
PHYSICAL REVIEW B 99, 100504(R) (2019)
Rapid Communications

Majorana-Josephson interferometer
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We propose an interferometer for chiral Majorana modes where the interference effect is caused and controlled
by a Josephson junction of proximity-induced topological superconductors, hence, a Majorana-Josephson
interferometer. This interferometer is based on a two-terminal quantum anomalous Hall bar, and as such its
transport observables exhibit interference patterns depending on both the Josephson phase and the junction
length. Observing these interference patterns will establish quantum coherent Majorana transport and further
provide a powerful characterization tool for the relevant system.
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Introduction. The emergence of Majorana fermion modes
in condensed matter systems [1–11] has shed light on the fea-
sible realization of topological quantum computation [12–19].
To this day, observations of Majorana modes have been
reported in various structures exhibiting topological super-
conductivity [20–30]. It becomes imperative to demonstrate
the quantum coherent manipulation of Majorana modes in
order, for example, to showcase the much desired non-Abelian
braiding statistics [31–34]. One appealing route towards this
goal involves the utilization of interferometers, which was
originally proposed for the fractional quantum Hall anyonic
platform [35–38]. Indeed, building interferometers of chiral
Majorana modes (χMMs) [39–43] can be particularly facil-
itated by hybrid structures [44–46] composed of quantum
anomalous Hall insulators (QAHIs) [47–49] and conventional
superconductors. Such a Majorana interferometer, in turn, can
serve to pinpoint the presence of quantum coherent Majorana
transport in the device [27], where inelastic scattering may
otherwise obscure the current experimental evidence [50,51].

In this Rapid Communication, we propose a Majorana
interferometer with its interference loop generated and con-
trolled by a Josephson junction, as illustrated in Fig. 1(a). The
Josephson junction is composed of two topological supercon-
ductors (TSCs) induced by conventional superconductors in
contact with a QAHI [27,44–46]. Such a Josephson junction
effectively polarizes and filters a χMM in terms of its U (1)
degree of freedom associated with the superconducting phase.
As a consequence of this Majorana valve effect, quantum
interference patterns in two-terminal conductance measured
with the normal metallic contacts can be observed by tuning
the Josephson phase φ, as exemplified in Fig. 1(b). This
Majorana-Josephson interferometer (MJI), on the one hand,
extends straightforwardly an existing experimental setup [27],
and hence is expected to be readily accessible. On the other
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hand, its interference effect demonstrates highly nontrivial
Majorana physics, and can be used not only as a smoking-gun
signature for the presence of χMMs, but also potentially in
operations of Majorana-based topological quantum computa-
tion.

Model for Majorana-Josephson interferometer. The
Bogoliubov–de Gennes Hamiltonian that describes the
low-energy physics of the MJI sample area is given by
[44,45]

H =
(

h0(k̂) − μ �(x)

�(x)∗ h0(−k̂) + μ

)
, (1)

where h0(k̂) = (bk̂2 − m)σz + vk̂xσx + vk̂yσy is the effective
Hamiltonian for the underlying QAHI with positive parame-
ters b, m, and v, the Pauli matrices σx,y,z for spin, and two-
dimensional wave-vector operator k̂ ≡ (k̂x, k̂y) ≡ −i(∂x, ∂y);
μ is the chemical potential. The proximity-induced pairing
potential across the sample is assumed to depend only on
x (see Fig. 2): �(x) = �0 if x1 < x < x2, �0eiφ if x3 <

x < x4, and 0 otherwise, where �0 is taken to be positive,
and φ stands for the Josephson phase. In the Hamiltonian
in Eq. (1), we have adopted the Nambu basis which, in

real space, reads �r = (cr↑, cr↓, c†
r↓,−c†

r↑)
T

with crs and c†
rs

the annihilation and creation operators for an electron with
spin s =↑,↓ at r = (x, y), respectively. This Hamiltonian is
manifestly particle-hole symmetric: PHP−1 = −H with the
particle-hole operator P = τy ⊗ σyK, where K is the complex
conjugate operator, and τx,y,z are the Pauli matrices for a
Nambu spinor.

