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Abstract

We develop a fixed income portfolio framework capturing the exponential decay of contagious
intensities between successive default events. We show that the value function of the control problem
is the classical solution to a recursive system of second-order uniformly parabolic Hamilton-Jacobi-
Bellman (HJB) partial differential equations (PDEs). We analyze the interplay between risk premia,
decay of default intensities, and their volatilities. Our comparative statics analysis finds that the
investor chooses to go long only if he is capturing enough risk premia. If the default intensities
deteriorate faster, the investor increases the size of his position if he goes short, or reduces the size
of his position if he goes long.
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1 Introduction

The fixed income market, including public debt securities as well as corporate bonds issued by institutions
(financial and otherwise), reached approximately $93 trillion according to the report “Mapping Global
Capital Markets 20117 released by the McKinsey Global Institute. This corresponds to almost twice the
capitalization of the equity market. Fixed-income securities are attractive for many investors because
they generate a steady flow of income if kept until maturity, and coupon payments are usually known
in advance. This makes the optimal fixed income selection problem at least as significant as the equity
selection problem. Nevertheless, most studies have been devoted to equity portfolio problems (e.g., the
seminal work of Merton (1969) and the subsequent developments).

When investing in fixed income securities, the risk of default strongly impacts the distribution of
portfolio returns and consequently affects the optimal investment decisions. Although the investor opti-
mizes his expected utility under the probability measure describing the actual distribution of risk factors,
he must take into account that prices of fixed income securities are observed under the pricing measure.
Consequently, it becomes crucial to specify a dynamic model governing the relation between actual and
risk-neutral default intensities. Such a relation has been analyzed, for instance, by Giesecke et al. (2014)
who solve the static selection problem of a credit swaps portfolio taking into account solvency and trading
constraints.

The vast majority of the literature studying fixed income portfolio selection problems has focused on
the self-exciting feature, i.e., the impact that other defaults in the market have on the optimal investment
in securities referencing the surviving firms. Those studies include Bo and Capponi (2016), who develop
a dynamic portfolio optimization framework for credit derivatives with interacting default intensities,
and Bo and Capponi (2017) who generalize it to account for robustness against misspecification of the
parameters of the default intensity model. In their studies, the authors assume that the default intensities
are piecewise constant, and only jump at the occurrence of a default event. In the context of optimal
investment-consumption, self-excitation has been considered by Ait-Sahalia and Hurd (2016). They
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restrict their attention to default-free stocks and use Hawkes processes to model self-excitation in the
jump component of the price process.*

We consider a portfolio model in which the intensities between defaults exponentially decay toward
their long run mean levels. To the best of our knowledge, ours is the first study to analyze the impact
that the deteriorations of intensities between defaults have on the optimal investment decisions. The
time decay of default intensities is supported by empirical research. Azizpour, Giesecke, and Schwenkler
(2016) use historical corporate default data and show that the impact of default events on the default
probabilities of other firms is statistically significant. Their analysis predicts that such an impact fades
away with time, and the default intensity mean reverts to its long run average. In our default model,
firms are exposed to common sources of risk representing fluctuations in the macro-economic environment
modeled as diffusion processes. Moreover, a default event may lead to a jump of the surviving firms’
default intensities because of direct contagion effects. For example, the creditors of the defaulted firm
may only be able to recover a fraction of their interbanking claims, or their business activities may be
negatively affected if they belong to the same industrial sector. We use mean-reverting diffusion processes
enhanced with self-excitation to capture all the effects discussed above.

We study the dynamic investment problem of a power investor who distributes his wealth among
risky bonds and the money market account. Using the dynamic programming principle, we show that
the value function of the control problem solves a recursive system of second-order uniformly parabolic
HJB-PDEs, each corresponding to a default state of the economy. Concretely, the optimal expected
utility achievable by an investor in a default state depends on all optimal expected utilities that he
can achieve if a default event were to occur. The latter would have a contagious effect on his portfolio
of bond securities, and also decrease the set of available investment opportunities. We investigate the
existence of classical solutions to this system of PDEs, defined on the positive real line, using the Bellman
approximation technique in the policy space; see for example Davis and Lieo (2013) and Fleming and
Rishel (1975) for its application in the stochastic control literature. We prove a verification theorem,
showing the equivalence between the value function and the solution to the recursive system of HJB-
PDEs, after establishing the uniform integrability of the related truncated family of wealth processes. In
the degenerate case, i.e., when firms’ default intensities are not driven by diffusive risk factors but only
jump at other firms’ defaults, we recover a closed-form representation for the optimal feedback strategies
and the solution of the (degenerate) recursive system of HJB-PDEs. In this case, the optimal bond
investment strategy is given by the product of two terms, (i) the inverse of a matrix measuring the bond
price depreciations experienced at the default events, and (ii) a vector capturing the relation between
the optimal expected utility (value function) of the investor in the current default state and in future
states reached when a new firm defaults.

We conduct a numerical study to analyze the dependence of the investor’s strategies on default risk
premia, speed of decay of default intensities, and their volatilities. We consider a minimal market model
consisting of two risky bonds to highlight the primary economic forces driving investment decisions. We
find that the investor trades-off the benefit from holding the bond security and capturing the default
risk premium with the cost of a negative return in case the bond security defaults. Of particular interest
is the impact that the speed of the default intensity’s decay between successive default events has on
the investment decisions. Depending on whether the investor goes long or short in the bond security,
the speed of decay of the default intensity toward its long run mean may have a different effect. More
specifically, it leads the investor to increase the size of his position if he goes short, because he does not
capture enough premium for holding the risky bond. Under these circumstances, the bond appreciates
in value (lower default risk) if the default intensity decays faster, and thus the investor would be able to
sell it at a higher price. In contrast, if the investor goes long because he captures high compensation for
holding the bond security, he would reduce his holdings given that the bond becomes more expensive if
the default intensity deteriorates faster. The investor benefits from a higher volatility of the firm “1”’s
default intensity if he goes short. This not only directly increases the probability that firm “1” defaults,
but also indirectly increases the probability that firm “2” defaults because it increases the likelihood
that the default intensity of firm “2” ramps up as a result of the default of firm “1”. On the other hand,
an investor who is long in the bond security would reduce his position if the default intensity process
becomes more volatile because of the higher probability of default.

LOther studies have considered credit portfolio selection without accounting for self-excitation. Kraft and Steffensen
(2008) consider an investor who can allocate his wealth across multiple defaultable bonds, assuming constant default
intensity. Wise and Bhansali (2002) analyze optimal allocation of capital to corporate bonds under a structural default
model.
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The rest of the paper is organized as follows. Section 2 develops the model. Section 3 formulates
the optimal portfolio problem and studies the optimal bond investment strategy. Section 4 analyzes the
recursive system of HJB equations and proves a verification theorem. Section 5 develops a numerical
analysis. Section 6 concludes the paper. Technical proofs are delegated to Appendix A. The details of
the finite difference method used in the numerical implementation are reported in Appendix B.

Notations and definitions. We give notations and definitions used throughout the paper. Let
N > 2 be an integer and S := {0,1}". We also adopt the following shorthand notation for the following
domain: Ry := (0,00). The vector z = (z1,...,2n) € S is used to denote the default state of the
portfolio, with z; = 0 if the firm i is alive and z; = 1 if it has defaulted. For each z € S such that z; =0,
we use

ZjZ:(Zl,...,ijl,l*Zj72j+1,...7ZN), ]:1,,N (1)
to denote the vector obtained from z by setting its j-th component to one. Let m € {1,..., N} and
J1s--5dm € {1,..., N} be m distinct integers. Given z € S such that z;, = --- = z; = 0, we use

the shorthand notation z/tim = ((zﬂ 1)"')]”1 for the vector obtained from z by setting its components
J1,J2s---Jm to one. In other words, z/2»Jm denotes a default state where the firms ji, jo, ..., jm have
defaulted. We set, 271+m = 2 if m = 0. Consider a function f(t,z, z) with (¢, z,2) € [0,T] xRY xS. We
introduce the shorthand notation f;, .. ;. (t,x) = f(¢,2,07 /™), where 0 denotes the N-dimensional
row zero vector. Moreover, if j & {ji,...,Jm}, We set g, i (t,x) = g;(t,x,091Im) for a given
function g; (¢, x, z) depending on the default state and on the index j of the firm. We use E to denote the
expectation under the risk-neutral measure Q, and EF for the expectation under the actual probability
measure P.

2 The Model

We introduce the default model with decaying contagion intensities in Section 2.1, and describe the risky
bond securities in Section 2.2.

2.1 The Default Model

We consider a model in which default intensities decay exponentially between successive default events.
A default event induces a sudden increase in the default intensities of all surviving firms. Moreover,
the impact of such a contagion effect decreases with the passage of time, as empirically observed by
Azizpour, Giesecke, and Schwenkler (2016) via a statistical analysis of corporate default timing data
from 1/1/1970 to 12/31/2012. A firm’s default intensity is driven by a source of risk factors common
to all firms. These are macroeconomic factors, such as the Treasury term structure level, its slope, and
trailing returns of stock price indices reflecting a broad class of the different industries in the economy.
Duffie, Saita, and Wang (2007) consider historical data of US-listed industrial firms, and find that the
estimated term structures of default intensities depend significantly, in level and shape, on the current
macroeconomic state.

The default intensity dynamics of each firm j = 1,..., N is governed by the following stochastic
differential equation (SDE)

K
dX;(t) = (kj — v X;(0)dt + > 0u(X;(£)) AW (t) + dL; (t), (2)
k=1

where W (t) = (Wi(t))/_, g with ¢ > 0 is a K-dimensional Brownian motion, v; > 0 is the mean

reversion speed of the default intensity of firm j, and 22 is its mean reversion level. The volatility matrix
J

of the default intensity of firm j is given by ojx(z;) = 0;k\/Z; for x; > 0 and o, > 0. We assume that

2k; > Zszl 0]2'1« for 5 = 1,..., N so that the default intensity cannot reach zero. The impact of past
defaults on the default intensity of firm j is captured by the following process

N
L(t) == Zwijzi(t), t>0. (3)
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The j-th entry of the weight vector w; = (w;j)i=1,..n € Rf measures the extent to which the default
of firm ¢ impacts the default intensity of firm j. If the weight w;; is high, the default of firm 7 leads to a
substantial increase of the default intensity of firm j. In this case, the probability that firm j defaults soon
after firm 7 is quite high. In practice, we expect that if firm j is a direct counterparty of firm ¢ or it belongs
to the same industrial sector, then it will be affected more by the default of firm ¢ relative to another
firm k which is in a different business sector and does not have direct contractual relationships with it.?
The process Z;(t) := 1,,<¢ is the default indicator process of firm j. Let Z(t) = (Z1(t),...,Zn(t)),
for ¢t > 0, be the N-dimensional default indicator process. We treat (X, Z) as a joint Markov process
with state space R4 x §. Further, for 5 = 1,..., N and ¢t > 0, Z(¢) transits to a neighbouring state
Zi(t) == (Z(t), ..., Zj—1(t),1 = Z;(t), Zj11(t),. .., Zn(t)) at the state-dependent rate 1yz, =0y X;(t).
Let F := o(X (u), Z(u); u < t) for t > 0. The global market information is given by the right continuous
filtration G = (G;)r>0 where Gy = (.5 Fi+e. Using the Dykin’s formula (see e.g., Eq. (10.13) in Rogers
and Williams (2000), pp. 254), it follows that

My () = Z,(t) — /0 " X wdu, 30 )

is a Q-martingale w.r.t. the total market information G.

