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ABSTRACT. Consider a bivariate Lévy-driven risk model in which the loss pro-
cess of an insurance company and the investment return process are two in-
dependent Lévy processes. Under the assumptions that the loss process has
a Lévy measure of consistent variation and the return process fulfills a cer-
tain condition, we investigate the asymptotic behavior of the finite-time ruin
probability. Further, we derive two asymptotic formulas for the finite-time
and infinite-time ruin probabilities in a single Lévy-driven risk model, in which
the loss process is still a Lévy process, whereas the investment return process
reduces to a deterministic linear function. In such a special model, we relax
the loss process with jumps whose common distribution is long tailed and of
dominated variation.
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1. Introduction. Consider a bivariate Lévy-driven risk model. In the model, the
surplus process Yy, t > 0, of an insurance company is modelled by the stochastic
integral

t
}/:fzzipt+/ Y‘B—dRS7 t>07 (1)
0

where Yy = z > 0 represents the initial capital reserve, and P, Ry, t > 0, are
two independent Lévy processes standing for, respectively, the loss process of the
insurance business and the return process of the investment. The solution to the

stochastic integral (1) is
t
Y, = eftt (:,C —/ e_RSdPS> , (2)
0

where the process Ry, t > 0, called the Doléans-Dade exponential, is the logarithm
of the stochastic exponential of Ry, t > 0, and it is also a Lévy process. See, e.g.
[24] for more details. If we denote by

t
Zi— / e Redp, (3)
0

the discounted net loss process, then (2) can be simplified to Y; = e®t(z—Z;), t > 0.
For some 0 < T < oo, introduce
Mr = sup Zi,
0<t<T
where the supremum is taken over 0 < ¢t < oo if T = oo. Hence, for the initial
capital reserve z, define the finite-time ruin probability within a finite time 7" > 0
and the infinite-time ruin probability, respectively, by

W(x,T) = P(OgirtléTY} < 0’1/0 - x) — P(My > ),

and

P(x,00) = Tll_r)r;Ow(LT) = ]P’<0§1?<fOOY{t < O‘YO = x) =P(Ms > z).

In this paper, we are interested in the asymptotic behavior of the finite-time
and infinite-time ruin probabilities in such a bivariate Lévy-driven risk model. A
lot of literature has been devoted to the investigation of the asymptotics for ruin
probabilities. Some early works focused on a special case of the bivariate Lévy-
driven risk model, in which P; is a compound Poisson or renewal process and R;
is a deterministic linear function. This means that there exists a constant interest
rate and the insurance company invests its wealth only into a risk-free market. See
[19], [16], [20], [26], [27], [13], [32] and among others. Further, some dependent risk
models have also been considered, where claim sizes are assumed to be a sequence
of dependent random variables (r.v.s), see [2], [37], [33] and among others.

Later on, more and more researchers studied some risk models with risky in-
vestments by allowing R; to be a stochastic process but still restricting P; to be a
compound Poisson or renewal process. For example, [23], [8], [17], [22] considered
the risk model with a compound Poisson process P, and a Brownian motion R;.
[18] and [15] obtained some results on ruin probabilities for the case that R; is a
general Lévy process and P; is a compound Poisson process with regularly varying
tailed jumps and long-tailed and dominatedly varying tailed jumps, respectively.
[12] further relaxed the compound Poisson process P, with some dependent and
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consistently varying tailed jumps. Recently, [29] and [21] established some formu-
las for finite-time and infinite-time ruin probabilities in the renewal risk models, in
which R, is a general Lévy process and F; is a compound renewal process with reg-
ularly varying (or extendly regularly varying) tailed jumps under the independent
and dependent structures, respectively. [36] extended Tang et al.’s results to the de-
pendent case. [35] further studied a non-standard renewal risk model with a cadlag
process R; and dependent claim sizes, and derived a formula for the finite-time ruin
probability.

As for the bivariate Lévy-driven risk model, [10] gave a wealth of examples show-
ing the exact distribution or asymptotic tail probability of Z., defined in (3). An
interesting paper [14] derived the asymptotics for the finite-time and infinite-time
ruin probabilities in a bivariate Lévy-driven risk model with extendly regularly
varying tailed jumps.

