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Entanglement entropy fluctuation and distribution for open systems
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The entanglement entropy generated by quantum transport, similar to any physical observable quantity, is
a stochastic variable that has its distribution and can fluctuate. The fundamental question is how to define the
entanglement entropy operator which allows one to discuss entanglement entropy fluctuation. By introducing
the entanglement entropy operator, we develop a theoretical framework to calculate the entanglement entropy
fluctuation as well as its higher order cumulants generated by electronic transport in open systems. The distribution
of entanglement entropy generated by opening or closing a quantum point contact (QPC) is solved exactly. When
the transmission coefficient of QPC is one-half, the entanglement entropy is maximized and fluctuationless. We
also establish a general relation between the generated entanglement entropy fluctuation and charge fluctuation.
We apply our theory to electronic transport through a quantum dot and study the generated entanglement entropy
in the transient regime. Universal behavior is found for the cumulants of entanglement entropy at short times.
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I. INTRODUCTION

Quantum entanglement is the fundamental feature in quan-
tum mechanics. Due to the quantum entanglement, a local mea-
surement may influence instantaneously the results of local
measurements far away. Quantum entanglement is considered
as the main resource to process quantum information [1]. In ad-
dition, entanglement is also very important for quantum cryp-
tography and quantum computation. Quantum entanglement
entropy is a measure of quantum entanglement [1]. In the con-
text of condensed-matter physics, quantum entanglement en-
tropy can be used to probe the topological phases and to charac-
terize critical behavior in disordered quantum systems [2—11].

It has been shown that the entanglement at a critical point
of one-dimensional (1D) quantum phase transition is related
to the central charge of the associated conformal field theory
making a formal connection between concepts of quantum in-
formation and condensed-matter physics [5—7]. In the presence
of disorder, the average entanglement entropy was shown to
play the role of the central charge [3]. Connection between en-
tanglement entropy and topological order has been established
in two dimensions which can be useful in constructing an
explicit microscopic model to realize topological orders [8,9].

Recently, evidence shows that entanglement entropy alone
is not enough to characterize the entanglement of quantum
systems. For instance for a bipartite system it is found that
the entanglement spectrum reveals much more information
than the entanglement entropy for topological properties of
many-body quantum states [2]. In addition, total quantum
dimension of topological order can be measured by topological
entropy which is a linear combination of entanglement entropy
of different regions of the system [8,9]. Moreover, the
entanglement spectrum (the entanglement Renyi entropies)
has been studied extensively [12-18].
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It is instructive to examine the analogy between the
entanglement entropy and the current in quantum transport.
It is known that besides the current additional information can
be obtained from the shot noise and in general the current
operator is characterized by full counting statistics (FCS) of
charge transport [19]. Likewise, the entanglement entropy is a
stochastic quantity that has its average and can fluctuate. The
entanglement of quantum systems is fully characterized by the
distribution of entanglement entropy.

The fundamental question that arises is how to describe
entanglement entropy fluctuation and its distribution. In com-
parison with FCS, a direct way is to introduce the entanglement
entropy operator.

So far most of the works on entanglement entropy focus on
characterization and classification of the quantum correlations
of closed many-body systems [2,3,10,11]. Less attention has
been paid to the entanglement entropy of open systems
where quantum noises play a dominant role [15,17,19], not to
mention the entanglement entropy fluctuation. In this paper, we
introduce the operator for entanglement entropy and formulate
a theoretical framework of entanglement entropy fluctuation
generated by quantum transport for open systems. In particular,
the generating function of entanglement entropy due to the
quantum transport is obtained. A general relation between
FCS of charge transfer and the generated entanglement
entropy fluctuation is established, suggesting an indirect way
to measure entanglement entropy fluctuation. We apply our
theory to a quantum point contact (QPC). In the presence
of bias, eigenvalues of entanglement entropy of a QPC are
obtained analytically in the long-time limit and the distribution
of entanglement entropy is found to obey a modified binomial
distribution. When the transmission coefficient of a QPC
is one-half, all eigenvalues of the entanglement entropy
operator become degenerate and the entanglement entropy is
fluctuationless. For a quantum dot (QD) system in the transient
regime, a universal feature has been identified for the amplitude
of higher-order cumulants of entanglement entropy at short
times.
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II. THEORETICAL FORMULATION

A. Entanglement entropy operator

We start by introducing the entanglement entropy operator.
In general, the entropy operator is defined as [20]

S=—kglnp )]

from which the entropy is obtained, S = —kgTr[p1n p].
For a bipartite system consisting of subsystems A and
B, the entanglement entropy of subsystem A is given
by Sa(t) = =Tralpa®)In pa(®)] = =Tr[p(t) In pa(t)] =
—Tr[pOUT () In pA()U ()], suggesting that the
entanglement entropy operator of subsystem A is defined as

Sat) = U (t)In pa()U (1), 2)

where U(¢) is the evolution operator for the bipartite system,
pa(t) = Trp[p(2)] is the reduced density matrix of subsystem
A, and p(t) = U()p(0)UT(¢) is the full density matrix of the
system and the partial trace Trp is over subsystem B. The nth
moment of entanglement entropy is defined as

(%) = Tr{pO)Sa(O"} = Tra{pa®O[—In pa®1"}.  (3)

B. Generating function of entanglement entropy

The nth cumulants of entanglement entropy can be calcu-
lated from the generating function defined as

Z(0) = (e Dy = Try[pa(1)e* P10, (4)

which is related to the distribution of entanglement entropy
p(S4) via Fourier transformation

Z(\) = / dSap(Sa)e 54, S

Considering an open system such as a QPC where the
current can be switched on and off, which naturally defines
a bipartite system with subsystems A = L and B = R, the
generating function of generated entanglement entropy of the
QPC can be calculated as follows. The QPC model consists
of two parts: the left lead with chemical potential 1, and the
right lead with chemical potential 1t z. The temperature of the
system 7 is assumed to be finite.

