAM), spectral-homotopy analysis method (SHAM), differential
transformation method (DTM) and variational iteration method (VIM), optimal homotopy
analysis method (OHAM). Details of these methods can be found in Dehghan et al. [5],
Dehghan and Shakeri [6], Lyapunov [7], Karmishin et al. [8], Khater et al. [9], John [10],
Hayat et al. [11], He [12], Khan [13], Tan and Abbasbandy [14], Liao [15, 16, 17,18], Fan
and You [19], Hayat et al. [20, 23], Shehzad et al. [24], Farooq et al. [25] and Motsa et al.
[26]. In particular, the homotopy analysis method logically contains traditional non-
perturbation techniques, such as Adomian’s decomposition method, Lyapunov’s artificial
small parameter method, and the ¢-expansion method. Hence it can be regarded as a unified
or generalized theory of these three methods. This method also provides a special way to
control and adjust the convergence region and rate of solution series of nonlinear problems.
Liao [17] observed that HAM cannot always guarantee the convergence of approximation
series of nonlinear equations in general and to overcome this restriction, he introduced non-
zero auxiliary parameter ¢, (convergence-control parameter) to construct a two-parameter
family of equations to gain better approximations and the method is called OHAM. Further,
Motsa et al. [26] proposed a spectral-homotopy analysis method (SHAM) which is a
modification of the homotopy analysis method (HAM) and the basic idea of this method is to
blend in HAM with the Chebyshev spectral collocation method.

In contrast to the above-mentioned analytical/semi-analytical methods for finding stable
solutions, for certain class of systems, researchers have developed many prominent numerical
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methods. To mention a few, the shooting method, finite difference approximations, finite
element method, Crank-Nicolson method and Keller-box method have been employed (see
Meade et al. [27], Cebeci and Bradshaw [28], Keller [29], Vajravelu and Prasad [30], Abbasi
et al. [31], Sheikholeslami et al. [32], and Hayat et al. [33]). One of the notable advantages of
the Keller-box method over the other methods is that it allows easy programming for finding
the solution of a large number of coupled equations with second-order accuracy along with
arbitrary (non-uniform) spacing for discretization in the x- and y-directions.

The main objective of this paper is to solve the system of coupled nonlinear boundary
value problem which arises in the mathematical modeling of MHD flow and heat transfer
over a slender permeable elastic sheet in a rotating fluid with Hall current. The semi-
analytical method OHAM and the second-order finite difference scheme known as the Keller-
box method are used. The study of the MHD flow in a rotating environment includes the
effect of Coriolis forces, thermal convection current, and Hall current. It is generally admitted
that the Coriolis force due to the earth’s rotation has a strong influence on the hydromagnetic
flow in the earth’s liquid core. Several authors have examined the fluid dynamics of rotating
systems under different geometry due to its various applications such as the compressor, wind
turbine, jet engine, pumps, large-scale atmospheric and oceanic flows (see Wang [34], Abbas
et al. [35]). The present work aims to look into the enhancement in the transport phenomena
due to an increase in temperature (e.g. Grubka and Bobba [36], Ali [37] and Chen [38],
Chaudhary and Kumar Jha [39]) by considering a special type of nonlinear stretching

U, (X)=U,(x+b)" at y= A(xjtb)(l_”)/2 for different values of n. That is, a stretching sheet

with a variable thickness, as in Fang et al. [40], Khader and Megahed [41] and Hayat et al.
[42, 43]. This study is also pertinent to vibration of orthotropic plates. The governing
nonlinear coupled equations for flow and heat transfer are reduced to a set of nonlinear
coupled differential equations through a suitable similarity transformation and are solved for
various values of physical parameters by the OHAM and Keller-box method. We may find
out from the numerical results that under what conditions the fluid flow can be appreciably
influenced by the physical parameters. The present findings will not only be useful to
industrial applications but also help a basic understanding of the physics of the problem.

2. Mathematical formulation
Consider a steady, laminar boundary layer flow of a viscous, incompressible and

electrically conducting fluid induced by permeable stretching of a surface in the x-direction

)(1—”)/ 2

with a variable thickness. The surface coincides with the plane at y = A(x+b , and is

being stretched with a nonlinear velocity U, (x) and temperature T, (x). The fluid is rotating

with a constant angular velocity Q about the y-axis. The sheet is in the plane z = 0. Initially,
the fluid and the plate rotate synchronously with uniform angular velocity Q. The fluid is
then set into motion with uniform acceleration along the x-axis. The stretching nonlinear
distance x is also rotating with the fluid. The flow is three dimensional due to the presence of
the Coriolis force. The positive x-coordinate is measured along the stretching sheet in the
direction of motion and the positive y-coordinate is measured normal to the sheet in the
upward direction (see Fig. 1 for details).


http://www.sciencedirect.com/science/article/pii/S1386947714004652
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An external magnetic field is applied in the positive y-direction with a constant flux
density Bo. In general, for an electrically conducting fluid, Hall current affects the flow in the
presence of a strong magnetic field. The effect of Hall current gives rise to a cross flow and
hence the flow becomes three-dimensional. We assume that there is no variation of flow
quantities in the z-direction. This assumption is valid for a surface of infinite extent. The
generalized Ohm’s law including Hall currents in the usual notation is given by

en

e

JZU[EJerB—inBJrinej. (2.1)
en,

Here J:(JX,Jy,JZ) is the current density vector, Eis the intensity vector of the electric

field, V is the velocity vector, B:(O, BO,O) is the magnetic induction vector, o is the

electrical conductivity, and p, is the electronic pressure. Since there is no applied or
polarization voltage is imposed on the flow we have, E=0. For weakly ionized gases, the
electron pressure gradient and the ion slip effects can be neglected. The generalized Ohm’s
law under the above conditions for electrically non-conducting sheet J, =0. Hence Eq. (2.1)

reduces to
_oBy(x), 0B, (x)
J = (l+m2)(mu w) and J, _—(l+ mz)(u+mw). (2.2)

Here u, v and w are the x-, y- and z-components of the velocity vector V, and m is the Hall
parameter. The following assumptions are made.

