Tian et al. Advances in Difference Equations (2018) 2018:79 ® Advances in Difference Equations
https://doi.org/10.1186/513662-018-1539-5 a SpringerOpen Journal

RESEARCH Open Access

Periodic boundary value problems

for first-order impulsive difference
equations with time delay

Jingfeng Tian', Wenli Wang? and Wing-Sum Cheung®”

"Correspondence:

wscheung@hku.hk Abstract

3Department of Mathematics, . . .

University of Hong Kong, Pokfulam This paper focuses on a certain type of periodic boundary value problems for

Hong Kong first-order impulsive difference equations with time delay. Notions of lower and upper
Fulllist of author information is solutions are introduced, with which two new comparison theorems are established.

available at the end of the article ) , , . .. .
Using Schaefer’s fixed point theorem, sufficient conditions for the existence and

unigueness of solutions to the corresponding linear problem of the boundary value
problem are derived. By utilizing monotone iterative methods combined with the
methods of lower and upper solutions, an existence theorem of extremal solutions to
first-order impulsive difference equations with delay is obtained. These results extend
some existing results in the literature. An interesting example is also given to verify
the results obtained.

MSC: 39A10; 34B37

Keywords: Impulsive difference equations; Time delay; Comparison principle;
Periodic boundary value problem; Extremal solutions

1 Introduction
The mathematical model of many real-world phenomena can be represented by impulsive
equations, and these phenomena have undergone significant changes in the progress. Such
equations have a wide range of applications in many areas, including economics, optimal
control, dynamic systems, medicine, and many other fields (see [1-6]). In the past decade,
there has been an increasing interest in extending impulsive differential equations to time-
delay systems and boundary value problems. For example, in 2003, De la Sen and Luo [7]
studied the stability of a class of linear time-delay systems. Immediately after that, De la
Sen discussed in [8] the time-varying systems with non-necessarily bounded everywhere
continuous time-differentiable time-varying point delays. Wang and Ding [9] considered
asymptotic stability and exponential stability of impulsive control systems with delay. Zhao
et al. [10] extended the method of lower and upper solutions to the framework of m-point
impulsive boundary value problem. Interested readers may consult the monograph [11]
for more details on impulsive differential equations.

Research in difference equations has been active in recent years and has played an im-
portant role in numeral fields, including biology, computing, electrical circuit analysis, etc.
(see [12—14]). There also has been a large number of studies on the extension of difference
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equations to time-delay systems in the literature [15-24]. Among these extensions, Zhu
et al. [23] studied impulsive delay difference equations and gave the results of global expo-
nential stability, and Li and Song [17] studied the asymptotic behavior of impulsive delay
difference equations. However, there are not many related results for impulsive difference
equations and impulsive delay difference equations. Based on the above observation, in
this paper, periodic boundary value problems for impulsive difference equations with time
delay are considered.
To state our results, we first introduce the following symbols:
J:=Z[0,N] ={0,1,...,N}, where N € N is a positive integer;
J':=Z[0,N=1]={0,1,...,N - 1};
Q := the collection of R-valued functions defined on J; and
lyll := maxges |y(k)| for any y € Q.
We will consider the following first-order impulsive difference equations with time de-
lay:

Ay(k) = g(k,y(k),y(0(K)), k#ki,ke],
Aylke) =L (y(k.)), T=1,2,...,m, (1.1)
¥(0) = y(N),

where Ay(k) = y(k + 1) — y(k), g € C(J x R%,R), 0 € C(J, Z[0,k]), 0 < 0(k) < k, I, € C(R,R)
(t=1,2,...,m),and 0 < ki <ky <--- <k, <N.

We note that when (k) = k, problem (1.1) is reduced to periodic boundary conditions
for impulsive equations, which was studied in [16].

When 6(k) =k and I, (x) =0, t = 1,2,...,m, problem (1.1) does not contain the impulse
term, and they become ordinary difference equations, which have been investigated ex-
tensively by many authors [6, 24].