The above model defines an MJI if �2
0 > m2 − μ2 > 0

such that, by labeling the regions with different pairing
potentials to be A–E as shown in Fig. 2, the topological
invariant N = 2 in the bulk of regions A, C, and E, and
N = 1 in the bulk of regions B and D [44]. Throughout this
Rapid Communication, we assume that the relevant energy
range, determined by temperature, bias voltages, etc., is close
enough to zero energy, such that the scattering processes are
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FIG. 1. (a) Schematic of a Majorana-Josephson interferometer.
A quantum anomalous Hall bar (gray) is in contact with two
conventional superconductors (cyan) on its top and two normal
metals (yellow) at its ends. The two superconducting contacts are
grounded and maintain a tunable phase difference φ. The arrowed
lines represent generic scattering of chiral Majorana modes in the
interferometer. (b) Typical two-terminal conductance G as a function
φ in a Majorana-Josephson interferometer when the superconducting
junction is long (blue line) and short (red line), respectively.

approximately energy independent. We also assume that the
sizes of regions A and E (B and D) are large compared with the
transverse penetration length ξQAH (ξTSC) of the QAHI (TSC)
edge modes, such that the scattering channels as depicted in
Fig. 2 are well defined. We distinguish, however, two limits in
terms of the length of region C, lC ≡ x3 − x2, which separates
the two TSC regions: the long-junction limit with lC � ξQAH,
and the short-junction limit with lC � ξQAH.

FIG. 2. Scattering picture of the chiral Majorana modes in the
long-junction limit of a Majorana-Josephson interferometer at μ =
0. Regions with different superconducting order parameters are
labeled by A–E. The full scattering matrix can be obtained by first
analyzing the composite regions ABC and CDE (in gray dashed
frames) individually, and then connecting them by taking into ac-
count the φ-dependent local basis. Labels for the incoming (a’s) and
the outgoing (b’s) Majorana modes are indicated.

Before we analyze the transport behaviors of the MJI, it
is useful to gain insight from the solutions of the χMMs,
denoted by �B,D in the TSC regions B and D, respectively
(see Sec. I in Ref. [52]). At E = 0, both solutions satisfy
the Majorana condition P�B,D = �B,D. In addition, because
the bulk Hamiltonians in regions B and D differ only in the
superconducting phase, �B and �D are related by a simple
transformation �D = U (φ)�B with U (φ) = exp (i φ

2 τz ) ⊗ σ0.
As P is an antiunitary operator, it follows immediately that

〈�B|�D〉 = 〈�D|�B〉 = cos
φ

2
, (2)

which represents a mismatch between the two χMMs at finite
φ. Physically, this implies an inner U (1) degree of freedom
associated with the χMMs [53], or Majorana polarization as
analogous to the spin polarization of spin- 1

2 particles. Thus
the TSC Josephson junction effectively becomes a Majorana
valve, similar to a spin valve [54–56] by the same analogy.
This Majorana valve leads directly to an interference loop in
the MJI, as we proceed to show.

The long-junction limit. When the two TSC regions are well
separated, i.e., when lC � ξQAH, the MJI can be analyzed by
first considering the composite ABC region or CDE region
individually, and then treating their connection with care. This
procedure is particularly physically transparent in the μ = 0
case, where the partial Hamiltonian for either region ABC or
CDE can be brought to a block-diagonal form by a global uni-
tary transformation [44,45]: U †

p Hp(μ = 0)Up = h(+)
p ⊕ h(−)

p

with p = ABC or CDE . Here, h(±)
p = h0(k̂) ∓ |�(x)|σz,

UABC = 1√
2

(
σ0 σ0

−σz σz

)
, UCDE = U (φ)UABC . (3)

For the sake of clarity, we assume that the partial Hamiltonian
with p = ABC (p = CDE ) is limited to the range x < x2+x3