1. Joule heating and viscous dissipation are neglected.

2. The fluid is isotropic, homogeneous, and has constant viscosity and electric conductivity.
3. The wall is impermeable (v, =0).
4,

The sheet is being stretched with a velocity U, (x) = U, (x+b)" where U, is constant, b

is the physical parameter related to stretching sheet, and n is the velocity exponent
parameter.

)(1—“)/ 2

5. The sheet is not flat and is defined asy = A(x+b , Where the coefficient A is

chosen as small so that the sheet is sufficiently thin, to avoid pressure gradient along the
sheet (op/ox =0).
Under these assumptions, along with the boundary layer approximations, the governing
equations can be written as (for details see Abbas et al. [35] and Chaudhary and Kumar
Jha [39]):

u, +v, =0, (2.3)
2
,o(u ux+vuy)—2§2w=yuyy—((jliongi())(u+mw), (2.4)
o BZ(x
p(uwx+va)+2§2u:,uwyy+(1+°ngz))(mu-w), (2.5)
,ocp(uTX +va)=kTyy. (2.6)



Here, the subscript denotes partial differentiation with respect to the independent variable, p

is fluid density, x dynamic viscosity, C_ is the specific heat at constant pressure, T is the

p
temperature, k thermal conductivity. A special form of a magnetic field

BZ(x)=B2(x+b)"" is considered to facilitate the similarity transformation. The
appropriate boundary conditions for the problem are
u(x,y)=U, =U,(x+b)", v(x,y)=0

C Craty = A(x+b)"?,
w(x,y) =0, T(x, y):TW:T(x+ ) (2.7)
u(x,y) >0, w(x,y) >0, T(x,y) >T,_ asy —>x,
where C is a constant and r is the wall temperature. It should be noted that the positive and
negative value of n indicate cases of surface stretching and surface shrinking, respectively.
Now we transform the system of Eqgs. (2.3)—(2.6) into a dimensionless form. To this end, let
us introduce a dimensionless similarity variable

n-1
n=y, /n—Hﬁ(Hb) 2. (2.8)
2 v

Now in terms of 7, we define the dimensionless stream function w(x,y) and the
dimensionless temperature distribution 9(77) as

w(xy) = f(n) \/ngrl vUO(x+b)n+1 | 9(’7)=.;_r__-|.;f° | 29)

where w(x,y) identically satisfies the continuity Eq. (2.3). With the help of Eq. (2.9), the
velocity components can be written as

u=u,f'(n), v=—\/vn7+1U0(x+b)”‘1 {f(ﬂ)—i—ﬂf’(n) (L‘lﬂ w=U, h(®). (2.10)
n+1

Here a prime denotes differentiation with respect to,. With the use of Egs. (2.8)—(2.10), Egs.

(2.4)-(2.6) and (2.7) can be reduced to
2n 2Mn

f"+f f"— f2+ph———(f'+mh) =0, 2.11
(n+1) / (1+m2)(1+n)( ) (2.11)
2n 2Mn

h"+fh'———f'"h-pgf'"+—«+—(mf'—h)=0, 2.12

i n+1 p +(1+m2)(1+n) " ) (212)

9”+Pr(f6"—10f'j:0, (2.13)

n+1

f(a):a—i_:, f'(a)=1,h(a)=0, 8(a)=1 6()=0, f'(0)=0,h(0)=0. (2.14)
+

The non-dimensional parameters Mn, S and Pr, respectively denote the magnetic parameter,
the fluid rotation parameter, and the Prandtl number and are defined as follows:
oB,? 40
—_— 0 , ﬁ p—
Py,

and Pr :K.

Mn (n+1) A0, p



Here, & = AJ(n+1)U,/(2v) is the wall thickness parameter and 7 = o= A\/(n+1)U, / (2v)
indicates the plate surface. In order to facilitate the computation, we define
f(&)="f(n—a)="1f(n), N(&E)=h(n—a)=h(n) and O(&)=0(1-a)=6(n). Now Egs.
(2.11)-(2.13) become

2n 2Mn

f"+f f"— f?+ph———(f'+mh)=0, 2.15
(n+1) d (1+m2)(1+n)( ) (@15)
2n 2Mn

h"+ fh'— f'"h—pf'+——+———(mf'—h)=0, 2.16

ey +(1+m2)(1+n)( ) (219

6’”+Pr(f6"—£€f’j:0, (2.17)

n+1

and the corresponding boundary conditions are (n # —1)

f(0)=ai_—:, f'(0)=1, h(0)=0, 6(0)=1 8()=0, h(x)=0, f'(x0)=0 (2.18)
+

where the prime denotes differentiation with respect to &, When (a<0 andn<1) or
(a>0andn>1), the surface is of a suction case, and when (a<Oandn>1) or

(a >0andn <1), the surface is of injection (blowing) case. In general, injection (blowing)

tends to decrease the skin friction and Nusselt number, whereas suction acts in the opposite
manner. For all practical purposes, the important physical quantities of interest are the
horizontal skin frictionC, , transverse skin friction C,, and the Nusselt number Nu, defined

by

2v(u n 2v(w -n
C,, = | yzjy;’*‘“b“ =2 /2”;: £(0).C,, = | yzjg’*‘“b“ =2 /Z”F?el (0),

X+b)(T n
NuX =( )( y)y:A(x+b)z __ n+1 9,(0), (219)
(TW —Tw) 2Re,

where Re, = U, (x+b)/v is the local Reynolds number.

