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Abstract

We study a stochastic differential game problem between two insurers who invest in

a financial market and adopt reinsurance to manage their claim risks. Supposing

that their reinsurance premium rates are calculated according to the generalized

mean-variance principle, we consider the competition between the two insurers as a

non-zero sum stochastic differential game. Using dynamic programming technique,

we derive a system of coupled Hamilton-Jacobi-Bellman equations and show the

existence of equilibrium strategies. For an exponential utility maximizing game and

a probability maximizing game, we obtain semi-explicit solutions for the equilibrium

strategies and the equilibrium value functions, respectively. Finally, we provide some

detailed comparative-static analyses on the equilibrium strategies and illustrate some

economic insights.
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1. Introduction

Since the classical work of Gerber (1970), the optimal reinsurance/investment

problem of insurers has been extensively studied in the fields of insurance and control

theory, see Browne (1995), Yang and Zhang (2005), Golubin (2008), Chiu and Wong

(2014), and Zeng et al. (2016). These researches reflect the real practice that insurers

use reinsurance to diversify their claim risks from policy holders and invest their

surpluses in the financial market to make a profit.

Note that the above studies only consider the optimal investment-reinsurance

strategy for a single insurer. However, in practice there are several insurers in the

market who compete with each others. Recently, interactions among competing in-

surers have aroused great interest and have been studied extensively. Zeng (2010),

Taksar and Zeng (2011) first consider the optimal reinsurance strategies for two

competing insurers who share a single payoff function that depends on both insurers’

surpluses. They describe the equilibrium of the zero-sum game, prove a verification

theorem for a general payoff function, and present explicit solutions for a probability

maximizing game.1 Bensoussan et al. (2014) investigate the optimal investment-

reinsurance problem for two insurers under the stochastic differential non-zero sum

game framework. They assume that each insurer has different utility function and

that both insurers’ surpluses are modulated by a continuous-time Markov chain and a

market-index. In this line, Meng et al. (2015) consider an optimal reinsurance prob-

lem when the two insurers’ surpluses are subject to quadratic risk controls. Pun and

Wong (2016) consider a reinsurance game problem for two ambiguity-averse insurers

and obtain equilibrium under a worst-case scenario framework for the exponential

utility functions. Pun et al. (2016) also study the reinsurance game problem for

1The probability maximizing game problem is first considered by Browne (2000) for two com-
peting investors, where the payoff function is defined as the probability that the difference between
two insurers’ surpluses reaches an upper bound before it reaches a lower bound.
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two insurers under the assumption that the correlations between insurers are am-

biguous. Siu et al. (2016) study the non-zero sum investment-reinsurance game for

two competitive insurers who are subject to systematic risks and use excess-of-loss

reinsurance for risk control.

The above studies assume that the reinsurance premiums are calculated accord-

ing to the expected value principle or variance principle (see Schmidli (2008)). In

fact, reinsurance/investment strategies under different reinsurance premium calcula-

tion principle have attracted much attention of scholars, see Hipp and Taksar (2010),

Chi (2012), Zeng and Luo (2013). Recently, Zhang et al. (2016) use the general-

ized mean-variance principle to determine the premium of reinsurance and consider

the optimal investment-reinsurance strategies for an insurer. Using dynamic pro-

gramming principle, Zhang et al. (2016) obtain explicit solutions when the insurer’s

objective is to maximize the exponential utility of her terminal wealth, or to minimize

the probability of ruin.

In line with Bensoussan et al. (2014), in this paper we consider two insurers

who compete with each other in the insurance market. Both insurers are subject to

common impact from the insurance market. They invest in a risky asset and a risk

free asset to make a profit and purchase reinsurance for risk management. Moreover,

inspired by Zhang et al. (2016), we assume that the reinsurance premium rate is

calculated according to a generalized mean-variance principle. We formulate both

insurers’ optimization problems as a non-zero sum stochastic differential game. By

using dynamic programming approach, we write down a system of coupled Hamilton-

Jacobi-Bellman (HJB) equations and present some delicate analyses for the existence

and uniqueness of the equilibrium investment-reinsurance strategies. Specially, for

the cases of exponential utility maximizing game, where the utility functions are expo-

nential utility functions, and the probability maximizing game, we derive equilibrium

investment-reinsurance strategies and equilibrium value functions for both insurers

in semi-explicit forms. Our results indicate that, for each insurer, competition in the

insurance market leads to a decrease in the demand for reinsurance protection and an

increase in risky-asset investment. Furthermore, we perform some comparative-static

analyses numerically on the equilibrium strategies for the two insurers.
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It is worth noting that the reinsurance function adopted in this paper, which is

induced by the generalized mean-variance principle, is very general and embeds the

proportional reinsurance that is considered by Bensoussan et al. (2014) as a special

case, and the excess-of-loss reinsurance that is considered by Siu et al. (2016) as

a special case. Moreover, we consider competitive insurers’ non-zero sum game for

general terminal utilities, but not just exponential utility that are adopted by Ben-

soussan et al. (2014) and Siu et al. (2016). As such, our paper extends Bensoussan

et al. (2014) and Siu et al. (2016). Different utility functions imply different eco-

nomic backgrounds, serve for different aspects of research, and may provide further

actuarial insights. For example, in the probability maximizing game, we show that

equilibrium reinsurance strategies interact with investment strategies. However, in

the case of exponential utility, reinsurance strategies and investment strategies are

independent. In this sense, our results help in further investigating equilibrium

strategies of insurers in a competitive insurance market.

The rest of this paper is organized as follows. Section 2 formulates the surplus

processes for both insurers and defines the non-zero sum stochastic differential game.

In Section 3, we derive a system of coupled HJB equations for the game and analyze

the equilibrium strategies. Section 4 provides semi-explicit solutions for the expo-

nential utility maximizing game and the probability maximizing game. Section 5

presents several numerical examples and Section 6 concludes.

2. The model

To make the mathematical formulation rigorous, let (Ω,F , {Ft}t≥0,P) be a prob-

ability space satisfying the usual conditions–that is, the filtration {Ft}t≥0 is right

continuous and P-complete, where Ft represents the information available up to

time t. Besides, let [0, T ] be a fixed time horizon during which the insurers can

adjust their risk exposures and investment strategies continuously. In what follows,

all stochastic processes are assumed to be adapted to {Ft}t∈[0,T ].