It has been empirically shown by Yu (2005) that if the common factor is properly calibrated, then
the default intensity model in Eq. (2) is able to reproduce the levels of default correlations observed
historically. Moreover, in a single firm context, the square root diffusion model has been successfully
calibrated to the term structure of credit default swaps, and also used to accurately price caps for the
interest rate market and options on CDSs; see Brigo and Alfonsi (2004) for additional discussions. The
square root dynamics enhanced with feedbacks from defaults has been used by Errais, Giesecke, and
Goldberg (2010) (see Example 4.2 therein) in the pricing context. Therein, they consider a top down
model for the portfolio default intensity. By contrast, in this paper we consider a bottom-up multivariate
default intensity model. The construction of the default intensity model (X, Z) is nontrivial because of
the coupling between default intensities and default states. The following lemma proves the existence of
such a credit model.

Lemma 2.1. There exists a joint Markov process (X (t), Z(t))i>0 satisfying (2), (3) and (4).

The proof is based on a recursive procedure. We report the details of such a construction in Ap-
pendix A. Throughout the paper let pu(z) = (k; — ijj)szl,...,N and o(z) = (ij\/@)jzl’wN,k:Lm,K for
z € RY. We assume that det(co ' (z)) # 0 for z € RY. We refer to the model with default intensity
given by Eq. (2) as the non-degenerate default model (see also Lemma 3 in Heath and Schweizer (2001)).

Remark 2.2. When the volatility in Eq. (2) is zero, the non-degeneracy condition det(oco ' (x)) # 0 fails
to hold. The dynamics of the default intensity reduces to

dX;(t) = (k; — v; X;(t))dt + dL;(t), (5)
forallj=1,...,N. We refer to it as the degenerate default intensity model. For s > t, define
s Xt = By (o i) w(s—t) (6)
s vj J Vj

Then Eq. (5) admits the closed-form solution given by, for j =1,..., N,

. N t
X;(t)=e "o, + %(1 —e V) + ZU}ij/ e Vit dz,(s)
J i—1 0
‘ N
_ Xt(O,ach) + Z wijefuj(tfn)zi(t) ' (7)

mean reverting

default contagion

2Davis and Lo (2001) introduce a stylized credit contagion model. They use independent and identically distributed
Bernoulli random variables to model both direct and contagious defaults. Kraft and Steffensen (2007) develop a Markov
chain model to capture the contagious effects of defaults on the intensities of the surviving firms, and apply their results to
price credit contingent claims. Yu (2007) consider an interacting intensity model with cyclical dependence among defaults,
where firms hold the other firms’ debt and are thus affected by their defaults. He develops a simulation method for
generating the correlated default times under different structures of interaction among defaults.
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From FEq. (7), it can be seen that the default intensity tends to mean revert to its long-run level given
by ';—j > 0 between two consecutive default events. This captures the time decaying effect of default
intensities. When a firm i defaults, the default intensity of firm j instantaneously jumps upward. As the

time elapsed since the default of firm i increases, the contagion effect is reduced by an exponential factor.

2.2 The Portfolio Securities
The investor can allocate his wealth among the following securities:

e Money market account. The investor borrows and lends at constant risk-free rate r > 0. Hence
the time-t price of one share of his account, denoted by B(t), is given by B(t) = e for ¢t > 0.

e Risky bonds. We consider N coupon paying bonds with unit notional, underwritten by risky
firms. The bond underwritten by the i-th firm has maturity 7; > 0 and generates the following
dividend process, for i =1,..., N,

D)= [ C=zitiut [ Ri(Z-)izin) +(0 = ZEN e, (8)

terminal payoff

coupon payments recovery amount

where C; > 0 is the coupon payment of the i-th bond so that fot Ci(1 — Z;(u))du is the continuous
stream of coupon payments received by the bond holder until the earliest of time ¢ and the default
of firm i. Moreover, R;(z) € [0,1) is the recovery rate paid at the default time 7;. This depends on
the default state z € S of the portfolio, in line with empirical evidence suggesting that the fraction
of defaulting firms in the economy and average recovery rates are correlated (see e.g., Altman
et al. (2015) and Acharya, Bharath, and Srinivasan (2007) who provide support for a negative
correlation). The quantity (1 — Z;(T;))1+>7, is the unit notional payment received by the bond
holder at the maturity T; if the firm ¢ has not defaulted. Assuming that the bond market is free
of arbitrage opportunities, the bond price is equal to the expected discounted payoff under the
risk-neutral probability measure Q. Hence the ex-dividend price of the i-th bond at time ¢t < T; is
given by

Pi(t) = E;

/ " rngp, (u)} . )

The conditional expectation E,[] is taken under the risk-neutral measure Q and conditional on
the information set available by time ¢. From the price formula (9), we deduce that

T;
P(t) = B +E / == B Z (u—))dZ: ()

t

T;
/ Ci(1— Zi(u))ef’“(“ft)du
t

+E, [(1 - Zi(Ti))e’T(Tl’t)} . (10)

Despite the complex default dependence structure across firms, we can characterize the bond prices
in terms of classical solutions to a recursive system of Feynman-Kac’s PDEs in the non-degenerate
default case (see Remark A.1). Further, the price dynamics of the risky bonds are given in the following
proposition.

Proposition 2.3. Leti = 1,...,N and t € [0,T;). Then the dynamics of the i-th risky bond price
process is given by

dPi(t) = [rPi(t) — (1 — Z(t)) (C; + Ri(Z (1)) Xi(t)) | dt

idiosyncratic price dynamics component

K N
+ P> | Y Hugy (6, X (1), Z(1)ojr(X(2)) | dWi(t)

k=1 \j=1

systematic component
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N
+ Pi(t—) Z H gy (t, X (t=), Z(t—))dM;(t)

contagion influence due to default of firm j

with terminal payoff P;(T;) = 1—Z;(T;). Fori,j=1,...,N,k=1,...,K, and (t,z,2) € [0, ;]xRY xS,

OF;(t,x,z) B
Oz [ Fi(t,x—i—w-,zJ)
Hi )t x,2) = Filt,z,2)’ Hq 5t 2) = Fl(t—ac,jz) -1, (11)

where the price function F;(t,x,z) is given by (A.5) in Appendiz A.

The quantity ZkK:l(Z;V:l H (X (t), Z(t)ok (X (t)))dWi(t) captures the influence of past de-
faults on the volatility of the i-th bond price process. The third term on the r.h.s. of dP;(t), instead,
reflects the instantaneous impact of other firms’ defaults on the i-th bond price.

3 The Optimal Investment Problem

We formulate the utility maximization problem in Section 3.1. We give the dynamic programming
formulation in Section 3.2. We analyze the optimal bond investment strategy in Section 3.3.

3.1 The Optimization Problem

The investor dynamically allocates his wealth across risky bonds, and the risk-free money market account.
Denote by ;(t) the number of shares that the investor holds in the i-th bond at time ¢ (¢;(t) > 0 if he
is long, and ;(t) < 0 if he is short). Further, we use ¢¥5(t) to denote the number of shares held in the
money market account at time ¢. Let T € (0, min;—y _ n T;) be a finite horizon. Such an assumption
comes without any loss of generality because we can always remove from the portfolio those bonds which
have already matured by the time the investment is made. The wealth of the investor at time ¢ € [0, 7]
is given by

N
V() = S0P + vs()B(R). (12)
=1

For future purposes, we set 9 (t) := (¢i(t))icq1,...n,By for t € [0,T]. The wealth is obtained multi-
plying the holdings of the investor in each security by its corresponding price. As usual, we require the
portfolio process 1 to be G-predictable. A G-predictable portfolio process 1) = (1(t))c[o,r is said to be
self-financing if V¥ (t) = V¥(0) 4+ Y¥(t), where the gains process Y¥(t), t € [0,T], is given by

N ot t
140) = 3 [ wd(P )+ D) + [ vn(uaBu). (13)

Moreover, for t € [0,T], we define 7;(¢t) := %, i =1,...,N, and 7p(t) := % =1-

Zf;l 7;(t) to denote the proportion of wealth invested in the i-th risky bond, and in the money market
account respectively.

We consider a risk-averse investor who wants to find the optimal admissible strategy, i.e the one
maximizing his expected utility from terminal wealth under the probability measure P which describes
the actual distribution of risk factors. In other words, he wants to optimize the criterion

EF [U (VA(T))] (14)

over all admissible strategies 7 € Uy which will be introduced in the following subsection. We choose
the utility function U : R4+ — R given by %v" for v > 0 and v € (0,1). Notice the key role played
by the two probability measures in the optimization criterion (14). Although the bond prices are given
under the risk-neutral measure (see Eq. (9)), the investor wishes to optimize his expected utility under
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the measure describing the actual distribution of risk factors. Consequently, it becomes important
to specify a dynamic model governing the relation between actual and risk-neutral default intensities.
For k =1,...,K, and i = 1,..., N, let ¢p(t,z,2) and h;(t,z,2) be sufficiently regular functions in
(t,z) € [0,T] x RY for each default state z € S, taking values respectively on R and (—1,00). Under
the actual probability measure P, it holds that for each j=1,...,N,and k=1,..., K,

WE(t) = Wk(t)/Otm(u,X(u),Z(u))du, te[0,7], and
ME(t) := Mj(t)—/O K X;(wh;(u, X (u), Z(u))du, t€0,T] (15)

are P-martingales. Hence, the coefficients ¢, and h; represent, respectively, the market price of (diffusion)
risk and the default risk premium. The formal statement on the relation between risk-neutral probability
measure Q and the actual probability measure P is given in Lemma A.2 of Appendix A.

3.2 Dynamic Programming Formulation

The objective of this section is to derive the HJB equation associated with the control problem in (14).
Let © € Uy and ¢ € [0,T]. Using (13), the wealth process admits the dynamics

AVE(H)
VE(t—)

- d(Pit) + Di(t) | - dB(t)
i.e., the relative change in wealth is given by the gains from the bond investment, and from interest rates

B(t)’
proceeds. Using (16) and Lemma A.3 in Appendix A, we obtain the following lemma which characterizes
the dynamics of the wealth process.

i=1

Lemma 3.1. Let 7 € Uy andt € [0,T]. Under the probability measure P describing the actual distribution
of risk factors, the dynamics of the wealth process (16) admits the following representation

AV (t Y X
= {re a0 (3

i=1 k=1

ZH(i,j)(t»X(t)vZ(t))ajk(X(t)) on(t, X (8), Z(1))

N N
> (Z 720G (X (1) Z(t))) (1= Z()X;(0)hy ¢, X (1), Z(t))}dt
K N N
3 {Z 7ilt) | D2 Hiop (6, X (0, Z0)as0(X (1) | ¢ dWE (1)
k=1 | i=1 j=1
N N
Y <Z 716G (8, X (), Z(t—))) aME (). (17)
j=1 \i=1

We recall that H; j)(t,x, 2) is defined by (11) and G(; j(t,x,2) is defined by (A.19) in Appendiz A.