3. Method of solution
3.1 Semi-analytical solution: optimal homotopy analysis method (OHAM)

Optimal homotopy analysis method has been employed to solve the nonlinear, system
of Egs. (2.15)—(2.17) with boundary conditions (2.18). The OHAM scheme breaks down a
nonlinear differential equation into infinitely many linear ordinary differential equations
whose solutions are found analytically. In the framework of the OHAM, the nonlinear
equations are decomposed into their linear and nonlinear parts described as follows.

In accordance with the boundary conditions (2.18), consider the base functions as

{exp(—ng)for nZO}, then the dimensionless velocities f (£),h(&) and temperature 9(&)
can be expressed in a series form as follows



£(&)=Ya,e™ h(&)=3b,e™ and 6(&)=3c,e ™
n=0 n=0 n=1

where a,, b, and c, are the coefficients. According to the solution expression and boundary

conditions (2.18), we assume the following.

a. Initial guesses for dimensionless velocities f (&), h(&) and temperature (&) (for detail
see Liao [18] and Fan and You [19]):

f, (&) =1- e“5+a1— h,(£)=0 and 6,(&)=e"~ (3.1)
b. Choose linear operatorsL,, L, and L, as follows:
3 2 2
L, :d_s_i, Lhzd_z_i and Lg:d_z—i (3.2)
de” dg dg® dg dg® dg
such that

L,[c, +c,ec +ce]=0,L,[c, +ce~]=0and L,[c,+ce]=0,
where ¢'s (i=1,2,3,4,5,6,7) are arbitrary constants.
c. Choose the auxiliary function asH,(&)=e~,H,(&)=e~and H,(£)=e"~. Let us
consider the so-called zero™ order deformation equations as

@=L, [ fEa)- (&) |=aH, (N, | (& a),hEq) | (33)
(- a)L, [ Nr @)~y () | =aH, (AN, [ (£, 0), F(£,0) | (3.4)
A=), [ 8, 0)-6,(&) |= aH, (DN, [ 8(&,a), f (£.0) ) (35)

with conditions
f(0,0)= “1T £'0,0) =1, f'(e0,4) = 0; h(0,q) =0, h(e0,q) =0; 6(0,) =L 6(e0,q) =0,

where qe[0,1] is an embedding parameter, h = 0is the convergence control parameter
and N,, N, and N, are nonlinear operators defined as

(5q)+f(<§q)f”(§q)[ jf*(éq)wh(ch)
2Mn

_(1+m2)(l+n)
(s o)+ F (& QR 6) - ( jf(é Q& Q) - B Q)

2Mn
(1+m )(1+n)

(f'(£,0)+mh(g,q)),

(mf'(&,a)-h(& )

,=0'(s, q)+Pr(f(§ D00 -2 dE 0 e q)j
From Egs. (3.3)—(3.5), at =0 we have



Lf[f(g,O)—fo(g)]:o, Lh[ﬁ(g,O)—ho(g)]:o and Lg[é(g,O)—eo(g)}o, which
imply that  f(&,0)= f,(£), h(&,0)=h,(&) and 6(£,0)=6,(&), respectively. Whereas
at gq=1 we have Nf[f(g,l),ﬁ(:,l),é(g,l)}=o, Nh[ﬁ(g,l),f(g,l)}o and
Ng[é(g,l),f(g,l)]:o which implies that f(&1)=f(&), h(ED)=n(E) and
0(&,1) = 6(&) respectively. Hence, by defining

1Al o, 1dhEa)

a"f.a) 1.d"9(.9)
m! dg&" oo m! d&™

fn () m!T

» On(S) =

q=0 q=0

We expand f (&£,q), h(&,q) and 6(&,q) by means of Taylor’s series as
(£,0)= () + 2 1,a", ir,0) =hy(&) + D h, ()"

m=1 ) m=1 (36)
and 0(£,0) = 6,(£) + 26, ()"

If the series (3.6) converges at g =1, we get the homotopy series solution as

F(O)= O+ 2 1), MO =h(+ T h, (&) and 6E)=6,)+ 2.0, @)

It should be noted that f(&), h(&) and €(&) in Eqg. (3.7) contain an unknown

convergence control parameter h =0, which can be used to adjust and control the
convergence region and the rate of convergence of the homotopy series solution. The
m™ order deformation equations and the conditions are

Lf [ fm (é:) —Am fm—l(ég)] =H f (5) ﬁ I:emf (98)’ I—h [hm (98) _thm—l(é:)] = Hh(é) ﬁ Rmh(ég)’ and
Ly [6n(£) = 20O 1 ()] = H, (E) N R, (S).
Here f,(0) =0, f, (0) =0, T, (2) =0,h, (0) = 0,6} (=) =0, h, (o) =0, (=) =0, with

R, =f" (&)+ kz: £ f —(nz—kaZj Fa £+ By —(1“52% n
B 2mMn
(1+m*)(1+n) ™
RM=h" (&)+ :Z: h o f —[nz—flj :: foache =B o +% 1
2Mn

mt 2r mt 0,m<1

R.=61 (&)+PrY O f .~ —=|Pr> f/ .6 and g, = :

m m—l(g) ; m-1-k "k ( n _'_1) ; m-1-k ~'k Zm {1, m > l
Now, we evaluate the error and minimize it over h in order to obtain the optimal value of

h with the least possible error. In the process of error analyses two different methods are
employed, namely, the exact residual error and the average residual error. For different



order approximations, the CPU time required for evaluation of f”(0) is noted. It is
evident that the values of f"(0) evaluated using the two methods are almost the same (for

details see Table I). As for CPU time is concerned, the average residual error needs much
less time compared with that for the exact residual error.

At the m™ order deformation equation, the exact residual error is given by
e1 (7)-J{n S 0]z, =] Snee]]oe
En(h )4[ e[iﬁn(é)ﬂ d¢

0 n=0

o0

But in practice the evaluation of E (h),E"(h)and E’(h)is much time consuming so
instead of the exact residual error, we use the average residual error, which is defined as

RS 5 R o

Erﬁ(ﬁ)zﬁg[l\'e[nmoen(@)D

where & =KAZ=k/M, k=0, 1, 2,-~-M . Now the error functionE; (i), E}(h) and
E,ﬁ(ﬁ) is minimized with respect to h to obtain the optimal value of h. For the

m™" order approximation the optimal value of h for f, h and 6 is given
byde; (h)/dh=0,  dE}(h)/dh=0  and  dEJ(h)/dh=0,  respectively.