Consider an insurance market with two competing insurers, denoted as insurers
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1 and 2, whose surpluses are depicted by the classic risk model:2

Xk(t) = xk + pkt−
Nk(t)+N(t)∑

i=1

Zk
i , k = 1, 2,

where xk ≥ 0 is the initial surplus, pk > 0 is the premium rate, Nk(t) + N(t)

represents the number of claims up to time t, and {Zk
i } are the positive claims

received by insurer k. The surplus process {Xk(t)} indicates that insurers 1 and

2 are subject to common impact that is represented by {N(t)}t≥0.
3 {N1(t)}t≥0,

{N2(t)}t≥0 and {N(t)}t≥0 are three mutually independent Poisson processes with

intensity λ1 > 0, λ2 > 0 and λ > 0. {Zk
i } are independent identically distributed

(i.i.d.) random variables and are independent of {N1(t)}, {N2(t)} and {N(t)}. In

addition, we assume that {Zk
i } have finite mean µk := E[Zk

i ] and second moment

σ2
k := E[(Zk

i )2] with distribution density function fk(·). Moreover, the premium

rates of both insurers are assumed to be calculated according to the expected value

principle, that is, pk = (1 + θk)(λk + λ)µk, where θk > 0 is the relative safety loading

of insurer k representing the additional premium received by insurer k in each unit

of time (see Schmidli (2008)).4

2.1. Reinsurance strategy

Suppose that both insurers purchase reinsurance for risk control. That is, for

each claim Zk
i , a proportion Hk(Z

k
i ) specified by a self-reinsurance function (see

Schmidli (2008)) Hk(·) is paid by insurer k, and the rest Zk
i − Hk(Z

k
i ) is paid by

the reinsurer. In return, insurer k must allocate a fraction of its premium rate pHk

2Bai et al. (2013) use a similar model to describe an insurer who has two lines of insurance
businesses that are subjected to common shock in the industry. Siu et al. (2016) consider a similar
model where N(t) represents the common systematic insurance risk. See also Liang and Yuan
(2016), Bi et al. (2016), and so on.

3For example, when both insurers offer auto insurance to policy holders, bad weather leads to
an increase in claims and vice versa.

4Here, we may also consider pk to be calculated by other premium calculation principles, e.g.,
variance principle, modified variance principle, and generalized mean-variance principle as presented
below, among others. However, since the calculation of pk has little impact on our results, we choose
to adopt expected value principle for simplicity.
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(called reinsurance premium rate) to the reinsurer and its retention premium rate

becomes pk − pHk . Here, pHk is assumed to be calculated according to the generalized

mean-variance principle (see Zhang et al. (2016)), i.e.,

pHk := (λk + λ)(1 + ηk)
[
E[Zk

i −Hk(Z
k
i )] + ζkE[Zk

i −Hk(Z
k
i )]2

]
, (1)

where ζk ≥ 0 and ηk ≥ 0 are the safety loadings of the reinsurer. With a larger ζk,

the reinsurer focuses more on the volatility of her risk exposure.5 Thus, the surplus

of insurer k becomes

Xk(t) = xk + (pk − pHk )t−
Nk(t)+N(t)∑

i=1

Hk(Z
k
i ), k = 1, 2. (2)

According to Grandell (1991), Bai et al. (2013) and Siu et al. (2016), Eq. (2)

can be approximated by the following diffusion process6

Xk(t) = xk +

∫ t

0

(λk + λ)
[
(θk − ηk)µk + ηkE[Hk(Z

k
i )]

− (1 + ηk)ζkE[Zk
i −Hk(Z

k
i )]2

]
ds

+

∫ t

0

√
(λk + λ)E[Hk(Zk

i )]2dBk(s), for k = 1, 2, (3)

where {B1(t)}t≥0 and {B2(t)}t≥0 are two standard Brownian motions with correlation

5Generalized mean-variance principle is closely related to the so called variance premium prin-
ciple, which is detailedly studied by Bühlmann (1979). With variance premium and generalized
mean-variance principles, the reinsurer pays attention to not only the expectation but also the
volatility of the claims from the insurer. However, as compared to variance premium principle, the
generalized mean-variance principle has the desirable property of additivity for comonotonic risks.

6The proof of the approximation is challenging but standard. Bai et al. (2013) present a
detailed proof when consider optimal reinsurance problem for an insurer. Siu et al. (2016) consider
a non-zero sum game problem for two insurers and show that, under the game setting, the Nash
equilibrium under the diffusion-approximated process can be approximated by the Nash equilibrium
under the general compound Poisson process.
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coefficient (see Bai et al. (2013) and Siu et al. (2016))

ρ , λ
E[H1(Z

1
i )]√

(λ+ λ1)E[H1(Z1
i )]2

E[H2(Z
2
i )]√

(λ+ λ2)E[H2(Z2
i )]2

.

It is clear that ρ ≥ 0, i.e., the two insurers are positively related to each other.7

We further assume that both insurers are allowed to dynamically adjust their risk

positions and rewrite Hk(·) in Eq. (3) as Hk(s, ·) to denote insurer k’s reinsurance

strategy at time s. Specially, we consider the following self-reinsurance function:

H̃k(ak(t), Z
k
i ) , ak(t)[ηk + 2(1 + ηk)ζkZ

k
i ] ∧ Zk

i , (4)

with ak(t) ∈ [0, κk] and κk , 1
2(1+ηk)ζk

. The following results are borrowed from

Zhang et al. (2016) and the proof is omitted.

Lemma 1. Given dynamic reinsurance strategy {Hk(t, ·)}t≥0, there exists progres-

sively measurable process {ak(t)}t≥0 such that E[H̃k(ak(t), Z
k
i )]2 = E[Hk(t, Z

k
i )]2 and

ηkE[H̃k(ak(t), Z
k
i )]− (1 + ηk)ζkE[Zk

i − H̃k(ak(t), Z
k
i )]2

≥ ηkE[Hk(t, Z
k
i )]− (1 + ηk)ζkE[Zk

i −Hk(t, Z
k
i )]2.