Motivated by [14], in the present paper, we aim to investigate the asymptotic
behavior for the finite-time ruin probabilities in the bivariate Lévy-driven risk model
with consistently varying tailed jumps. Our two other results for the finite-time
and infinite-time ruin probabilities are based on a single Lévy-driven risk model,
different from the one with risky investment, in which the loss process P; is still a
Lévy process, whereas R; reduces to a deterministic linear function (corresponding
to a constant rate of compound interest). In such a special model, we relax the
process P, with long-tailed and dominatedly varying tailed jumps.

The rest of the paper is organized as follows. In Section 2, after introducing
some preliminaries, we present the three main results on the asymptotics for the
finite-time and infinite-time ruin probabilities in a bivariate or single Lévy-driven
risk model. Sections 3 prepares a series of lemmas and Section 4 gives the proofs of
the main results.

2. Main results. Throughout the paper, all limit relationships hold for x tend-
ing to oo unless stated otherwise. For two positive functions a(z) and b(z), we
write a(z) ~ b(z) if lima(z)/b(x) = 1; write a(z) < b(x) or b(x) = a(x) if
limsupa(z)/b(z) < 1; write a(z) = o(b(x)) if lima(x)/b(x) = 0; write a(z) =
O(b(z)) if limsup a(x)/b(x) < oo; and write a(z) ~ b(z) if 0 < liminf a(z)/b(x) <
limsup a(z)/b(x) < co. We denote by 1,4 the indicator function of an event A. For
two real numbers z and y, denote by =V y = max{x,y}, = Ay = min{z,y} and
xt =z V0.

2.1. A brief review of heavy-tailed distributions. We shall restrict the loss
process P, to having heavy-tailed jumps. An important class of heavy-tailed dis-
tributions is the subexponential distribution class. Recall that a distribution F
on [0,00) is subexponential, denoted by F € S, if F(z) = 1 — F(z) > 0 for all =
and F*2(x) ~ 2F(x), where F*? denotes the convolution of F with itself. More
generally, a distribution F' on R is still said to be subexponential if the distribution
F(z)T;;>0y is subexponential. Note that every subexponential distribution F is
long-tailed, denoted by F' € L, in the sense that the relation F(z +y) ~ F(z) holds
for every fixed y, see, e.g. [6]. Another useful distribution class is D, which consists
of all distributions with dominated variation. A distribution F' on R is said to be
dominatedly varying tailed, denoted by F' € D, if limsup F(xy)/F(x) < oo for any
0 <y < 1. A slightly smaller class is C of consistently varying tailed distribu-
tions. A distribution F' on R is said to be consistently varying tailed, denoted by
F € C, if limy limsup,_, ., F(zy)/F(x) = 1. Two subclasses are the class ERV of
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distributions with extended regularly varying tails, and the class R of distributions
with regularly varying tails. A distribution F' on R is said to be extendly regu-
larly varying tailed, denoted by F € ERV (—«, —f), if there exist some constants
0 < a < < oo such that y=# < liminf F(zy)/F(z) < limsup F(zy)/F(z) <y™@
for any y > 1. If a = B, F is said to be regularly varying tailed, denoted by
FeR_,.

It is well known that

RCERVcCcLNDcCcCSCcCL,

where the class ERV is the union of ERV (—aq, —3) over the range 0 < o < 8 < o0,
and the class R is the union of R_, over the range 0 < o < 0.

For a distribution F' on R, denote its upper and lower Matuszewska indices,
respectively, by

log F',, — F
Jf = — lim log . (y) with F,(y) := liminf 7(:vy) fory > 1,
Yy—00 logy T—00 F(x)
and
_ . logf*(y) o . F(xy)
Jn. =— lim ——2* with F = lim sup — for y > 1.

The presented definitions yield that the following assertions are equivalent (for
details, see [1]):

(i) FeD, (ii) Fu(y) >0 forsome y > 1, (iii) J; < oo.

Clearly, for a distribution F, 0 < Jn < oo holds if and only if F'(y) < 1 for
some y > 1, see, e.g. [3]. This condition and F € S lead to a subclass A, which
was introduced by [20]. The reason for introducing A is mainly to exclude some
very heavy-tailed distributions, such as those that are slowly varying tailed, from
the class S.

2.2. Theorems. For a general Lévy process L;, by definition, for each ¢ > 0,
the r.v. L, has an infinitely divisible distribution with a characteristic function
Eelvlt = ¢=t¥2() where the characteristic exponent ¥ (+) satisfies the following
Lévy-Khintchine representation:

. 1 > iux :
Uy (u) = ipu + 502u2 +[ (1 =™ +iuxllyfy<1y)v(de), (4)
with 4 € R, 0 > 0, and Lévy measure v on R\ {0} satisfying [ (22 Al)v(dz) < oo,
The triplet (i, o, v) uniquely determines the law of the Lévy process L;. We further
denote by

pr(u) = V(i) = logEe "™

the Laplace exponent of L;.