When ¢t < 0, we assume that these two leads are discon-
nected and the Hamiltonian Hy of the system is of the form

Ho = lere — u0)e e + (exr — mR)eigéer].  (6)
k

Atr = 0, a hopping interaction Hy is suddenly added to the
system connecting the two leads, therefore the Hamiltonian H
is H = Hy + Hry. The hopping interaction Hy is given by

Hy = ZtkL,k/RéchLék’R +H.c. @)
k!
Expanding Eq. (4) in terms of Fermionic coherent states

and using Grassmann algebra to carry out the calculation, we
find [21]

Det YiA+l I
209 = et[ +1]

"~ Det[(Y + I)i*1] ®
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where ¥ =M(1 —M)™' and M =—iG;(t,t) is the
correlation matrix of the left lead with G (z,¢) the lesser
Green’s function of the left lead. The matrix element of M is
defined as My = Try, [ﬁL(t)é}Z, .6kr]. The correlation matrix
M is a N x N matrix where N is the number of degrees of
freedom of the left lead.

The detailed derivation of Eq. (8) is given in Appendix A.
Equation (8) is the central result of this paper. The cumulant of
the entanglement entropy can be obtained by taking derivative
of cumulant generating function In Z(A) with respect to —i 2,
from which we find the entanglement entropy [Eq. (3) when
A=1L]

(8,) = =Tr{MInM + (1 — M)In(l — M)},

which agrees with the result of Ref. [19]. The entanglement
entropy fluctuation is (see Appendix A)
M 2
, 9
=) b

where AS;, = §; — (S'L). Higher-order cumulants of entan-
glement entropy can also be obtained. The generating function
of QD systems is also derived (see Appendix B).

((32) = «aS)? = Tr{(l - M)M[ln (

C. Entanglement entropy fluctuation and FCS

Due to the nonlocality nature of entanglement, it is very
difficult to measure entanglement entropy experimentally.
However, entanglement entropy could be measured indirectly
through quantum noises. It has been shown that the entangle-
ment entropy can be expanded in terms of quantum noises,
i.e., cumulants of transferred charge [19]. To find the relation
between FCS of charge transfer and all higher-order cumulants
of entanglement entropy, we derive a relation between Z(A)
and x (A) for a QPC system, with x (1) the generating function
of FCS. For the QPC, the generating function of FCS is given
by [19]

x(\) = Det[(1 — M + Me™)e 9], (10)

where Q = UnP,U'. Here P, is the projection operator
on the left lead, n is the Fermi Dirac distribution, and U
is the single-particle evolution operator. Using the spectral
density u(z) of M defined as Tré(z — M) [19], the generating
function of the entanglement entropy can be expressed as
(see Appendix C)

2a 1 1 .
InZ(A) = g du prT ~ T Im[ln x 2iu — 7)],
(11)

where a = iA + 1. The relation between average entanglement
entropy and FCS has been established in Ref. [19] and refined
in Ref. [15]. Using Eq. (11), we express the entanglement
entropy fluctuations ((S‘i » (j > 1) in terms of cumulants of
charge transfer. Denoting the cumulants of charge transfer
as Cy so that Inx(A) =Y > (iA)"C,/m!, we find (see
Appendix D)

InZA) =Y BuCu/m!, (12)

m=0
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24 (=2y" T\
ﬁm = ; dumlm[<u + lE) } (13)

after some algebra, we have

where

r

IBZrZZ

q=0

2+l(_1)r q+1 2r22q
r

Qr 4+ D@Gr+ 1)

N2 By | (14)

and B, = 0, where B, is Bernoulli number and r and ¢
are integers. It has been pointed out that the direct expansion
of entanglement entropy in terms of ordinary cumulants
of charge transfer does not converge [15]. A resummation
technique using factorial cumulants [22,23] can overcome this
problem [15] and the details of resummation of expansion
of entanglement entropy fluctuation are given in Appendix E.
For the entanglement entropy fluctuation, we find (see detailed
derivation in Appendix E)

o K+1 /
(8%) = Jim >0, (K)Cay, (15)
n=1

where

oy, (K) = Z Z W[u(k+k)—u(k+k’+ B)

k=k, k'=

+ Z C e
-+ Z( nopE

( 1)1+k+k —r
————[u(r) —u(ry + 1]

)1+k r
[u(ri) —u(r + 1)]

(16)

where u(m) = Si(m + 1,2n)/m! and r,=k+k —r,
ki =max(2n — K —2,1), kj=max2n -k —-2,1), r =
mintk + k' —2n + 2,k + k'), r, = min(k + k' — 2n + 2,k),
and S;(n,k) is the unsigned Stirling number of the first kind.
A convergence test for a QPC with a dc bias will be discussed

below [see Fig. 3(b)].

III. RESULTS AND DISCUSSIONS

In this section, we use several examples to illustrate the
application of our theory.

A. Distribution of entanglement entropy in a QPC

First of all, we will calculate the distribution function of
entanglement entropy generated by opening or closing a QPC.
In equilibrium the generating function of charge transfer is
written as [17,24]

T si )L (17)
sin —,

2
where G = 2In{[hB/(7§)]sinh[rt/(hB)]}, t is the time
duration when the QPC is open and § is a short-time cutoff,
B is the inverse temperature, 7 is the transmission coefficient
of the QPC, X is the counting field. When T = 1, the FCS
is Gaussian. In this case, the cumulant generating function
can be obtained exactly from Eq. (11). We find In Z(A) =

2 A
x(A) = e MG in 7* =
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FIG. 1. Entanglement entropy distribution due to the opening of
a QPC in equilibrium at different times [the vertical line represents
the § function in Eq. (18)]. Here the time ¢ is measured in short-time
cutoff §.