Lemma 1 shows that surplus with self-reinsurance function H is dominated by

one with H̃. This result still holds when the insurers are allowed to invest in the

financial market. Since the utility functions defined below in Eq. (7) are strictly

increasing, optimal reinsurance strategy for each insurer is of the form (3). Thus,

in the sequel we will only consider reinsurance strategies given by Eq. (4). More-

over, since {H̃k(ak(t), Z
k
i )}t≥0 is uniquely characterized by {ak(t)}t≥0, we shall call

{ak(t)}t≥0 as insurer k’s reinsurance strategy. At any time t, with a larger ak(t),

insurer k reduces expenses on reinsurance and pays a larger proportion of each claim

by itself. Specially, when ak(t) = κk, H̃k(ak(t), Z
k
i ) = Zk

i , i.e., insurer k pays all of

7In practice, there are cases where insurers are negatively related to each other. However, the
case of negative relationship is out of the scope of this paper and we will leave it for future research.
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the claims by herself; when ak(t) = 0, she transfers all claims to the reinsurer.

Remark 1. Eq. (4) admits two special cases: when ζk = 0, pHk is calculated according

to the expected value principle and the self-reinsurance function H̃k(ak, Z
k
i ) = (akηk)∧

Zk
i becomes an excess-of-loss reinsurance type; when ηk = 0, H̃k(ak, Z

k
i ) = 2ζkakZ

k
i

becomes a proportional reinsurance type (see Schmidli (2008) for more details on

premium calculation principles and self-reinsurance functions).

To simplify our notations, we denote (see Zhang et al. (2016))

µ̂k(ak(t)) , (λk + λ)
[
ηkE[H̃k(ak(t), Z

k
i )]

− (1 + ηk)ζkE
[
(Zk

i − H̃k(ak(t), Z
k
i ))2

]
+ (θk − ηk)µk

]
,

σ̂k(ak(t)) ,

√
(λk + λ)E

[
H̃k(ak(t), Zk

i )2
]
.

Then Eq. (3) can be rewritten as

dXk(t) = µ̂k(ak(t))dt+ σ̂k(ak(t))dBk(t), Xk(0) = xk,

where σ̂k(ak(t)) represents the claim risk of insurer k at time t with upper bound

σ̂k(κk) =
√
λk + λσk. Moreover, let ιk(x) , ηkx

1−2(1+ηk)ζkx
,

Gk(x) , ηk + 2(1 + ηk)ζkx.

Direct calculation indicates that
µ̂k(ak(t)) = (λk + λ)

[
ηkhk(ak(t))− (1 + ηk)ζk`k(ak(t)) + (θk − ηk)µk

]
,

σ̂k(ak(t)) =
√

(λk + λ)
∫ ak(t)

0
2x

∫∞
ιk(x)

G2
k(z)fk(z)dzdx,

ρ(t) = λh1(a1(t))h2(a2(t))
σ̂1(a1(t))σ̂2(a2(t))

,

(5)
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where hk(ak(t)) , E[Hk(ak(t), Z
k
i )] =

∫ ak(t)

0

∫∞
ιk(x)

Gk(z)fk(z)dzdx and

`k(ak(t)) , E[(Zk
i − H̃k(ak(t), Z

k
i ))2]

=

∫ κk

ak(t)

∫ ∞

ιk(x)

2[z − xGk(z)]Gk(z)fk(z)dzdx.

2.2. Financial market

In addition to purchasing reinsurance, both insurers invest in the financial market,

including a risk-free asset and a risky asset.8 The dynamics of the risk-free asset,

{S0(t)}t≥0, are given by

dS0(t) = rS0(t)dt,

where r > 0 denotes the constant, risk-free interest. The dynamics of the risky asset,

{S(t)}t≥0, are given by

dS(t) = S(t)[mSdt+ σSdBS(t)],

where mS > r and σS > 0 denote the return and the volatility of the risky asset S, re-

spectively. We assume that {B1(t)}t≥0 and {B2(t)}t≥0 are independent of {BS(t)}t≥0,

indicating that the insurance market is independent of the financial market. This is

inline with common practice.

Let bk(t) be the amount that insurer k invests in the risky asset S at time t and

denote πk(t) , {ak(t), bk(t)}t≥0. Then, insurer k’s surplus can be modeled by

dXπk
k (t) =

[
rXπk

k (t) + µ̂k(ak(t)) + bk(t)(mS − r)
]
dt

+ σ̂k(ak(t))dBk(t) + bk(t)σSdBS(t), for k = 1, 2. (6)

Here, we use “πk” as a superscript to indicate that Xπk
k (t) is a controlled process.

8Our results can be easily extended to the general case with multiple risky assets. Since this
extension does not provide more economic insights to our problem, for simplicity we only consider
model setup with single risky asset.
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Definition 2. The strategy {πk(t)}t≥0 is said to be admissible if:

(i) {ak(t)}t∈[0,T ] and {bk(t)}t∈[0,T ] are F-progressively measurable processes;

(ii) ak(t) ∈ [0, κk] and E[
∫ T

0
b2k(t)dt] < +∞.

The set of all admissible strategies for insurer k is denoted by Πk.

Given an admissible strategy πk, the stochastic differential equation in Eq. (6)

admits a unique strong solution.

Inspired by Epsinosa and Touzi (2013), Bensoussan et al. (2014), Meng et al.

(2015) and Pun and Wong (2016), we assume that both insurers’ objectives are to

maximize their expected utilities of relative performance at the terminal time T .

That is, given the strategy πm of insurer m (m = 1 or 2), the other insurer k will

choose an admissible investment-reinsurance strategy πk = (ak, bk) such that

E
[
Uk((1− αk)X

πk
k (T ) + αk(X

πk
k (T )−Xπm

m (T )))
]

= E
[
Uk(X

πk
k (T )− αkX

πm
m (T ))

]
(7)

is maximized, where Uk(·) is the strictly increasing utility function of insurer k.9

The two insurers maximize their utilities simultaneously and thus their optimization

problems form a stochastic differential game.

Problem 3. Find a Nash equilibrium (π∗1, π
∗
2) ∈ Π1 × Π2 such that

E
[
U1

(
Xπ1

1 (T )− α1X
π∗2
2 (T )

)]
≤ E

[
U1

(
X

π∗1
1 (T )− α1X

π∗2
2 (T )

)]
,

E
[
U2

(
Xπ2

2 (T )− α2X
π∗1
1 (T )

)]
≤ E

[
U2

(
X

π∗2
2 (T )− α2X

π∗1
1 (T )

)]
.

