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1 Introduction

Reinsurance is an important activity of insurance companies for transferring some of their poten-
tial risk to another party at the cost of sacrificing part of their potential profit. Because of its
practical importance, the problem of optimal reinsurance has been studied extensively in the ac-
tuarial literature. Under the criterion of minimizing ruin probability or maximizing adjustment
coefficient, many optimal results have been derived for the classical risk model and its diffusion
approximation. For example, [2], [9] and [8] considered the problem of minimizing ruin probability;
and [3]-[6] focused on constructing optimal contracts that maximize the adjustment coefficient by
the martingale approach.

In the actuarial literature, insurance risk analysis in the presence of dependent risks has been
one of the major topics in the past few decades. Although it might be a bit long overdue, the study
of dependent risks has been extended to the problem of optimal reinsurance in recent years. One of
the frequently-seen risk models with dependence assumes that correlation among different classes
of insurance risks is due to common shocks. For two classes of insurance risks with common shock
dependence, [1] sought the optimal excess of loss reinsurance to minimize the ruin probability based
on the diffusion approximation risk model; and [7] studied the optimal proportional reinsurance
problem under the variance premium principle for both the compound Poisson risk model and the
associated diffusion risk model. For more than two classes of insurance business with common
shock dependence, [13] considered the objective of maximizing the expected exponential utility and
derived the optimal reinsurance strategy not only for the diffusion approximation risk model but
also for the compound Poisson risk model.

In order to depict more realistic features of dependence, [14] first introduced the so-called risk
model with thinning dependence in which claims in one class may induce claims in other classes
with certain probabilities. A typical example is that a severe car accident may cause not only
the loss of the damaged car but also the medical expenses of the injured driver and passengers.
Mimicking the idea of [14], [11] studied the thinning relation in the discrete-time case; and [10]
formulated the thinning-dependence structure in a more general framework, and investigated some
basic properties of the corresponding risk process as well as the impact of the thinning dependence

on ruin probability.



In the classical risk model, the risk process is given by

N(t)
Ut) =u+ct—S(t)=u+ct— Y X(i), (1.1)
=1

where u is the initial capital, ¢ is the premium rate, S(¢) is the aggregate claims process, the
claim-number process N (t) is a homogeneous Poisson process with intensity A, and {X (i), > 1}
is a sequence of positive, independent and identically distributed (i.i.d.) claim-amount random
variables. It is assumed that the claim-number process N (t) is independent of the claim amounts
{X(2),1 > 1}.

Suppose that an insurance company has n (n > 2) classes of business. In the setting of thinning
dependence, stochastic sources that may cause a claim in at least one of the n classes are classified
into m groups. It is assumed that each event in the kth group may cause a claim in the jth class
with probability py; for £ =1,2,...,m and j = 1,2,...,n. Thus, the total amount of claims for

the jth class up to time ¢ has the form

where N;(t) is the claim-number process of the jth class. Denote by N*(¢) the number of events
generated from the kth group that has occurred up to time t, and by N Jk(t) the number of claims
of the jth class up to time ¢ generated from the events in group k. Then the claim-number process

of the jth class can be written as
Nj(t) = NS (t) + N7 (t) + -+ NJ*(t),

and the aggregate claims process of the entire portfolio is given by

n n Nj;(t)
S0 =3 50=3"3 X,0).
j=1 j=1 i=1

where {X;(i),i > 1} is a sequence of i.i.d. non-negative claim-amount random variables with
common distribution F, for class j (j = 1,...,n).
Incorporating the thinning dependence into (1.1), we define the risk process of the jth (j =

1,...,n) class as
N;(t)

Uj(t) = uj + cjt — Sj(t) = uj + ¢t — Y X;(),

i=1



and the risk process of the company is denoted by

N;(t)

U(t) :u+ct—S(t):u+ct—zn: > X;(0), (1.2)

j=1 i=1
with uw =", u;j and ¢ =37, ¢;. As was mentioned in [10], we need the following assumptions

in order to make the analysis of U(¢) mathematically tractable:

(A1) The process N'(t),---, N™(t) are independent Poisson processes with intensities A1, -+, Ay,
respectively. For k # k', the two vectors of claim-number processes (N¥(t), NF(t), -, NF(t))
and (N¥(t), N¥'(t),--- , N¥ () are independent.

A2) For each k=1,---,m, NF(t),---, N¥(t) are conditionally independent given N¥(t).
1 n

Remark 1.1. If m =n and py, = 1 for k=1,...,n, then U(t) of (1.2) is the risk model of [14]
with the so-called thinning-dependence structure. If n =2, m = 3, p1a = po1 = 0, p31 = p32 = 1,
p11 = p22 = 1, then U(t) of (1.2) is the risk model with common shock for two dependent classes of
business; see, for example, [7] and [12]. For n > 2, more general risk models with common shock

can also be constructed from (1.2) by choosing the values of m and py; appropriately.