2
(x > x2+x3

2 ). The particle-hole operator in the transformed ba-
sis also becomes block-diagonal and is identical for p = ABC
and p = CDE , P̃ ≡ U †

pPUp = −σz ⊗ σxK, which indicates
that each block may allow for χMM solutions independently.
Indeed, the two subspaces corresponding to h(±)

p each support
one χMM along the QAHI edge, but scattered differently
at the QAHI-TSC interfaces (see Fig. 2). This scenario, for
p = ABC or p = CDE individually, has been analyzed by
Chung et al. [45], and the scattering matrix in the Majorana
basis is given by⎛

⎜⎜⎜⎜⎜⎝

b(+)
p,U

b(+)
p,L

b(−)
p,U

b(−)
p,L

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎝

1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

a(+)
p,U

a(+)
p,L

a(−)
p,U

a(−)
p,L

⎞
⎟⎟⎟⎟⎟⎠, (4)

where a(+/−)
p,U/L (b(+/−)

p,U/L ) stands for the incoming (outgoing)
Majorana current amplitude corresponding to the h(+/−)

p block
along the upper/lower edge of region p. Note that the −1
in the above scattering matrix comes from the requirement
that the determinant of the full scattering matrix is +1 (see
Sec. II A in Ref. [52]). Hereafter we will abbreviate the labels
of these amplitudes according to Fig. 2 without ambiguity.
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The key idea of the MJI proposed in this Rapid Communi-
cation is that, despite the trivial appearance of the scattering
processes in either the ABC or the CDE region individually,
the connection between the two parts is nontrivial, as sug-
gested by the Majorana polarization mismatch in Eq. (2). The
same mismatch is reflected in Eq. (3) as the different basis
used for p = ABC and p = CDE in block-diagonalizing the
partial Hamiltonians when φ �= 0. It follows that the change
of basis introduces effective scattering between the χMMs as
(see Sec. II A in Ref. [52])(

a(+)
Cβ

a(−)
Cβ

)
=

(
cos ϕβ sin ϕβ

− sin ϕβ cos ϕβ

)(
b(+)

Cβ

b(−)
Cβ

)
, (5)

where β = U, L and ϕU/L = ±φ/2. Combining this equation
and Eq. (4), we obtain the full Majorana scattering matrix
connecting the two normal contacts to be⎛

⎜⎜⎜⎜⎝
b(+)

E

b(+)
A

b(−)
E

b(−)
A

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎝

t −r 0 0
r t 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎠

⎛
⎜⎜⎜⎜⎝

a(+)
A

a(+)
E

a(−)
A

a(−)
E

⎞
⎟⎟⎟⎟⎠, (6)

where t = 2 cos φ

2

1+cos2 φ

2

and r = 1−cos2 φ

2

1+cos2 φ

2

. Thus the MJI functions

effectively as a Fabry-Pérot interferometer for χMMs [39,43]
with its transmission and reflection amplitudes tuned by the
Josephson phase φ.

More generally, when μ �= 0, the global transformation
that block-diagonalizes either partial Hamiltonian Hp is not
readily available, such that we need to begin with generic
scattering matrices at the QAHI-TSC interfaces. To make
progress, we use symmetry analysis and reduction (see
Sec. II B in Ref. [52]). The strategy here is the same as in
Ref. [43]: By exploiting the particle-hole symmetry and the
electronic U (1) gauge degree of freedom, we can reduce a
generic scattering matrix to its canonical, yet still general,
form which contains only symmetry-compliant and physically
relevant parameters. This leads to formally the same scattering
matrices as in Eqs. (4)–(6) except that, first, the Majorana
basis here is no longer attached to any (globally) block-
diagonalized Hamiltonians, and second, ϕU and ϕL in general
become independent, such that the expressions for t and r
in Eq. (6) become t = (cos ϕU + cos ϕL )/(1 + cos ϕU cos ϕL )
and r = −sin ϕU sin ϕL/(1 + cos ϕU cos ϕL ). Indeed, by con-
sidering two limiting cases, with μ = 0 or φ = 0, respectively,
it is straightforward to deduce ϕU/L = ±φ/2 + kF lC , where
kF is the Fermi wave vector for the QAHI edge mode in region
C. For the Hamiltonian in Eq. (1), kF = μ/v. Physically, this
means that the propagation of a QAHI edge mode at a finite
momentum effectively introduces the precession of Majorana
polarization to the composing χMMs [53]. Finally, we obtain
the Majorana transmission and reflection amplitudes,

t = 2 cos(kF lC ) cos(φ/2)

cos2(kF lC ) + cos2(φ/2)
,

r = cos2(kF lC ) − cos2(φ/2)

cos2(kF lC ) + cos2(φ/2)
, (7)

which are to be substituted into Eq. (6).