For the Lévy process P;, when its Lévy measure satisfies 7p(1) = vp((1,00)) > 0,
introduce IIp(-) = vp(-)L(1,00)/Pp(1), which is a proper probability measure on
(1,00). In our three main results, we shall assume that IIp belongs to some heavy-
tailed distribution classes.

The first main result investigates the asymptotic behavior of the finite-time ruin
probability in the bivariate Lévy-driven risk model, which extends the corresponding
one in [14].



ASYMPTOTICS FOR RUIN PROBABILITIES 5

Theorem 2.1. Consider the bivariate Lévy-driven risk process Y; given by (2),

where Py and Ry are two independent Lévy processes. Assume that I1p € C with
+

0<Jy, < Jf{P < oo. If E(e_(JHP+E)R1) < 1 for some & > 0, then it holds that for

any T € (0, 00),

T
W@, T) ~ A/ P(Xe*Rt > x)dt, (5)
0
where A =Up(1), and X is distributed by I1p and independent of P, and R;.

Clearly, in a special case that R; in (1) reduces to a deterministic linear function,
R; in (2) is also replaced by a deterministic linear function. Precisely speaking, if
Ry = rs for some r > 0, then relation (2) can be simplified to

t
Y; =e"t <x —/O e_”dPs) . (6)

This means that the insurance company invests its wealth only into a risk-free
market, and the positive constant r represents the constant interest rate. Our next
two main results consider such a single Lévy-driven risk model, in which the loss
process P; is still assumed to be a Lévy process, and investigate the asymptotics for
the finite-time and infinite-time ruin probabilities, respectively. Denote by Ip(z) =
IIp((x,00)), v €R.

Theorem 2.2. Consider the single Lévy-driven risk process Yy given by (6), where

Py is a Lévy process. If llp € LND with 0 < Jy, < Jgp < 00, then it holds that
for any T € (0, 00),

T
v 1)~ A [ Tt (7)
0
where A =TUp(1).

Theorem 2.3. Under the conditions of Theorem 2.2, if lp (e") = lim sup Il p(ze")
/IIp(x) < 1, then relation (7) holds for T = .

3. Lemmas. The following lemma is a combination of Proposition 2.2.1 in [1] and
Lemma 3.5 of [28].

Lemma 3.1. For a distribution F € D on R with the Matuszewska indices 0 <
Jp < J;f < 00, the following assertions hold.

(1) For any 0 < e < Jp < be < o0 and some C > 1, there exists some positive
constant D, such that for allx > D and zy > D,

— —(Jp—e€ —(Jf e F(z —(Jp—e€ —(Jf e
o (y 0 >vy<-fp+>>§;(;/))gg(y U=y i)

(2) For any p > Jj, it holds that
z P = o(F(z)).
The next Lemma 3.2 is a direct consequence of Theorem 3.3 of [5], which can

also be found in [4].

Lemma 3.2. Let X be a real-valued r.v. with distribution F', and Y be a nonneg-
ative r.v. independent of X. Denote by H the distribution of the product r.v. XY .
Then the following assertions hold.

(1) If F € C, then H € C.

(2) If F € D and EY/#+¢ < o0 for some ¢ > 0, then F(z) ~ H(x).
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The first assertion of Lemma 3.3 below is a slight extension of Lemma 3.3 of
[14]. Note that in this assertion, X and Y can be arbitrarily dependent. The
second assertion is due to Corollary 3.18 of [7], which gives a refinement in the
independence case.

Lemma 3.3. Let (X,Y) be a random vector with marginal distributions F and G,
respectively. o
(1) IfF € C and P(|Y| > x) = o(F(x)), then

P(X+Y >z) ~ F(x). (8)

(2) Assume that X and Y are independent. If F € S and G(x) = o(F(x)), then
(8) holds.

Proof. We only prove the first assertion along the line of the proof of Lemma 4.4.2
of [25]. For any 0 < v < 1, on one hand, by F' € C C D,

i : P(X+Y >z
limsup limsup —————=
vl0 —00 F(x)
G <
< limsup lim sup <G(U$) P(X + Yj z,Y < vx))
o e \ (@) )
< msuptimsup (S2) ) | FUZ 1))
vl0 T—00 F(’UQ?) F(.’E) F(Q?)