9Espinosa and Touzi (2013), Bensoussan et al. (2014) and Pun et al. (2016) assume that the
utility functions U1 and U2 are strictly concave and satisfy Inada conditions: limy→−∞

∂Uk(y)
∂y =

+∞, lim+∞
∂Uk(y)

∂y = 0 for k = 1, 2. However, to accommodate for more utility functions, e.g. the
probability that insurer k’s relative performance reaches a higher level before it reaches a lower
level, see Section 4.2, we do not impose these conditions here.
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Here, αk ∈ [0, 1] measures the sensitivity of insurer k to the performance of its

competitor (insurer m). With a larger αk, insurer k pays more attention to her

relative performance to insurer m, and the game becomes more competitive. The

values of α1 and α2 constitute three special cases:

Case (i) when α1 = α2 = 1, Problem 3 becomes a zero-sum game (see Browne

(2000), Zeng (2010) and Zeng and Luo (2013));

Case (ii) when α1α2 < 1 and α1 + α2 > 0, Problem 3 defines a non-zero sum game

between the two insurers (see Bensoussan et al. (2014), Meng et al. (2015));

Case (iii) when α1 = α2 = 0, both insurers are indifferent about each other and

Problem 3 retreats to two single-player problems (see Zhang et al. (2016)).

In the sequel, we focus on a non-zero sum game problem and assume that αk ∈ [0, 1],

for k = 1, 2, and α1 + α2 > 0, α1α2 < 1.

3. General results

This section provides general results on Problem 3. To obtain an equilibrium

strategy for this problem, we start by using stochastic dynamic programming ap-

proach. To this end, let

Y πk,πm

k (t) , Xπk
k (t)− αkX

πm
m (t).

Then the difference of the two insurers’ surplus processes is governed by the following

dynamics

dY πk,πm

k (t) =
[
rY πk,πm

k (t) + µ̂k(ak(t))− αkµ̂m(am(t)) + (bk(t)− αkbm(t))(mS − r)
]
dt

+ σ̂k(ak(t))dBk(t)− αkσ̂m(am(t))dBm(t)

+
(
bk(t)− αkbm(t)

)
σSdBS(t), (8)

with Y πk,πm

k (0) = yk , xk − αkxm.
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Denote O , [0, T )×R and Ō , [0, T ]×R. Then, for t ∈ [0, T ] and Y πk,πm

k (t) = yk,

we define the optimal value function V k : O 7→ R for insurer k by

V k(t, yk; πm) , sup
πk∈Πk

Et,yk

[
Uk(Y

πk,πm

k (T ))
]
, k = 1, 2, (9)

where Et,yk
[·] , Et,yk

[·|Y πk,πm

k (t) = yk] is the conditional expectation. Eq. (9) rep-

resents the largest utility that insurer k achieves at time t when the difference of

surplus is yk and her competitor adopts strategy πm. As such, it is a measure of

insurer k’s welfare.

For v ∈ C1,2(O) ∩ C0(Ō) and πk = (ak, bk), let

Lπk,πm

k v(t, yk) ,
[
ryk + µ̂k(ak)− αkµ̂m(am)

]
vy(t, yk)

+
1

2

[
σ̂2

k(ak) + α2
kσ̂

2
m(am)− 2αkλhk(ak)hm(am)

]
vyy(t, yk)

+ (bk − αkbm)(mS − r)vy(t, yk) +
1

2
(bk − αkbm)2σ2

Svyy(t, yk),

where vy(·, ·) and vyy(·, ·) respectively denote the first- and second-order derivatives

with respect to the second derivative. By standard arguments in stochastic dynamic

programming (SDP, see Yong and Zhou (1999)), if V k ∈ C1,2(O) ∩ C0(Ō), then V k

satisfies the following HJB equation vk
t (t, yk) + max

πk∈Πk

Lπk,πmvk(t, yk) = 0,

vk(T, yk) = Uk(yk).
(10)

Analogous to Bensoussan et al. (2014), we have the following verification theorem.

Theorem 4 (Verification Theorem). For k = 1, 2 and πm ∈ Πm, if Eq. (10)

admits solution vk ∈ C1,2(O) ∩ C0(Ō) satisfying E
∫ T

0
[vk

y(t, Y πk,πm(t))]2dt < ∞ for

all (πk, πm) ∈ Πk × Πm, then vk(t, yk) ≥ V k(t, yk; πm). Moreover, if there exists the

pair of admissible strategies (π∗1, π
∗
2), where

π∗k , arg max
πk∈Πk

Lπk,πm

k vk(t, yk), for πm ∈ Πm, k 6= m ∈ {1, 2},
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such that Eq. (10) holds, then vk(t, yk) = V k(t, yk, π
∗
m) and (π∗1, π

∗
2) is the Nash

equilibrium for Problem 3.

Proof. See Theorems 2 and 3 of Bensoussan et al. (2014).

According to Theorem 4, we need to find solutions v1, v2 ∈ C1,2(Ō) ∩ C0(O) (if

exist) to the HJB equations (10) and find the corresponding equilibrium strategy

pair (π∗1, π
∗
2).

Suppose that vk
y(t, yk) > 0 and vk

yy(t, yk) < 0 (this assumption will be rigorously

verified once we have obtained vk explicitly). Then, using the first-order condition

in Eq. (10), the pair of optimal investment strategies (b∗1, b
∗
2) for insurers 1 and 2

satisfy  b∗1(t) = α1b
∗
2(t)− mS−r

σ2
S

v1
y(t,y1)

v1
yy(t,y1)

,

b∗2(t) = α2b
∗
1(t)− mS−r

σ2
S

v2
y(t,y2)

v2
yy(t,y2)

.
(11)

Let (a∗1, a
∗
2) be the pair of optimal reinsurance strategies for insurers 1 and 2. Sub-

stituting Eq. (11) into Eq. (10) yields the following system of coupled non-linear

partial differential equations (PDEs):
v1

t (t, y1)− (mS−r)2

2σ2
S

[v1
y(t,y1)]2

v1
yy(t,y1)

+ max
a1∈[0,κ1]

Ga1,a∗2v1(t, y1) = 0,

v2
t (t, y2)− (mS−r)2

2σ2
S

[v2
y(t,y2)]2

v2
yy(t,y2)

+ max
a2∈[0,κ2]

Ga2,a∗1v2(t, y2) = 0,
(12)

where the operator G is defined as

Gak,a∗mvk(t, yk) ,
[
ryk + µ̂k(ak)− αkµ̂m(a∗m)

]
vk

y(t, yk)

+
1

2

[
σ̂2

k(ak) + α2
kσ̂

2
m(a∗m)− 2αkλhk(ak)hm(a∗m)

]
vk

yy(t, yk).