Evidently, lim E; (h)=0, limE} (h)=0 and lim E; () =0 correspond to a convergent

series solution. Substituting this optimal value of h into Eq. (3.7), we get the
approximate solutions of Egs. (2.15)—(2.17), which satisfy the conditions given in Eq.
(2.18).

3.2 Numerical procedure
For accuracy of the OHAM solution, the highly nonlinear and coupled ordinary

differential equations with variable coefficients are solved numerically via the Keller-box
technique. The boundary value problem given in Egs. (2.15)—(2.17) is reduced to a system of
seven simultaneous ordinary differential equations of first order for seven unknowns. To
solve this system of first-order equations, we require seven initial conditions while we have
only two initial conditions on f and one initial condition for each of ¢ and h. The three

initial conditions f”(0), h’(0) and 6’(0) are not known. However, the values of f'(<&),
h(&) and 6(&) are known as & —oo. We employ the Keller-box scheme where these three
boundary conditions are utilized to produce three unknown initial conditions at £=0. To
select £, , we begin with some initial guess value of the unknown initial conditions and solve

the boundary value problem to obtain f”(0), h'(0) and 6'(0). Let «,, B, and y, be the



correct values of f,(0), h,(0) and 6,(0), respectively, and integrate the system using the
fourth order Runge-Kutta method and denote the values of f,(0), h,(0) and 6,(0),

respectively. The solution process is repeated with another larger value of &, until two

successive values differ only by a small quantity within the desired accuracy. The last value
of £, is chosen as an appropriate value for that particular set of parameters. Then solve the
system of equations by the Keller-box method; for details see Cebeci and Bradshaw [28],
Keller [29], and Vajravelu and Prasad [30]. For the sake of brevity, the details of the
numerical solution procedure are not presented here. For numerical calculations, a uniform
step size of A& =0.01 is found to be satisfactory and the shooting error is controlled with an

error tolerance of 10°° in all cases.

In order to validate the two methods used in this study and to judge the accuracy of the
present analysis, the horizontal skin friction f"(0), the transverse skin friction h'(0) and wall
temperature gradient '(0) are compared with the previously published results of Andersson

et al. [44] and Fang et al. [40], Khader and Megahed [41], Grubka and Bobba [36], Ali [37],
Chen [38], Wang [34], and Abbas et al. [35] for several special cases and the results are all
found to be in good agreement: The results are presented in Tables 11111,V and V. Results
obtained from this method are discussed and compared with OHAM in Section 5.

4. Exact solutions for some special cases

Here we present the exact solutions for certain special cases and these solutions serve as
a baseline for computing general solutions through numerical schemes. We note that in the
absence of rotation, magnetic field, and Hall current, Eq. (2.15) reduces to those of Fang et al.
[40].

4.1 Absence of rotation and Hall current for the case of a flat plate

(i.e.n=10, #=m=0.0and b=0.0)
In the limiting case of n=1 and m=0, the boundary layer flow and heat transfer problem
degenerates. The solution for the velocity in the presence of a magnetic field turns out to be

_p A
f(5)21 e

field can be written as a two-parameter solution in terms of confluent hypergeometric series,
namely, Kummer’s function, ¢, as:

9(§)=e_ﬁr§%,where a, =%, a =a,—r b=1+a, z=—ae".

and f'( &)=e where A=+1+Mn and the solution for the temperature

4.2 Absence of rotation, magnetic field, Hall currents, heat transfer but in the presence of
variable boundary thickness (i.e.#=0.0, Mn=m=0.0, n=1, r =0.0)

When n=-1/3, Eq. (2.15) becomes f”+ ff"+f'>=0 with the boundary conditions
f(0)=2a, f'(0)=1and f'(0)=0. The solution is
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£(&)=\2+4a? tanh{“zgm §+tanh-l[%ﬂ .

When n=-1/2, Eq. (2.15) becomes f”+ ff"+2f'>=0 with the boundary conditions
f(0)=3a, f'(0)=1 and f'(c0)=0. This equation is equivalent to

1d f3/zi(f"/2f’+gf3/2j =0, of which the solution is
fde|  de 3

D=~ in f+d\/_+2dz NEP 2J_+d
2d (d-yT) d

where d = {(305)3/ ?

3 3 1 (3a+d«/?;+d2) % » 2@+d
and D=—"1In N |
205 2077 (g-m) ¢ a3

5. Results and discussion

The problem of MHD flow and heat transfer over a slender elastic sheet in a rotating
fluid with Hall effect is solved analytically as well as numerically. The analytical solutions of
the system of ordinary differential equations subject to the boundary conditions are obtained
through the optimal homotopy analysis method (OHAM) and Keller-box method. Here the
OHAM has been used as a benchmark tool to test the accuracy, and hence the reliability of
the Keller-box results.