= 1

On the other hand,

> _
lim inf lim inf w > liminf liminf P(X+¥ ix, Y > —vx)
vl0  x—o00 F(;c) vl0  z—o0 F(a?)
> _
> liminfliminf PX > (1 —l—iv)m, Y > —vx)
vl0 T—00 F(:L’)

F((1 P(Y < —
> liminflim inf ( ((74— v)x) — ( 7< Um))
= 1.

It ends the proof of the lemma. O

The next lemma shows that the inequality (9) holds uniformly for all nonneg-
ative r.v.s independent of X. Denote by Yx = {Y > 0: E(Y/r—¢vY/rt+e) <
00, for some 0 < € < J;} the set with all nonnegative r.v.s independent of X with
distribution F'.

Lemma 3.4. Let X be a real-valued r.v. with distribution F € D and 0 < J5 <

J}' < 0o. Then, for any 0 < € < Ji and some C > 1, there exists a positive D(e, C)
such that for allY € Yx,

P(XY > z) < CE (YJE—G v YJF+€) F(z). 9)
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Proof. By Lemma 3.1 (1) and Markov’s inequality, it holds that for all Y € Y
and all x > D,

T

P(XY >z) < /OI/DF( )Py € dw) +P(Y > 1)

u D

< CF(m)IE(YJ;‘evYJ;“)+(%)7U; gy it (10)

which, together with Lemma 3.1 (2), leads to relation (9). O

The following lemma considers the tail behavior of the randomly weighted sums
with heavy-tailed primary r.v.s, which comes from [9] and [30], respectively. We
remark that in Gao and Wang’s result it requires the technical condition P(X <
—z) = o(P(X > x)), because of the certain dependence among {X;, ¢ > 1}; while
in the independence structure, such a restriction can be easily dropped.

Lemma 3.5. Let {X;, ¢ > 1} be a sequence of independent and identically dis-
tributed (i.i.d.) real-valued r.v.s with common distribution F; and let {0;, i > 1}
be another sequence of nonnegative and non-degenerate at zero r.v.s, which are in-
dependent of {X;, i > 1}.

(1) IfF € C, 0<J;§J;<oo and for some 0 < € < Jp,

s ™ —€ J+e
SE(6 v e ) < oo, for 0<Jf <1,
lo:ol J—€ J++e % (11)
E(E(Gﬁ Ve ))JFJrE < oo, for Jf>1,
=1
then
]P(m;xi( 0, X; > x) ~ ]P(Z@Xj > x) ~ S P60 X; > @), (12)
=S i=1 i=1

Further, the distributions of max,>1 Y ., 0;X; and Y o, 0, X;" both belong to the
class C.

+
(2) IfFeLND and B9 " *°

i

P(ioixi > :c) ~ iP(GiXi > ).
1=1 =1

Proof. In claim (1), relation (12) is proved in Theorem 2.1 (b) of [9] by slightly
modification and noting the independence among {X;, i > 1}. Denote the distri-
butions of 220:1 HkX,j' and 6,X;, i > 1, by HY and H;, respectively. We only
check Hf, € C. Indeed, by Lemma 3.2, for each i > 1, H; € C and H;(x) ~ F(x).
By Lemma 3.4, for any 0 < € < Ji, some C > 1 and each ¢ > 1, there is some
D(e,C) > 0 such that

< 00, i > 1, then for each fixed n > 1,

Hi(x) < CF@)E (67 v o7F ")

4 %

holds for all i > 1 and all z > D. By (11) and Hy(z) ~ F(z), for any small § > 0,
sufficiently large x > D and sufficiently large n,

i E(x) < CF(:C) i E(Q;};_GVG‘j;—’_E)

i=n+1 i=n+1
< §Hi(z). (13)
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Thus, by (12), (13) and H; € C, for sufficiently large n,

HE
lim sup lim sup 7(9@) (14)
yT1 T—00 Ho't) (x)
< limsup lim sup Zzil Jzy) + ZZ_LH (zy) . i(xy)
yT1 T—00 Zi:l Hz ((E) H1 (xy) H1 (1’)
H; H,
< limsup lim sup <max ny) +6- i(my)
yT1 —00 1<i<n HI(SC) Hl (:TJ)
— 146 (15)
Similarly, we have that for sufficiently large n,
Tt L
lim inf lim inf M > liminf lim inf 2iz1 I;{Z(@
vl e=oo HE (1) ytl w0 (140)>.."  Hi(z)
H;
> lim inf lim inf min i(wy)
14+0 ytl  z—oo 1<i<n Hz(x)
1
= —. 16
149 (16)

Therefore, Hf, € C follows from (15), (16) and the arbitrariness of § > 0.