The following lemma shows the existence and uniqueness of (a∗1, a
∗
2) in (12) by

assuming that solutions to Eq. (12) exist and satisfy certain conditions.

Lemma 5. Suppose that solutions to Eq. (10), v1, v2 ∈ C1,2(O) ∩ C0(Ō), exist

and are strictly increasing and concave. Then, at any time t ∈ [0, T ], the insurers’

13



equilibrium reinsurance strategies a∗1(t) ∈ [0, κ1] and a∗2(t) ∈ [0, κ2] exist and are

uniquely characterized by the following system of non-linear equations: a1(
v1

yy(t,y1)

v1
y(t,y1)

− 1
κ1

) + 1 = α1
λ

λ+λ1
ψ1(a1)h2(a2)

v1
yy(t,y1)

v1
y(t,y1)

,

a2(
v2

yy(t,y2)

v2
y(t,y2)

− 1
κ2

) + 1 = α2
λ

λ+λ2
ψ2(a2)h1(a1)

v2
yy(t,y2)

v2
y(t,y2)

,
(13)

where ψk(ak) ,
∫∞

ιk(ak) Gk(z)fk(z)dz∫∞
ιk(ak) G2

k(z)fk(z)dz
.

Proof. See Appendix A.1.

Since {Zk
i } has finite mean and second moment, ψk in Lemma 5 is well defined.

Also, the proof of Lemmas 5 provides a hint for constructing the equilibrium rein-

surance strategies (a∗1, a
∗
2) numerically.

4. Examples

In this section, we consider the special cases of exponential utility maximizing

game and probability maximizing game, and present semi-explicit solutions to illus-

trate our results.

4.1. Exponential utility maximizing game

Firstly, we consider the case where both insurers adopt exponential utility func-

tions

Uk(x) = −e
−γkx

γk

, k = 1, 2, (14)

where the two positive constants γ1 and γ2 are coefficients of absolute risk aversion

for both insurers. Since Eq. (14) is the only utility function under which the principle

of “zero utility” gives a fair premium that is independent of the level of reserves of

an insurer, Eq. (14) plays an important role in insurance mathematics and actuarial

practice and has been widely adopted by Yang and Zhang (2005), Bensoussan et al.

(2010), and so on.
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Inspired by Zhang et al. (2016), we make the following Ansatz :

vk(t, yk) = −Ak(t)

γk

exp
{
− γkyke

r(T−t)
}
, (15)

where Ak(t) > 0 is to be determined and satisfies Ak(T ) = 1. This leads to
vk

t (t, yk) = −
[

A′k(t)

γk
+ Ak(t)ryke

r(T−t)
]
e−γkyer(T−t)

,

vk
y(t, yk) = Ak(t)e

r(T−t)e−γkyker(T−t)
,

vk
yy(t, yk) = −γkAk(t)e

2r(T−t)e−γkyker(T−t)
.

(16)

Thus, by substituting these expressions into Eqs. (11) and (13), we can obtain

the equilibrium reinsurance strategies {a∗1(t)} and {a∗2(t)} by solving the system of

equations  −a1(γ1e
r(T−t) + 1

κ1
) + 1 = −α1

λ
λ+λ1

ψ1(a1)h2(a2)γ1e
r(T−t),

−a2(γ2e
r(T−t) + 1

κ2
) + 1 = −α2

λ
λ+λ2

ψ2(a2)h1(a1)γ2e
r(T−t)

(17)

numerically, and obtain the equilibrium investment strategies {b∗1(t)} and {b∗2(t)}
explicitly as following: b∗1(t) = ( 1

γ1
+ α1

1
γ2

) 1
(1−α1α2)

(mS−r)

σ2
S

e−r(T−t),

b∗2(t) = ( 1
γ2

+ α2
1
γ1

) 1
(1−α1α2)

(mS−r)

σ2
S

e−r(T−t).
(18)

Finally, by substituting the values of (a∗k(t), b
∗
k(t)) and Eq. (16) into Eq. (12),

the PDE for vk becomes an ordinary differential equation (ODE) for Ak:

A′k(t)

γk

= Ak(t)Qk(t), for k = 1, 2,
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where

Qk(t) ,
(mS − r)2

2σ2
S

+ µ̂k(a
∗
k)− αkµ̂m(a∗m)]er(T−t)

− γk

2

[
σ̂2

k(a
∗
k) + α2

kσ̂
2
m(a∗m)− 2αkλhk(a

∗
k)hm(a∗m)

]
e2r(T−t).

By using Ak(T ) = 1, we have

Ak(t) = e−
∫ T

t γkQk(s)ds. (19)

It is clear that vk(t, yk) is strictly increasing and concave in yk and that vk
y(t, yk)

is bounded above. Thus, all conditions in Theorem 4 are satisfied and the following

results are straightforward.

Proposition 6. Suppose that insurers 1 and 2 have exponential utilities (14), in

equilibrium the value functions are given by Eq. (15) with Ak(t) given by Eq. (19),

the corresponding investment-reinsurance strategy, π∗k = {a∗k(t), b∗k(t)}t∈[0,T ], k = 1, 2,

is given by Eqs. (17) and (18).

When ζ1 = ζ2 = 0, the equilibrium strategies (π∗1, π
∗
2) retreat to that in Bensous-

san et al. (2014) and that in Pun et al. (2016) without ambiguous correlations and

risky asset investment.

Eq. (18) indicates that each insurer’s risk attitude and sensitivity parameter

have great impact on both insurers’ investment strategies. When insurer k(k = 1, 2)

becomes more risk-aversive (represented by a larger γk), insure k invests less money

in the risky asset and allocates more surplus in the risk-free asset. Conversely, when

insurer k becomes more competitive and is more sensitive to her relative performance

at time T (represented by a larger αk), insurer k invests more money in the risky

asset. Accordingly, the other insurer (insurer m(m 6= k)) also increases her risky

asset investment. Thus, insurers in a more competitive insurance market should

invest more money in the risky asset, as opposed to insurers in a less competitive

insurance market.