This paper is organized as follows. In Sect. 2, new definitions of lower and upper solu-
tions are given, and two new comparison theorems are proved. In Sect. 3, the existence
and uniqueness of solutions to the linear problem associated with (1.1) are established.
Then, utilizing the monotone iterative method combined with the method of lower and
upper solutions, problem (1.1) is proved to have extremal solutions. Finally, an example is

given to document the results obtained.

2 Comparison results
To apply the monotone iterative method to problem (1.1), we first introduce some defini-

tions and lemmas.

Definition 2.1 A function v € Q is said to be a lower solution of (1.1) if there exist H > 0
and 0 < L < M, <1 such that

Av(k) < gk, v(k), v(0(K))) =1y, k#ke,k €],
Avik,) <L (v(k;)) —dye, T=1,2,...,m,

where

N

. L HO®+1 11,0) — w(N)],  if v(0) > v(N),
v O, if V(O) < V(N),
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. %[V(o) —v(N)], ifv(0)>v(N),
o, if ¥(0) < v(N).

Definition 2.2 A function w € Q is said to be an upper solution of (1.1) if there exist
H>0and 0<L <M, <1 such that

Aw(k) > g(k, w(k), w(0(k))) + 1y, kFke,ke],
Aw(k,) > I, (wk;)) +dy., T=1,2,...,m,

where

ry =

LiHOWA [(N) — w(0)],  if w(0) < w(N),
0, if w(0) > w(N),

L %[W(N)—W(O)], if w(0) < w(N),
L Y if w(0) > w(N).

Lemma 2.3 (Discrete Theorem 1.4.1 [16]) Let {lx} and {qi} be two real sequences with
Ik > -1 for all k, and a., b, be constants with a, > 0 for all t. Assume that

(i) {k:} is a sequence satisfying0 <ko<ki <---<ky <+, and lim;_, o k; = 00;

(i) fort e N, k > ko,

Ap(k) < lkp(k) + qr,  k # ke,
plk: +1) < a.p(k;) + b;.

Then

pk) <pko) [] &= ] (+p)

ko<ke<k  ko<j<kj#ke,T€N

k-1
+ > [la [] a+bg

J=koj#ke j<ke <k j<s<k,s#ke

+ > b [l ] a+b.

ko<kr <k kf<k/-<k kf</'<k,j7'k/-,jeN
Lemma 2.4 (Theorem 2.2 [20]) Assume that p € Q2 satisfies

Ap(k) + Lp(k) + Hp(0(k)) <0, k#ki,ke],
Ap(kt)S_Mrp(kr)y T :1,2;“')”’1:
p(0) <0,

where H>0,0<L <M, <1fort=1,2,...,m,and

N m
H Z ]_[ (1-M,)(1-L)O-1 _ H(l - M,)<0. (2.1)

i=0,i#ky i<ke <k =1

Then p(k) <0,ke].
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Lemma 2.5 Assume that (2.1) holds and p € Q satisfies

Ap(k) + Lp(k) + Hp(0(k)) < -1, k#ki,ke],
Ap(kT)E_MTp(kt)_dpry T=1,2,...,m,

where H>0,0<L <M, <1fort=1,2,...,m,and

rp =

{ LHBW:1 15(0) - p(N)],  if p(0) > p(N),

. ifp(0) < p(N),
4O ), ifp0)> pN),
=10, ifp(0) < p(N).

Then p(k) <0on].

Proof Suppose that the conclusion is not true, then p(k) > 0 for some k € . There are two

cases as follows.
Case I: p(0) < p(N). Let g(k) = (1 - M) *p(k) for k € J. Then g(k) satisfies

Aq(k) < -H1 - L)Y!®*1g0(k), k+#k,ke],
Aqlk;) < Eg(ks), t=1,2,...,m, (2.2)

q(0) < (1 -L)Ng(N).