It can be easily obtained that the distribution of max,>1 Y., 6;X; also belongs
to the class C, by the first relation of (12).

The proof of claim (2) can be found in Theorem 3.3 of [30]. O

Applying Lemma 3.5 and going along the lines of the proof of Lemma 3.5 of [14],
we can prove that

Lemma 3.6. Let Cy = ZkN;l Xy be a compound renewal process, where {X;, 1 > 1}
are i.i.d. real-valued r.v.s with common distribution F, Ny is a renewal counting
process with intensity function A(t); and let Ly be a Lévy process independent of C;.
IfFeC,0< Jp <Jf <ooand pr(Jf +¢€) <0 for some 0 < e < Jp, then it
holds that for any 0 < T < oo,

T T
IP’( sup / e l=dC, > x) ~/ P(Xie 5t > z)A(dt),
0 0

0<t<T
and the distribution of supg<,<r fOT e~ LsdC, belongs to the class C.

Recently, [13] investigated the uniform asymptotics for the finite-time ruin prob-
ability in a risk model with i.i.d. claim sizes and constant interest rate r > 0, see
also [33]. We restate their result as follows.

Lemma 3.7. Let N; be a renewal counting process with intensity function A(t),
{X;, i > 1}, independent of N;, be a sequence of i.i.d. nonnegative r.v.s with
common distribution F', and r > 0 be a constant interest rate. If F € LN D, then
for any T >0,

Ny T
IP’( sup ZXke_"T’c > x) N/ F(ze™)\(d2),
0

0<t<T 1

where T, k > 1, are the arrival times of the renewal counting process Ny, t > 0.
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We remark that in Lemma 3.7, the restriction Jn > 0 is dropped and the constant
interest rate can be allowed to zero.

The following lemma is due to Corollary 3.16 of [7].

Lemma 3.8. Let F and G be two distributions. If F € S, F(x)+G(x) is long-tailed
and G(z) = O(F(x)), then F * G(z) ~ F(x) + G(z).

Lemma 3.9. Let (£,n) be a random vector satisfying Elog(|¢| V 1) < oo, P(n >
0) =1 and —oco < Elogn < 0. Let Q be a r.v. independent of (§,n).

(1) There exists exactly one distribution for Q satisfying the stochastic difference
equation

Q2e+Qn. (17)

(2) Furthermore, if Fr € LN D with Fg* (") <1 andn=e"" for somer > 0,
then

PQ> o) ~ Y Felwe' D). (1)
i=1

Note that E* (e") < 1 implies J e > 0 The second assertion of this lemma
extends Lemma 3.7 of [14] from the class ERV to the intersection LN D in a

special case, where 7 reduces to a constant e™".

Proof. (1) The existence and uniqueness of the weak solution of (17) are given by
Theorem 1.6(b, ¢) and Theorem 1.5(i) of [31].

(2) We follow the line of the proof of Lemma 3.7 of [14], whose method is devel-
oped by [11]. We shall conduct a sequence of r.v.s {Q;, i > 1} defined recursively
by

Qi=6&+Qi1e ", i>1, (19)
where Qo is a starting r.v. independent of {¢;, i > 1}, which are independent copies
of & Then, Theorem 1.5(i) of [31] showed that the sequence {Q;, i > 1} weakly
converges with a limit distribution, which does not depend on )y and coincides
with the distribution of @ in (17).

We firstly consider the upper bound of (18). Introduce a nonnegative r.v. Qj
independent of £ with the tail distribution

P(Q) > @) ~ cFe(we ™) (20)

for some ¢ > E*(e’")(l — fg*(eT))’1 > 0 because of Fy € D. Clearly, P(Qpe™" >
z) ~ cF¢(x). Then, by Lemma 3.8 and (20), we have that

P+ Qpe " >1z) ~ (1+c)F¢(x)

< cFe(ze™™)
~ Q) > ),
where in the second step we used the fact
Fe —
lim sup Ji =F: (") <c(l+e) . (21)

z—00 Fg (me—r)

This means that there exists some xy > 0 such that for all z > x,

P+ Qpe " > x) < P(Qp > ). (22)
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Construct a conditional r.v. Qo = (Q(|Q) > xo), independent of &, which is the
starting r.v. in the recursive equation (19). Clearly, for sufficiently large x,

P(Q) > xe”) cFe(z)

P(Qp > xo) P(Qf > zo0)’

which implies that the distribution of Qupe™" belongs to the class L N D. Thus, by
Lemma 3.8,

P(Qoe_r > I) =

P(Q1 > z) =P(& + Qoe™" > z) ~ Fe(z) + P(Qoe™" > x).