In this paper, our aim is to find the optimal reinsurance strategy for the compound Poisson
risk model with thinning dependence under the criterion of maximizing the adjustment coefficient.
Section 2 presents the compound Poisson risk model with thinning dependence in the presence of
proportional reinsurance. In Section 3, optimal results under both the expected value premium
principle and the variance premium principle are derived. Section 4 provides some numerical

examples to illustrate the impact of the model parameters on the optimal reinsurance strategies.

2 Model with proportional reinsurance

Assume that insurance company can reinsure a fraction of its claim with retention level ¢; (0 <
g; < 1) for each risk in class j (j = 1,2,...,n). Let 6(¢q) be the reinsurance premium rate with
qg = (1,92, ,qn). Let U9(t) be the associated risk process that describes the reserve of an

insurance company at time ¢ with reinsurance strategy ¢. It follows from (1.2) that

U9(t) = u+ (c — 6(q))t — S9(t), (2.1)



where

Following the arguments in the proof of [10], one can show that S9(¢) is still a compound Poisson

risk process which can be rewritten as

N
Sit)=> X,
=1

where NiX is a Poisson process with intensity A = A\; 4 - -+ + A, and {X;,i > 1} are i.i.d. with

common distribution Fx having moment generating function

m

Mx(r) = 5 3o [Tl +1- ) 22
=1 j=

with M;(r) being the moment generating function of distribution Fy; (j =1,2,...,n).
Denote the ruin time by

T? =inf{t > 0: U(t) < 0},
and the probability of ultimate ruin by
Yi(u) = P{T? < oco|U%(0) = u}.

It is well known from the classical risk theory that the ruin probability has the form
e—un

Ele- RV T|T7 < o0]’

Vi) =

where R? is the adjustment coefficient. In general, there is no closed-form expression for the
conditional expectation in the denominator. As a result, much ruin analysis has been carried out
using the Lundberg inequality

Yi(u) < e FM, (2.3)

By definition, the adjustment coefficient R? is the positive root of

qu(t)—(c—é(q))t(r) — e—T(C—(S(q))te)\t[MX(r)—l} _ 1’

and hence satisfies

(c—46(q))r — A[Mx(r)—1] =0. (2.4)

In the next section, we derive the optimal reinsurance strategy that maximizes the adjustment

coefficient or minimizes the upper bound in (2.3).



3 Optimal results

To simplify the optimality analysis, we consider working on the model of study with two classes of
business, i.e., n = 2, from now on. In this section, we discuss the optimal reinsurance problem for

risk process (2.1) under two typical premium principles.

3.1 Expected value premium principle

Under the expected value premium principle, the reinsurance premium rate is

8(g) = (1 +n) Z (1-gq;) Z)‘kpkjv (3.1)

where 7 is the reinsurer’s safety loading of two classes of insurance business. Denote the insurer’s

safety loading by

0= ¢ —1. (3.2)

2
2 j=1 Mg Dkt MePkj
Plugging (2.2), (3.1) and (3.2) into (2.4), we obtain

m 2
> M [T [M(g5m)pr; +1 = prj] + A =0. (3.3)
1 7j=1

The main objective of the paper is to find the optimal reinsurance strategy ¢* = (¢}, ¢5) that
maximizes the adjustment coefficient or minimizes the upper bound for the ruin probability given

n (2.3). So, we want to find the maximized adjustment coefficient RY" satisfying the following

equation
2 m 2
R LCRE 917 SEREIER) L) S Yrh
(q1,q2) j=1 k=1 j=1 =
m 2
_Z)\k:H QJ pk]+1_pkj]+)\}
k=1 7j=1
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Differentiating it with respect to ¢; and go gives

0 , m m
f<aqwz> = (L mm Y Mepaar — 3 Ak [rM{(qrr)pi ] [Ma(gar)pre + 1 — pral
a1 P Pt
0 , m m
f(aq;qu) = (1 +n)u2 Z AkPk2t — Z Ak [ M3 (g2r)pra] [M1(q17)pia + 1 — pral
k=1 k=1
and
82 , m
W = — Z Ak [TQM{/(er)pkl] [Ms(qor)pra + 1 — pra) < 0,
1 k=1
82 , m
W = — Z Ak [ﬂMé/(QQr)ka] [My(qur)pr1 + 1 — pr1] <O,
2 k=1
9*f(q1,92) “
T 0q10¢2 ; N [rMi(qur)pra] [rM3(gar)pre] < 0.

Lemma 3.1. The function f(q1,q2) is a concave function with respect to q; for j =1,2.

Proof. To prove that f(q1,g2) is a concave function with respect to ¢; for j = 1,2, we need to show
that the Hessian matrix of f(q1,¢2) is a negative definite matrix.