It is easily seen that we only need to prove g(k) < 0 for k € J. Assume that it is not true.
Then there are two sub-cases:

(1) There exists k* € J such that g(k*) > 0, and g(k) > 0 for k € J;

(2) There exists k* € J such that g(k*) < 0.

In sub-case (1), (2.2) implies that

Aq(k) <0, k#k,ke],
Aqlk;) <0, T=1,2,...,m.

This means that g(k) is a non-increasing function. Then we obtain g(0) > g(k*) and g(0) >
q(N) > qg(N)(1 = L)N, which contradicts (2.2).

In sub-case (2), set mingezpo,n g(k) = —A, & < 0. Without loss of generally, we can assume
that there exists k; < k < k;,1 for some 7 such that q(/_<) = -2 or g(k;) = —A. Assume that
q(k) = —=x (if g(k.) = —*, the proof is similar). From (2.2), we have

k-1
gk <q®) [] @-D'a-M)+rH Y [] Q-M)A-L)95
k<ky <k j=kojiky i<ke<k
m N
s Ja-pra-my+am 30 [T a-M)a-0)072, (2.3)

=1 j=0,j#ky j<kr <k
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Putting k = N in (2.3), we have

N m
q(N)S)»{H > T1 (1—MT)(I—L)QU)"‘Z—H(I—L)‘I(I—MT)}

j=0,j#kr j<ke <k =1
N m
<a1-1)" {H > [Ta-ma-p9-T]a —Mf)}
j=0,j#ky j<k <k =1

=<0,

which is a contradiction with g(N) > 0, and so p(0) < 0. From Lemma 2.4, we have p(k) <0,
k € J. Then the result follows.
Case 2: p(0) > p(N). Let

p(k) = p(k) + h(k), ke],

where h(k) = %[p(O) — p(N)], k € J. Then h(0) = 0, K(N) = p(0) — p(N), and (k) > 0 on J.
Hence we have

P(0) =p(0) = h(N) + h(N) = p(N),

Ap(k) + Lp(k) + Hp(6 (k) = Ap(k) + Lp(k) + Hp(6 (k)

s Lk + HO(k) + 1
N

<0, k#k,te],

[p(0) - p(N)]

8plhe) = Ap(ke) + - [p(0) ~ pV)]

M.p: +1
< -M.p(k;) - pT[p

(0~ p)] + ;[P0 ~p(N)]
=-M.plk;), T=12,...,m.

By Case 1, we have p(k) <0, k € J. Then p(k) < 0 on J. The proof is finished. O

3 Existence results

We consider the following linear problem associated with (1.1):

Ay(k) + Ly(k) + Hy(0(k)) = o (k), kFk,ke],
Ay(k,) = -Mylky) + v, 1=1,2,...,m, (3.1)
¥(0) = y(N),

where0<L <M, <1,H>0,y; eR(t=1,2,...,m), 0 € C(J,R).

Definition 3.1 A function v € Q is said to be a lower solution of (3.1) if there exist H > 0
and 0 < L < M, <1 such that

Av(k) + Lv(k) + HV(0(k)) <o (k) -r,, kFk,ke],
AV(kT)S_MtV(kT)+yT_dVT} Tzlfzwnfm;
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where

| BRI 0) —y(N)],if W(0) > VN,
=, if v(0) < v(N),

g % [v(0) = v(N)], ifv(0)>v(N),
"7 o, if v(0) < v(N).

Definition 3.2 A function w € Q is said to be an upper solution of (3.1) if there exist
H>0and 0<L <M, <1 such that

Aw(k) + Lw(k) + HW(0(k)) > o (k) + 1y, k#k, ke],
AW(kI)Z_MTW(kT)-"yI-"dWIr T:1;21~~';m,

where

~ <w(N),
0, if w(0) > w(N),

Iy =

{ LksHOWO+1 14N — w(0)],  if w(0)

4 %[W(N) -w(0)], if w(0) < w(N),
o, if w(0) > w(N).