By using the scattering theory developed for χMM inter-
ferometry in Ref. [43], we further write down the average
current and the zero-frequency zero-temperature noise (shot
noise) power in the two normal contacts,

In = e2

h
(1 − r)Vn (n = 1, 2), (8)

Is = −(I1 + I2) = −e2

h
(1 − r)(V1 + V2), (9)

Pa = e3

h

t2

2
max(|V1|, |V2|), (10)

Pc = e3

h

t2

2
sgn(V1V2) min(|V1|, |V2|), (11)

where Vn is the bias voltage applied on contact n = 1, 2;
In ≡ 〈În〉 is the time-averaged current through normal contact
n; Is is the time-averaged total current through the super-
conducting contacts to the ground; Pa ≡ P11 = P22 and Pc ≡
P12 = P21 are the autocorrelator and the cross correlator, re-
spectively; Pnn′ ≡ ∫ ∞

−∞ dt 1
2 〈{În(t ) − In, În′ (0) − In′ }〉, with {, }

standing for the anticommutator, is the zero-frequency current
correlation function (noise power) between normal contact
n and n′ [57,58]. Several remarks are in order. First, the
average current In in contact n appears only depending on
r and Vn on the same contact n. This is a common feature
of χMM interferometers resulting from the fact that electric
current can always be interpreted as interference between two
χMMs [59]—only Majoranas sourced from the same contact
can maintain quantum phase coherence in single-particle scat-
tering processes, and therefore contribute to a nonvanishing
average current. Second, the current correlation functions,
in contrast to the average current, generally depend on t ,
and the bias voltages on both normal contacts. In particular,
the current cross correlator Pc is contributed solely by the
exchange of two Majoranas sourced from different contacts
in the form of identical particles [43]. Third, if measurements
are made by setting Is = 0, then the bias voltages must satisfy
V1 = −V2. In this case, we denote V0 = V1 − V2 = 2V1, and
I0 = I1 = −I2. From Eq. (8) we immediately obtain the two-
terminal conductance, G ≡ I0/V0, to be

Glong = e2

h

cos2(φ/2)

cos2(kF lC ) + cos2(φ/2)
. (12)

Clearly, Glong oscillates with both φ and kF lC as a consequence
of the interference effect.

The short-junction limit. When the separation lC between
regions B and D becomes comparable to or less than ξQAH, the
otherwise well-separated χMMs along the B-C and the C-D
interfaces strongly hybridize to become Andreev bound states.
The spectrum of these Andreev bound states is generally
gapped unless the Josephson phase φ mod 2π = π [3,60]. In
this case, it is necessary to take into account the finite width
W of any realistic sample, and hence the finite tunneling rate
of χMMs between the upper and the lower edges through
the interface, especially when the gap of the Andreev bound
state spectrum approaches 0. In the following, we demonstrate
the generic behavior of the MJI in the short-junction limit by
assuming μ = 0 and lC = 0 for simplicity.
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At the interface between the two TSCs (regions B and
D with lC = 0), the Andreev bound state dispersion can be
solved at low energy to be (see Sec. III A in Ref. [52])

EAndreev � ±
√

(vky)2 + (εδφ)2, (13)

where ε = (�2
0 − m2)/(2�0) and δφ ≡ (φ − π ) mod 2π .