Denote the Hessian matrix of f(q1,q2) by

O?flai,q2) 0 f(q, q2)

0¢® 0q10q2 2
Hp — i = 12A, 3.4
T 02 f(qa0)  O*f(ar,q2) " (3:4)
0q10q2 dq3
where
— > MM (qur)prr [Ma(gar)pre + 1 — pral — > Mg [M{(q1r)pra) [M5(qar)prs]
A = k=1 m m k=1
— > X [M{(q17)pri) [M5(qar)prs)] — > MM (gar)pra [Ma(qi7)pk1 + 1 — pra
k=1 =1

Because of (3.4), it is sufficient to show that A is negative definite. It is obvious that

82f(Q1> q2) S "
B D M (qi7)pr1 [Ma(gar)prz + 1 — pro] < 0.
1 k=1
The remaining step is to prove
m m
Al = ) MY (qur)prr [Ma(gar)pra + 1 — pral Y MeM3 (qar)pra [Mi(q1r)prs + 1 — pia
k=1 k=1
m 2

—[Z)\k (M (q17)pr1] [Mé(qzr)pkz]] > 0. (3.5)

k=1



Since 0 < py; < 1, the left-hand side of (3.5) becomes

m m
> MM (ur)prr [Ma(qar)pre + 1 — pral > MMy (qor)pra [Mi (qir)pry + 1 — pra
k=1 k=1
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NE
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1 1 1 1
(E [Xleiq”Xle?q”Xl} ) (E [X2e§QQTX2€§Q2TX2] )

=0,

where the second inequality and the last one are due to Holder’s inequality. O

From Lemma 3.1, we see that (q1,¢2) maximizing f(qi1, g2) satisfies the following equations

(L+mp1 D2 Mepear — 20 M [rMi(q17m)pra] [M2(gar)pre + 1 — pra] = 0,

(L +n)u2 Y Xeprar — > Mg [rM5(gar)prz] [M1(q17)pr1 + 1 — pr1] = 0.
=1 =1

For notational convenience, we set a = 17 and b = gor. Equation (3.6) becomes

(I +n)p1 D Meper — > Ak [Mi(a)pri1] [Ma(b)pre + 1 — pre] = 0,
k=1 k=1 (3.7)

(L4+n)p2 Y Mpre — 2o Ak [M5(b)pro] [Mi(a)pr1 + 1 — pra] = 0.
=1 =1

8



For checking the existence and uniqueness of the solution to (3.7), we need the following lemmas.

Lemma 3.2. There is a unique positive solution to each of the following equations

L+ Y Mprr = Y MM (a)pp, (3.8)
k=1 k=1
and
(L4 Y Meprr = Y Aetiapr [Ma(b)pr, + 1 — pra) - (3.9)
k=1 k=1

Proof. We first discuss equation (3.8). From equation (3.8), we have
Mi(a) = pa (1 +m).

Since Mj(a) is an increasing function with M7 (0) = u1, equation (3.8) must have a unique positive
solution a; given by

a1 = M~ (ua(1+1)).

For equation (3.9), let

90(b) = Aepaprr [Ma(D)pr, + 1 — pra) -
k=1

It is easy to check that

m
90(0) =D Apupra,
k=1

gé(b) :Z/\kmpklE(XgebX?) > 0,

k=1
m
g®) = MemprBE(X3e¥?) >0,
k=1

which imply that go(b) is an increasing convex function. Furthermore, the left-hand side of equation
(3.9) is a constant which is larger than go(0), and the right-hand side of (3.9) tends to co as b — oo.

Therefore, equation (3.9) has a unique positive root denoted by by. ]

Lemma 3.3. There is a unique positive solution to each of the following equations

(1 +mn)pe Z AkPk2 = Z Nep2pr2 [My(a)pr, + 1 — pral, (3.10)
k=1 k=1
and
(L2 > Meprz = > MM (b)pio. (3.11)
k=1 k=1



Proof. Similar to the proof of Lemma 3.2, one can show that equations (3.10) and (3.11) have

unique positive roots denoted by as and by, respectively. O
The next lemma states the existence and uniqueness of the solution to (3.7).

Lemma 3.4. Let a1, b1, as and by be the unique positive roots of equation (3.8),(3.9),(3.10) and
(3.11), respectively. If

ai > az,

b < bz,
or

a1 < az,

b1 > bQ

hold, then equation (3.7) has a unique positive solution (t1,t2).

Proof. Let
Gia,b) = (1+n)u1 > Mprr — O M [M](a)prr] [Ma(b)pra + 1 — pral ,
k=1 k=1

and

Ga(a,b) = (L4 n)ua > Meprz — Y Ak [M3(0)pra] [Mi(a)pry + 1 — pra]
k=1 k=1

Assume that G1(a,b) = 0 with a = f1(b) and Ga(a,b) = 0 with a = f2(b). Differentiating both
sides of G (a,b) = 0 with respect to b yields
i Ak [f{(b)M{/(a)pkl [Ma(b)pra + 1 = pra] + My (a) My (b)pr1| = 0,
k=1
which in turn gives
> MM (a) M B

2
) Ak f1(0) MY (a)pra [M2(b)pra + 1 — pro]

1(b) = — < 0.

3

k

Moreover, it follows from Lemma 3.2 that the equations G1(0,b) = 0 and G;(a,0) = 0 have unique

positive solutions a1 and by, respectively. Therefore, the function fi(b) is decreasing with

fl(O) =a] > 0,

1 0) =b; > 0.

10



Along the same lines, one can show that f5(b) < 0. This implies that fo(b) is also a decreasing

function with
fg(O) =ag > 0,
f51(0) = by > 0.