Lemma 3.3 Let 0 < L < 1. If a function y € Q is a solution of (3.1), then y is a solution of

the following equation:
N-1
yk)= Y Flki)(o @) - Hy(0()))
i=0,ik;
+ Y Flk)[(L - Mo)ytke) + e ) (3.2)
O<kr <N-1
where
(a-L)* . _
Flop= — 1 Lo 0=i=ket
1-(1-LN | &2 pr<i<N-1.

(l—L)i“ 4 K=1=

Proof Set y(k) = (1{(12))/(’ k €]. From (3.1), we see that y(k) satisfies

_ _ o (k) —H7 _\ok) ,
ik + 1) =5(k) + "R, kA ke keT,

Ay(ky) = E2ey(k,) + (I_LV);M, t=1,2,...,m, (3.3)
7(0) = y(N)(1 - L)N.

By (3.3), one obtains
- ) — Hy(0(0))(1 = L)?®
- 35 0t
i=0,istks
L-M,_ )
W <ﬁy(kr) ' ﬂlﬁ) (34)

O<k; <k-1
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Letting k = N in (3.4), we have

N-1

) =50+ Y.

i=0,iky

L - Mr — V‘L’
+ Z <ﬁy(kt) + m). (3.5)
0<k; <N-1

o (i) - Hy(6(i))(1 - 1)’
(1 _ L)i+1

For y(N) = (151(2))]\,, and carrying out detailed computation, we obtain

N-1 .
0= L [Z 20 H3(6w)(1 - 10

1-1-LW ryr (1-1L)1
L _Mr - yt
O<k;<N-1

Combining (3.6) and (3.4), and applying y(k) = (ly_(lz))k’ k € J, we find that y satisfies (3.2),

hence y is also a solution of (3.1). O

Theorem 3.4 Let (2.1) hold with H>0,0<L <M, <1(t =1,2,...,m), and let v,w € Q
be lower and upper solutions, respectively, of (3.1) with v <w on J. Then problem (3.1) has
a unique solution y € [v,w] = {y € Q: v(k) < y(k) < w(k),k € J}.

Proof First, we consider the following equations:

Ay(k) + Ly(k) + Hq(0(k), y(6(k))) = o (k), kFke,ke],
Ay(k,) = M. q(k.,y(k.)) + ye, T=1,2,...,m, (3.7)

where g(k, r) = max{v(k), min{r, w(k)}} for k € ], and r € R.
We define an operator ¢ by

N-1

[¢y1(k)= > F(k,)[o (i) - Hg(60),y(0()))]

i=0,iky

+ Y Flok)[(L - Mo)g(ke,y(ke)) +v2]. (3.8)

0<ky <N-1
As o is continuous, ¢ : Q — Q is continuous.

Also because o is continuous, we can select [ > 0 such that |o (k)| < &, and let /1 > 0 be
such that [v(k)| < A, |w(k)| < h, k € ]. For A € (0,1), any solution of

y=rpy
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satisfies

Iyl = Allgyll < ligyll
N-1

=max > F(kilo() - Ha(0(),5(6())|

i=0,iky

+ max F(k, k) (|L — M. ||\q(ke,v(k:)) | + |y
nay OEM( (1 || (ke, y(ke))| + [y21)

- (I + Hh)(N — m) m

T 1-0-LN ’ 1—(1—L)N((L+ \Mc )l + |yel) = T.

Based on the fact 0 < L < 1, one has 1 — (1 — L)N > 0. From Schaefer’s fixed point theorem,
we find that ¢ has at least one fixed point. So problem (3.7) has at least one solution.

Now, let y be any solution of (3.7), we shall show that y € [v,w]. First, we claim that
v(k) < y(k) for all k € J. Taking u(k) = v(k) — y(k), k € ], one has

v(0(k)) — q(0(k),y(6(k))) = min{u(6(k)),0}

ketkr

and
ko) - q (ke (k) = min{u(ho),0}.