Definition 3.1. Let t € [0,T]. The t-admissible control set Uy = Uy (v, x, z), (v, x,2) € Ry x RY x S, is
a class of G-predictable feedback trading strategies of the form

w(uw) = (7;(w))i=1,..N = (7rz- (u, Vﬁ(u—),X(u—),Z(u—)))i:Lm’N, u € [t,T],

where ;(+) is the i-th deterministic locally bounded feedback control function taking values on J for
[t,T] x Ry x IE{_,]Y x 8. The admissible set is given by

N
J = {WERN; 1+Z7ri9ij >0,7=1,...,N, VGU S [mij,Mij}}.
i=1

Fori,j=1,...,N, G (t z,z) € [m;, My;] for some finite constants m;; < 0 < My; in Remark A.1.
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Because of the wealth dynamics (17), the constraints imposed on the J-valued feedback control
function m;(+) guarantee that the wealth process stays nonnegative when jumps due to defaults occur. In
the sequel, we also use U; to denote the set of t-admissible feedback control functions m = (771),11 N
In the remainder of the paper, we write V™ (t), where m € Uy, to emphasize the dependence of the
wealth on the strategy. We consider the following dynamic optimization problem. For (¢,v,z,z) €
[0,7] x Ry x RY x S, define the value function by

(t, 0,2, ) = sup EF [U(V’T(T)) V() = v, X () = 2, Z(t) = z} (18)

representing the optimal expected utility under the actual probability measure P and conditioned on the
information set available at time .

Remark 3.2. Differently from the optimization problem considered by Ait-Sahalia and Hurd (2016)
where self-excitation is in the jump component of the default-free stock price process, in our case the
occurrence of defaults affects the default intensities of the surviving firms and reduces the universe of
investment securities. As a consequence, (V™ (t), X (t), Z(t)) is Markovian but (V™ (t), X (¢t)) is not. This
implies that our HJB equation takes a recursive form and its solution depends on the solutions of the
HJB-PDEs associated with the control problem in any possible default state Z(t) of the portfolio (see
Eq. (22) and the expression of the recursive Hamiltonian given in Eq. (23)). By contrast, the absence of
default risk invalidates the recursivity property of the HJB equation in Ait-Sahalia and Hurd (2016).

Assuming that the above defined value function is C1%2 in (¢, v,z) for each default state z € S (we
will prove rigorously that this is the case in the verification theorem), it follows from standard arguments
that it satisfies the following HJB equation: for (t,v,z) € [0,T) x Ry x RY,

sup <88t—|—£”+£ —|—/l> n(t,v,x,2) =0 (19)

TeU

with terminal condition n(T,v,z,z) = U(v) for all (v,z,z) € Ry x RY x S. Above, LT and L7 are
operators depending on the strategy m = (”i)iT=1,...,N € RY, and acting on a function f(t,v,z,z),
(t,v,2,2) € [0,T] x Ry x RY x &, which is C%2 in (¢,v,z), as follows

K N

N
Py m(l=2) Y dk(tw,2) | Y Heg(tw, 2)ogu(x)
i=1 k=1 j=1
N
_ Z (Zm —2i)Gj(tx z)> (1- zj)xj]

af(t7 /07 x? Z)

LTf(t,v,x,2) = v

2
29 N N

v t v, T, z
+ ? 2 Z Z 1 — 21 ZH(IJ)(t,{L',Z)O'jk({L'])
k=1 =1 j=1
N 0%f(t,v,z,2) N
+Z &Uazj Z:l k(2 ;m (1—2z) ;H(i,j)(t7$72)0'jk(1‘j) ,

LT f(t,v,x,2) = Z { (t v—l—v(Zm 2)Gijy(t @ z)),m+wj,zj> (20)

— f(t,v,x, z)] (1- zj)ﬂcj(l +h;(t,x, z))
From the above equations, we can easily deduce that the operator L7 is related to the continuous part,
while £7 to the jump part of the dynamic programming problem. The operator A is a second-order

differential operator acting on any function f(¢,z,z) which is continuously differentiable in ¢ and is
continuously twice differentiable in x for each z € S, and given by

Af(t.2,2) = (@) +o(2)d(t,2,2)) Do f(t,2,2) + %TY[(UGT)(w)Dif(t, x,2)]. (21)

Above Tr denotes the trace operator.
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3.3 Optimal Feedback Strategies

We analyze the optimal feedback control functions. These are denoted by 7*(¢, z, z) = (7} (¢, z, z));lv._,N
for (t,z,2) € [0,T] x RY x 8. For (m,t,v,z,2) € RN x [0,T] x Ry x RY x S, (£§+£§—|—fl)n(t7v,x,z)
denotes the corresponding Hamiltonian. We postulate (and later prove) that the value function admits
the decomposition given by n(t, v, z, z) = v7Q(t, z, 2), where Q(+, z) is a positive C*2-function on [0, T] x
R_IX for each z € §. The HIJB equation (19) may be equivalently rewritten as follows: we solve for the
function Q(:, z), z € S, satisfying

% + AQ(t,x,2) + sup H(t,x, z,m) = 0, in [0,7) x RY, (22)
TEUL

with terminal condition Q(T,z,z) =~~! for all (z,2) € RY x S. For (t,z,2,7) € [0,T] x RY xS xRV,
the function

N K N
H(t,z,z,7) = vQ(t,z, 2) |r + Z m(1— 2;) Z or(t,z, 2) Z H )t x, 2)o(x;)
i=1 k=1 j=1
N N N
_ Zm(l —2z;) Z(l —z;)z;Gi gyt 2, 2) | | —Q(t,x, 2) Z(l — zj)xj(l + h;(t, z, 2))
i=1 j=1 j=1
(v—1) K N 2
4+ ’YWT Qt,z, 2z Z Zm(l ZH(iﬂj)(t,w,z)Ujk(wj) (23)
k=1 j=1
8Q t,x,z) K al
+VZ Z (U =z) | Y ogulxy) | Y Higy(tw, 2)ou())
= k=1 j=1

+ Z (1 + Zm(l 2)G i 5 (t, x, z)) Qt,x +wj, 27)(1 — 2;)x; (1 + hi(t, z,2)).

From the above expression of H(t, z, z, 7), it is clear that the optimal feedback control function 7*(¢, z, z)
depends on the default state z € S. Recall the notation z = 072>+ introduced at the end of Section 1.
Notice also that no investment can be made in a defaulted bond, i.e., 7} (¢, z,2) = 0if z; = 1.

Next, we analyze the feedback control function 7} (¢, z, 2) when ¢ ¢ {j1,...,jm}. The main result is
stated in the following proposition.

Proposition 3.3. Let z = 0/1Im form =0,1,...,N —1. There exists a unique (measurable) optimal
feedback control function ©*(t,z) = (7} (t,x); i & {j1,..-,Jm})  such that

7 (t,x) € argmax H(t,x,07Im 1)
ﬂ.ej(N—m)

or almost every (t,z) € 0,1 X . e admissible set in the default state z = 091Jm s given by
[ 0, T RfTh dmissibl in the d [ (AR b

j(N_m) = T € ]RN_m; 1+ Z 71'7;91'3' 2 0, j % {jl»- . ,jm}, V 91']' € [mij,Mij] . (24)
i€ {1, sdm}

In general, closed form expressions for optimal feedback control function are not available. In the
degenerate model (see Remark 2.2), however, the absence of diffusion risk in the default intensity pro-
cesses makes it possible to obtain more explicit representations for the strategies. These also carry clear
economic interpretations, and hence allow to understand the influence of default contagion on optimal
portfolio allocations. Indeed, if the volatility term in the default intensities vanish, the Hamiltonian
given by (23) reduces to

N

N
H(ta X, z, TI') = fYQ(tv x, Z) r— Zﬂ-l(l - ZZ) Z(l - ZJ)wJG(Z,]) (t71’, Z)

i=1 j=1
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N
—Q(t,a:,z)Z(l — z)z; (1 + hy(t, z, 2)) (25)

j=1
N N v ‘
+ Z <1 + Z ﬂ—i(l - Zi)G(’iyj)(ux? Z)) Q(tl’ + wy, Z])(l - Zj)mj(l + hj(ta Z, Z))v
j=1 i=1

for (t,z,2) € [0,T] x RY x 8. Above, Q(t,z, z) denotes the positive solution to the recursive HJB equa-
tion in the degenerate case. Introduce the following shorthand notation: Q;(t,z) := Q(¢,x, 07t m:7),
hj(t,x) == h;(t,z,0909m) and Q(t,x) := Q(t,x,0%Im) ie. we omit the subscript (ji,...,jm) for

notational convenience. The first-order condition in the default state z = 071Jm and i € {j1,...,jm},
is given by
0=—-Qtx) Y ;G x)
JE{d1sedm}
y—1
+ Y 1+ > mGuyte) Gij)(t, 2)Q;(t, @ + wj)x; (1 + hy(t, z)).
J¢{d1,edm} 1¢{j1ssdm}

The above equation can be solved explicitly and yield the optimal feedback control function 7*(¢,x)
given by

w(t,x) = (G (t,2)) " Ot ). (26)

Here G(t,z) := (G5 (6 2)) (6,5)¢{r,...jm}? a0d the (N —m)-dimensional column vector O(t, x) is defined
by

1 T
B Q(t, ) o
O(t,z) == |:<Qj(t7x+wj)(1+hj(tvw))) 1}

J¢{ir,dm}

It can be seen that 1+ 3,0, .\ (t,2)G ) (¢, ) > 0 for all (t,z) € [0,T] x RY. From the wealth
dynamics given by (3.1) by setting o(-) = 0 therein, it follows that the above optimal strategy 7* (¢, z)
in the degenerate case is admissible.

Using the closed form representation in Eq. (26), we can perform a decomposition which allows
isolating idiosyncratic from contagious influences. We omit the variable (¢,z) € [0,7] x RY in the

following matrix functions. Assume to be in a state where the firms ji, jo, . .., j,, have defaulted, and let
II be the (N — m)-dimensional diagonal matrix whose entries are IT; ; = G, jy for j € {jmy1,...,Jn}
We may rewrite
@t =ty =t Y (g —aTn Y, (27)
k=0

provided that the eigenvalues of I — G TII~! are strictly smaller than one. Above, I denotes the (N —m)-
dimensional identity matrix. The term k£ = 0 gives the idiosyncratic contribution of default risk on the
optimal strategies. Indeed, when k = 0, we have that (G7)~! = II"!, and the zeroth-order approximation
for the strategy is given by

a0* = ! < Q )771—1 J=Jm+1 JN
T Gy \Qi(1+hy) ’ e

Clearly, the above quantity only depends on the default risk of firm j € {j41,-..,7n} When k =1
and the first term in the expansion (27) is included, we have the first round of contagious influences on
the optimal bond allocation strategies. More specifically, we have

O _ G(jm+21.7'm+1) _ G(jm+3,jm+1) . _ G(jN«jer])
. G(j7n+1xjm+1) G(jm+1)jn1+1) G(jm+1)jn1+1)
_ YUm419m+2) _ TUm43:dm+2) . _ (UN-Im+2)
-Gt Glimta imt2) 0 G ) G )
_ — m+2:dm+2 Jm42:dm+2 Jm42:dm+2
_ G(jm+1 IN) _ G(j'rrt,+2n7N) _ G(Jvr:,+3YjN) . 0
Glinoin) Glinoin) Glnin)
10
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The above matrix characterizes the first-order influence of default contagion on the optimal bond allo-
cation strategies. Indeed, we can write the first-order approximation of the optimal strategy as

b =% 4 ! (I — GTH_l) C)

first-order contagion correction

The propagation of contagion effects continues in subsequent rounds, but dampens as kK — oo because
the series converges.

4 HJB Equations and Verification Theorem

Section 4.1 analyzes the recursive system of HJB equations (22) associated with the control problem.
Section 4.2 proves a verification theorem.