As a result, if the following inequalities

f1(0) > £2(0),
fi7(0) < f31(0),
or
f1(0) < £2(0),
f(0)> f31(0)
hold, the functions fi(b) and f(b) have at least one point of intersection at some t3 > 0. By

mimicking the proof of Lemma 3.2 of [7], one can show that t1; = t12 and to; = tag if both (¢11,t21)

and (t12,t92) are solutions to (3.7). So, equation (3.7) has a unique positive root (t1,t2) with

t1 = fi(t2) = fa(t2). O

Let (t1,t2) be the solution to (3.7). It follows from the relationship between (3.6) and (3.7) that
t1 = qir and ty = gor. Plugging r = t;/q; into (3.3) and r = t3/qo into (3.3) separately, we obtain

the following two equations

[(1+9)i i)\kpkj (14 1) 22: (1—q;) Z)\kpk]}
parii =
—iAkﬁ[M( ki +1=pil + A=0
[1+922: ki KDRj — 1+n22: (1—g5) Z)\kpk]}
ixkﬁ t)pkj + 1 —pj] + A =0,
P

11



which imply that

( 2 m
(0 —n)ta Z DR
@ =—7 L : — 7
> A H[ (ti)pr; + 1 — pk:j]*A*(l+77)Z ti > Akbrj
k=1 =l . g=t k=l (3.12)
(0 —m)ta 32 1y 22 Akprj
B=— i j=1 k=1 . _ .
;;1 ]Hl [M;j(t;)prj +1 = pr] = A — (1 +1n) j; Kiti 22 AkPrj

We next discuss the optimal reinsurance strategy for each line. Note that retention levels should
lie between [0, 1]. When ¢; or g2 is outside the [0, 1] interval, we set it to be 0 (if it is negative) or 1
(if it is greater 1), and recalculate the retention level for the other line. When both retention levels
fall outside the interval, we regard the boundary values as the optimal reinsurance strategies. The
details are illustrated as follows.

For ¢ < 0 and 0 < g9 < 1, the optimal reinsurance strategy for the first line is set to be 0,
i.e., ¢f = 0. It means that the insurance company should buy reinsurance for all of its risks in the
first line. In this case, we need to recalculate the value of g2. To do so, one can plug ¢j = 0 into

equation (3.3) and let th = qér. This results in

(0 —mn) Z Z k‘pk] , Z)\k My(ty)pre + 1 — pra] — (1 4 ) pats Z AePk2 — A
j=1 k=1 £ k=1
which gives
2 m
t5(0 — 1) 2 21 kPkj
gy = — — : (3.13)

[Ma(ty) — (1 + n)paty — 1] Z AkDr2
k=1
To figure out the value of ¢}, we directly plug ¢ = 0 into equation (3.3) and take the first derivative

on both sides with respect to ¢5. So, we have

My(ty) = (1 + n)p2,

which yields
ty = My~ [(1+n)pe] .

Plugging it into (3.13), we obtain

2 m
MYV + )] (0 —n) Zl 11 kZ APk
J=1 k=1

/
@ = — .
(1 = (1 My 1+ )] | 32 dwpio

12



Therefore, the optimal reinsurance strategy (¢;, ¢5) for the insurance company has the form (0, (¢5), A

n
1) with (g5), = max(gy,0).

For ¢1 < 0 and ¢2 ¢ [0, 1], the optimal reinsurance strategy (¢f, ¢3) should be set as (0,0) for
g2 < 0 and (0,1) for g2 > 1.

For ¢ > 1 and 0 < g2 <1, we take ¢f = 1 as the optimal reinsurance strategy for the first line.

Similar to the derivation of (3.13), we obtain the following revised value of g2

—

2 m m
B(1+6) 3 1y 3 Meng — (112 32 Mo
=1 k=1 k=1

a5 = , (3.14)

m 2 2 m
3 X I [ M50 +1 = pig] =X = (1) 3 sty 3 Mo
k=1 j= j= k=1

where (t/,3) is the solution to (3.7), which can be alternatively derived by plugging ¢f = 1 into
equation (3.6) and letting t;-’ = q;7, j = 1,2. As a result, the optimal reinsurance strategy for the
second line is g3 = (g5), A 1.

For ¢; > 1 and ¢2 ¢ [0, 1], the optimal reinsurance strategy (g7, ¢5) will be (1,0) for ¢ < 0 and
(1,1) for g2 > 1.

For ¢i,q2 € [0, 1], the optimal reinsurance strategy (qj, ¢3) for the insurance company is just
(q1,92)-

Finally, when ¢; € [0,1] and ¢2 ¢ [0, 1], we set the optimal reinsurance strategy for the second
line as g5 = 0 for g2 < 0 and ¢5 = 1 for ¢ > 1. In these cases, the value of ¢; needs to be
recalculated. Steps similar to the previous recalculations can be applied for finding the revised

values of ¢; denoted by ¢} for ¢5 = 0 and ¢f for ¢5 = 1. The optimal reinsurance strategy (qi, ¢3)

13



is then given by ((q7), A 1,0) and ((¢f), A 1,1), respectively. In summary, we have

(

(0,0), q1 <0, g2 <0,
(0,(g5), A1), @1 <0, 0< g <1,
(0,1), @ <0, @2 >1,
((q1) 4 A1,0), 0<q <1, g2<0,
(41 @2) = | (a1, 92), 0<q <1, 0<g <1,
() AL1), 0<q <1, ¢2>1,
(1,0), q>1, g2 <0,

(17(qg)+ N 1)7 Q> 17 0< g2 < 17

(171)’ q > 1> q2 > 1.