In order to get clear a insight into the physical problem, numerical computations have
been carried out for different values of flow parameters such as the Hall parameter m, the
fluid rotation parameter 3, the power index parameter n, the variable thickness «, the wall
temperature parameter r, the Prandtl number Pr, and the magnetic parameter Mn. Exact
solutions are obtained for the special cases, such as the absence of rotation and Hall current
for the case of a flat surface (i.e. n=1, f=m=b=0). The graphical representation of the

numerical results for the horizontal velocity profile f'(&), the transverse velocity profile
h(&), and the temperature field @(&) for different values of physical parameters are
presented in Figs. 2—7, and residual error profiles are shown for f'(¢), h($) and €(&) in
Fig. 8. It can be seen that both f’(£) and 6(&) decrease monotonically and tend to zero
asymptotically as the distance from the boundary increases. In the case of h(&), we find

negative profiles which indicate that this component is transverse to the main flow in a
clockwise direction. The computed numerical values for the horizontal skin friction f"(0),
the transverse skin friction h’(0) and the rate of heat transfer 8'(0) are tabulated in Table VI.
From the experimental studies it has been noted that at 20°C the Prandtl number for air is
0.72, at 300°C the Prandtl number for water is 1.09, at 40°C the Prandtl number for ammonia
is 2.0 and at 417°C the Prandtl number for molten salt is 5.09 (see for details Kothandaraman
and Subramanyan [45]). Therefore, the values of Pr chosen in Table VI range from 0.01 to
1000, which supports the experimental study; the values of other physical parameter are
chosen arbitrarily.
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Figures 2(a) to 2(c) exhibit the effects of « and n on f'(&), (&) and h(&). Itis
observed that both the fluid velocity and the temperature rise as « and n increase, and as a
result, both the momentum boundary layer and thermal boundary layer thicknesses increase
and the opposite is true for cross flow. As n increases, the stretching velocity of the sheet
increases, which produces deformation in the fluid causing the fluid velocity to increase as
well. This shows that there is a significant effect of « and n (for all values of n, positive,
zero or negative) on the flow pattern. Here, it may be observed that the sheet is shrinking
along the axis for negative n, and is stretching for positive n. Moreover, the variation of
f”(0) mainly depends on both & and n. For given values of ¢ and n in the range of

(a¢<0andn<1) or («>0andn>1), the skin friction f”(0) and wall temperature gradient
f”(0)| and |6'(0)|
become higher for smaller values of « and higher values of n in the range of
(¢<0andn>1) or (a>0andn<1). This can be explained by the boundary

6'(0) decreases when a=-0.5, —1.0 and n=2.0, 5.0. In other words,

condition f (0)=ea(1—n)/(1+n). In this case we obtained f(0)>0 (injection/blowing
process) when «=-0.5, —1.0 and n=2.0, 5.0 , opposite results may be obtained in the
case of f(0)<0 (suction process) when « =2.0, 5.0 and n=2.0, 5.0 (See table VI for

details). In addition to this, for & =0 or n=1 the boundary condition reduces to f (0)=0,

which indicates an impermeable surface.

Figures 3(a) to 3(c) illustrate the effect of g on f'(£), 6(£) and h(&). As f
increases, the velocity decreases and the reverse trend is observed in the case of 6(&); see
Figs. 3(a) and 3(b). Influence of the rotation parameter on the flow reversal is presented in
Fig. 3(c). Here, the profiles are parabolic in nature, in particular, as the value of g is
increased, the transverse velocity profiles maintain their form, but are shifted downward.
Figures 4(a) through 4(c) elucidate the effect of Mn on f'(&), (&) and h(¢&). Figure 4(a)
shows the effect of Mn on the fluid velocity. It is well known that the velocity will decrease
with an increase in the magnetic field parameter owing to an increase in the Lorentz drag
force that opposes the fluid motion, and is quite opposite in the case of heat transfer; see Fig.
4(b). Here, the thickness of the momentum boundary layer decreases while the thermal
boundary layer increases with an increase in the strength of the applied magnetic field. It is
interesting to note from Fig. 4(c) that the cause of the transverse velocity spikes near the
origin is the parameter Mn. As Mn increases, the transverse velocity profiles vary steadily
from negative to positive and shift upwards. We explore the effect of increasing values of m
on (&), (&) and h(&) in Figs. 5(a) to 5(c). Figure 5(a) shows the increase in f'(£) and

decrease in €(&) as shown in Fig. 5(b). This is attributed to the fact that the effective
conductivity [0'/(1+ mz)} diminishes as m increases. This in turn reduces the magnetic

damping force on f'(&) and hence increases the propelling effect on f'(£). Furthermore,

the spikes near the origin are observed in Fig. 5(c). The transverse flow in the z-direction
initially increases with m and reaches maximum when m = 1.5 and then dips in the absence of
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rotation effect. For large values of m, the term []/ (1+ mz)] becomes very small and hence

the resistive effect of the magnetic field is diminished. The presence of rotation effect results
in a downward shift in the transverse velocity profiles and reaches nadir at m = 5.0. The
impact of Pr and r on @(&)is presented in Fig. 6. It is found that €(&) is a decreasing

function of Pr implying a decrease in the thermal conductivity k; consequently a decrease in
the thermal boundary layer is observed. Therefore, cooling of the heated sheet can be
improved by choosing a coolant with a larger Pr. Similar phenomenon is observed for
increasing values of r and this is because when r > 0, heat flows from the stretching sheet
into the ambient medium and, when r < 0, the temperature gradient is positive and heat flows
into the stretching sheet from the ambient medium.

Figure 7 presents evidence to support the agreement of the OHAM and Keller box
method. It is clear from the figure that the solutions by both methods are compatible. Further
evidence is provided in Tables Il to V.

Finally, the residual errors for f'(£), h(&) and 6(&) are presented in Figs. 8(a) to 8(c),

which demonstrate the accuracy and convergence of the OHAM. These figures show that an
eighth-order approximation may yield the best accuracy for the present model.

Table VI shows the results for f”(0), h'(0) and 6'(0) corresponding to different

values of the physical parameters. It is interesting to note that f”(0) decreases for negative

values of a and increases for positive values. This is because of the induced momentum
transfer, which will accelerate fluid particles downstream. This phenomenon is true even in

the case of h'(0) and 6'(0).

6. Conclusions
Steady MHD flow and heat transfer over a slender permeable elastic sheet in a rotating

fluid with Hall current has been examined. Optimal homotopy analytic solutions (OHAM) of
the boundary value problem were obtained with the aid of the package Mathematica. An
efficient implicit finite difference scheme based on the Keller box method was employed to
compute the numerical solutions. A few interesting conclusions have been observed as
summarized below.