As an example, we assume that claims for both insurers are exponentially dis-
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Table 1: Default model parameters

σ r mS T λ

0.4 0.07 0.1 10 0.8

θk ηk λk γk αk ζk δk

Insurer 1 0.5 0.7 1.0 0.3 0.2 0.1 0.5
Insurer 2 0.5 0.7 0.8 0.5 0.5 0.1 0.5

tributed, i.e., fk(z) = δke
−δkz(δk > 0), for k = 1, 2. Moreover, we set the default

parameter values as given in Table 1. Fig. 1 displays the equilibrium investment-

reinsurance strategies of both insurers. The numerical results show that both a∗k
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Fig. 1: Equilibrium strategies for exponential utility functions.

and b∗k increase with t. That is, as the deadline gets closer both insurers decrease

their demand for reinsurance and increase their amounts of risky-asset investment.

A possible reason is that, when time t is close to the deadline T , both insurers face

less uncertainty and thus act more boldly.

4.2. The probability maximizing game

Secondly, we consider a special utility function, where for given constants 0 ≤ lk <

uk and her competitor’s strategy πm, insurer k aims to maximize the probability of

Y πk,πm

k (t) reaching the upper bound uk before reaching the lower bound lk. Problems
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with related objectives are first considered by Browne (2000), and later on by Zeng

(2010) and Taksar and Zeng (2013).

Define stopping times τ k
l , inf{t ≥ 0 : Y πk,πm(t) ≤ lk} and τ k

u , inf{t ≥ 0 :

Y πk,πm(t) ≥ uk}. Then, given her competitor’s investment-reinsurance strategy πm,

insurer k’s optimal value function is defined as

Vk(yk; πm) , sup
πk∈Πk

P(τ k
u < τ k

l ).

In this case, Vk and the associated investment-reinsurance strategies are independent

of time t. Besides, Vk satisfies the following boundary conditions:

Vk(uk; πm) = 1, Vk(lk; πm) = 0. (20)

We also assume that r = 0 so as to obtain explicit solution for the non-zero sum

game problem. For this case we observe that, once the pair of equilibrium reinsurance

strategies a∗1 and a∗2 are determined according to Eq. (13) or Eq. (24) below, the

system of ODEs (12) becomes −1
2

m2
S

σ2
S

(v1
y(y1))2

(v1
yy(y1))2

+ (µ̂1 − α1µ̂2)
v1

y(y1)

v1
yy(y1)

+ 1
2
(σ̂2

1 + α2
1σ̂

2
2 − 2α1λh1h2) = 0,

−1
2

m2
S

σ2
S

(v2
y(y2))2

(v2
yy(y2))2

+ (µ̂2 − α2µ̂1)
v2

y(y2)

v2
yy(y2)

+ 1
2
(σ̂2

2 + α2
2σ̂

2
1 − 2α2λh1h2) = 0,

(21)

where we drop the dependence of µ̂k, σ̂k and hk on ak to simplify our notations. By

solving Eq. (21) with boundary condition (20), we have

vk(yk) =
1− e−Λk(yk−lk)

1− e−Λk(uk−lk)
, for k = 1, 2, (22)

where

Λk :=

m2
S

σ2
S√

(µ̂k − αkµ̂m)2 +
m2

S

σ2
S

(σ̂2
k + α2

kσ̂
2
m − 2αkλhkhm)− (µ̂k − αkµ̂m)

> 0. (23)

It is straight forward to verify that vk is strictly increasing and concave. Thus,

18



according to Theorem 4, v1 and v2 coincide with the equilibrium value functions V 1

and V 2. By substituting v1 and v2 into Eqs. (11) and (13) and then simplifying both

systems of equations, we obtain the equilibrium reinsurance strategies a∗1 and a∗2 by

solving the system of equations −a1(Λ1 + 1
κ1

) + 1 = −α1
λ

λ+λ1
ψ1(a1)h2(a2)Λ1,

−a2(Λ2 + 1
κ2

) + 1 = −α2
λ

λ+λ2
ψ2(a2)h1(a1)Λ2

(24)

numerically, and the equilibrium investment strategies b∗1 and b∗2 as following: b∗1 = 1
1−α1α2

[
α1

mS

σ2
S

Λ2 + Λ1

]
,

b∗2 = 1
1−α1α2

[
α2

mS

σ2
S

Λ1 + Λ2

]
.

(25)

To sum up, we have the following results.

Proposition 7. For the probability maximizing game, in equilibrium the value func-

tions are given by Eq. (22), and the corresponding investment-reinsurance strategies,

(a∗k, b
∗
k), k = 1, 2, are given by Eqs. (24) and (25).

It is interesting to see from Eqs. (24) and (25) that, while we have set the upper-

and lower- boundaries uk and lk for insurer k, both boundaries don’t play any roles

in characterizing the equilibrium investment-reinsurance strategies for both insurers.

Also, the investment strategies (b∗1, b
∗
2) in (25) are different from those in (18) in that

they are connected to the reinsurance strategies (a∗1, a
∗
2) and are dependent on the

model parameters: µk, θk, ηk and ζk, k = 1, 2. With parameters given in Table 1,

we obtain the equilibrium reinsurance strategies (a∗1, a
∗
2) = (2.3646, 2.7523) and the

equilibrium investment strategies (b∗1, b
∗
2) = (0.0969, 0.0556).

5. Numerical example

In this section, we present some numerical examples to better understand the

effects of the model parameters on the equilibrium investment-reinsurance strategy

{a∗k, b∗k}, k = 1, 2. We assume that both insurers adopt exponential utility functions
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and set the default model parameters as given in Table 1. Due to the symmetric

nature of the game, in the following we only vary insurer 1’s parameters to analyze

their impact on both insurers’ equilibrium strategies. Besides, since at any time

t ∈ [0, T ] the relative value of equilibrium strategies exhibit in a similar pattern

as when t = 0 (see Fig. 1), we only consider the impact of model parameters on

(a∗k(0), b
∗
k(0)), k = 1, 2.
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Fig. 2: Effect of γ1 on the equilibrium strategies.

Fig. 2 shows the effects of risk-aversion parameter γ1 on the equilibrium strate-

gies. With a larger γ1, insurer 1 becomes more risk-aversive and thus chooses a

smaller retention level a∗1 to transfer more risks to the reinsurer and invests less

money on the risky asset. This leads to a decrease in insurer 1’s profits and allevi-

ates the pressure of insurer 2. Consequently, the increase of insurer 1’s risk attitude

also leads to a decrease in insurer 2’s retention level and risky-asset investment, but

with a smaller extent.