In addition to the discussion on ¢; and g2, we briefly describe how explicit expressions for the
adjustment coefficient can be obtained. Consider the case of ¢j = ¢; € [0,1] for j = 1,2. Plugging

*

qj = qj into equation (3.3) and setting ¢; = ¢;r for j = 1,2 lead to

m

m 2 2
kzl Ak 'H1 [M;(t)pkj + 1 — prj] — A — (1 +1n) '21 5t kzl AkDkj

R =
2 m

(0 —m) 22 15 22 Mibrj
j=1 k=1

When ¢j = 0, one can use the same technique to obtain the following adjustment coefficient

.

0, if (‘ﬁvqg) = (070)7

[Ma(th) — 1] > Mepr2 — (1 + n)path S Nepre
k=1 k=1

,if (¢f,¢3) = (0,¢3),

2 m
RI" — O —n) > 15 > Mebrj
i R |

J]=

Ma(th) — 1] 3 Mpio
k=1

,if (¢f,43) = (0,1).

m
AePrj + (L +m)p2 Do Aepre
1 k=1

NE

0> u
Jj=1 k

Note that the optimal reinsurance strategy (qf,q3) = (0,0) gives R = 0 due to (3.3). Along
the same lines, one can derive closed-form expressions for the maximized adjustment coefficient for

other cases.

14



3.2 Variance premium principle

Under the variance premium principle, the reinsurance premium rate is

2

m 2 m
6(0) =D (1= a3) 3 kg + A1 | D2 (1 = 4)2( +02) D" Mg
=1 k=1 j=1 k=1
m 2 2
+ Z Z Z pjpu (1 — qj) (1 — Qk)/\lpljplk}v
I=1 k=1 j2k

where A; is the reinsurer’s safety loading of the two classes of insurance business

Denote the
insurer’s safety loading by A which is given by

C— Z s Z )\kpk:j
A= =1 k=

2 2 2 .
Z(”J +07) Z AkPrj + Z Z ; I [ NI DLk
j=1 k=1

S

Similar to the case under the expected value premium principle, the adjustment coefficient must
satisfy equation (2.4), which turns out to be

2
{A( Z MJ + U Z AkPrj + Z Z Z Myﬂk)\zplgplk) + Z 14 Z NkDrkj
j=1 7=1 k=1

=1 k=1 j#k

- Zuj(l - q;) Z AkPrj — M [Z(l —q;)* (13 + 07) Z AkDkj
=1 k=1 =1 k=1
m 2 2

+ZZ Zﬂjuk(l —q;)(1— Qk)Alpljplk} }?”

I=1 k=1 j;ék

—Z)\kH i(qim)pRj +1 = prjl + A =0. (3.15)

To obtain the maximized adjustment coefficient R? , we need to find the solution to the following
equation

2 m m 2
(SUP) {{ <Z 13 +07) ) Nepij + Z > Z Mg#k)\lplgplk> + Z I Z AkPkj
q1,492 j=1 k=1 j=1 k=1

I=1 k=1 j#k

2 m 2
= D= ) D iy — Aa | D01 = (s} + o 'S Mg
J=1 k=1 1

j= k=1
m 2 2

+Y> Zuguk (1-g)1— %)Azpz]puc} }7” - Z Mo [T (q5m)prs + 1 = pij] + A}
=1 k=1 j#k k=1 j=1
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Let

2
fla, @) = {A<Z (45 + o7 Z AkPrj + Z Z ZM;MMIP[;]%)
Jj=1 I=1 k=1 j#k

+ZMZA% Zuj (1—-q) Zxkpk]
Jj=1 =
2
_AI[Z 1 —q;)*(uj + o7 ZAk}?k;
=1
m JQ 2
9 I

> k(1= g5) (1 — Qk))\lpljplk}
—1 j#k
2

MLl

Differentiating f(q1,g2) with respect to ¢; and g2, we obtain

_l’_

i(qim)pe; + 1 — prg] + A

WMS I

( 0 s m m
Ofar, a2) = 1 Y bk — 2rhqi (13 4 03) Y Mepra
oq k=1 k=1
+2r A1 (12 4+ 02) 32 Mepr1 + 2rApa (1 — q2) S Apipie
- =1
— > A [P My(qur)pr1] [Ma(qar)prz + 1 — pral
=1
8 s m m
f%ql@) = 12 Y. ko — 2rAi1qa(p3 + o3) Z AkDk2
q2 k=1
+2rA1(u3 + 03) Z NePr2 + 2rArpape(1 — qu) Z Nipipi2
= =1
— > A [P M3 (qar)pre] [Mi(qur)pr1 + 1 — pral
\ k=1
and
0?2 ,
féqlg ) _ —2rA;(pf + 0}) Z AkPk1 — Z A [P MY (qur)pia | [Ma(g2r)pre + 1 — prol
) 91 k=1 =1
o , m m
féqé @) _ —2rA1 (43 + 03) Z kD2 — 20 N [P2MY (qor)pra] [M1(q17)pia + 1 — prea]
) 43 k=1 k=1
0 , m
o a) _ —2r Ao Z Aipinpiz — Y i [rM1(qir)pr1] [rMb(gar)pre) < 0.
[ 0q10¢2 =1 =1