1. The analytic and numerical solutions are found to be in excellent agreement. The
solutions also agree with some of the results available in the literature and with the
exact solution for the special case of a flat sheet.

2. The nature of the elastic sheet depends on a variable thickness parameter, and a
velocity power index parameter n, which leads to wall transpiration (suction or
injection).

3. The elastic sheet with a variable thickness has a direct impact on the physical
properties of the sheet such as shrinking and stretching along the axis, corresponding
to negative and positive n.

4. An increase in the wall thickness parameter leads to an increase in the skin-friction
coefficient in the x-direction and the Nusselt number for n>1.

5. Hall current can have a significant effect on the shear stress and the Nusselt number.
For large values of the Hall parameter m, the resistive effect of the magnetic field is
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reduced, as a result, the skin-friction coefficient in the x-direction increases and the
wall temperature gradient decreases.
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Figure Captions

Figure 1:

(a) Schematic diagram of the stretching sheet with variable thickness model; (b)
schematic representation of the physical model and co-ordinate system.

Figure 2: (a) Horizontal velocity profiles for different values of n and o with Pr = 2.0, Mn =

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Figure 7:

Figure 8:

0.5,B=0.2, m=1.0, and r = 1.0; (b) temperature profiles for different values of n
and a with Pr=2.0, Mn =0.5, #=0.2, m = 1.0, and r = 1.0; (c) transverse velocity
profiles for different values of « and n with Pr =2.0, #=0.2, m=1.0,r = 1.0, and
Mn =0.5.

(@) Horizontal velocity profiles for different values of g and n with Pr = 2.0, m =
1.0 =0.2,r=1.0, and Mn = 1.0; (b) temperature profiles for different values of n
and g with Pr=2.0, m=1.0, Mn = 0.5, « = 0.2, and r = 1.0; (c) transverse velocity
profiles for different values of g and n with Pr=2.0,« =0.2, m=1.0, r = 1.0, and
Mn = 1.0.

(a) Horizontal velocity profiles for different values of Mn with Pr = 2.0, m = 1.0, S
=0.2,a=0.2,r=1.0, and n = 2.0; (b) temperature profiles for different values of
Mn with Pr= 2.0, m=10, #=0.2, «a = 0.2, r = 1.0, and n = 2.0; (c) transverse
velocity profiles for different values of Mn and m with Pr=2.0, #=0.2, a =0.2, r
=1.0,and n=2.0.

(a) Horizontal velocity profiles for different values of m with Pr = 2.0, Mn = 0.5,
=0.2,a=0.2,r=1.0, and n = 2.0; (b) temperature profiles for different values of
m and n with Pr = 2.0, Mn = 0.5, # = 0.0, « = 0.2, r = 1.0; (c) transverse velocity
profiles for different values of £ and m with Pr = 2.0, Mn =0.5, « = 0.2, r = 1.0,
and n=2.0.

Temperature profiles for different values of r and Prwithm =15, #=0.2, a = 0.2,
Mn =0.5, and n = 2.0.

Comparison of OHAM and Keller-Box method for f '(§) for different values of S
withPr=2.0,m=1.0,2=0.2,r=1.0, Mn=1.0, and n = 2.0.

(@) Residual error of horizontal velocity profile at Pr = 5.09, # = 0.5,r =2.0, a =
2.0, Mn =0.2, m = 0.5, and n = 2.0; (b) residual error of transverse velocity profile
atPr=5.09,=05r=20 =20, Mn=0.2, m=0.5 n=2.0; (c) residual error
of temperature profile for different values of Prat =05, r = 2.0, a = 2.0, Mn =
0.2,m=0.5and n=2.0.
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Table I: Comparison of f”(0) and CPU time (sec) incurred to evaluate the m" order approximation by exact residual error and average residual
errorwhen #=0.2, r=1.0, m=1.0, «=0.5 n=1.0.

Order M Using Exact Residual Error Using Average Residual Error
f ”(0) CPU Time (sec) f ”(0) CPU Time (sec)
1 -1.109050 3.33 -1.033100 0.95
2 -1.106250 16.44 -1.106840 2.76
3 -1.116280 19.89 -1.113800 4.79
4 -1.114780 24.91 -1.115080 7.45
5 -1.114780 42.38 -1.116840 10.29
6 -1.118290 69.46 -1.117510 20.77
7 -1.117400 84.47 -1.118240 29.66
8 -1.118610 104.31 -1.118640 43.81

Table 1I: Comparison of skin friction — f ”(0) for different values of Mnwith f#=r=m=a=0.0, n=1.0.

" Exact Andersson et Present l\éVcI)Irk - — t Relative error e
n . eller box ndersson e eller box
solution al.[44]n=1.0 | OHAM method al. [44] n = 1.0 OHAM method
0.0 1.0 1.0 0.99988 0.999821 0 0.0120014 | 0.0179032
0.5 | 1.2247448 1.224 1.22476 1.224769 0.0608127 0.0012411 | 0.0019759
1.0 | 14142135 1.414 1.41424 1.414242 0.0150967 0.0018738 | 0.0020152
15 | 1.5811388 1.581 1.58118 1.581187 0.0087785 0.0026056 | 0.0030483
2.0 | 1.7320508 1.732 1.73209 1.732098 0.0029329 0.0022632 | 0.002725
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Table 11I: Comparison of skin friction —f"(0) for different values of nand « with g =Mn=r=m=0.0.