4.1 Recursive Classical Solutions of HJB Equations

This section studies existence and uniqueness of a classical solution to the recursive system of HJB
equations in the non-degenerate case. Let z = 071 Jm where m = 0,1,...,N. If m = N, i.e., all firms
have defaulted, the investor can only deposit his wealth in the bank account and accrue interest. Indeed,
Eq. (22) reduces to

0Q(t,z,1)

o+ AQ(t, ,1) +yrQ(t,z,1) = 0, in [0,7) x RY (28)

with terminal condition Q(T, z,1) = y~! for all z € RY. Eq. (28) is a linear PDE which admits a unique
classical solution given by

Qt,x,1) =Lt for (t,x) € [0,T] x Rf. (29)

We next study the existence and uniqueness of a classical solution to the HIB equation (22), when

m < N—1. We proceed inductively and assume that the HJB equation (22) has a unique classical solution

when z = 0919m: for j & {41,...,jm}. We denote such a solution by Q; (¢, ) := Qj,... j...i(t,z). Using
Eq. (22), the function u(t,z) := Qj, ... ,, (t, ) solves the following HJB-PDE

Ou

5+ Au+H(t,z,u, Dyu) =0,  in [0,T) x RY (30)

with terminal condition u(T,z) =~~! for all z € RY. Above, for (t,z,u,p) € [0,T] x RY x Ry x RV,
the Hamiltonian

?:l(t7x7u7p) ‘= sup {g(t,x,w)u + f(t,fL',ﬂ')p‘i‘ l(t’x7ﬂ—)}7 (31)
TeUy

where for (t,z,m) € [0,7] x RY x R¥N~™, the functions

ft,z,m) =~r H(t,z)o(x)o(z) ",
g(t,z,m) :=yr + 77rT (H(t, x)o(z)o(t,x) — G(t7x)(xj);rg{jh_“’jm})

-1
— Z zj(1+ h;(t,z)) + % ’O’(.r)TH(t, m)Tﬂ'}z , (32)
J&{d1,-dm }
v
to,m) = Y 1+ > mGuyta) | Qilt,x+w)w;(1+hy(t,x)).
jé{jls-“:jm} i¢{j1,---,jm}

Here we have used the following representations

H(t,x) = (H 5y (62,077 ) b e i b {1aNTs (@) 1= (051(2)) (k) {1r N {1 K}
ot ) = (Pt 2,07 IV rey = (T5) ¢y}

11
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Also notice that [H(t,z)o(x)]u k) = Z;\Ll Hj)(tx)oju(@) = Xigi, iy Hag (6 2)ojk(z) by Re-
mark A.4 in Appendix A.

We notice that the solution of the HJB equation in each state z is recursively linked to the solutions
of the HJB equations in the states z/ reached upon the default of an additional firm j. That is, the
optimal expected utility in the state z depends on all optimal expected utilities in the state z/ through
the terms Qj, ... j,..;- When firm j defaults, the default intensity of each surviving firm ¢ increases by
an amount wj; due to contagion. The following theorem establishes existence of classical solutions for
the recursive system of HJB equations (22). The proof of this theorem relies on an argument based on
the approximation of the policy space, and on the approximation of the unbounded domain by bounded
domains.

Theorem 4.1. Suppose the HJB equation (22) admits a positive classical solution Q(t,z,071im:1)
when the default state is z = 09vIm:d 5 ¢ L5, ... 5.}, Then there ewists a positive classical solution
Q(t,z,071Im) to the HIB equation (22) when the default state is z = 071+Jm (such an equation takes
the form given in (30)).

We know that, in the state where all firms have defaulted, the HIB equation (22) admits the positive
classical solution Q(t,z,1) = v~ 17" (T for all (¢t,z) € [0,T] x RY. Using Theorem 4.1, this implies
the existence of a classical solution to the HJB equation (22) via a backward recursion on the default
states.

Remark 4.2. For (t,z,2) € [0,T] x RY x S, define

L(t,x,2) = H(t,z,2)0(x)¢(t, x,2) — D(2)G(t,z,2)x ",
hj(t,z,2) == x;(1 + hj(t, x, 2)), j=1,...,N,

where we set D(z) := diag(1 — z;; j =1,...,N) and recall that ¢ and h are the vector of market and
default risk premium coefficients. Assume the following condition

(C1) The functions L(-, z) and h;(-,z) are bounded for each z € S.

Then the classical solution given in Theorem 4.1 can be bounded (see also the proof of Theorem 4.1 in
Appendiz A). In other words, if the system of HJB equations admits a unique bounded positive classical
solution when z = OJv-Idm:d 5 ¢ L5, ... 5.}, then there exists a unique positive bounded classical
solution to the system (30) when the default state is z = 071++Jm_ In this case, the coefficient g*(t,z)
given in Eq. (A.32) of Appendiz A is bounded from above given that vy € (0,1), and the function I*(t,x)
given in (A.32) is positive and bounded. This implies that the classical solution is bounded from above
using the representation of solutions (A.33) in Appendiz A.

The recursive HJIB equations admit an explicit solution if diffusion risk is absent. In this case, the
HJB equation (22) reduces to

0= (% + A()) Q(t,z,2) +C(t, @, 2,7 (t,x,2))Q(t, x, 2) (33)

N N v
+ Z(l — zj)mj(l +h;(t,x, z)) (1 + Zwl*(t, x,2)Gq 5 (t,x, z)) Qt,x +wj, 27)
j=1

=1

with terminal condition Q(T,z,z) =y~ for all (z,2) € RY x 8. The operator Ay is defined as (21) by
setting o(-) = 0. Moreover, the coefficient

N N N
Clt,w,2,m) =r =7 (Z mGuj(t 2, z)) (1= z)a; — > (1= z)a;(1+ hy(t, z, 2)). (34)

j=1 \i=1 j=1

Let z = 071-++Jm  where ji, ..., jm are the defaulted firms. If z = 1, then Eq. (33) reduces to

(% n AO) Qt2,1) +71Q(t2,1) =0, in (t,x) € [0,T) x RY

12
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with terminal condition Q(T, z,1) =y~ ! for allz € RY'. The solution is given by Q(¢,z,1) = ey (T=t)
for all (¢,z) € [0,T] x RY, as in non-degenerate case (see Eq. (29)). Next, consider 0 < m < N — 1. We
first define the following quantities by

Ct,z) :i=yr+7~ Z xj— Z xj(1+ hy(t,z)), (35)
&G sdm Y &G sdm Y

Cta)i=(-7 > w{@ite+w)(1+nta)}
JE{T1sedm}

Above, we recall that Q;(t,z) := Q(t,,07+Im:3) j & {j1,...,jm}, is the solution to the PDE (33)
when the default state is augmented with the default of firm 7, i.e., it becomes 071>+Jm+J . Here hj(t,z) ==
hj(t,z,079m) and Q(t, ) := Q(t, z, 07+++Im), i.e., we omit the subscript (j1,...,jm) for the notational
convenience. When this happens, the default intensities of all surviving firms increase by an amount w;
due to contagion, hence explaining why Qj, .. ;.. ; in Eq. (35) is evaluated at  + w;. Then, Eq. (33)
reduces to the following Bernoulli’s type PDEs given by

(% + A0> Q(t,x) + C(t, 2)Q(t, x) + C(t, 2)Q71 (t,x) = 0. (36)
In the above equations, the nonlinearity of the PDE is only manifested through the term Q%(a x)
and not through the coefficients as in the original equivalent PDE (33). The quantity ﬁ in the above
nonlinear terms is usually called the Legendre-Frechel exponent of the risk-aversion parameter . It is
easy to see that ﬁ < 0if vy € (0,1). We can guarantee the existence of a unique classical solution to
the degenerate HJB equation.

Proposition 4.3. Assume the existence of a unique positive, continuously differentiable solution Q;(t, z) =
Q(t,z, 07 Im:d) 5 d {41,...,jm}, to Eq. (33) in the default state z = 071Jm:J. Then there exists a
unique solution to Eq. (33) in the default state z = 09*Im  More specifically, for (t,z) € [0,T] x RY,
we have
Q(t,z) = Q' (t,x), (37)
where the positive function Q(t, x) 1is given by
~ 1 1 T .
Q(t,z) =~ T-7 exp 17/ C'a(u7 (Xét’mf’]); ji=1,... ,N))du
-7 Jt
1

T
_"_m Cb(S,(Xs(twj’]); ]:17’]\])) (38)
t

1 s )
Xexp{ﬁ/ C“(m(é\f’ét’mm); j:17...,N))du}ds.
t

Here X{"%7) s given by Eq. (6) in Section 2.1.

4.2 Verification Theorem

We provide a verification theorem which

(i) Guarantees that the optimal feedback strategy at time ¢ is obtained by evaluating the deterministic
feedback control function at the current default state and default intensity vector.

(ii) Establishes the correspondence between the value function (18) of the control problem and the
solution to the HJB equation (30).

Theorem 4.4. Let m = 0,1,...,N and Q(t,x,07Jm) be the classical solution to the HJB equa-
tion (30) with terminal condition Q(T, z,07tim) = ~y~1 for allx € RY in the default state z = 071-im.
Assume that the condition (C1) in Remark 4.2 holds in the non-degenerate case. Then the value func-
tion (18) admits an explicit expression given by

Wt @,2) = QL w2),  (hu,m2) € [0,T] x Ry x RY x 8. (39)
Moreover, the predictable optimal feedback strategy is given by the Markov control 7*(t) = ©* (¢, X (t—), Z(t—))
with t € [0,T), where form =0,1,...,N, 7*(t,z, 0/t9m) (t,z) € [0,T] x RY, is given by (A.21).

13
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5 Numerical Analysis

We consider a special case of our framework consisting of two firms, i.e., we set N = 2. This enables us
to highlight the extent to which the various model parameters affect the optimal allocation decisions.

Benchmark Parameters. Throughout the section, we use the following benchmark parameters.
We choose the interest rate = 0.05. We consider two common risk factors, i.e., K = 2. We choose w1y =
wg1 = 0.2 to quantify the instantaneous jump of the default intensity of firm “2” (firm “1”) at the default
of firm “1” (firm “2”). Such a setting is expected to hold for a scenario in which the two firms belong
to the same industrial sector, and have similar risk exposures to each other. We assume zero default
risk premia prior to the occurrence of any default event, hy (¢, z, (0,0)) = ha(t, 2, (0,0)) = 0. We choose
hi(t,x1,(0,1)) = ha(t,z2,(1,0)) = —0.8, where x = (x1,2z2), i.e., the default intensity of both firms is
lower under the actual probability measure than under the market measure in the case when one of the two
firms has defaulted. This specification is designed to capture empirical evidence suggesting that lower-
rated corporate bonds have a higher risk premium than that of higher-rated corporate bonds. We choose
constant market risk premia: ¢;(t, 21, (0,1)) = ¢a(t, z2,(0,1)) = ¢1(t, 22, (1,0)) = ¢a(t, 22,(1,0)) = 0.4,
and ¢4 (t, z,(0,0)) = ¢2(t, x,(0,0)) = 0.1. The contractual bond parameters are set to C; = Cy = 0.7 for
the coupon payments, and to R1(0,1) = R;1(0,0) = R(1,0) = R2(0,0) = 0.2 for the recovery payments.
The maturity of the bonds is 77 = T3 = 4, and the investment horizon is 7' = 2. Unless otherwise
specified, we set the investment time ¢ = 0 and the initial values of the intensities to 1 = xo = 1.5, that
is the feedback functions are plotted for t = 0,21 = x5 = 1.5.

Bond Prices. The price of a bond with longer maturity is higher than that with a shorter maturity,
if the default risk of the underlying firm is low. This is because of the higher value of the stream of
coupon payments received. However, if the default intensity becomes higher, then the stream of coupon
payments terminate earlier, the bond price jumps to the recovery payment, and the nominal value is not
paid. Under these circumstances, we expect the prices of a long maturity and of a short maturity bond
to be nearly the same. These statements are visually confirmed by the plots in Figure 1.