G(1 —a?)/(12a), where a = i)+ 1 (see Appendix F for
derivation). After Fourier transformation, the distribution of
entanglement entropy of the left lead at zero bias is (see
Appendix F for derivation)

p(S) = eS[S(S — A+ w

I (2x)], (18)
where x = JA(S — A), A = G/12, and [; is the modified
Bessel function of the first kind. In Fig. 1, the distribution of
entanglement entropy is plotted at different times (h8/m = 1 s
and 6 = 1 ms is used). We see that although the distribution
of charge transfer is Gaussian, the generated entanglement
entropy is non-Gaussian. The average entanglement entropy
and its fluctuation are both equal to 2A which increases with
time. This means that /' = 1, independent of time, where we
define the “Fano” factor F = ((§2)) / (8) which is a measure of
relative fluctuation.

With a dc bias V, the generating function of charge transfer
at zero temperature in the long-time limit obeys the binomial
distribution [19]

xV) =[14+TE* - DIV, (19)

Due to the charge quantization N = eV¢/h is an integer
describing the number of charges detected during time 7.
Using Eq. (11), the generating function of S is found to be

ZA) = [T+ (1 — 7)YV, from which the distribution
function is obtained (see Appendix G for derivation)
N
p(S) =Y pn(m)SLS +In g (T)], (20)
m=0

where py(m) = C} g, (T) is the binomial distribution with
gn(T) =T"(1 —T)¥". From this expression, we see
that the distribution is symmetric about 7 = 0.5 and the
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FIG. 2. Entanglement entropy distribution p(S,,) of a QPC in dc bias in the long-time limit for different transmission coefficients with
N = 50. The curves on the right (black dash-dotted lines) are binomial distribution py(m) while the curves on the left (red solid lines) are the
corresponding modified binomial distribution p(S,,). The blue arrow indicates the shift between two curves when 7' = 1/(1 + e).

entanglement entropy takes N + 1 different values S, =
—Ing, =—NIn(l —T)+mIn[(1 — T)/T] with the prob-
ability py(m). Therefore we can also write the envelope
function of the distribution in Eq. (20) as py(S,,) which is
a modified binomial distribution (see Fig. 2).

Infact, S, are eigenvalues of entanglement entropy operator
of the QPC. To see this, we consider two independent electrons
traversing the QPC successively; each of them has a probability
T (transmission coefficient) in the right lead and a probability
1 — T in the left lead so that the state of each electron can be
viewed as a qubit with |0) (unoccupied state) and |1) (occupied
state) in the L and R regions. The wave function of the system
can be written as ¥ = V| ® Y, where Y, =1[0).|1)g —
r|1)|0) g is the wave function for each electron with |¢t|> = T
and |r|?> = 1 — T [15]. The density matrix of the systemis p =
|W)(W|. The reduced density matrix o, is found to be a 4 x 4
diagonal matrix with three distinct eigenvalues 72, T(1 — T)
(double degenerate), (1 — T)%. Hence the eigenvalues of
entanglement entropy operator are — In[T"(1 — T)>*] and
degeneracy is C3' with m = 0,1,2. This in turn gives the
probability of pa(m) = C3'T™(1 — T)>™™ which agrees with
Eq. (20) for N = 2. The generating function is also obtained
x() =, p2(m)exp(iim) which agrees with Eq. (19) for
N = 2.This argument can easily be generalized to N electrons.

The eigenvalues S,, are equally spaced in the interval
[N In(l — T),N In T] with level spacing In[(1 — T)/T] which
goes to zero at T =0.5. At T =0.5, all eigenvalues of
S collapse to NIn2 and hence no fluctuation will occur.
This gives the maximum entanglement entropy or the system
is maximally entangled. It is interesting to note that for
T = 0.5, the current fluctuation of the QPC is the largest.
When T =1/(1 4+ ¢), we have S,, =m — NIn(1 — T). The
corresponding distribution is a shifted binomial distribution

(see Fig. 2), i.e., p(Sy,) = py(m — ¢) with a constant shift
¢ = Nln[e/(1 + e)].

From Eq. (20), the average entanglement entropy is found
to be (S‘) = —N[TInT + (1 — T)In(1 — T)] which has been
obtained before [19] and its fluctuation is

)

(8*) = NT(1 — T){ln (1 1)
As shown in Fig. 3(a), the entanglement entropy fluctuation
has two maxima located at Ty and 1 — Ty with Ty & 0.08 and
one minimum at 7 = 0.5. In addition, (§2) =0 at T = 0,1.
In general, the Fano factor is a monotonic decreasing function
of T in [0,0.5]. At T =~ 0.135 the Fano factor is F = 1.

In Fig. 3(b), we show the convergence test of (82
in terms of cumulant expansion of charge transfer after
resummation. We see that the convergence rate is slower for
larger fluctuation. Experimentally, the cumulants of charge
transfer have been measured in the QPC with high precision
[25]. For QD systems, up to the 20th order of cumulants of
charge transfer have been measured experimentally [26,27]. It
is conceivable that the entanglement entropy fluctuation can
be measured indirectly through cumulants of charge transfer.

B. Universal behavior of entanglement entropy

Although the theory discussed above is for the QPC system,
it is straightforward to treat QD systems by setting subsystem
A to be QD and subsystem B to be two leads. In this case,
Eq. (8) can still be used and the only difference is here
M = —iG=(t,t) where G=(¢,t) is the lesser Green’s function
of the QD (see Appendix B for derivation of generating
function of QD systems). Now we consider the transient
behavior of entanglement entropy generated by connecting
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FIG. 3. Entanglement entropy fluctuation (8%) of the QPC.
(a) (8%) vs transmission coefficient T for different N (number of
electrons). (b) Convergence test of 82y using cumulant expansion
of charge transfer with resummation with K the cutoff introduced in
Eq. (15) (N = 10).

the QD with two leads at t = 0. When ¢ < O the Hamiltonian
of the system is

H = Hieaa + Hp, (22)

where Hieyq = D e eka&;a&ka and Hp = eodid. Atr = 0, the
hopping Hamiltonian Hr =Y, tkaﬁlaﬁ + H.c. is added to
the system. For simplicity, we assume that at t = 0~ the QD
is empty and the leads are biased with vy, =0 and vg = V.
Using the nonequilibrium Green’s-function method, the time-
dependent lesser Green’s function G = of the QD with a single
level (ep = 0) (in the wide-band limit and zero temperature) is
found to be