Meanwhile, () is stochastically not greater than @)g, denoted by Q1 <4 Qq, in the
sense that P(Q1 > z) < P(Qp > ) for all z. Indeed, by (22), for x > xq,

P+ Qe " > x)
P(Qp > o)

and for ¢ < zg, P(Q1 > x) <1 =P(Qo > z). Now, we inductively assume that

P(Q; > ) < <P(Qo > z);

P(Q, > z) ~ ng(xer(”*i)) +P(Qoe™™ > z), (23)

i=1
and
Qn Sst Qn—l (24)

hold. We shall use the mathematical induction to prove the above two relations
(23) and (24) hold for n + 1. Clearly, by (23), Fr € LN D and Fp, € LND, we
know that the distributions of @,, and @,e~" both belong to the class L N D, and
P(Qne™" > z) = O(Fg(z)). Then, by Lemma 3.8 and the induction assumption
(23), we have that

P(Qny1 >2) = P(lny1+Qne™" > 2)
~ Fe(x) +P(Q, > xe")
n+1
~ 3 Fe(wer ) £ P(Qoe Y > 1),
i=1

Since &,41 is independent of Q,,, and by (24), we have that for all x,

B(Qupr > ) = /Oo B(Qn > (2 — u)e")F (du)

— 00

IN

/_Oo P(Qn-1 > (z —u)e") Fe(du)

= P(Qn>u2), (25)

which means Q1 <s @,. Hence, it follows that

Fe(ze" ™) £ P(Qo > ze™)

M=

P(Q>z) <
1

-
Il

Fe(ze™™1) + P(Qo > we™). (26)

I
NIE

1

.
I
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Repeating (21), we can prove

F(zetD)
P(Q6 > .To)

(Fe ()"t

— . F . 27
P(Qé > xO) 6(:5) ( )

Plugging this estimate into (26) and letting n — oo, we can derive that

]P)(Qo > :vem)

P(Q > z) < ZE@J(FU). (28)

We return to the lower bound of (18). In the recursive equation (19), construct
another starting r.v. g, independent of &, with the tail distribution

P(Qo > z) = P(Q > 0)F¢(2)Lz50y + P(Q > ) L, <0y,

where P(Q > 0) > 0, see the proof of Theorem 1 of [11]. Clearly, the distribution of
Qo belongs to the class LN D (so, the distribution of Qe " is also in LN D) and
Qo <st Q. Indeed, for z > 0, P(Q > z) > P({+Qe " > z,Q > 0) > P(Q > 0)F¢(z);
and for x < 0, P(Qo > z) = P(Q > z). Similarly to (25), Q; <s @, i > 1. As the
proof of (23) and (27), for each n > 1,

P(Q>z) > PQ,>u2)

Fe(ze"D) £ P(Qo > xe™)

2

«
Il
_

oo

frge
)

N
Il
-
o
Il
3
Jr
LN

) T

o0

—

(]2
b
8
@

=
|
—
=
|
b
2
—
e
—
@
-
7
e

s
Il
—

i=n+1

which, by E*(eT) < 1 and letting n — oo, yields that

P(Q > )= » Fe(we'7V). (29)
i=1
Therefore, the desired relation (18) follows from (28) and (29). O

Finally, we cite two useful martingale inequalities, which can be found in [14].
The first one is related to Doob’s inequality.

Lemma 3.10. Let L; be a Lévy process with Laplace exponent o (+). If o (u) < oo
Jor some u > 0, then E(supg<, < e "L*) < 0o for every fired T € (0, 0).

The following lemma recalls the Burkholder-Gundy-Davis inequality.