Fig. 3 shows the impact of α1 on the equilibrium strategies. One can see that, in a

competitive insurance market, each insurer becomes more risk-seeking by purchasing

less reinsurance and investing more money on the financial market. Indeed, when

insurer 1 becomes more competitive (represented by a larger α1), she chooses to cut

down on reinsurance expenditures and invest more money in the risky asset so as

to increase her profits and to have a better relative performance with respect to her

competitor. As a response, insurer 2 also increases her profits by decreasing her

expenditures on the reinsurance and increasing her risky-asset investment. Similar
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Fig. 3: Effect of α1 on the equilibrium strategies.

result has been reported by Bensoussan et al. (2014), Siu et al. (2016), and so on. It

indicates that the competition between insurers carries considerable impact on the

insurers’ reinsurance and investment decision-making and should not be neglected.

In a competitive insurance market all insurers face a large risk exposure and should

be subject to a stricter risk monitoring imposed by the regulatory authority.
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Fig. 4: Effect of λ on the equilibrium strategies.

Fig. 4 shows the effect of λ on the insurers’ equilibrium reinsurance strategies

(note that λ does not impact both insurers’ investment strategies). With a larger

λ, both insurers are subject to a larger degree of common impact and become more

closely related to each other. In this case, high level of reinsurance protection would

not increase their relative terminal surplus, thus both insurers choose to increase

their retention levels and pay more claims by themselves.
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Fig. 5: Effect of ζk and ηk on the equilibrium reinsurance strategies.

Assuming that both insurers are subject to the same reinsurance safety loadings,

Fig. 5 shows the effect of ζk and ηk on the insurers’ equilibrium reinsurance strate-

gies. As ζk or ηk increase, the reinsurer pays more concern on her risk exposures

and charges more for them. Consequently, both insurers decrease their demand for

reinsurance and pays more claims by themselves.

6. Conclusion

In this paper, we study a non-zero sum stochastic differential game between two

insurers who invest in the financial market and use reinsurance for risk management.

We assume that the reinsurance premium rate is calculated according to the gen-

eralized mean-variance principle. When the insurers have general utility functions,

we derive a system of coupled HJB equations and provide sufficient conditions to

guarantee the existence of equilibrium investment-reinsurance strategies. For the

cases of exponential maximizing game and probability maximizing game, we obtain

semi-explicit solutions, including the value functions and the equilibrium strategies,

for both insurers. Our results show that, for each insurer, the competition in insur-

ance market leads to an increase in the demand for the risky-asset investment and a

decrease in the demand for reinsurance.

Our results can be extended in two directions. First, instead of considering game

problem between two competitive insurers, to make the model more realistic, we may

adopt the ideas of Espinosa and Touzi (2013) by considering the game problem for
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multiple competitive insurers. Second, one may consider the game problem between

insurer and reinsurer.

Appendix A. Proof

Appendix A.1. Proof of Lemma 5

Proof. Direct calculation shows

dµ̂k(ak)

dak

= (λk + λ)

[
ηk

dhk(ak)

dak

− (1 + ηk)ζk
d`k(ak)

dak

]
= (λk + λ)

[ ∫ ∞

ιk(ak)

Gk(z)fk(z)(ηk + 2(1 + ηk)ζkz)dz − 2(1 + ηk)ζkak

∫ ∞

ιk(ak)

G2
k(z)fk(z)dz

]
= (λk + λ)

[∫ ∞

ιk(ak)

G2
k(z)fk(z)dz(1− 2(1 + ηk)ζkak)

]
= −1

2

dσ̂2
k(ak)

dak

[
2(1 + ηk)ζk −

1

ak

]
.

Thus, by differentiating Gak,amvk(t, yk) with respect to ak, we obtain that the extreme

maximum point satisfies

0 = vk
y(t, yk)

dµ̂k(ak)

dak

+
1

2
vk

yy(t, yk)[
dσ̂2

k(ak)

dak

− 2αkλhm(a∗m)
dhk(ak)

dak

]

= −1

2
vk

y(t, yk)
dσ̂2

k(ak)

dak

[2(1 + ηk)ζk −
1

ak

] +
1

2
vk

yy(t, yk)
dσ̂2

k(ak)

dak

− αkλhm(am)vk
yy(t, yk)

dhk(ak)

dak

=
1

2

dσ̂2
k(ak)

dak

[
vk

yy(t, yk)− vk
y(t, yk)[2(1 + ηk)ζk −

1

ak

]

]
− αkλhm(am)vk

yy(t, yk)
dhk(ak)

dak

= (λ+ λk)

∫ ∞

ιk(ak)

G2
k(z)fk(z)dz

[
akv

k
yy(t, yk)− vk

y(t, yk)(
ak

κk

− 1)

]
− αkλhm(am)vk

yy(t, yk)

∫ ∞

ιk(ak)

Gk(z)fk(z)dz.
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That is,

ak(
vk

yy(t, yk)

vk
y(t, yk)

− 1

κk

) + 1 = αk
λ

λ+ λk

hm(am)
vk

yy(t, yk)

vk
y(t, yk)

ψk(ak), k 6= m ∈ {1, 2}.

For k = 1, 2, define

Fk(ak, am) , αk
λ

λ+ λk

hm(am)
vk

yy(t, yk)

vk
y(t, yk)

ψk(ak)− ak(
vk

yy(t, yk)

vk
y(t, yk)

− 1

κk

)− 1.

For any fixed a2 ∈ [0, κ2], since v1
y(t, y1) > 0 andv1

yy(t, y1) < 0, we have

F1(0, a2) = α1
λ

λ+ λ1

h2(a2)
v1

yy(t, y1)

v1
y(t, y1)

ψ1(0)− 1 < 0

and

lim
a1→κ1

F1(a1, a2) = α1
λ

λ+ λ1

h2(a2)
v1

yy(t, y1)

v1
y(t, y1)

lim
a1→κ1

ψ1(a1)− κ1

v1
yy(t, y1)

v1
y(t, y1)

= α1
λ

λ+ λ1

h2(a2)
v1

yy(t, y1)

v1
y(t, y1)

1

G1(ι1(κ1))
− κ1

v1
yy(t, y1)

v1
y(t, y1)

= −κ1

v1
yy(t, y1)

v1
y(t, y1)

> 0.