G=(t,t) = Bi/H(1 —e ), (23)

where ' is the linewidth function describing the coupling
strength between QD and two leads and we have assumed that
V > T. Substituting Eq. (23) into Eq. (8), we can calculate
the generating function of entanglement entropy and then
obtain the time-dependent behavior of higher-order cumulants
hi(t) = ((S(t)k))(k > 1). It is easy to see that all extrema of
h(t) are located at short times (I't < 1), which can be found
by setting 9,1 () = 0. We find (see Appendix H for derivation)

(S Wi = €K (24)

Taking the logarithm, we find a universal scaling X; vs k that
does not depend on the details of the system,

X = 10 {(80) Y max ~ kInk,(k > 1), (25)

To show this behavior is indeed universal; we have varied
different system parameters such as bias voltage V, energy
level €, linewidth function I', and inverse temperature f.
We find that at short times G=(¢,t) = coiI't and different
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FIG. 4. Scaling function X, vs k for different system parameters
such as bias voltage V, energy level €y, linewidth function I', and
inverse temperature 3.

system parameters only alter the coefficient ¢y which does
not appear in the final scaling function Xj. Indeed, this is
confirmed numerically as shown in Fig. 4 where X; vs k is
plotted for different system parameters. Here the data points
were obtained using the following steps: (1) calculate G =(¢,t)
numerically [not using Eq. (23)]; (2) plug G=(¢,7) into the
expression of generating function of entanglement entropy
Eq. (B3); (3) take the nth derivative with respect to —iA to
obtain the nth cumulant of entanglement entropy; (4) find
the maximum value at short times. Clearly the universal
relationship among cumulants of entanglement entropy at
short times is revealed. We note that a universal oscillation
of cumulants of charge transfer for a QD system has been
studied experimentally and analyzed theoretically [28].

C. Entanglement entropy and Renyi entropies

Now we discuss the relation between entanglement entropy
fluctuations and Renyi entropies which are defined as (n > 1)
[12,15]

1

—n

S =1—1n [Tr(5%)]- (26)
Clearly, S; is the ordinary entanglement entropy. From
Eq. (20), Renyi entropies S, can be calculated analytically
for the QPC since we have all the eigenvalues of the reduced
density matrix. We find S, = NIn[T" + (1 — T)"]/(1 — n).
Comparing with the expression of generating function of
entanglement entropy Z(X), we arrive at

S, =

In Z[i(1 — n)]. 27
1 —n

In fact, this is a general relation valid for noninteger n and any

noninteracting systems. This can be derived using the relation

[17] InTr[0"] = TrIn[M" 4 (1 — M)"] where M is defined

after Eq. (8). In terms of cumulants of entanglement entropy,
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we find
5 =3 =" 28
n=2 —— (8", (28)

We see that Renyi entropies and cumulants of entanglement
entropy are different representations capable of characterizing
the entanglement entropy operator while the cumulant of
entanglement entropy is a direct measure of fluctuations of
entanglement entropy.

For a general bipartite system with or without interaction,
the reduced density matrix p4 can be found using Schmidt de-
composition ps = ), pi2 |i)a(i|a,from which the nth moment
of entanglement entropy is obtained,

(81)= (- 1)"Zp In p;)", (29)
and the nth cumulants can be calculated similarly.

IV. SUMMARY

To summarize, we have introduced the entanglement
entropy operator which enables us to discuss entanglement
entropy fluctuation and distribution of entanglement entropy.
A theoretical framework for calculating entanglement entropy
fluctuation and distribution of entanglement entropy has been
developed for open systems. A general relation between entan-
glement entropy fluctuation generated by quantum transport
and FCS of charge transfer has been established, making
entanglement entropy fluctuation a measurable quantity. We
have applied our theory to QPC and QD systems. In the
transient regime, the maximum amplitude of cumulants of
entanglement entropy of the QD show universal scaling at
short times, independent of system parameters. Although our
theory presented here is for noninteracting systems, it can be
generalized to interacting systems.
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APPENDIX A: GENERATING FUNCTION OF
ENTANGLEMENT ENTROPY FOR THE QPC SYSTEM

In this appendix, we derive the expression for the generating
function of the entanglement entropy for a QPC system. Ini-
tially (r = 07) the system can be described by the equilibrium
state density matrix defined as

1 A
pO) = —e P,

Z (AD)

where B = 1/ksT and Z = Tr[e~#™]. After ¢ = 0, the time
dependent evolution of the full density matrix is determined
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by Liouville’s equation (here we sethi = 1),

P =U0pOT (1) = e p0)e ™. (A2)

In order to evaluate the full density matrix /() and the
reduced density matrix gy (¢) occurring later on, it is convenient
and powerful to use the techniques of Fermionic coherent
states and Grassmann algebras. In the following, we just briefly
summarize some important properties of Grassmann algebras
and list some useful formulas.

Denoting &; and &; as Grassmann variables, the following
anticommutative properties hold: &;&; = —&;&; and £ =
3 jz = 0. In terms of the Grassmann variables, the many-body
Fermionic coherent state can be defined as

_exp< Zg, )

One can easily check that |€) is the eigenstate of the Fermionic
annihilation operator ¢;, i.e.,

&) = 518 - (A3)

&i1E) = &18). (A4)
By taking the Hermitian conjugation, we have
Elel = 15 (AS)

The following formulas of the Grassmann algebras are useful
to carry out calculations:

Elexp| Y _claye; [1€) =exp| D &7 MiE; |, (A6)
ij ij

TH[A] = / DIE-Ele- T84 (—E|AF), (A7)

Det[A] = / DIE Ele~ it 4t (A8)

- / DIE Ele~ T4 6 ), (A9)

(EE) = X578, (A10)

where we have used the notation D[g?*,é] =[], d&*dé;.