(3.16)

<0,

<0,

Lemma 3.5. The function f(q1,q2) defined in (3.16) is a concave function with respect to q1 and

q2.

Proof. Similar to the proof of Lemma 3.1, it is sufficient to prove that the Hessian matrix of

f(q1,q2) is negative definite.
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Denote by Hy the Hessian matrix of f(q1,¢2) under the variance



premium principle. It can be shown that

Pflq,q2) 0*f(qr,q2)
oq3 dq10g2
Pfla, ) 0*flar,q)
0q10g2 dq3

Hy = = 7"2A—|—2rA1B,

where A is defined in (3.4) and

m m
—(W3+02) 3 Mepr1 —Hap2 Y Npipi
=1

B = =1

m m
—pape Y Apapie — (U3 +03) S Aepro
=1 k=1

Since the proof of |[A| > 0 is given in the proof of Lemma 3.1, we only need to show that

IB| >0, i.e.,
m m m 2
(1] +01)> Meprr (13 + 03) Y Akpra — (MLUQ > )\lpqu) > 0. (3.17)
k=1 k=1 =1
By Holder’s inequality, the left-hand side of (3.17) becomes

m m m
2
(13 +09) > Neprr (3 + 03) Y Mpro — (Hluz > /\lpupzz)
k=1 k=1 =1
2

m 2 m
>(pf + 01) (i3 + 03) ( > )\k\/pklka) - (M1M2 > )\lpllpm)
k=1 =1

>0,

where the last inequality is obtained using

H?+U]2~>,u]2~, for j =1,2,

m m

S Ae/Dr1Pk2 > Y Nipnpiz,  for k=1€{l,...,m}.
k=1 =1

Thus, B is a negative definite matrix, and hence Hy is also negative definite.

L]
Consequently, (g1, g2) which maximizes f(q1,g2) satisfies the following equations
m m m
rp1 Y Aepk1 — 2rAiqu(pd 4 0%) 3 Meprkr 4 2rA1(pf 4 07) X Aepra
k=1 k=1 k=1
m m
+2rAipnpia(1 — g2) X Nipnpiz — - AklrMi(qur)pr1][Ma(gar)pre + 1 — pro] = 0,
=1 k=1 (318)
- 2, 2\ 1 2, 2\ %
Th2 Y Aepre — 2rAiqe(ps + 03) Y0 Aepre + 2rA1 (3 + 05) D0 AePre
k=1 k=1 k=1
m m
+2rArpapa(1 = q1) Y- Mpupiz — Y2 Ak[rMy(qer)pre][Mi(qur)per + 1 — pr1] = 0,
=1 k=1

17



which can be simplified as

(

m m m
p1 > Aeprt + 200 (1 — 1) (1 + 01) 3 Meprr + 2811 p2(1 — q2) D Npnpie
k=1 k=1 =1

— > MelMi(qi7m)pia][Ma(gor)pre + 1 — pre] = 0,
T . . (3.19)
2 > Akpr2 + 201 (1 — q2) (3 + 03) > Mpr + 281 p0(1 — q1) Y- Nipnpie
=1 =1 =1

— > Me[My(qar)pr2] [M1(qir)pr1 + 1 — pra] = 0.
f=1

Let t; = ¢17 and ty = gor. Then, (3.19) can be rewritten as

1 Y0 Akpra + 2A0(1 — ?)(M% +07) > Meprr + 2A1ppa(1 — ) > pnpe
k=1 k=1 =1

- i e[ M (t1)pra] [Ma(t2)pre + 1 — pro] = 0,

L= . m . m (3.20)
pa > Aeprz + 280 (1= =) (43 + 03) > Mo + 200 pia(1 = =) > Nipupia
k=1 r 1 U
— > Ae[M5(t2)pro] [Mi (t1)pr + 1 — pra] = 0.
k=1

The following lemmas are useful for proving the existence and uniqueness of the solution to (3.20).