—t =000 —=0.00
- t=050| | - t=050| |
—=t =100 —-t=100
seant = 2,00 seant = 2.00
K& S
0 0
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Ty T

Figure 1: Left: Price of the bond underwritten by firm “1” after default of firm “2”. Right: Price of
the bond underwritten by firm “2” after default of firm “1”. The default intensity parameters are set to
v1 = vy = 0.1, k1 = ko = 0.1 for mean reversion speeds and levels, 011 = 012 = 091 = 092 = 0.01 for
volatilities.

5.1 Analysis of Investment Strategies

We perform a comparative statics analysis to examine how the default risk premia, the deterioration
of the intensity toward its long run mean, and the volatility of the default intensity process affect the
optimal allocation decisions of the investor. A common pattern in Figures 2, 3 and 4 is that the investor
increases the size of his investment position as his risk aversion decreases.

Default Risk Premia. Consider first the case that both firms are alive. Under our benchmark
parameters specification, there is zero default risk premia if no security has defaulted. If the default
intensity of the firm is low, the investor shorts the bond security. This is because the price of the bond is
higher and consequently the jump of the bond price to the recovery payment at default is larger, allowing
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the investor to make a larger gain at the default event. In contrast, if the default intensity is high, the
downward jump in the bond price at the default event of the firm is low; on the other hand, a positive
default risk premium is captured by the investor, if the other firm were to default (recall that under
our benchmark setup, when one firm defaults the market attributes higher default risk to the surviving
firm than the history, which means that the investor finds it cheaper to buy and hold the bond). If the
cost of the downward jump outweighs the gain from the default risk premium, the investor goes short,
otherwise he goes long. These intuitive arguments are supported by the left graph in Figure 2. After
the default of a firm, the investor always captures a positive default risk premium for holding the bond
security, and always goes long in the bond security; see the right graph of Figure 2.
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Figure 2: We set the default intensity parameters to v1 = vo = 0.1, k1 = k2 = 0.1 for mean reversion
speeds and levels, 011 = 012 = 021 = 029 = 0.01 for volatilities.

Deterioration of Default Intensities. In the numerical example of Figure 3, we fix the mean
reversion level of the firm “1”’s default intensity to =% = z; — 0.3, and vary the mean reversion speed
v1. Increasing 7 makes the default intensity deteriorate faster toward its long run mean, which is lower
than the initial value x;. Because of the lower default risk, the bond of firm “1” can be sold at a higher
price. As a consequence, the investor prefers to short a higher number of shares of bond “1” to profit
of the larger downward jump in price when bond “1” defaults. The investor uses the proceeds from the
short sale of bond “1” to buy back shares of the bond “2”, i.e., to reduce his short position in bond
“2”. After the default of a firm, the investor captures a default risk premium if he goes long in the bond
security. However, as 11 increases he allocates a lower fraction of his wealth to shares of bond “1”. This
is because the bond becomes more expensive if the default intensity mean-reverts faster toward a lower
level.

Volatility of Default Intensities. Consider first the situation in which both firms are alive. The
top left graph of Figure 4 indicates that, as the firm “1”’s default intensity becomes more volatile, i.e., 011
increases, the investor increases the size of his short position in the bond security. Under the benchmark
parameter configuration, the investor shorts the bond because he wants to profit of the gain realized at
the default event. Clearly, higher values of 17 imply a larger volatility for the default intensity, and thus
a higher probability that firm “1” defaults. Interestingly, even if the default intensity of firm “2” does
not depend directly on o171, the investor’s holdings in bond “2” are still affected. As 011 increases, the
probability that the default intensity of firm “2” jumps upward as a result of firm “1”’s default increases.
Hence, the investor would be able to profit of his short position in the bond “2” with a higher probability.
This line of reasoning is confirmed by the top right graph of Figure 4. After the default of firm “2”,
the investor finds it profitable to go long in the bond “1”. In this case, a higher volatility would hurt
the investor because it increases the probability of a default event, in which case he realizes a negative
return from holding a long position in the bond (see bottom left graph of Figure 4). Moreover, after firm
“1” defaults, no contagion effect is present, i.e., the higher volatility of firm 1’s default intensity has no
impact on the default intensity of firm “2”. As a consequence, the investor’s allocation decisions on the
bond “2” are insensitive to the value of o1; (see bottom right graph of Figure 4).
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Figure 3: We set 1o = 0.1, ko = 0.1, and k1 = 1 X (z7 — 0.3) where 1 = 1.5. We set the volatility
parameters o171 = 012 = 021 = 092 = 0.01.

6 Conclusion

We have developed a fixed-income portfolio optimization framework featuring a default model in which
the jump-diffusive default intensities of the firms ramp up at the occurrence of a default event, and then
decay exponentially fast toward their long-run mean levels. The default of a firm can bring a loss to the
investor if he is long in the bond security, and additionally, it permanently decreases the set of portfolio
securities at his disposal. Mathematically, the dependence structure between the default states of the
economy is encoded by a recursive system of uniformly second-order parabolic HIB-PDEs. We have
studied the existence of classical solutions to the recursive system, and obtained explicit representations
for them in the degenerate case of vanishing volatility. We have analyzed how default contagion impacts
the optimal allocation decisions, both analytically and numerically. In particular, we have decomposed
the optimal portfolio into an idiosyncratic component and higher-order contagious influences manifested
when firms default. Our comparative statics analysis indicates that the decay speed of the default
intensities toward their long run levels, default risk premia, and volatility of the default intensity processes
have a significant impact on the optimal allocation decisions of the investor. They determine whether the
investor should go long or short in the bond securities, and also affect the size of the optimal allocation
decisions.
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A Technical Proofs

Proof of Lemma 2.1. We construct (X (¢),Z(t)) for t > 0 based on an iterative procedure as in
Section 4 of Lando (1998). More precisely, for j = 1,..., N, we first consider the following SDE given by

K
dX () = (k; — v X\ (O)dt + 3 o (X7 (1)) dWi (1) (A.1)
k=1

with initial condition XJ(O)(O) = X;(0) € Ry. Observe that for each j =1,...,N, Eq. (A.1) is a SDE
with a linear drift and a square root volatility coefficient. Then Proposition 2.13 in Chapter 5 of Karatzas
and Shreve (1991) implies that there is a unique (strong) solution to Eq. (A.1) for each j =1,..., N.
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Let (64;; i, =1,...,N) be independent standard exponentially distributed random variables, in-
dependent of the K-dimensional Brownian motion. Initially, no firm has defaulted, i.e., Z(0) = 0. Then
the first default time 77 is

t
1 ::inf{t > 0; / X\ (w)du > 91]}, j=1,...,N.
0
For j = 1,...,N, we set X;(u) = X\”(u) and Z(u) = Z(0) = 0 when u € [0,7,). Further define
J1:=argmin7i;. We next conmder the following system of SDEs, on t > 71: for j € {1,...,N}\ {j1},

and t > 7'1,
Xg('l)(t) = Xg('O)(ﬁ) +/ (ky = X(l) ))du + Z/ k(X dW(l () + wjy (A.2)

Above, W,S)(t) = Wy (t+71) — Wi(71) for t > 0. Obviously Eq. (A.2) admits a unique (strong) solution
X ;1) (t) on t > 7. Further, define the second default time by

T = min o T2j,
Je{1l,.. . NI\ {41}

t
T2; ::inf{th'l; / X](l)(u)duz ng}, ]E{l,,N}\{jl}

Similarly to the above construction of (X (t), Z(t)) on t € [0,71), for u € [y, T2), we set X;(u) = X](-l)(u)

forall j € {1,...,N}\ {1}, and Z(u) = Z(#1) = 0*. Moreover, denote by jo := argmin  T7;. More
je{l,..NN\ {7}
generally, for n = 3,..., N, we consider the following n-th default time among the N firms
Tn = min Tnj

Je{1,.... NI\ {d1s--sdin—1}

t
Tnj = inf {t > Tno1; / Xj(nil)(u)du > Q’ij}v VES {17'~-7N}\{j1’~~-7jn71}’
Tn—1

The indices ji,...,Jn—1 are recursively defined in a similar way to j; and jo. For j € {1,...,N}\
{jh e 7jn—1}7 and t Z ’f_n—lv

t
X0 = XD+ [ (- X @)

3 [ T wan N w s Y w, (A.3)

k=1YTn—1 i€{j1,--sin—1}

where W,Enfl)(t) = Wi(t + Tn—1) — Wg(Fn—1) for t > 0. Obviously, Eq. (A.3) admits a unique (strong)

solution. We can repeat the above recursive procedure for n = 1,2 and construct (X(¢),Z(t)) on
t € [fn—1,7n) until n = N. If t > 7y, then all firms in the pool have defaulted. This completes the proof
of the lemma. O

Proof of Proposition 2.3. Combining the bond price (9) with the price representation (10), we have
Pi(t) = Fi(t, X (t), Z(t)), i=1,...,N. (A.4)

Here the price function F; is defined as
Fi(t,x,2) == F(t,z,2) + FP(t,z,2) + FE(t, x, 2), (A.5)

for (t,z,z) € [0,T] x ]Rf x §. On the event 7; > t, the price subfunctions are given by
TiNT;
Fo(t,2,2) = E / Ri(Z(u) Xs(w)e~" Dl X (8) = 2, 2(t) = 2| |
t
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TiNT;
F(t,a,2):=E [/ Cie_r(”_t)du’X(t) =uz,Z(t) = z} , (A.6)
t

Fe(t,z,2) = E [(1 — Zy(T;))e (T ’X(t) =2, Z(t) = z] .

Let the difference-differential operator A acting on the smooth function f(-, z) for each z € S be defined
as

1
Af(x,2) = p(@) " Dy f(x,2) + f‘f[(UUT)(ﬂC)Dif(% z)]
N .
+ZI:f(x‘i’wj,Z‘j)7f($,2):|(1*2’j)$j. (A7)
j=1
Using the Feynman-Kac’s formula, we deduce that F}, Fz-b and Ff defined by (A.6) satisfy PDEs
(% * A) Fia(t7-r7 Z) + Rl( )(1 - Zl) Ti = TF (ta z, Z)v Fia(Tia xz, Z) = Oa

(aat + A) btyx,2) + Ci(1— 2) = rEf (tx,2),  F(Ti,x,2) =0, (A.8)

0
(815 + A) Ff(t,x,z) =rFf(t,z,2), Ff(Ti,z,2z)=1-z.
Then the price function F; given by (A.5) satisfies

o 0 N 9N O ) e
(5 +4) i) = (g1 +.4) P2+ (54 4) B+ (4 A) et

= rF(t,x,2) — Ri(2)(1 — z)xs + rEL (¢, @, 2) — Ci(1 — 2) + rFE(t, x, 2)
=rF;(t,z,z) — Ri(2)(1 — z;)x; — Ci(1 — z).