Since y(0) = y(N), we have u(0) — u(N) = v(0) — v(N). From the definition of lower solution,

we get

Au(k) + Lu(k) + H min{u(0(k)),0} < -r,, kFk.,ke],
Au(k,) < -M; min{u(k;),0} - d,., ©=1,2,...,m,

where r, 1, dy;, d,; are given by

PR LIHHTW[”(O)—M(N)], if u(0) > u(N),
. if 14(0) < u(N),

Mt L[14(0) - u(N)],  if 4(0) > u(N),
0, if 4(0) < u(N).

From Lemma 2.5, we get u(k) < 0on]J,i.e., v(k) < y(k), k € J]. Analogously, one proves that
y(k) <w(k) onJand y € [v,w].

Thus every solution y lying between v and w of (3.7) is a solution of (3.1). Next, we shall
show that the solution of (3.1) is unique. Assume that y; (k), y»(k) are two solutions of (3.1).
Putting vy (k) = uq (k) — up(k), vo(k) = ua(k) — 11 (k), we get

v1(0) = v1(N), Avi(k) + Lv, (k) + Hvq (O(k)) =0, kFk,

Avi(k;) = -Mwn(ky), t=1,2,...,m,
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and

12(0) = 1 (N), Avy(k) + Lvp (k) + Hvp (0(k)) = 0, k # ke,
Avy(ky) = -M v (ky), ©=1,2,...,m

From Lemma 2.5, we obtain v (k) < 0, vo(k) <0, and so y; (k) = y2(k), k € J. This completes
the proof. d

Theorem 3.5 Assume that (2.1) holds, and
(Ao) thefunctionsv,w € Q are lower and upper solutions for (1.1), respectively, with v < w;
(A1) thereexist H>0,0<L <M, <1 fort=1,2,...,m,and a function g € C(J x R%,R)
satisfying

k(k,x,z) — g(k,u,s) > —L(x —u) — H(z - s),

where v(k) < y(k) < x(k) < w(k), v(0(k)) < s(0(k)) < z(6(k)) < w(0(k)), k € ];
(A2) I € C(R,R) are functions satisfying

Ir (u) _Ir (S) > _Mr (u - S),

where v(k;) < s(k;) <ulk;) <wk:), t=1,2,...,m

Then problem (1.1) has extremal solutions in the sector [v, w].
Proof For any n € [v,w], we consider equations

Au(k) + Lu(k) + H(0(k)) = g(k, n(k), n(0(k))) + L(n(k)) + H(n(0(k))),
Aulk:) + Mou(k:) = I (n(k;)) + Mon(k:), (3.9)
u(0) = u(N).

Employing (A1), (A;), Definition 3.1, and Definition 3.2, we have

Av(k) + Lv(k) + Hv(0(k)) < g(k, v(k),v(0(k))) = r, + Lv(k) + Hv(0(k))
g(k n(k), n(6(k))) + Ln(k) + Hn(6 (k) = 1y,
Av(k;) + Mov(k;) < I (v(k;)) — dye + Mov(ke)

< I (n(

»»

) + M‘L’n k ) dV‘L'1
where r,, d,; are given by

[ ORI 0) — ()], i 9(0) > VN,
=, if v(0) < v(N),

L Mckes11p(0) — v(N)],  if v(0) > Y(N),
=0, if v(0) < v(N),
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and

Aw(k) + Lw(k) + Hw(0(K)) = g(k, w(k), w(0(K))) + 1, + Lw(K) + Hw(0(K))

> g(k,n(k), n(6(k))) + Ln(k) + Hn(6(k)) + ry,
Aw(k;) + Mew(k;) > I (w(k;)) + dye + Mow(k,)
k ))

> I (n(

+ Mon(ks) + dye,

where r,, d,,. are given by

- LEHOWL [N — w(0)],  if w(0) < w(N),
“ o, if w(0) > w(N),

4 %[W(N) —w(0)], if w(0) < w(N),
= o, if w(0) > w(N).