Lemma 3.11. For a local martingale U, denote by Uy = supg<,<p |Ui| for 0 <
T < oo. o

(1) For any q > 1, there are two positive constants Cy and C,’I such that, uniformly
for all local martingales Uy with U, =0 and all 0 < T < 00,

CIE[U, U < E(U3)? < CE[U,UJ4>, (30)

where [U,U] is the quadratic variation of U;. Moreover, if Uy is continuous, then
(30) holds for all 0 < ¢ < 0.
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(2) If Uy is a local square integrable martingale with Uy = 0, then it holds that
for any g € (0,2),
4 —
E(U7)7 < 5= BU, 0,
where (U,U) is the predictable quadratic variation of Uy.

4. Proofs of the main results. For the Lévy process P;, by the Lévy-Khintchine
representation (4), its Lévy-Ité decomposition is given by

Py =pt +opW; + U + Cy, (31)
where W; is a standard Wiener process, U; is a square integrable martingale with
almost surely countably many jumps of magnitude less than 1, and C; = g;l Xk

is a compound Poisson process in which N; is a Poisson process with the Poisson
intensity \* = vp(R\ (—1,1)), and {X;, ¢ > 1} are i.i.d. r.v.s with common
distribution F' given by vp(-)Ig\(—1,1)/A*. In particular, W}, U; and C; are three
independent Lévy processes.

4.1. Proof of Theorem 2.1. The proof of Theorem 2.1 is parallel with that of
Theorem 2.1 (1) of [14], and we only show the difference. By (31),

3 4
Z inf I+ sup I, < Mp < Z sup I 4, (32)
0

0<t<T <t<T 1 0<t<T

i
where [, = pfot e Feds, Iy = op fot e FedW,, I, = fot e FdUs and Iy, =

fot e F<dC,. By Lemma 3.6, the distribution of Supg<t<7 la,+ belongs to the class
C, and

T
P( sup I47t>x) ~ )\*/ P(X*e T > z)dt
0

0<t<T
= vp( )/OT /OOOHP<(2,OO)>]P’(e_R*' € du)dt

1
T

= A / P(Xe T > x)dt, (33)
0

where X* and X, independent of Ry, are distributed by F' and I1p, respectively. As
done in [14], by Lemmas 3.10, 3.11 and noting J = JHP, we can obtain that for
each i =1,2,3,

+
]E( sup |Il-7t|‘]F+5) < 00,
0<t<T

which implies that

i=1,2,3. By (33),
P sup Iyt >x) ~ P(X e By, >
(ogth ot ) ; (X5 {re<T} )
> P(XTB_R” ]I{T1ST} > Z‘)
= CF(x),

for some C' > 0, where {X};, k > 1} are the independent copies of X*, {7, k> 1}
are the arrival times of the Poisson process V¢, and in the last step we used Lemma
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3.3 (ii) of [34] by noting F' € D (equivalently, IIp € D). Hence, (34) yields that for
each i =1,2,3,
]P’( sup I > x) = 0(1)]P’( sup Iq; > x) (35)

0<t<T 0<t<T

Therefore, plugging (33) and (35) into (32), Lemma 3.3 (1) gives the desired relation
().

4.2. Proof of Theorem 2.2. In this special case, I;+, ¢ = 1,2,3,4, in relation
(32) can be simplified to I;; = pr1(1 —e ™), Iy = op fg e "5 dW,, I3y =
[ye AU, and Iy, = [j e ™dCs = o) Xge ™. Clearly, by IIp € L N D, the
distribution F' given by vp(-)Ig\(—1,1)/A" is also in the class L N D. We firstly
consider supy<;<r 4+- Note that

sup I4y = sup Xpe "k
0<t<T o O<t<TZ
= sup Z Xke Tk ]I{TkST} . (36)
n>0
By Lemma 3.7,
Nt
IP’( sup I47t>x> < ]P’( sup ZX,:'e_”’“ >x>
0<t<T 0<t<T i3
T*
~ A / Faem)dt. (37)
0

As for the lower bound of supy<,<7 I+, we use the method on the tail behavior of
randomly weighted sums. By Lemma 3.1 (1) and Lemma 3.2 (2), for any 0 < € <
Jg, all £ > D and sufficiently large n,

Z P(Xke_m—k I[{TkST} > .’17) < Z / e_TTk S du)

k=n+1 k=n+1
00
< Z Eef(.fgfe)rﬂ'k
k=n-+1
_ Z (Ee (Jp—e€ 'r‘rl)
k=n-+1
< eF()
< eC’o]P’(Xle*TTl]I{TIST} > ), (38)

for some Cy > 0. Then, by Lemma 3.5 (2) and (38), we obtain that for sufficiently
large n and x,