_ f " (0)
a=05 a=0.25
Khader and E Khader and
n ang et
Fang et al. [40] Megahed [41] Present Work al. [40] Megahed [41] Present Work
By when 4=00 Keller By when 4=00 Keller
shooting method By Chebyshev OHAM box shooting By Chebyshev OHAM box

spectral method method method | spectral method method

1.0 1.0000 1.0000 1.0000 1.00000 1.0000 1.0000 1.0000 1.00000
-1/3 1.0000 1.0000 1.0000 1.00000 0.5000 0.5000 0.5000 0.50000
-1/2 1.1667 1.1666 1.166592 | 1.166592 0.0833 0.08322 0.08329 | 0.083291
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Table IV: Comparison of skin friction —f"(0) and —h'(0) for different values of g with Mn=a =r =m=0.0.

Abbas

Wang [34] et al. [35] for
B £=10 OHAM Keller-box

-17(0) | -'(0) |-f"(0) | -'(0) | -F"(0) | -(0) | -f"(0) | -N(0)

0.0 | 1.0000 | 0,0000 | 1,0000 | 0.0000 | 1,000000 | 0.000000 | 1.0000000 | 0.0000000
05 | 11384 | 05128 | 1.1384 | 0.5128 | 1.138391 | 0512776 | 11384213 | 05128192
10 | 13250 | 08371 | 1.3250 | 0.8371 | 1.325043 | 0.837087 | 13250124 | 0.8371357

Present results

Table V: Comparison of wall temperature gradient —0’(0) for different values of Prand g when Mn=r=m=«a=0.0, n=1.0.

$=00 B=05 B=10
Grubka & Present results Abbas Present results Abbas Present results
. Wang | et al. [35] Wang etal.
Pr B[%ké?a Ali [37] | Chen[38] [34] for [34] [35] for
OHAM Keller-box _ _
¢=10 OHAM Keller-box &=10 OHAM Keller-box
0.01 0.0099 ol 0.0091 | 0.009917 | 0.0099171 Fhx Fhx Fhx Fhx FHx FHx Fhx FHx
0.72 0.4631 0.4617 | 0.46315 | 0.463146 | 0.4631462 0.390 0.390 0.389567 | 0.3895672 | 0.321 0.321 0.320978 | 0.3209788
1.0 0.5820 0.5801 | 0.58199 | 0.582670 | 0.5826707 Fhx Fhx Fhx Fhx FHx FHx Fhx FHx
2.0 FHx Fkx FHx Fxx Fhx 0.853 0.853 0.852852 | 0.8528527 | 0.770 0.770 0.77088 0.770881
3.0 1.1652 1.1599 1.16523 | 1.165170 1.1651709 Fhx ekl ekl ool Fkx Fkx okl Fkx
50 *kx *k%k *kx 1568008 15680086 **k%k **kx **kx **kx **k*x **kx *k*k **k*x
7.0 fale Fhx Fekede Fxx Fx 1.850 1.850 1.850289 | 1.8502895 | 1.788 1.788 1.787965 | 1.7879652
10.0 2.3080 2.2960 | 2.30796 | 2.308029 | 2.3080291 Fhx Fhx Fhx ol FHx FHx Fhx FHx
1000 77657 *k*k *kx 7769667 77696672 *kx *kx *kx *kx **kx *kx *k*k **kx
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Table VI: Values of skin friction, transverse skin friction and wall temperature gradient for different values of the physical parameters.