Page 10 of 14

Observe that v and w are lower and upper solutions of (3.9), respectively. Noticing that

(2.1) holds, by Theorem 3.4, one sees that (3.9) has exactly one solution y € Q. Denote a

map A by y(k) = An(k). We shall prove that A has the following properties:

@) v<Av,w> Aw;

(b) A is a monotonically nondecreasing operator in [v, w], i.e., for any 1,12 € [v, w],

n < ny implies An; < Ans.

For (a), we take p(k) = v(k) — v1(k), where v; = Av. We distinguish two cases as follows.

Case 1: v(0) < v(N). Following (4¢) and v;(0) = v;(N), we have

P(0) =v(0) - v1(0) = v(N) - vi(N) = p(N),
Ap(k) < g(k, v(k), v(8(K))) = [~Lv1 (k) - H: (8(K))
+ gk v(K), v(6(K))) + L(K) + H(8(K))]
<-Lp(k)-Hp(6(K)), k#k.keT,

and
Ap(k,) < -Lip(k,), t=1,2,...,m.

From Lemma 2.5, we have p(k) <0on/,ie., v<vj.
Case 2: v(0) > v(N). By way of (Ao), we derive

Lk+HO(k)+1
N

— [~Lvi (k) = Hvy (0(K)) + g (k, v(K), v(0(K))) + Lv(k) + Hv(6(K))]

Lk+HO(k)+1
N

Ap(k) < g(k, v(k), v(6(K))) - [v(0) - v(N)]

< -Lp(k) — Hp(6(k)) [p(0)-p(N)], k#ke,ke],
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and

Ap(k;) = Av(k:) — Avy(k;)

Mk, +1
N

- 11' (V(kr)) - Mrv(kr) + M'L'Vl(kr)

Mk, +1
N

<L (v(k,)) - [v(0) - v(\)]

=-M.p(k;) - [0 -p\)], T=1,2,...,m.

From Lemma 2.5, one gets p(k) <0 for k € Jand v <v;.
On the basis of Case 1 and Case 2, we obtain p(k) < 0 for every k € J. Hence v < Av.
Analogously, we have w > Aw.
To prove (b), take v; = Any, v, = Any, where 11 < 1y on J. Using (A1), (A;), and (3.9), we
get

Ap(k) = Avi(k) — Avy (k)
= [—Lv1 (k) — H», (G(k)) +g(k, n1(k), m (9(/())) + Ly (k) + Hny (G(k))]
- [—va(k) — Hvy (9 (k)) + g(k, n2(k), 02 (9 (k))) + Ly (k) + Hny (9 (k))]
< —L(vl(k) - Vz(k)) - H(V1 (Q(k)) -V (9(/()))
= —Lp(k) - Hp(0(k)), k#ke,ke],
Ap(k:) = Avi(k;) = Ava (k)
= [-Mevi (k) + I (m (ko)) + Mo (ko)
- [-Mva(ke) + I (ma(ke)) + Mena(ke) ]
< —M; (vi(k;) - va(k;))

:_pr(kr): t=12,...,m,

and p(0) = p(N). In view of Lemma 2.5, we get p(k) <0 on /, then An; < Anjy.
Now we define the sequences {v;(k)}, {w;(k)} with vy = v, wy = w such that v; = Av;_y,

w; = Aw;_1. Due to (a) and (b), one reaches

Hence, there exist p(k) and r(k) such that lim;_, o, v;(k) = p(k) and lim;_, o, w;(k) = r(k) uni-
formly on /.
Observe that v;(k), wj(k) (j = 1,2,...) satisfy

Avj(k) + Lv;(k) + Hv;(6(k))

=gk, vji_1(k), v;i.1(0(K))) + L(vi_1 (k) + H(v;i_1(0(K))), k# ke, ke],
Avilk:) + Movi(ke) = I (v (ko)) + Mevia(ke), ©=1,2,...,m,
v;(0) = vi(N),
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and

Aw;(k) + Lw;(k) + Hw;(0 (k))

=gk, wi1(k), wi—1(0(K))) + L(wj—1 (k) + H(wj1(0(k))), k # ki, ke],
Awilk:) + Mowik;) = L(wjis (k) + Mewj (), T7=1,2,...,m,
w;(0) = w;(N).