IP’( sup Iy > x) > P(ZXke*m]I{rkST} > “3)

0<t<T
~ (Z_ > ) P(Xke "1 <1y > 2)
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> (1—¢€Ch) Z (Xpe " ][{TkST} > )
— -
= (1- eC’O))\/ F(xe™)dt. (39)
0
Hence, by (37), (39) and the arbitrariness of € > 0, we derive that
T*
P( sup s > x) ~ )\/ F(ze™)dt, (40)
0<t<T 0

which, together with F' € L N D, implies that the distribution of supy<;<r s
belongs to the intersection L N D. Indeed, for any a € R,

T T
/ F((z + a)e™)dt ~ / F(ae)dt,
0 0
and for any 0 < v < 1,
F(vz)

fOT F(vxe”)dt F(vze™)
limsup =———— < limsup sup ————= < limsupsup —
@00 f F(zert)dt z—oo o<t<T F(xe") z—oo 2>z F(2)

< 0

By Lemma 3.11, there exist two positive constants C; and C3 such that for any
€e>0,

T J;#»s
N

E( sup |Igt\J +€) SC’l(/ e_2rsds) ’ < 0,

0<t<T 0

and
T te
IE( sup |I3’t|‘];+6> gCQ(/ x2up(dm)) * <o

0<t<T lz|<1

By using Markov’s inequality, Lemma 3.1 (2) and Lemma 3.2 (2), these two in-
equalities imply that

P( sup |Lis] >2z) < x_(JPt"’E)E( sup |Ii,t|‘];+€)
0<t<T 0<t<T
= o(F(x))

= 0(1)P(X16_T7—1 ]I{TlﬁT} > {17)

T
0(1)/0 F(ze™)dt, (41)

i = 2,3. Since the distribution of supg<;<p I, is in the class LN D = SN D, by
(40), (41) and using Lemma 3.3 (2), it follows that

T
P(Mp > z) ~ }P’( sup ls; > x) ~ )\/ F(:Ee”)dt.
0<t<T 0

This ends the proof of Theorem 2.2.

4.3. Proof of Theorem 2.3. Along the line of [14], for the upper bound of relation
(7) with T' = oo,

t
My <My +e™" Sup/ e AP, L My 4 e M, (42)

t>1
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where on the right-hand side M, is independent of M;. Consider the stochastic
difference equation

QS M+ Qe (43)
where on the right-hand side Q* is independent of M;. By Theorem 2.2, we have
that F;, € LN D and

1 —
P(M; > x) ~ A / F(ze™)dt. (44)
0

Let {Qk, k > 1} be a sequence of r.v.s defined by the recursive equation
Qr =M} +Qr_1e™", kE>1,

where Qo = M and M, k > 1, independent of )y, are the independent copies
of My. By (42), we can prove that {Qy, k > 1}, starting with Qo = M, are
stochastically nondecreasing, and weakly converges with a limit distribution of Q*
n (43), by Theorem 1.5 (i) of [31]. Thus, by Lemma 3.9 (2),

P(Mw >2z) < PQF > 1)

~ ZIP’(Ml > ze' k1)
k=1

/  Faert)dt, (45)
0

2
>

here we used the fact

* . ]P)(Ml > xer)
P, (") = 1 o)
My (€) mSUp B S )

1— .
F(xe™ - em)dt
= limsup —fo ( )
z—500 fo F(zert)dt

) F(xe™-e")
< limsup sup ————=
z—oo 0<t<1 F(zem)

F —
< limsupsup (z¢") =F (e") < 1.
T—00 z2>x F(Z)

For the lower bound of relation (7) with T' = oo, by Theorem 2.2, we have that for
any T > 0,

L) <46>

For any 0 < € < Jg, by Lemma 3.1 (1), the dominated convergence theorem and
Fatou’s lemma, respectively, give that

<
limsup/ () 4 < C/ e TUr —9tqy
T —00 T F(Z‘)

= 7—>0 T — oo,

r(Jp =)
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and
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oo F rt 1 0o
liminf/ @dt > 7/ e*T(thJrf)tdt
0 F(z) CJo

T—r00

1
— >0
Cr(Ji +e)

Plugging these two estimates into (46) and letting T' — oo, we derive that

P(My > ) = )\/OO F(xe™)dt. (47)
0

Therefore, the desired relation (7) holds for T' = oo from (45) and (47), immediately.
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