This indicates the gap along the interface varies as |εδφ|
when δφ is small, and the penetration depth along ŷ of the
evanescent states at E = 0 is ξφ = v/|εδφ|. When ξφ � W ,
the tunneling of χMMs between the upper and the lower
edge of the sample along the interface becomes significant
[61]. Such a tunneling problem can be explicitly solved in the
form of an effective model for the χMMs (see Sec. III B in
Ref. [52]), which leads to the scattering relation [cf. Eq. (6)](

b(+)
E

b(+)
A

)
=

(
tanh(W/ξφ ) −sech(W/ξφ )

sech(W/ξφ ) tanh(W/ξφ )

)(
a(+)

A

a(+)
E

)
. (14)

Subsequently, we obtain the average current and the cur-
rent correlators by substituting t = tanh(W/ξφ ) and r =
sech(W/ξφ ) into Eqs. (8)–(11). In particular, by setting Is = 0,
the two-terminal conductance becomes

Gshort � e2

h

1 − sech(εW δφ/v)

2
, (15)

which vanishes when δφ = 0 and saturates to e2/2h when
δφ � v/εW . Incidentally, we note that in the short-junction
limit of the MJI, the topological property of region C becomes
irrelevant as long as the interface χMMs couple strongly to
form Andreev bound states.

Numerical simulations. Up to now we have analyzed two
limits of the MJI to demonstrate its generic transport behavior,
as highlighted in Fig. 1(b). In order to extend our results
to general settings beyond the analytically tractable ones,
we perform numerical simulations based on the discretized
version (with the lattice constant a = 1) of the Hamiltonian in
Eq. (1), by using the Landauer-Büttiker formalism [57,62–65]
adapted to superconducting systems [66]. First of all, we
verify our preceding analytical results in Eqs. (12) and (15).
The dependence of the numerically calculated two-terminal
conductance G (see Sec. IV A in Ref. [52]) on the Josephson
phase φ and the junction length lC is shown in Figs. 3(a)
and 3(b), respectively. We find very good agreement between
our numerical and analytical results in both the long-junction
and the short-junction limits. Next, we examine the effect
of inelastic scattering in the form of a finite quasiparticle
lifetime [50,51], signified by 1/� (see Sec. IV C in Ref. [52]).
Evidently shown in Fig. 3(c), the interference pattern weakens
with increasing �, and disappears when G becomes a constant
e2/2h at large enough � [50,51].

Discussion. One obvious advantage of the MJI is that its
interference pattern is a direct manifestation of phase coherent
χMM transport, and hence can be used as a smoking-gun
signature for the presence of χMMs in the setup. This will
solve the current controversy over the origin of the half-
quantized conductance plateau in the experiment reported in
Ref. [27]—the trivial mechanisms such as those proposed in
Refs. [50,51] generally rely on substantial electron inelastic
scattering especially around the half-quantized plateau region,

FIG. 3. (a) Two-terminal conductance G as a function of φ for
different junction lengths lC with the chemical potential μ = 0.
The solid lines are numerical results, whereas the dashed lines
are analytical results for the long-junction and the short-junction
limits, respectively. (b) G as a function of lC with different μ at
φ = 0. The solid lines are numerical results, whereas the dashed
lines are analytical results for the long-junction limit plotted from
lC = 60a. (c) G as a function of φ for different inverse quasipar-
ticle life time � with μ = 0.04, in the long-junction (blue line,
lC = 100a) and the short-junction (red line) limits, respectively. All
plots here share the following parameters: W = 200a, x2 − x1 =
x4 − x3 = 100a, b = v = 1, �0 = 3m = 0.3. With these parameters
we estimate ξQAH/a ≈ v/(2m) = 5.

which necessarily destroys the interference pattern. As such,
the MJI can also be used as a tool to measure the decoherence
rate of the χMMs caused by various environmental noises.
Here, we stress that the physics of the interference effect in an
MJI is intrinsically different from that of the well-established
dc Josephson effect: The former concerns the nonequilibrium
current carried by the χMMs and measured at the normal
metallic contacts; the latter concerns the equilibrium supercur-
rent through the superconducting contacts that is not necessar-
ily associated with any χMMs [67–69]. More importantly, the
MJI may further offer an effective platform for the braiding of
chiral Majorana fermions [70], or even the manipulation of
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Majorana qubits that can be defined upon the Majorana zero
modes induced in the vortices in the TSC regions [71]. An
in-depth investigation in this direction will be the subject of
our future work.
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