Obviously, p(k) and r(k) are solutions of (1.1).

We shall show that p(k), r(k) are minimal and maximal solutions, respectively, of prob-
lem (1.1). Let y(k) be any solution of problem (1.1) such that v(k) < y(k) < w(k). Assume
that there is a positive integer j such that v;(k) < y(k) < w;(k) onJ. Based on the monoton-
ically nondecreasing property of A, we easily get v;,; = Av; < Ay = y, vi1 (k) < y(k), k € ].
Analogously, one derives y(k) < w;,1(k) on J. For v(k) < y(k) < wo(k), by induction we see
that v;(k) < y(k) <w;(k), k € J. Letj — oo, we have p(k) < y(k) < r(k) onJ. This completes
the proof. O

Example 3.6 Consider the following equations:

Au(k) = —u*(k) - iu(%k) + 25 ke z[0,3),k £k,

16’
Au(k;) = —su(ky), k=2, (3.10)
u(0) = u(3).
Let g(k, u(k), u(0(k))) = —u?(k) - ( k) + 2= It is easy to verify that v = —% is a lower

solution, and wy (k) = ﬁ(6 - 2”‘) is an upper solutlon for (3.10). Indeed,

1 1 i
w1(0) = ﬂ(6_1)< ﬂ(6_2 3) =w1(3),
T RN D v S S I P e
Aw1(2)_24(2 27) > 5 24(6 2 )+3 2 (1-27%),
Lok ke
Aw; (k) = ﬂ(2 ko k1)

2
Z_[i@_z—k)] _i.i(6_2—k)+i.2—k+ L7
24 20 24 16 120 248

and
g(k,x,y)—g(k,u,v)z—(xz—u)——(y v)_——x u)——(y

forv<u<x<w.Putting L = 2 H=L M, =

1667 % , we obtain

=1
)

> m
% Z 1_[ (I—MT)(I—L)f%FI_l_[(l_MT)

i=0,i#ky i<k <3 =1
1 3il 1
" 20 Z I3 (100) _<1_§)
z 0,i7k¢ L<k1<3

1< AR - I L B T
=— =Y - (= _t<---=0
2OZ<100> 023 (100) 25272

i=0 i=2
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which shows that all of the conditions of (2.1) are satisfied. Therefore, from Theorem 3.5,
we arrive at the existence of extremal solutions of (3.10) in [v, w].

4 Conclusion
The theme of the paper is a study on periodic boundary value problems for first-order
impulsive delay difference equations. It is well recognized that the theory of impulsive
equations offers a general framework for the mathematical modeling of many real-world
phenomena where the states undergo abrupt changes. Such equations have extensive ap-
plications in economics, dynamic systems, optimal control, medicine, population dynam-
ics, and many other fields. In particular, in recent years, there has been an increasing in-
terest in extending impulsive differential equations to time-delay systems and boundary
value problems. On the other hand, difference equations play an important role in many
fields such as numerous settings and forms, computing, electrical circuit analysis, biology,
etc. However, there are not many related results for impulsive difference equations and
impulsive delay difference equations. These motivated us to work on the present topic.
In this paper, we studied impulsive delay difference equations with periodic boundary
conditions. Based on the new concepts of lower and upper solutions, we established two
new comparison principles. With these, we constructed monotone sequences from a cor-
responding linear equation and established the existence of extremal solutions by utilizing
the monotone iterative technique. An example was given to illustrate the results obtained.
It is reckoned that these results may play an important role in the theory of difference
equations, and are useful in many practical problems in the aforesaid fields.
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