Lemma 3.6. There is a unique positive solution to each of the following equations

and

m m m
(3]
1Y Akprr + 204 (1 — 7)(#? +07) > Akt + 201 mp2 Y Mipnpi
k=1 k=1 =1
m
= Z)\kM{(tl)pkh (3.21)
k=1

m m m
l2
1Y APkt 4 201 (5 +07) D Akpra + 2A1 i pa(1 — ) > Apnpi

k=1 k=1 =1
m

= > Mepapra [Ma(ta)pra + 1 — pral- (3.22)
k=1

Proof. We first consider equation (3.21). Let

g1(t1) = > MM (t1)pkas
=1

g2(t1) = g1 32 Akpr + 281 (1 = ) (py + 01) > Akt + 28 e > Mipipiz.
k=1 k=1 =1
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Then, we have

91(0) =p1 Y Nk,
k=1

m
gi(t) =D MepmBE(X7e" ) >0,
k=1

gl(t1) = Z )\kpklE(X:fetlxl) > 0.
k=1

These imply that g1(¢1) is an increasing convex function. On the other hand, go(¢1) is a decreasing

linear function with respect to ¢; with

m m m
92(0) = p1 > Mkprt + 201 (45 +07) D Mpra + 2M1mpe Y Nipapiz > 61(0).
k=1 k=1 =1

It is not difficult to see that g1 (¢1) and g2(¢1) have a unique point of intersection at some t; > 0.
That is, equation (3.21) has a unique positive solution.

We now consider equation (3.22). Let

m
g3(t2) = > Appapri[Ma(t2)pre + 1 — pral,
=1

m ) oy to m
ga(t2) = p1 25 Mepr1 + 201 (uf + 07) D0 Aeprr + 2A1papa(1 — 7) § Aipipiz-

It is easy to see that
m
93(0) =p1 > Mk,
k=1

m
g3(t2) = Z APk P2 E(X2e2%2) > 0,
k=1

m
94(t2) =m Y Mprapr2BE(X3e2¥2) > 0.
k=1

So, one can conclude that g3(t2) is an increasing convex function. Also, it is easily seen that g4(¢2)

is a decreasing linear function with respect to to with

m m m
94(0) = p1 > Mkpra + 201 (5 +07) D Mkpra + 2A1mpe Y Nipapiz > g3(0).
k=1 k=1 =1

As a consequence, g3(t2) and g4(t2) have a unique point of intersection at some t5 > 0. That is,

equation (3.22) has a unique positive solution.
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Lemma 3.7. There is a unique positive solution to each of the following equations

m m m
t1
12 E AePr2 + 201 (13 + 03) E AePr1 + 2A1p1pa(1 — ?) E Apiipiz

=1 =1 =1
= Z Akpiopra [ My (t1)pr1 + 1 — pral, (3.23)
=1

and

p2 Z Akpr2 + 2A1(1 — *)(Mz +03 Z AkPk2 + 201 p p2 Z Aipipiz
k=1 k=1 =1

= > MM (ta)pra- (3.24)
k=1

Proof. Similar to the proof of Lemma 3.6, one can show that equations (3.23) and (3.24) have a

unique positive root #; and ts, respectively. ]

The next lemma states the existence and uniqueness of the solution to equation (3.20).

Lemma 3.8. Let t1, 2, t1 and ty be the unique positive roots of equations (3.21),(3.22),(3.23) and
(3.24), respectively. If
LTI > 517
EQ < Eg,
or
LTI < 517
EQ > Eg
hold, then equation (3.20) has a unique positive solution (ti,t2).

Proof. The proof is similar to that of Lemma 3.4. O
Put ¢ = t1(r) and t9 = to(r). Plugging these into (3.15) yields

[ (A— A1) Z w4 03) D> Mpry +2(A = An)ppn Y )\k:pklpkzz} r?
g=1 k=1 k=1

m 2 m
+ [ Z st (r) Z NePij + 200 ) () (15 + 07) > Nepij
=1 - i

k=1
201 i1 12 (t1 + to(r ) Z AkPk1Pk2 — Z M H J(P)pr; + 1 = prj]
k=1 7j=1
}T -\ Zt (13 + a7 Z AePrj — 201 pp At (r)ta(r Z AkPr1Pk2 = 0.
k=1 k=1

(3.25)
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The maximized adjustment coefficient R?" can be obtained by solving (3.25). The optimal strategies

for both lines of business are then given by

. t(RY)

QI = Rq* ) (3 26)
. ta(RT) '

qQ = Rq* .

Remark 3.1. If reasonable parameter values are used (for example, A and Ay are close to each
other), one should be able to obtain the solution to equation (3.25) numerically. A few examples are
presented in the next section. Also, many previous results have shown that retention levels under

the variance premium principle fall inside the interval [0,1]. See, for example, [7] and [13].

4 Numerical examples

In this section, we carry out a few numerical studies using the results obtained in the previous
sections for two classes of insurance business and two groups of stochastic sources, i.e., n = m = 2.
For illustration purpose, it is assumed that the claim sizes for both lines, X; and Xy, are

exponentially distributed with mean p; and use, respectively.

Example 1. Weset § = 0.3, 7 =04, p11 = pao =1, p1o =po1 =05, ug = pug =1, A = 0.3,
A1 =0.4, 01 = 09 =1 and Ay = 2. The results are shown in Tables 1 and 2.