Thus from Itd’s formula, it follows that

Fi(t, X(¢), Z(1)) = Fi(0, X(0), 2(0))
/ {rFi(u, X (u), Z(uw)) = Ri(Z(u))(1 = Zi(u)) Xi(u) = Ci(1 = Zi(u)) } du

+ / Do Fi(u, X (), Z(w)) T o (X () dW (u)

+Z/ erJ,Zj(uf)) fFi(u,X(uf),Z(uf))] dM;(u),

Then the dynamics of price P;(¢) in Proposition 2.3 follows from (A.4). O
Remark A.1. Using the operator A defined by (A.7), we have that the price function F; indeed solves

(;—&—A) it x,z) — (r—i—Zl—zj ) i(tx,2) + Ri(2)(1 — z)xs + Ci(1 — 2;)

N
+ZFi(t,m+wj,zj)(lfzj)xj =0 (A.9)
j=1

with terminal condition Fy(T,z,z) = 1 — z;. The operator A is defined as
- 1
Af(t,,2) 1= pla) Daf(t,2,2) + 5 Trl(o0 ) @)DEf (1, 7)) (A.10)

Recall the notation introduced at the end of Section 1, and let the z = 09 Jm form =0,1,...,N. We
can solve the above PDE recursively. When m = N, Eq. (A.9) reduces to
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Then Fi(t,z,1) = 0. Consider the case m = N — 1, Eq. (A.9) is given by

ad
0= (a +A> 45715 N — 1(t .27) (T+‘TjN)Fii,j1,-~,jN71(t7x)
+ Ri;jl ~~~~~ JN—1 1i:ijjN + CjN]-i:jN (A'll)

with terminal condition F;(T,x,z) = 1 — 1;2;,. Hence, it holds that Fyj, . jy_,(t,x) =0 fori # jn.
Using Proposition 3.2 in Becherer and Schweizer (2005) along with the fact that det(co ' (x)) # 0,
Eq. (A.11) admits a unique classical solution given by

F

inidtrein_1 (6 T)

) _ T; B “ .
= ]Et,x e ftTZ(TJFXjN (s))ds + / (Ri;j‘l’quN—‘lXjN (U) + C]N) e fz (T+X.iN (s))ds , (A12)
t

where the underlying state process is the multiple-dimensional CIR process given by

dX;(t) = (k; — v; X;(1)dt + > ojry/ X (H)dWi(2). (A.13)
k=1

It can also be seen that Fjy ., . jx_.(t,x) only depends on (t,x;,). For the case 0 < m < N — 2, we

have
0
at+«4 g B2 = [+ Y @y g (68) + Ry Lig g @i
JE{dr,dm}
+Cir g Liglnguy + D Figrgi(bz +wi)z; =0 (A.14)
JE{d1, - dm}
with terminal condition Fy(T,x,2z) = 1 — Licg;, .. j.y- Notice that Fij, ;. j(t,x) is the classical

solution to Eq. (A.9) in the default state z = 07rIm:d. Then, for all i € {j1,...,5m}, we have

that F .. . (t,x) = 0. Proposition 3.2 in Becherer and Schweizer (2005) along with the fact that
det(oo ' (x)) # 0 imply that Eq. (A.14) admits a classical solution given by
Fiji g (8 ) (A.15)
T;

=Ep e FE (46 0y X (9) ds +/ (Risjy,.jm Xi(u) + Cy) e L (P gy gy Ko () ds
t

for all i & {j1,...,jm}. Moreover, Fy; ;. (t,x) only depends on (t,z; ,,,...,%;y). From the ex-
pression (10), it can be easily seen that F;(-,z) admits a strictly positive lower and upper bound. By the
results in Chapter VI of Ladyzenskaja, Solonnikov, and Uralceva (1968) (see also the form (3.1) therein),
it can be verified that H; j)(-,z) € C*? and that G; j)(-,z) € C*? is bounded for any z € S.

Lemma A.2. Fork=1,...,K and i = 1,... N, let ¢p(t,x,z) and h;(t,x,z) be sufficiently reqular
functions in (¢, ) € [0, T)xRY for each default state z € S, taking values on R and (—1,00), respectively.
Assume that the positive process Ep.p = (€41 (1))e>0, satisfies the following SDE

A&y n(t)

K
Eon (e =3 ¢kt X (1), Z(t)dWi(t +Zh (t, X (t=), Z(t=))dM;(t), Epn(0)=1.  (A.16)
k=1

Let T > 0. Define a new probability measure P < Q on Gp by dP = &, 1 (T)dQ. Then, for each
j=1,....N,

WE(t) / or(u, X (u), Z(u))du, t€[0,7], and
My (t) := M;(t) — /0 (1—Z;(w)X;()h;(u, X (u), Z(u))du, te][0,T] (A.1T7)

are P-martingales.
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Lemma A.3. Fori=1,...,N, under the actual probability measure P, it holds that for t € [0,T;),

Pi(t—)

K N t
#3 3 H (X 0. 20)00(x0) | a{WEO + [ onu, X, 2(0)au
k=1 \j=1 0

= rdt (A.18)

+ Z Gt X(t—), Z(t—))d {M;P(t) + /o (1= Z;(u)X;(u)h;(u, X (u), Z(u))du} .

j=1
Above, for (t,z,z) € [0,T;] x ]Rf x S, we have defined the functions
Ri(z)

Gtz 2) = Hugy(t,@,2), if i#j, and Guy(t,z,z) = Flto.2) (A.19)
Fori,j=1,...,N, the functions H; j(t,x,2) and H(iyj)(tw,z) have been defined in (11).
Proof of Lemma A.3. Using Proposition 2.3, it follows that for ¢t € [0,T;),
P;(0) + / {rP,(u) — (1 = Z;i(w)[Ci + Ri(Z(u)) X (u)] }du
N
+ / PSS By (, X (), Z(0)) o (X (w) | dWi(w)
0 k=1 \j=1
+ N
+/0 Pulu—) S Hes (s X (u—), Z(u—))dM; ().
j=1
Taking the dividend given by (8) into account, we obtain from (A.4) that, for t € [0,T;),
Pi(t) + Di(t) = P;(0) + D;(0) +1“/t Py (u)du + /t P(u—)— T (u—)) M ()
' 0 0 Fi(u, X (u—), Z(u—))
+ K N
[ P Y | 3 Hi (0 X @), Z)ore (X ) | aWia)
k=1 \j=1
t N o
+/0 Pi(u=) Y Hi g (t, X (u=), Z(u—))dM;(u)
j=1
This yields the dynamics given by (A.18) using (A.17). a

Remark A.4. Let (t,x) € [0,T] x RY. By Remark A.1 and (11), for all (i,5) € {jm+1,.--,dn} X
{j17"'7j7n}7

B Fi(t7j7n+17 e T 0]’1,..-,]'",,)
and for all (i,7) € {jm+1,---,Jn}2, it holds that

H(z‘,j)(t7$, QJ1s-sdm

) — _. . ; . J1seesdm
)7 Fi(t’jm+17---,$jN,0j1 ----- jm) 7' H(l,])(t7]m+17“'ax]N70 )a

. Hy ) (t,@,0709m) only depends on the arguments (¢, jm+1,- .., %y ). Similarly, we have that for
all (z j) € {jm+1, N Y2 Gy (b, 00029 only depends on the arguments (L, jm1,-- - Zjy)-

Proof of Proposition 3.3. Fix (t,z) € [0,7] x RY, and omit the argument (ji,...,jm) to lighten
notation in the remaining part of the section. Using (23), from Remark A.4, it follows that the objective
function (23) in the default state z = 091Jm is

H(t,x,m) =Qtx) [yr— > a;(1+h(t,))
]g{Jl aaaaa jm}
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K
+9Qtz) > m | ekt ) > Huptaoouw() | = > 2;Gy(tx)

i¢{j1sees Jm} k=1 JE{I15-dm } JE{T1,es Jm}
K [N
9Q(t, x)
7 Z T > Z Tj%’k(ﬂﬂj) Z . Hi oy (t, @)oo (1)
i¢{j1,dm} k=1 \Jj=1 1¢{i1, - sdm’
(r-1) S 2
Y =
+ TQ(WB)Z >ooom > Hyy(t2)oju(x;)
k=1 \i¢{j1,...m} JE{d1sdm }
v
+ Y 1+ Y mGup(ta) | Qitx)z;(1+hy(tx)). (A.20)
Jg{]l vvvvv jm} l%{ﬁ vvvvv jm}
It holds that lim; e H(t, 2, m) = —oo for almost every (¢,z) € [0,7] x RY because v € (0,1) and
Q(t,z) :== Q(t,z,091Im) > (. Fix some point 7y € U, we have that for almost every (¢,z) € [0, T]xRY,

there exists a positive constant (¢,z) > 0 such that for all || > ((¢, z), H(t,x,m) > H(t,x, ). This
implies that the set of solutions to the maximization problem of H(t,z,7) over m € J (N=m) coincides
with the set of solutions to the maximization problem of H(t, z, 7) over the compact set of RV =™ given
by 7 € {m € RN="™; |z| < ¢(t,z)} N TN =), Here JN=") is the admissible set in the default state
z = 071++Jm which is given by (24). By continuity of the function H(¢, z, 7) in 7, we deduce the existence

T (t, ) € arg max H(t,x,7) = argmax H(t, z,m) (A.21)
WE{WG]RN”"'; ‘WISC(LZ)}QJ(N—m) ﬂ.ej(N—m)
for almost every (t,z) € [0,T] x RY. Moreover, one can choose a Borel measurable version by a classical

measurable selection theorem (see, e.g., Appendix B in Fleming and Rishel (1975)). Because H(t,x, )
is strictly concave, and hence 7*(¢, ) is unique. a

Proof of Theorem 4.1. Let Q;(t,z) := Q(t, z,077m:7) be the classical solution of the HJB equation
in the state 2 = 091++9m:J for j ¢ {j1,...,jm}. Then Q,(t,z) belongs to C12. We next introduce the
following space of functions. For a set O C [0,T] x RN and p € (1, +00), let LP(O) be the space of p-th
order integrable functions on O with the norm || - || 1r(0) in LP(O). Let H?(O) be the Sobolev space of
functions f such that f together with all generalized partial derivatives of first and second order are in
LP(O). Denote by || - ||gr) the Sobolev norm of the space H?(O). We also introduce the norms of
Hélder type. For any v € (0,1], and O = [T, T1] x K C [0, 7] x R™, define || fllo := sup( y)co [f(ty)],
and

[f(t2) = fty)l |f(t,x) = f(s, )|

I £ll,0 = I fllo + sup sup
K te[To,T1], (z,y)EK, z#y |$ - yh (s,t)E[To,T1], s#t, z€K ‘t - S‘W

1 N 2 1 1 N 1
We also define [|£I|51p = |f 5.0+, 1Da. flly.0 and [0 = [ F1S o HIDA IS0+ 501 1020, 15
Consider the bounded domain B, = {z € (0,00)"; |z| < v} for any v > 0. For (t,z) € E, =
(0,T) x B,, introduce the following problem

ou”

ot

+ Au” + H(t,x,u”, Dyu”) =0 (A.22)
subject to boundary conditions
u”(t,z) = @(t, x) for (t,z) € OF, := ((0,T) x OE,) U ({T} x E,). (A.23)

The function ¢ € CY2(E,) and satisfy o(T,z) = v~ ! for all z € B,. We next define sequences of
functions (u} = u}(t,z))r>1 on E, and of bounded feedback control functions (7, = 7 (¢, ))k>0 as
follows. Here, mg is an arbitrary control. Define u}_, to be the (Sobolev) solution of the following
problem

0 = auéc;rl + AU‘Z+1 + g(tv Z', ﬂ—z(tﬂ x))“’]é-ﬁ—l + f(t7 .T, ﬂ-z(tﬂ x))DwUZ+1 + l(tv ZL', WZ(t, ‘T))

and subject to terminal condition vy, (t,x) = ¢(t,z), for (t,z) € 9F,,

7w} (t,z) == argmax {g(t,z, m)uf(t,z) + f(t,x, m)Dyu(t,x) + (¢, z,m)} (A.24)

reJ (N—m)
for almost all E,,.
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We can rewrite Eq. (A.24) in the following semi-linear form given by

ouy, 1
0=+ S Trloo (@) D3uj ] + fi (t:2) Dauf oy + gt 2)ufyy + 1 (Hw),  (A.25)

where for (¢,z) € E,, the coeflicients

fl:(t7 ZL‘) = :u(x)T + O'(l’)qﬁ(t, 1") + f(tv €L, WZ(t7 :I))),
gt x) == gt z, i (t,x)), 1Lt x) =10tz 7L, x)). (A.26)

Obviously oo ' () is bounded and Lipschitz continuous on E,. As det(oco ' (x)) # 0, it follows that
oo (z) is uniformly elliptic on RY for « € B, using Lemma 3 in Heath and Schweizer (2001). Because
H(:) € C%' and G(),Q;(-) € C*2, it holds that f¥(¢,z) and g (t,z) are bounded on E,. Also, notice
that I} (t,x) is bounded on E,, and hence ||I}||1r(r,) < +oo for 1 < p < co. Using the existence and
uniqueness of Sobolev space-valued solutions to the linear PDE in Fleming and Rishel (1975), pag. 207,
Eq. (A.25) admits a unique solution vy, € HP(E,) for any 1 < p < oo; moreover the following estimate
holds

”uZ-HHHp(EV) < Cu( HZZ”LP(E,,) + H%D”Hp(aE,,) ) (A.27)
Using the estimate (E.9) in Fleming and Rishel (1975), pag. 207, it follows that

H“ZHH(;,;;,, < Cup HUZ-H”HP(EU) g (A.28)

for p = 17% provided p > N + 2.