For a QPC system, without loss of generality, we focus
on the left lead and the reduced density matrix g, (f) can be
obtained by tracing out the degrees of freedom of the right
lead of the full density matrix p(z),

pr(t) = Trr[p(1)].
The entanglement entropy of the left lead is defined as

(Al1)

Sp(t) = =Trp[p(t) In p(1)]. (A12)
Combining Eq. (A2) with Eq. (A11), we have
pr(t) = Trgle FotHr pg)i ot iy, (A13)

and meanwhile we can write the Fermionic coherent state as

(.71 = exp[— > &l - nkRézR} 0),  (Al4)
k k
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where &1 (nxr) is associated with the degrees of freedom of the left (right) lead. Thus the matrix element (§ | ,6L(t)|§ '} of the
reduced density matrix gy (z) can be calculated in the Fermionic coherent state representation,

(EIPL(DIE) = (EITrR[A(]E) = f DI ijle” 20 (& 7| p(0)| ', 7)

- / DI, iile™ L (g, — gjle iAot )i Aot gr oy

(A15)

where Eq. (A7) has been used. By inserting Eq. (A9) into Eq. (A15), we obtain

ElpLnIE) =

x (&, —1|e " HHHDN g ey (W Yrle P A g (Ap, dgle FOTHINE Gy

where quantities like |\TJL) and |)T 1) are intermediate Grass-
mann variables. Since all terms like e PHo, ! (HoTHDI = and
e~ i(H+HDL gre quadratic functions, after carrying out the
Gaussian integral we immediately conclude that the final result
of Eq. (A16) is also a quadratic function which can be formally
written as

> - 1 ,
(ElpL(@)IE") = —; exp |:Z E:Ykk'(t)ékr:|, (AL7)

7/
kk'

where Z' is a normalization factor. Here we emphasize that the
remaining Grassmann variables & and & are associated with
the degrees of freedom of the left lead and the dimension of the
matrix Y;;(t) is the same as the number of degrees of freedom of
the left lead. Furthermore the normalization condition requires

J

1 N N - - - - - - - - e * . * . * . * .
E / D[n*,U]D[wz,wL]D[w;J/fR]D[)L* 3)"L]D[)"* 7)"R]e_ Zi i n‘e_ Z[ ¢Li]’[/l"e_2i wRiWRle_Zi }\L,‘)‘Lxe_ Z,‘ )LR;‘)‘RK

(A16)

(

Tr [0 (t)] = 1 which determines Z’. Since

Try[pL(1)] = / DIE* Ele~ S5 (—E|5,(1)1E)

= Z]/ D[E ";:]e LA e( > &Y (DE)

1

—Det[Y(t)+ 1
7 DellY (1) + 1]
from which we have Z’ = Det[Y(z) + I] and finally the
Eq. (A16) can be rewritten as

(A18)

ElpL()IE) = X EYwWE,  (A19)

1
Det[Y () + 1 ]
To further relate the matrix Y (¢) to the correlation function

matrix My (t) defined as My (1) = TrL[,éL(t)é,t,LékL], we can
find

My (1) = / DIE* E]DIij* ijle™ 2 &6 e~ X (55| by (1) E)(E |6, G| 7)

Z/
_ Det[Y(t) + 1]< Y (1)
B z Y(t)+ 1

In the above derivation, we have used Eqgs. (A7) and (A9) in
the first line and Eq. (A19) in the second line. For the third
line we have used Eq. (A8) and Wick’s theorem of Grassmann
variables,

AR
[ DIy, ¥le

wi w;‘e7 Zij YA
- sz ‘/’i*Aif‘/’/

= (A7) (A21)

Note that the definition of correlation matrix M(t) is related
to the lesser Green’s function of the left lead G (t,t) by
the relation M(t) = —iGj(t,t). Since Eq. (A17) holds for
arbitrary § and § ’, using Eq. (A6), we know that

b D wamY @]
= , A22
P = Sy O + 11 (A22)

DIE* E1DIH" i ke

> E[*5167 > ’ﬁ”ie* 2 1 Vi (0F; eZi &

(7 +7)
= . (A20)
k YO + 1)
[
from Eq. (A22) we have
In pp(1) = m +> el InY(Oér.  (A23)

kk'

With the above mathematical preparations we can calculate
the statistical distribution function of entanglement entropy.
Similar to the FCS of charge transfer, the moment generating
function (MGF) Z(}) and the cumulant generating function
(CGF) In Z (1) of entanglement entropy are defined as

o]

Z0) = (¢80 Z( ’W (81 ), (A24)
j=0

InZ() = (e 50 Z( iy ($im).  (A29)
j=0
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where (S‘i (#)) is the jth moment and ((S‘I{(t))) is the jth cumulant. By means of Grassmann algebras we derive the MGF Z())

as follows:
Z() = (e 50

= Tr[p(D)e™ 0]

V4

Z/

i1
_ Detll + Y™ _inmetr+v

Det[/ + Y]

In the second line we have used Eqgs. (A7) and (A9) and in the
third line we have used Egs. (A6), (A19), and (A23). In the
last line we have used Eq. (A8). Thus the CGF is

In Z(Z) = In(Det[Y**' + I7) — (1 + iA) In(Det[Y + I]).

(A27)
Now we can calculate the average entanglement entropy and

its higher-order moments (or cumulants) according to the MGF
(or the CGF). With the help of Jacobi’s formula %Det[A(t)] =

Tr[adj(A) %5“] and the relation adj(A) = Det[A]A~!, we have
(SL) = Oz
‘ CC7S e A
- T -y + Tr(In(Y + D] (A28)
= T % n 7 n I in .