Therefore, for fixed a2 ∈ [0, κ2], equation F1(a1, a2) = 0 admits solutions a1 = a1(a2)

which is dependent on the value of a2. On the other hand, since v1
yy(t, y1) < 0 <

v1
y(t, y1), we have

d

da1

F1(a1, a2) = −(
v1

yy(t, y1)

v1
y(t, y1)

− 1

κk

) + α1
λ

λ+ λ1

h2(a2)
v1

yy(t, y1)

v1
y(t, y1)

dψ1(a1)

da1

> α1
λ

λ+ λ1

h2(a2)
v1

yy(t, y1)

v1
y(t, y1)

dψ1(a1)

da1

,
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where

dψ1(a1)

da1

=
1

(
∫∞

ι1(a1)
G2

1(z)f1(z)dz)2

[
−G1(ι1(a1))f1(ι1(a1))

dι1(a1)

da1

∫ ∞

ι1(a1)

G2
1(z)f1(z)dz

+G2
1(ι1(a1))f1(ι1(a1))

dι1(a1)

da1

∫ ∞

ι1(a1)

G1(z)f1(z)dz
]

= G1(ι1(a1))f1(ι1(a1))
dι1(a1)

da1

−
∫∞

ι1(a1)
G2

1(z)f1(z)dz +G1(ι1(a1))
∫∞

ι1(a1)
G1(z)f1(z)dz

(
∫∞

ι1(a1)
G2

1(z)f1(z)dz)2
.

Since G1 and ι1 are strictly increasing, we have dι1(a1)
da1

> 0 and

G1(ι1(a1))

∫ ∞

ι1(a)

G1(z)f1(z)dz <

∫ ∞

ι1(a1)

G2
1(z)f1(z)dz.

Thus d
da1
F1(a1, a2) > 0, i.e., F1(a1, a2) is strictly increasing in a1. Based on the

above observations, we see that for any fixed a2, F1(a1, a2) = 0 has a unique solution

a1 = a1(a2), which is dependent on a2 and is a function of a2 for some function a1.

Moreover, since F1(a1, a2) is strictly decreasing in a2, a1(a2) is strictly increasing in

a2.

Substituting a1 = a1(a2) into F2(a1, a2) = 0. By a similar procedure, we are able

to show that F2(a1(a2), a2) is strictly increasing in a2 and satisfies F2(a1(0), 0) < 0

and lim
a2→κ2

F2(a1(a2), a2) = −κ2
v2

yy

v2
y
> 0. Therefore, F2(a1(a2), a2) = 0 has a unique

solution a∗2, with which a∗1 = a1(a
∗
2) is also uniquely determined. This completes our

proof.
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[8] Bühlmann, H. (1970). Mathematical models in risk theory, Springer, New York.

[9] Chi, Y. (2012) Optimal reinsurance under variance related premium principles.

Insurance: Mathematics and Economics, 51, 310-321.

[10] Chiu, M.C., Wong, H.Y. (2014) Mean-variance asset-liability management with

asset correlation risk and insurance liabilities. Insurance: Mathematics and Eco-

nomics, 59, 300-310.

[11] Espinosa, G.E., Touzi, N. (2015) Optimal investment under relative performance

concerns. Mathematical Finance, 25, 221-257.

[12] Gerber, H. (1970) Mathematical methods in risk theory. Springer, Berlin.

[13] Golubin, A.Y. (2008) Optimal insurance and reinsurance policies in the risk

process. ASTIN Bulletin, 38, 383-397.

26



[14] Grandell J. (1991) Aspects of Risk Theory. Springer, New York.

[15] Jin, Z., Yin, G., Wu, F. (2013) Optimal reinsurance strategies in regime-

switching jump diffusion models: Stochastic differential game formulation and

numerical methods. Insurance: Mathematics and Economics, 53, 733-746.

[16] Li, Z., Zeng, Y., Lai, Y. (2012) Optimal time-consistent investment and reinsur-

ance strategies for insurers under Hestons SV model. Insurance: Mathematics

and Economics, 51, 191-203.

[17] Liang, Z., Yuen, K.C. (2016). Optimal dynamic reinsurance with dependent

risks: variance premium principle. Scandinavian Actuarial Journal, 1, 18-36.

[18] Meng, H., Li, S., Jin, Z. (2015) A reinsurance game between two insurance com-

panies with nonlinear risk processes. Insurance: Mathematics and Economics,

62, 91-97.

[19] Pun, C.S., Wong, H.Y. (2016) Robust non-zero-sum stochastic differential rein-

surance game. Insurance: Mathematics and Economics, 68, 169-177.

[20] Pun, C.S., Siu, C.C., Wong, H.Y. (2016) Non-zero-sum reinsurance games sub-

ject to ambiguous correlations. Operations Research Letters, 44, 578-586.

[21] Schmidli, H. (2008) Stochastic control in insurance (Probability and Its applica-

tions). Springer, Berlin.

[22] Siu, C.C., Yam, S.C.P., Yang, H., Zhao, H. (2016). A class of nonzero-sum

investment and reinsurance games subject to systematic risks. Scandinavian

Actuarial Journal, 2016, 1-38.

[23] Taksar, M., Zeng, X. (2011) Optimal non-proportional reinsurance control and

stochastic differential games. Insurance: Mathematics and Economics, 48, 64-71.

[24] Yang, H., Zhang, L. (2005) Optimal investment for insurer with jump-diffusion

risk process. Insurance: Mathematics and Economics, 37, 615-634.

27



[25] Yong, J., Zhou, X.Y. (1999) Stochastic controls: Hamiltonian systems and HJB

equations. Springer, New York.

[26] Zeng, X. (2010) A stochastic differential reinsurance game. Journal of Applied

Probability, 47, 335-349.

[27] Zeng, X., Luo, S. (2013) Stochastic Pareto-optimal reinsurance policies. Insur-

ance: Mathematics and Economics, 53, 671-677.

[28] Zeng, Y., Li, D., Gu, A. (2016) Robust equilibrium reinsurance-investment strat-

egy for a meanCvariance insurer in a model with jumps. Insurance: Mathematics

and Economics, 66, 138-152.

[29] Zhang, X., Meng, H., Zeng, Y. (2016) Optimal investment and reinsurance

strategies for insurers with generalized mean-variance premium principle and

no-short selling. Insurance: Mathematics and Economics, 53, 671-677.

28


	Introduction
	The model
	Reinsurance strategy
	Financial market

	General results
	Examples
	Exponential utility maximizing game
	The probability maximizing game

	Numerical example
	Conclusion
	Proof
	Proof of Lemma 5