Table 1: Effect of A\; on optimal reinsurance strategies under expected value premium principle

A1 1 2 3 4 5 6 7 8 9 10

g7 0.436458 0.463596 0.477171 0.485302 0.490711 0.494566 0.497452 0.499692 0.501481 0.502942
g> 0.485302 0.463596 0.448081 0.436458 0.427431 0.420219 0.414326 0.409421 0.405274 0.401722

Table 2: Effect of A\; on optimal reinsurance strategies under variance premium principle

A1 1 2 3 4 5 6 7 8 9 10

gi 0.209473 0.212291 0.213776 0.214701 0.215334 0.215796 0.216149 0.216427 0.216652 0.216838
g> 0.214701 0.212291 0.210659 0.209473 0.208569 0.207856 0.207280 0.206804 0.206403  0.206062

It is exhibited in Tables 1 and 2 that as A; increases, the optimal retention level for the first line
increases while the optimal retention level for the second line decreases. This implies that when
the intensity of the claim number for the first line becomes larger, the insurer would like to retain

a greater share of each claim in the first line but a smaller share of each claim in the second line. A
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possible explanation is that a greater A\; yields a greater reinsurance premium which in turn leads

to a higher reinsurance cost. O

Example 2. Let 0 =03, 7n=04, A=03, A1 =04, p11=po=1L A\ =1, =2, uy = u =1,

o1 =09 =1 and ps; = 0.5. The results are shown in Tables 3 and 4.

Table 3: Effect of p1s on optimal reinsurance strategies under expected value premium principle
P12 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

g7  0.458931 0.454358 0.449084 0.443114 0.436458 0.429122 0.421114 0.412442 0.403116
g> 0.466809 0.471109 0.475648 0.480390 0.485302 0.490356 0.495530 0.500802  0.506155

Table 4: Effect of p;o on optimal reinsurance strategies under variance premium principle
P12 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

gi 0.212259 0.211611 0.210928 0.210215 0.209473 0.208705 0.207912 0.207097 0.206262
g¢> 0.213187 0.213533  0.213904 0.214294 0.214701 0.215120 0.215550 0.215989  0.216435

Tables 3 and 4 give the values of ¢ and ¢5 when pjo changes. Given other things being equal, as
p12 moves from 0.1 to 0.9, the optimal retention level for the first line decreases while the optimal
retention level for the second line increases. Note that pis represents the probability that the
stochastic source from the first group causes claims in the second class of insurance business. A
greater value of p1s may yield a larger number of claims in the second line. Therefore, the results
imply that the greater the probability of having claims in the second line caused by the first group
of stochastic sources is, the less share of each claim in the first line but the larger share of each
claim in the second line the insurance company would like to retain possibly due to the reason

mentioned in Example 1. O

Along the same lines, one can perform similar numerical analysis to assess the effects of Ay and
p21 on the optimal reinsurance strategies. It is expected that when the value of Ao gets larger, the
optimal retention level for the first line becomes smaller while the optimal retention level for the
second line becomes bigger, and that a greater value of po; yields a higher optimal retention level

for the first line but a lower optimal retention level for the second line.

Example 3. Let 6 =03, 7 =04, A =03, A1 =04, p11 =po=1,p12 =05 A1 =1, Ay =2,

u1 = e =1 and o1 = g9 = 1. The results are shown in Figure 1.
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Figure 1: Optimal reinsurance strategies maximize the adjustment coefficient

Under the expected value premium principle, the optimal reinsurance strategies are ¢f =
0.436458 and ¢5 = 0.485302, and under the variance premium principle, the optimal reinsurance
strategies are ¢j = 0.209473 and ¢5 = 0.214701. For comparison, we arbitrarily choose another
three groups of reinsurance strategies. Based on these four reinsurance strategies, we plot R against
po1 under the expected value premium principle in Figure 1(a) and under the variance premium
principle in Figure 1(b). We see from both figures that the curve on the top refers to the case
where optimal reinsurance strategies are applied. These are consistent with the results obtained
in the previous section, i.e., when the optimal reinsurance strategies are applied, the adjustment
coefficient attains its maximum under both the expected value premium principle and the variance

premium principle.

5 Concluding remarks

This paper examines the problem of optimal proportional reinsurance in a risk model with correlated
classes of insurance business. It is assumed that the claim-number processes among classes possess
the thinning-dependence structure. For this risk model, we derive the optimal reinsurance strate-
gies with the objective of maximizing the adjustment coefficient for two commonly-used premium
principles. Under the expected value premium principle, we are able to obtain explicit expressions

for ¢ and ¢3. To restrict these values to the unit interval, we propose a method to recalculate the
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optimal values. On the other hand, under the variance premium principle, the associated equations
for finding the optimal values are more complicated than those under the expected value premium
principle, and hence explicit expressions for the optimal reinsurance strategies cannot be derived.
Finally, we carry out a few numerical examples to illustrate the impact of the model parameters
on the optimal reinsurance strategies.

It is expected that our method can still be applied to derive the optimal strategy for the thinning
model with more than two lines of insurance business. Undoubtedly, the derivation of the main
results becomes much more challenging in this case. For further research, one may incorporate
some investment features into the model of study, and then investigate the corresponding optimal
investment and reinsurance problem with thinning dependence. Another interesting topic is to
consider a similar optimal problem with another objective of optimization such as maximizing the

expected utility of terminal wealth.
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