For the second-order moment (S’i 1)),

2

(i r)? zZ™

(82()) =

A=0

- T L(l y)2
- r[(Y+1>2 ' ]

+ 1T Y
T
Y+1
Using Egs. (A20) and (A28) we obtain
(S.) =

and

((S2)) = (82) = (S

2
lnY] —Trln(Y—I—I)} . (A29)

(8) = —Te[MIn M + (1 — M)In(1 — M)] (A30)

Y 2
M
:Tr|:ln<1_ M)(I—M):|. (A31)

M
M In
) (72
Although Egs. (A26) and (A27) are formal solutions, we can
use y;, the eigenspectrum of ¥ (or M ) to express it, for
instance, Det[Y**! 4 1] = I1; (y”“rl

= Tr[pO)U (1) " PrOT (1)]

/ DIE* E)DIi" file” %58 e™ 2 (=€ | o (1)]7]) (il "7 O
i/e—i“nz//D[g*’g]e—zi&*&/D["* file™ Limini o= Xy & Vin; o iy niYij s

— ie_i)han,‘/D[g*’g]e_z/'fi*éi67Zi,féi*yil)'k+lsf

(A26)

APPENDIX B: GENERATING FUNCTION OF
ENTANGLEMENT ENTROPY FOR THE QD SYSTEM

The derivation for the generating function of entanglement
entropy for a QD system is similar to that for the QPC system.
In this case we focus on the QD and both leads are treated as
environments. For simplicity we consider a single level QD.
Whent < 0, the Hamiltonian of the system is Ho A E +H D,
where Hp =Y, [(exr — ML)CkLCkL + (&kr — MR)CkRCkR] is
the Hamiltonian of the isolated leads and H p = eocﬁc? is
the Hamiltonian of the isolated QD. At t =0, a hopping
interaction Hy is suddenly added to the system connecting the
QD and the leads, therefore the Hamiltonian His H = I:IO +
Hr. The hopping interaction Hy is Hy = Y ke tkaé,tac;’ +H.c.
The initial density matrix of the whole system is assumed to be

p(0) = Pe ® pp, B

where pg = Le P with Z = Tr[e #7¢] and pp is the
initial density matrix for the QD. Since the isolated QD is
noninteracting the density matrix can be written in some kind
of quadratic thermal density matrix form. For example, the
initial density matrix has the form pp = J-e P> where

= Tr[e Per HD]. This assertion guarantees that all the deriva-
tions discussed in Appendix A are still valid for the QD system.
The entanglement entropy of the QD system is defined as

Sp(t) = =Trp[pp(t)In pp(1)], (B2)

where  pp(r) = —Trg[0(1)p(0)0F(1)] = —Trg[e=#" 5(0)
e'f1']. As we have pointed out, from the theoretical point of
view, the dynamics of the reduced system, the QD, is similar
to that of the left lead discussed above. The only difference
is that for now we should use the correlation matrix of the
QD instead of that of the left lead. Therefore the generating
function of entanglement entropy of the QD system is

InZp() = In (Det[ Y + 1) — (1 + i) In(Det[Yp + I]).

(B3)
Here we emphasize that the subscript D stands for

the corresponding matrix of the QD which should be
distinguished from Eq. (A27). The entanglement entropy of
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the QD can be expressed as

PHYSICAL REVIEW B 95, 155402 (2017)

Sp(t) = =Trp{Mp(t) In Mp(t) + [1 — Mp(O)]In[l — Mp()]}

= —Trp{—iGt,) In[—iG ()] + [1 +iG5.0]In[1 +iG 5,01},

(B4)

where Mp(t) is the correlation matrix of the QD and Gj(z,7) is the lesser Green’s function of the QD and the relation

Mp(t) = —iG(z,t) has been used.

APPENDIX C: DERIVATION OF EQ. (11)

Introducing the spectrum density w(z) of the correlation matrix M as done by Klich and Levitov [19] which is defined as

1 .
mz) = ;Im[az In x(z —i09)],

where In x(z) is the CGF of charge transfer which can be expanded as In x(z) = In x[§(2)] = )_

(ChH

m %Cm in terms of the

cumulants C,, and z(&) satisfies the relation ln(% — 1) =i& + im. Then using Egs. (A20) and (A27), we follow exactly the same

steps as in Ref. [19] and find

ar (iA+1)+
I\1—-z

1
an(A)=/ dzp(z)In
0

—

(C2)

z
1|
1—z+]

1
—(r+ 1)/ dzu(z)ln|:
0

Substituting Eq. (C1) into Eq. (C2) and integrating by parts, we have

1
InZ(\) = —/ dz%lm[ln x(z-)]9; In
0

2
_ / du=Tm{in XEGONA + Dgw)

= /du%lm[ln X Qiu — o)X + 1)g(u),

. 2u 2u(irt1) .
where z_ =z —i0" and g(u) = s — sy - In the third

line of this equation we have changed the variable, u =
%ln(]%z) and the new variable & (u) satisfies i§ = —2u — im.
Thus we have constructed a relation between the CGF of the
entanglement entropy and that of charge transfer. This relation
means that once we know the CGF of charge transfer, in
principle we can obtain the CGF of the entanglement entropy.

APPENDIX D: DERIVATION OF EQS. (12)-(14)

When calculating the jth cumulant ((S’i ®)) for j > 1, we
can neglect the second term which is proportional to i A + 1 in
Eq. (C2). Thus the effective cumulant generating function of
entanglement entropy is

2ik+ 1)

InZ@) = Q2+ |

1
/ duTm{In x (@)

00
Bm
= Z EC”“

m=1

(D)

where we have used the relationIn x (§) = ), (i§)" % lin the
above derivation. In Eq. (C3), the coefficient 8, is given by

=2)" ir\" 200+ 1)
B —/du — Im|:<u+7> ]—EZM(MH)_’_l.