We next develop the related estimates (A.27) and (A.28) for the solution uj . First, we establish
the limit of u} as kK — oo in some appropriate spaces. This limit is verified to be the classical solution
to Eq. (A.22) subject to boundary conditions (A.23). For k > 1, using (A.24), it follows that

ouy 1
op 5 Trloa (@) Diug] + fi (4 @) Daufl + gy (¢ 2)ui, + (1, 2)
N ouy,
- ot
and hence setting vy := uy ; — uy, it holds that
ovy,
ot
subject to the boundary condition vy (T,z) = 0 on JF,. The maximum principle implies that vy > 0

on E, for k > 1. Thus, the constructed sequence of functions (u})>1 determined by (A.24) is non-
decreasing. Using the estimates (A.27) and (A.28) established above, we have for p > N + 2,

et il h, < Cop il o,y < CoCon (N8N o,y + 1l o om0 )- (A.29)

1
+ §Tr[UUT(x)DiuZ] + fi_1(t, x)Dyuf + gf_ (G, 2)ufl + 171 (t,2) =0, in E,,

1
+ §Tr[aoT(m)Div}€’} + f{(t,z)Dyvf + gi (t, x)vf, + (¢, 2) <0, in E,

Then wuy_ , is bounded and uy,,, Duy,, are continuous on E,. Further, as k — oo we have that uy, ,,
Duy,, converges to the limit (denote by u”) and the gradient (denote by Du") of uf, uniformly on

E,. The functions aua’“t“ and Duj_ , weakly converge, respectively, to % and D%*u” in LP(E,). For
any admissible feedback control (¢, x), we have

QUL & A+ (42,70, )+ S0, (1, 2) Do+ 10,2, 71, 2)
ouy 1
< Sk + STrloo” (@) D2uf) + F (t,2) Douf + gi (t2)uf + I (¢, )
Oy

1
=~ " ETr[aaT(a:)Din] — fF(t,x)Dyvf — gi(t, x)vy, in E,.

As k — o0, the left hand side of the above display weakly converges to aa%y + Au” + g(t, z, 7(t, z))u” +
f,z,mw(t,x))Dyu? + U(t, 2, w(t, ), while the right hand side converges to zero. This implies that, for
almost all (t,z) € E,,

ou”
ot

+ Au” + g(t, z,7(t, x))u” + f(t,z, 7(t,x)) Dou” + U(t,z, 7w(t,z)) < 0. (A.30)
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For almost all (t,z) € E,, define

™" (t,x) € argmax {g(t,z, m)u”(t,x) + f(t,z, ) Dyu” (L, x) + U(t, z, )}
meJ (N—m)

which can be Borel measurable using Lemma VI.6.1 of Fleming and Rishel (1975). Thus, we have that
for almost all (¢,z) € E,,

88 + Au” + gt x, 7" (t, x))u” + f(t,x, 7" (¢, 2))Dyu” + U1(t, x, 7" (¢, x))
0
> 5; [oo T (z)D2u”] + f¥(t,x)Dou” + g¥ (t, x)ul + 1X(t, )
o(u” —

4 ) 1 v v v v v
= = 4 S0 T (@)D (¥ — u )]+ S (L) Do — uf )

+gx (8 x)(u” = upyq).

Letting k — oo along with the inequality (A.30), we deduce that Eq. (A.22) holds for almost all (¢,2) €
E,. Further, we have that u¥ € H?(E,). By the locally Lipschitz continuity of , and using the estimate
(A.29) with p > N + 2, we deduce that u” € C12(E,) from the estimate (E.10) in Fleming and Rishel
(1975), pp. 208.

We next show the existence of a classical solution to Eq. (30) in the unbounded domain [0, 7] x RY,
using a localization argument as in Davis and Lieo (2013). For v € IN, let x,(x) be a nonnegative
C*-function satisfying |DXu|1Rf < 2. The function x,(z) = 1ifx € B, and x,(z) =0if x € ]Rf \ Byt1.
Let w” be the solution of the equation

ow”
ot

+ Aw” + x, (x)H(t, z,w", Dyw”) = 0 (A.31)

with terminal condition w”(T,z) = v 'x,(z) for all z € RY. This equation takes the same form
as Eq. (30); in particular, the functions f(t,z,7), g(¢t,x, ) and I(¢,x, ) are replaced, respectively, by
Xo () f(t,z, ), xo(2)g(t, z,7) and x,(x)l(t, 2, 7). Using the local estimate (A.27) above, it follows that
lw” || e (k) is bounded for any bounded subset E C [0,7] x RY for 1 < p < co. Hence, Dw" satisfies
a uniform Holder condition on each bounded set E from (A.28). It can also be seen that, for any fixed
vp > 0, w” is a solution of Eq. (30) in E,, with w”(T,z) = v~! for z € B,, if v > vy. Because H is
locally Lipschitz continuous, both aa—“’ty and D?w" satisfy a uniform Holder condition on any compact
subset E C [0,7] x Rf . Using Arzela-Ascoli’s theorem, there exists a subsequence (I/k) of IN such that

w"* goes to a limit w uniformly on any compact subset of [0, 7] x IRJI , and 67& , Dywv* D2 converge
respectively to %—‘f, D,w, D2w uniformly on any compact set of [0,7] x RY, as k — oo. From Eq. (A.31),
we can conclude that w is a classical solution of Eq. (30) with terminal condition w(T,z) = v~! for all
z € RY. To show the positivity of the solution, because w € C**?, define for almost all (¢, z) € [0, T]xRY,

(¢, x) := argmax {g(t,z, m)w(t,x) + f(t,z,7)Dyw(t, x) + (¢, z,m)}
T{'EJ(N_m')

which is Borel measurable using Lemma VI.6.1 of Fleming and Rishel (1975). Then in (¢,z) € [0,T)xRY,

Ow

a-i—Aw—i—g(tm)w—l—f(tm)Dw—i—l( x)=0 (A.32)
with terminal condition w(T,x) = v~! for all # € D. Above, f*(t,z) := f(t,z,7*(t,x)), g*(t,z) =
g(t,z,7*(t,x)) and I*(t,z) := I(t,z,7*(t,z)) for (t,z) € [0,T] x RY. By virtue of (32), we have that
I* (¢, x) is strictly positive for all (¢,z) € [0,T] x Ri’, and hence

T
w(t,z) =K |:'y_1eftT 9" (s:0(sDds 4 / I*(s,C(s))eld 9 (wc)duggl (1) = x] (A.33)
¢
>E |:f}/71€ftT g (s:6())ds | (4) = x} >0,
where the process ( = (g(t))te[O,T] satisfies the SDE given by
= {pu(C(t)) + f*(t,C(t) }dt + o (C(t))dW (t). (A.34)
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This shows that the solution has a positive lower bound function given by v~ e ("= for t € [0,7]. O

Proof of Theorem 4.4. We only prove the non-degenerate case. For any admissible feedback control
7= (m(t); t €[0,T]),- 1...~n € U, we rewrite the wealth process given by (3.1) as under the physical
probability measure P,

AV (t)
Vr(t-)

.....

=rdt +n(t) " L(t, X (t), Z(t))dt + () H(t, X (t), Z(t))o (X (t))dWF (1)
+7(t)TG(t, X (t—), Z(t=))dZ(t) T, (A.35)
where the coefficient L(-) is defined in Remark 4.2. The default intensity processes may be rewritten as
t) = {u(X () + o (X ()p(t, X (t), Z(t)) }dt + o (X (£))dWE(t) +w'dZ(t)".

For (t,v,z,2) € [0, T]xR4 xRY xS, define the function (¢, v, z, z) := v'Q(t, z,z). Because Q(t, z,071im)
is a classical solution to the HJB equation (30) at the default state z = 07t>Jm for any m = 0,1,..., N,
we can apply Itd’s formula and obtain

e}

oy T LI LT+ A} Q(t, X (1), Z(t))dt + dY™(t), (A.36)

de (. V™ (), X (1), Z(8)) = (V7 (1)) {

where the operators LT, L7, A are defined in (20) and (21) respectively and Y™ = (Y7™(t))tepo,r) is a
P-(local) martingale given by

YT(t) = /0 (V7 () {1Q(s, X(5), Z(s))m(s) " H(s, X (5), Z(5))

+ D.Q(s, X(s) }a W (s)
t N N v
+ [y <1 + ZwAt)G(i,j)(t,X(s—),Z(s—»)

x Q(s, X (s—) +wj, Z7(s—)) — Q(s, X (s—), Z(s—)) dM][-P(s). (A.37)

Recall that the optimal strategy 7* € J(N=") is given by (A.21). Then using (A.36), for any u € [t,T],
Eu, V™ (u), X (u), Z(u) = E&, V™ (), X (1), Z(t)) + Y™ (T) = Y™ (¢). (A.38)

We next fix (¢,v,z, 2)
time-¢ quantities Vo v, X( ) =z and Z(t) = z. Moreover, we define the stopping time 7,5 :=
inf{s >t V™ (s) >b ' or V™ (s) <aor|X(s)| >b'} where 0 < a <v < b~! < +o0. Notice that
for any z € S, H(-, 2),G(+, 2),Q(+,2) € C¥2, both H(-, 2) and G(, z) are bounded and o(-) is sufficiently
smooth. Moreover, 7*(t,z, z) € J and is bounded Then, for all ¢ € [0,T7,

€ [0,7] x Ry x RY x §. Denote by Ef, , .[] the conditional expectation with
t) =
1

B e [V (T A7) = Y™ (1)] = 0.
Hence, by choosing u =T A 74 in Eq. (A.38), we obtain
Ef voove [T AT, V(T A 7ab), X (T A7), Z(T A 7an)| = €(8,0,,2). (A.39)
We next want to prove that
Jm B, [g(T A Taps VI (T A Tay), X (T A tap), Z(T A Tab))}
— B}, [€T V7 (1), X(T), (D)) (A.40)