; o 5| n=1 n=2 n=>5
a Pr n " ' ’ CPU " ' ’ CPU " ' ' CPU
f7(0) h'(0) 00) | . | f'O h'(0) d'(0) Time f"(0) h'(0) d'(0) Time
0.0 -1.141910 | -0.533156 -1.303810 151 -1.007640 -0.347390 -0.931563 166 -0.937522 -0.159933 -0.558029 189
10 20 10 05 05 0.5 -1.242900 | -0.371429 -1.258420 178 -1.092710 -0.250809 -0.914836 175 -0.984105 -0.121691 -0.550095 189
1.0 -1.364730 | -0.245068 -1.234790 174 -1.181410 -0.171425 -0.897838 175 -1.030460 -0.087044 -0.542147 180
2.0 -1.613700 | -0.066643 -1.179710 164 -1.357200 -0.048788 -0.861435 175 -1.121680 -0.026596 -0.526468 179
0.0 -1.186150 0.097273 -1.284240 175 -1.068040 0.063987 -0.926400 253 -0.978614 0.030548 -0.551957 175
0.2 -1.186150 | -0.097273 -1.284240 162 -1.068040 -0.063987 -0.926400 174 -0.978614 -0.030548 -0.551957 175
1.0 2.0 1.0 0.5 0.5 0.5 -1.242900 | -0.371429 -1.258420 172 -1.092710 -0.250809 -0.914836 174 -0.984105 -0.121691 -0.550095 175
1.0 -1.398520 | -0.705395 -1.178000 163 -1.183110 -0.520749 -0.873750 174 -1.006800 -0.269020 -0.542201 178
2.0 -1.632930 | -1.242660 -1.078250 166 -1.373080 -0.884168 -0.780560 176 -1.091630 -0.528915 -0.511528 213
0.5 -1.242900 | -0.371429 -1.258420 175 -1.092710 -0.250809 -0.914836 157 -0.984105 -0.121691 -0.550095 180
1.0 -1.180720 | -0.371887 -1.291560 165 -1.051190 -0.245893 -0.925578 183 -0.964738 -0.11638 -0.553729 176
1.0 2.0 1.0 15 0.5 0.5 -1.147980 | -0.396993 -1.298720 169 -1.027570 -0.259175 -0.930976 183 -0.952936 -0.120866 -0.555843 179
2.0 -1.133690 | -0.421304 -1.302240 167 -1.015880 -0.273465 -0.933309 175 -0.946605 -0.126566 -0.556928 173
5.0 -1.126680 | -0.485778 -1.305570 166 -1.003360 -0.314504 -0.934433 175 -0.938125 -0.144376 -0.558208 177
0.025 -1.242900 | -0.371429 -0.330411 216 -1.092710 -0.250809 -0.320654 202 -0.984105 -0.121691 -0.309118 206
0.72 -1.242900 | -0.371429 -1.029450 211 -1.092710 -0.250809 -0.774153 201 -0.984105 -0.121691 -0.494916 205
1.0 -1.242900 | -0.371429 -1.258420 197 -1.092710 -0.250809 -0.914836 173 -0.984105 -0.121691 -0.550095 173
2.0 -1.242900 | -0.371429 -1.920730 174 -1.092710 -0.250809 -1.306850 172 -0.984105 -0.121691 -0.689686 170
10 20 5.0 05 05 05 -1.242900 | -0.371429 -3.24693 173 -1.092710 -0.250809 -1.970180 173 -0.984105 -0.121691 -0.862979 171
5.09 -1.242900 | -0.371429 -3.279120 203 -1.092710 -0.250809 -1.984160 211 -0.984105 -0.121691 -0.865564 200
7.0 -1.242900 | -0.371429 -3.904530 192 -1.092710 -0.250809 -2.237360 178 -0.984105 -0.121691 -0.904963 207
10.0 -1.242900 | -0.371429 -4.732370 218 -1.092710 -0.250809 -2.523360 217 -0.984105 -0.121691 -0.934941 212
11.62 -1.242900 | -0.371429 -5.12667 209 -1.092710 -0.250809 -2.64225 209 -0.984105 -0.121691 -0.944040 215
1000 -1.242900 | -0.371429 -22.39370 190 -1.092710 -0.250809 -3.893680 188 -0.984105 -0.121691 -1.038100 215
-2.0 -1.242900 | -0.371429 0.585714 168 -1.092710 -0.250809 0.386115 182 -0.984105 -0.121691 0.106964 177
-1.0 -1.242900 | -0.371429 -0.070146 171 -1.092710 -0.250809 -0.043192 177 -0.984105 -0.121691 -0.084160 187
1.0 0.0 1.0 0.5 0.5 0.5 -1.242900 | -0.371429 -0.553646 185 -1.092710 -0.250809 -0.386116 186 -0.984105 -0.121691 -0.254946 188
1.0 -1.242900 | -0.371429 -0.935052 170 -1.092710 -0.250809 -0.671294 181 -0.984105 -0.121691 -0.409264 192
2.0 -1.242900 | -0.371429 -1.258420 192 -1.092710 -0.250809 -0.914836 187 -0.984105 -0.121691 -0.550095 409
-0.5 -1.242900 | -0.371429 -1.258420 177 -1.328480 -0.254901 -1.146040 171 -1.425900 -0.130621 -1.025350 178
-1.0 -1.242900 | -0.371429 -1.258420 173 -1.418020 -0.253794 -1.236620 460 -1.618220 -0.127883 -1.247780 178
0.0 20 10 05 05 05 -1.242900 | -0.371429 -1.258420 177 -1.244440 -0.254954 -1.062540 174 -1.256780 -0.130388 -0.834559 166
1.0 ' ' ' ' ' -1.242900 | -0.371429 -1.258420 176 -1.092710 -0.250809 -0.914836 181 -0.984105 -0.121691 -0.550095 194
2.0 -1.242900 | -0.371429 -1.258420 177 -0.961616 -0.241961 -0.795567 211 -0.785403 -0.107121 -0.375620 224
5.0 -1.242900 | -0.371429 -1.258420 176 -0.674506 -0.200574 -0.548794 213 -0.458543 -0.067012 -0.180729 243
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" £=0.0 p=0.2 p=10
o r Pr m n n " ' / CPU " ' ’ CPU " ' ' CPU
f"(0) h'(0) 00) | fie | F70) h'(0) 00) | fie | F70) h'(0) d'(0) Time
-2.0 | -0.745879 -0.098024 2.314960 172 -0.745859 0.098024 2.314960 185 -0.893288 0.824511 1.334000 187
-0.5 | -3.189330 0.128585 -4.286560 176 -3.189330 -0.128585 -4.286560 186 -0.806880 -0.791076 -3.518930 181
-0.33 | -2.473030 0.197492 -3.253290 159 -2.473030 -0.197492 -3.253290 162 -2.337780 -0.914722 -2.824250 169
1.0 2.0 1.0 0.5 0.5 0.0 -1.725840 0.166007 -2.283910 190 -1.725840 -0.166007 -2.283910 187 -2.021990 -1.202310 -2.149290 192
1.0 -1.186150 0.097273 -1.284240 156 -1.186150 -0.097273 -1.284240 163 -1.398520 -0.705395 -1.178000 164
2.0 -1.068040 0.063987 -0.926400 277 -1.068040 -0.063987 -0.926400 178 -1.183110 -0.520749 -0.873750 170
5.0 -0.978614 0.030548 -0.551957 180 -0.978614 -0.030548 -0.551957 176 -1.006800 -0.269020 -0.542201 183
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Nomenclature

BO

p

C
C.,C,
e

uniform magnetic field
specific heat at constant pressure
skin friction coefficient in the x- and z-directions

electric charge
dimensionless velocities or real functions

current density vector

thermal conductivity

thermal conductivity of the fluid far away from the
sheet

characteristic length

Hall effect parameter

magnetic parameter

velocity power index parameter
electron number density

Nusselt number

Prandtl number
electronic pressure
local Reynolds number

wall temperature parameter

sheet temperature

temperature

temperature of the plate

ambient temperature or temperature away from the wall

velocity components in the x-, y- and z-directions
stretching velocity
reference velocity

velocity vector
Cartesian coordinates

Greek symbols

n, <

S T T AV X O HORK

Subscripts
o0

w

similarity variables

wall thickness parameter
angular velocity

fluid rotation parameter 5=4Q/[(n+1) U, |
dimensionless temperature = (T -T,)/(T,-T,)
kinematic viscosity away from the sheet

constant fluid density
electric conductivity
dynamic viscosity
stream function
Kummers’ function

condition at infinity

condition at the wall
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