D2)

r z (ik+l)+l
[\1—-z i

L z (ix+1)
= —/ dz—Im{ln x[§(z)]}9; In [(—) +
0 T 1—z

1
+(ik+1)/ dzllm[lnx(z)]azln[ < +1]
0 T 11—z

Z
1
l—z+ }

(C3)

|
1} + @A+ 1)/ dz;lm{lnx[é(z)]}az ln[
0

(
In Eq. (D2), after integration by parts we have

7B
(=2

it\"1 Gr+1)
= /dulm|:<u + 7) ]—EZu(MH) 1
R O te,
- uim m41 [euir+])  g—ulir+1)]2
m+1 —2(0[ + 1)2
=Im du - .
m+1 [eu(a+1)efza(7r/2) _ efu(OHrl)eza(n/Z)]Z

"t —2(x + 1)2
=Im du — ,
m + 1 sinh (ua +u— ia%)

where we have set il = « and will treat « as a real quantity
from now on until Eq. (D8). We have also changed u to u — 5
in Eq. (D3). Changing the variable again from uo + u — i Z

2
to u, we obtain from Eq. (D3)

ﬂ = Im|:/du
(=2)m

from which we find
(=2
a(m+ D(a + 1)

(D3)

)m+1 -1

2(a + 1y" sinh? u

5
m+1

Im|:/du

} (D4)

(u + mTa)erl

sinh? u

Bm = } (D5)
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To carry out the above integral, we expand (u + i%"‘)’““
according to the binomial theorem

iTa m+1 m+1 iTa m+1—p
<u+ T) = ZC’Z+IMP<T) . (D6)
p=0

m!
nl(m—n)!

(_2)m+lciq+ln,2q i\ 124
Im({ — | Bogl.
w(m+ (a4 1) 2

where C), = is the binomial coefficient. We then

obtain

(m+1)/2

o= 2

q=0

D7)

00 2" dy

In deriving Eq. (D7), we have used the integral fo

sinh® u =
2m | By | and here B, are Bernoulli numbers. For a specific
q,m + 1 — 2g must be odd number to give nonzero f,,. Thus

m = 2r is even number and ['"2+ = Finally, we obtain

Xr: 2rn2q (_1)r_q+1C§f+1 By la¥ 172 (D)
o = Hn @r+ D@+ D4

and

ﬂm:2r+1 =0. (D9)

Now we can conclude that all higher-order cumulants of
entanglement entropy can be expanded in terms of even order
cumulants of charge transfer C,, which can be experimentally
measured. This insight proposed by Klich and Levitov is
now generalized into higher-order cumulants of entanglement
entropy.

APPENDIX E: RESUMMATION OF ((52))

The entanglement entropy fluctuation is written as

(S%) = Tr| In =My (124 1-M)|. ED
M M

Expanding In M in terms of 1 — M and In(1 — M) in terms of
M, we have

. 2\ A
=33 = (E2)

k=1 k'=1
where Ay = Tr{(MFH+1 — MMFE2Y L (M1 — MY —
M2(1 _ M)k+k’] —2[(1 — M)kMk’-H —(1- M)kMk/‘”'z]},
Unlike the ordinary MGF or CGF, we should use the factorial
generating function (FGF) yx ¢(z) [15,22] defined as

xr@) =Y (z+ 1) P(n), (E3)

where P(n) is the probability for transferring n particles
during the measuring time. The factorial cumulant generating
function (FCGF) is

X _n
Zz
Iy (2) = Y F. (E4)
n=1 """

PHYSICAL REVIEW B 95, 155402 (2017)

where F, are the factorial cumulants. Comparing with the
ordinary CGF

o0

Inx() =Y @)" C,. (E5)

n!
n=1

It is easy to see in the following relation:
xr(2) = x[—iln(z + D). (E6)
Therefore the FCGF can be rewritten as [15,19]
Inxs(z) =Inx[—iln(z + 1)]
= Tr[In(1 + zM) — In(z + 1) 0], (E7)

where Q is defined in Ref. [15]. We can directly calculate the
factorial cumulant F; according to the FCGF,

Fy =07 Inx,(2)]

= (D" = D! [M* - Q] (E8)
then we have
Tr[M*] = Tr[Q] + L S— (E9)
N (—DF1k — D!
Substituting Eq. (E9) into Eq. (E2), we obtain
Fitrvs Fito
A = k' N kHk+1 ;
(=DM + k) (=D + k' + 1)!
kK
Fitp—ri1 Fiip—ria
Ci v
+ZO: k+k[(k+k’—r)! R N T——
k
’ Fyiir—r1 Fiiir—ri2
2= ¢ .
b 2:; k[(k+k/ Y (k—i—k’—r—i—l)!}
(E10)

Using the relation F,, = ZZ:I S1(n,k)(—1)""%C, [22] to relate
the factorial cumulants to the ordinary cumulants, we obtain

k+k'+1 1— ’
Z (=D"™"Si(k+k"+1,n)
Akk' = !

(o
(k + k)!

n=1

- "*f2 (=D, (k + K +2.n)
n=1

(k+ k' +1)!

n

re+1 k+k'

, (=D'TS (g + 1n)
+ Z Z Ck-‘rk’ (Vk)! Cn

n=1 r=0

re+2 k+k'

;DTS (4 2,m)
22 Gl (r + D! Cn

n=1 r=0

e+l k

, (=S (7 + 1,n)

n=1 r=0

rn+2 k

/ (1P (g + 2,m)
—2(=1f Zch D! Cy,

n=1 r=0

(E11)

where rp =k + k' —r and S;(n,k) is the unsigned Stirling
number of the first kind. Replacing the sum of following
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infinite series by taking the limit of the sum of a finite series,

[e.¢]
k=1 k'=1 k=1 k

(E12)

and then interchanging the order of summation we have

K K k+k'+2 2K+2 K K
202 =220 (E13)
k=1 k'=1 n=1 n=1 k=ki k'=kj
K K k+k'—r4+2k+k 2K+2 K K
22 2 2= > (El4)
k=1k'=1 n=1 n=1 k=ky k'=k| r=0
K K k+k'—r4+2 k 2K+2 K K n
22 > =2 . E1)

where k; = max(n — K — 2,1),k; = max(n —k —2,1),r; =

mintk + k' —n + 2,k + k'), and r, = min(k + k' — n + 2,k);
2K+2
82w . ’
(7N = Kll_I}loo 2_1: o, (K)Ch, (E16)
where
o (K) = Z Z (-b™ [u(k + k') — u(k + k' + 1)]
" kk’
k=k) k'=
( 1)1 —n+k+k'—r
+ Z Crop——ulr) —ulre + 1]
(_ )] —n+k—r
+Z< 2)Cf—————[u(r) — u(ri + 1)]
(E17)
with u(m) = Si(m + 1,n)/m! and ry = k + k' — r. We point

out that a,,,(K)=0(p=0.1,..
agrees with the theoretical result.