By virtue of Corollary 7.1.5 in Chow and Teicher (1978) and Remark 4.2 above, in order to prove (A.40),
it suffices to prove that there exists a constant C' > 0 so that for some p > 1,

sup Et v |:(V7'r* (T A Tab))w} < Cruvz (A.41)
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where Cy .4, > 0 is a positive constant depending on (¢,v,x,2) but independent of (a,b). Here, we
take p € (1,771) because v € (0,1) and hence vp € (0,1). Notice that G(-,z) and the default indicator
process Z are bounded. Then we have for s € [t,T],

V™ (s) < VT (t) + /t V™ (w){r + m(u) " L(u, X (u), Z(u)) }du

+ /S V’T*(u)ﬂ(u)TH(u, X(u), Z(u))o(X (u))dW (u) + Cn,

t

for some C'y > 0. Then there exists some positive constant C', > 0 such that

T
Bf s (V7 (@ A7) S0 (4 CuBY s | [V (A )| + O
t

By virtue of the Gronwall’s lemma, it holds that Ef, , . [V’r* (T A1ap)] < (v+ Cn)el™CT . Using the
Jensen’s inequality with yp € (0,1), we have

. . P
sup EF [(V7T (T A Tab))w} < sup {]EP {V” (T A Tab):| } <(w+ CN)'”’eW(HCL)T,
a,b a,b

t,v,x,2 t,v,x,2

which is independent of (a,b). This yields the above estimate (A.41). From (A.39) and (A.40), it follows
that

E]P’

t,v,x,2

€,V (1), X (1), ()] = &(tv,2,2) =07 Qt, 2, 2), (A.42)
while using the terminal condition Q(T,z,2) = ~y~* for all (z,2) € D x S, it follows that
B e (6007 (1), X(D), 20)] = B | (V7 ()] = B [V ().
Using the equality (A.42), we then obtain that
Etyv,z,2) =07Q(t,x, 2) = ]E?U’w’z [U(V”* (T))} =n(t,v,x, z).

Hence, the proof of the verification theorem is completed. O

Proof of Proposition 4.3. In the default state z = 0719m it follows from (25) that the Hamiltonian
evaluated at the optimum feedback function is given by

H(t,x,w*(t,x))=Q(t,x){w+v DT %(Hh;-(tx))}
j%{jlv“-ajvu} jg{jla“-’jm}

Qt,x) o
B vQ(t,w)jg{E;jm} i { Qj(t, +wy) (1 + hy(t, x)) }

Qt, z)

+j¢{j;’jm}$j(1 + hj(t773')) {Qj(t,$+wj)(1 + hj(t,.r)) } Qj(t,l‘ +w]’).

Using the expressions for the coefficients C%(-) and C’() defined in (35), we can rewrite the above
Hamiltonian as

H(t,z, 7 (t,2)) = CU(t, 2)Q(t, ) + C(t, 2) Q7T (¢, ). (A.43)

We may then rewrite the HJB equation as in Eq. (36). Recall that by the inductive hypothesis, for
J ¢ {j,.- . im}, Qi(t,z), (t,x) € [0,1] x Rﬂ, is the positive continuously differentiable solution of
Eq. (33) when the default state at time ¢ is z = 071-Jm:J. Then the coefficients C?(-) and C’(-) defined
in Eq. (35) are all continuously differentiable. Moreover, the coefficient C®(-) > 0 because v < 1 and
hj(-) > —1. Solving Eq. (36) yields the solutions given by (37) using the power transformation of the
solutions for the Bernoulli’s type equation. This completes the proof of the theorem. O
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B The Crank-Nicolson Method

This section describes the Crank-Nicolson scheme used to solve the HJB equation (30) for the case N = 2.
In the default state z = (0, 1), the HIB equation takes the form

aQ(t> Ty, (07 1))
ot

with terminal condition Q(T),z1,(0,1)) = v~! for all z; € Ry. Above, the operator

2
Ao f(t,21) = (m — vz + me/ﬂ%(t,ﬂh ) - +t3 (Z O'1k> 2l J;
]

k=1

+ AOIQ(t7 Ty, (Oa 1)) + H()l(t7$1, Q(tvxh (07 1))7 Daﬂ Q(tv Ty, (Oa 1))) =0 (A44)

and the function
HOl(tv T, u,p) = 9(071)(t7 xl)u + f(071>(t7 fL'l)p + l(OArl)(t: ml)'
We first discretize the time and space axes by the grid points {(tm,mﬁ)}me{l ,,,,, MYy,ie{1,..,.1} With
M, I € N, At =™+ —¢™ and Az = w’iﬂ ac?t Throughout the section, we abbreviate k1 — v1x1 +

Zizl O1e/T10k(t, 1) with a(t,z;), and 1 Zk 102 )21 with b(zq). Then, the discretized version of
Eq. (A.44) is given by

+1 m m+1 _ ~Aym+1 m  _ m
QU —q; " {a (tm—&—g,mi) 4 fOD <tm+g%>} % (QH»I Q%1 4 it Q¢1>

At 2 2 2Ax 2Ax

1 1 1 m m m
+b(at) x 1 (Q?ﬂ — 207" + Q" S 2Q; )
2

(Az)? (ASU)2
At mtl m At
+g(0,1) (tm + Tt’le) Q; 2+ Q; + 1(0,1) (tm + ?t,xﬁ) = 0.

form=1,....M —1,i=2,...,] —1and Q¥ =~ for i = 1,...,I, where QT is the value at the
space point 7 and time step m of the functlon Q, e, Q" = Q(t™,zt,(0,1)). Rearranging the above
equation and omitting the argument (tm +5 ,xl) and x4y, we obtain

a+ f0O.1) b 1 (0,1) b a-+ fO1 b
I e 1 N ) 8
4Azx 2(Ax) At 2 (Az) 4Az 2(Ax)

_ a—+ f(O.,l) b m—+1 1 9(071) b m+1
_(_ e Taaee) 9 P At e T e )9

a+ fOb b m+1 | (0,1)
+< R o) QU IOV, (A.45)

Assume that Q7" and Q7" satisfy the following quadratic extrapolation given by

Q' — Q") — (@5 — Q") = (Q5' — Q") — (@' — Q") (A.46)
(QT" = Q1 1) — (Q1 — Q" 2) = (Q71 — Q1" 2) — (Q7" 2 — Q" 3)- (A.47)
Equations (A.45)-(A.47) yield
1 -3 3 -1 0 0 ]J7er [0 ]
€21 C22 c23 O 0 0 Q% da
0 6372 0373 63,4 0 0 én d3
0 . . )
o - 0 cro17-2 cr-11-1 Cr-11 S dr—1
L0 .- 0 1 -3 3 -1 || Q7 | | 0 |
where for i =2,...,1 =1, ¢;,i—1, Ci i, Ci,i+1 denote, respectively, the coefficients of Q" ,, Q7" and Q;n“

in the Lh.s. of Eq. (A 45), and d; denotes the r.h.s. of the same equation. Solving the above system of
equations sequentially from m = M —1 to m =1, we obtain Q" fori=1,...,I,m=1,...,M —1. The
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HJB equation in the state z = (1,0) has the same form as Eq. (A.44), and can be solved by applying
the same procedure described above.

In the state z = (0,0), the HJB equation takes the form

W + Ao Q(t. 2, (0,0)) + Hoo(t. 2, Q(t. 2, 0,0)), DQ(t, z, (0,0))) = 0 (A.48)

with terminal condition Q(T,z, (0,0)) =~~! for all 2 € ]Ri. Above, the operator

2 2 2
AOOf t x Z (Rj —ViZ; + Zgjk\/qusk(tam? (0 0 > + Z (Z 0’1]@0']]@) \/E\/Eajéfxa
g J

Jj=1 k=1 ’L] 1

and the function

2
Hoo(t, v, u,p) i= ¢ OO (ta)u+ - 1"t 2)p; + 100, ).
j=1

To numerically solve the above equation, we discretize the time and space axes by the grid points
{(t™, 2, 2 Ye g1, My ie{1, T} e {1}

with M, I,.J € N, At = t™t1 — ™ Az = it — 21 = 227 — 2], For the ease of notation, let

a;(t,x) == K; —vjz; + Zajk\/@gbk(t,x, 0,0)), bij(z) = ; Z <Z JlkO']k> NETNETE

k=1 3,j=1

Then, the discretized version of Eq. (A.48) has the form

m+1 m
Q',j Wiy
At
LAt 00) (i | At LfQrth -t Qn,,—-Qry
+|:a1<t + — 5 T17I2>+f( <t +? T1,T2)]2( : JQAxl J oy = JZAIZ J

At . 0.0) At . QIth — Qm+11 mo = QM
t’m i k3 J ( t’m = 7 ] ] 2,] 2,7
* {‘12( T ’xl’%) 2 T )| g 2Az N

+1 +1 4 +1
+ bu(m xz)l <Qﬁrl g 2Qm Qz’il,j it1, J — 2077 gt QR LJ>
’ 2

(Aa)? * (Az)?

m-+1 m+1 m+1 m m m
+ bag () a:) Qi — 207 + Qi ig+1 — 2005 + Q1
1,72)5 (Aw) (Ax)?
m+1 1 m—+1 m—+1
+ [b (JSZ wj) +b (xz xj):| 1 Qi+t7j+1 — Q?ri,j—l B Qifij+1 + Qifi,j—l
IVACS RED) 21 1)%2 2 4(Al’)2
+Q;11,j+1 — Q11— Q% TR
4(Ax)?
At . m—+1 At
g(0,0) (tm + 7,111 x2) Qf l(O 0) (tm + = R $1,Z'2> —0.

form=1,... M—-1,i=2,...,I—-1,5=2,...,J —1 and Q” =y lfori=1,....,7and j=1,...,J,
where Q7 is the value of Q at the space point (4, j) and time step m, i.e., Q% := Q(t™, (], 3), (0,0)).
Omitting the argument (#™ + 4, 21, #3) and (%, x}), the above equation may be rewritten as

—ay — f{*V i mo 1 n biy+byy g0 o + £00 b1 m
1Az 2(Ag)2 ) Tt At (Ax)2 2 i Az 2(Ax)2 ) Yl

I el £ _ ba — + £ bao m
1Az 2(Ax)2 | ChIH 4Az  2(Ax)? ) Il
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—b12 — ba1 b12 + b1 b12 + b1 —b1a —ba1\
+ < 8(Ax)? >Q2+1 j+1+ (78(A )2 >Q1+1J 1t ( 8(A7)? ) i—1,5+1 T (78(Ax)2 ) i—1j—1
I A + b1y Qmtl 4 1 butbe I g0 ot [ 21— {00 n b11 QL
4Azx 2(Ax)? i+l T+ At (Az)2 2 ij AAT 2(Az)? i—1,j
N az + f2(0,0) + bao QrEl 4 —ag — fQ(O’O) N baa Qntl
4Azx 2(Ax)? Gyt ANz 2(Az)? i1

b1z + b2y m+1 —bi2 — m1 —b12 — by et bio + by _—
+ < S(A ) ) i+1,5+1 + W i+1,5—1 + W QZ ]]+1 + m Qz 1j—1

+ 109, (A.49)

Assume that QT";, T, Qfyform=1,....M—1,i=1,...,1,and j =1,..., J satisfy

1]7

=Qy; " QL =Qr " Qh=Qn, QY =Qn" (A.50)

Sequentially solving the system of Egs. (A.49)-(A.50) from m = M — 1 to m = 1, we obtain Q7 for
i=1,...,0,j=1,....J,andm=1,..., M — 1.
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