.) numerically which

APPENDIX F: DERIVATION OF EQ. (18)

Considering a full transmission (7 = 1) QPC system at
zero temperature and zero bias, the MGF of charge transfer
x (&) is Gaussian given by

£°G
42’

where G = 272C, due to Gaussian distribution and C, is
the second-order cumulant of charge transfer. As discussed
above, once we know the CGF of charge transfer we can use
it to calculate that of entanglement entropy. According to the
relation £ = 2iu — 7 we find from Eq. (F1) that

Inx(§) = — (FD)

2iu — 7)*G
In x[£(u)] = —% (F2)
JT
with
Gu
Im(in (£ @)} = . (F3)

PHYSICAL REVIEW B 95, 155402 (2017)

Substituting Eq. (F3) into Eq. (C3) we obtain

eZuu
InZH) = —/ [ pr e2au+1}’ (F4)

where we have set iA + 1 = a. Carrying out the integral in
Eq. (F4), we obtain the CGF of the entanglement entropy for
QPC as

InZ\) = i(1 —ad). (F5)

Setting A = % the MGF of the entanglement entropy is
Z()\.) — e*Al)L(l)L+2)/(l)L+1). (F6)

Having the MGF we can calculate the distribution function
p(s) of the entanglement entropy as follows:

di . ) .
p(s):fEeA[l/(lA+l)—(zA+l)]ezAx. F7)

In order to do this integral we expand e4/@*+1 in power series,

o0 k

. A
AJGia+1) _ Z ) E8
¢ = kA + 1)k (F8)

Substituting Eq. (F8) into Eq. (F7) we have
Ak

7A(l')\.+1) iAs
pls) = / Zkv(mr DEe ¢

dx Ak .
— e 58(s — A “r —A —iMA=s)
e d(s H/zn;e K+ ¢
(F9)

For the second term, the residue of

Res —1 e~ IMA=9)
(ix+ DF

dk—l ' 1 dk—l
= T D a [(A =9 ]

G H])k e~"*A4=9 is given by

(k — 1) drk=1
eA—s i
== 1)!(s — A)F L (F10)

Then choosing a proper contour and using the residue theorem
on the complex plane, we have

dr e AAF _in(A—s) e S AF(s — A
— T = —A)———————
2w klGA + 1) kl(k — 1)!
(F11)
Combining Eq. (F9) with Eq. (F11) finally we find
. o 6‘7SAk(S _ A)kfl
p(s) = e 8(s — A) + ;9@ ~ A)W
e *0(s —
=eS(s—A J 2i/A(s —
—eT8(s — A+ 0 \/A(i 1(2iy/ A(s — A)).
(F12)

In the second line of this equation, we have used the expression

i (—l)k z 2k+n
Lh@D=) ——— (—) ; (F13)
Z ki(n + k)2
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where J,(z) (n =0,1,2, ..
kind.

.) are Bessel functions of the first

APPENDIX G: DERIVATION OF EQ. (20)

Considering a QPC system with finite bias V in the long-
time limit, the process of charge transfer is binomial and the
corresponding CGF of charge transfer is

Inx(€) = —1 [14+ T = 1), (G1)

where ¢ is the measuring time and 7 is the transmission
coefficient. In this case the spectrum density defined in
Eq. (C1) is easy to find,

w(@) = eTwa(z ~ 7). (G2)

Substituting into Eq. (C2) and using Eq. (G2), we have

1 2\
InZ(\) = / dzu(z)In |:<—) + 1]
0 11—z

_(ik+1)/01dzu(z)ln|:l iz + 1}
= "’TV’ [T+ + (1 — )], (G3)
Thus the MGF of the entanglement entropy is
ZO) = [T 4 (1 — Tyr+1evi/n, (G4)

Similarly to Eq. (F9) we can calculate the distribution function
p(s),

dn . A
p(S) = / Z_el}\b[Tl)\-H +(l _ T)l)»-ﬁ-]](fVl/h
v

dr X
_ P C T(t)L-H)(N k) 1—
/ 271 Z (

)(ik-H)k

N d
Z N k(l _ T)kf _A’eikseik(ka)lnTei)xkln(lfT)
= 2
N
Z TN k(l T)k
k=0

x8[s +(N —k)InT + kIn(l — T)], (GS)

PHYSICAL REVIEW B 95, 155402 (2017)

where we have set N = < which is the number of charge

transfer and C ]’i, is the binomial coefficient.

APPENDIX H: UNIVERSAL BEHAVIOR

Considering a single level QD with no bias, using the time-
dependent nonequilibrium Green’s-function method, we find
in the wide-band limit

G5(t.t1)

do -
= / %{Gﬁ(a))[l +e " —2cos(w — ep)re T2},

(H1)
where GS (w) is the steady-state lesser Green’s function of the
QD and I" is the linewidth. Thus the correlation matrix Mp(7)
can be directly related to G5(¢,7) by

Mp(t) = —iG5(t,1). (H2)

When I't « 1, the short-time behavior of Mp(t) is found to
be

Mp(t) = o't + o(t?) (H3)
and
__Mp(®) _ 2
Yp(t) = T Mo col't 4+ o(t9), (H4)

where c( is a constant which depends on system parameters
such as I', V, €y, and B. Substituting Eq. (H4) into Eq. (B3),
it is easy to find

((SH)) = (=DFYE, _ (nYp)* ~ (=D¥coTt[In(coI'n)T*.

(H5)
Now we look for the extrema of ((S‘II‘) )) by means of
%{(Sg)) = 0; (H6)
we have
col't =e* H7)
thus
((SD s = ™% (H8)
Finally we obtain
In[((35)) ..] = —k+klnk ~kInk (H9)

forlarge k. This equality is universal to characterize the relation
among maximum amplitudes of higher-order cumulants of
entanglement entropy for the QD system in the transient
regime.
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