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Abstract—Volatile voltage profiles in distribution systems
caused by the fluctuating nature of renewable distributed gen-
eration (DG) are attracting growing concern. In this paper
we develop a new formulation of network reconfiguration to
mitigate voltage volatility. It provides new insights into the voltage
regulation problem in distribution systems with high renewable
penetration, which is commonly addressed by power electronic
controllers. From the linear DistFlow equations, we first propose
a novel index that measures the voltage volatility of each bus
in the system. This index is a function of distribution network
parameters that characterizes the role of network structure in
voltage volatility. Then, we formulate a new reconfiguration
model that minimizes the network loss and restricts the voltage
volatility indices with the coordination of switched capacitor
banks. A Benders decomposition-based approach is designedto
solve the problem using mixed-integer quadratic programming.
The simulations on the IEEE 69-bus system show that the
reconfiguration scheme is able to: 1) minimize network loss when
DG outputs are as predicted; and 2) significantly reduce the
risk of voltage violations when DG outputs deviate from the
prediction. The proposed formulation unleashes the distinctive
power of network reconfiguration in reducing voltage volatility,
by which the cost of power electronic controllers can be saved.

Index Terms—distribution network reconfiguration, voltage
volatility, distributed generation, linear DistFlow, mix ed-integer
quadratic programming

I. I NTRODUCTION

Distribution network reconfiguration refers to changing the
operating structure of a distribution system while maintaining
radial topology by resetting the status of line switches [1]. Re-
configuration is a common way for improving the performance
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of traditional distribution systems, where the load consumption
is fed by substations only and operating scenarios can be
described by several representative ones. The typical objectives
of network reconfiguration include network loss minimization
[2, 3], voltage regulation [4, 5], load balancing [1] and relia-
bility enhancement [6], which have been extensively studied.

Nevertheless, the increasing penetration of renewable dis-
tributed generation (DG), such as wind and solar resources,
has significantly changed the characteristics of distribution
systems. The operating scenarios are becoming much more
fluctuating due to the uncertain nature of DG outputs, which
may induce volatile bus voltages. For example, it has been
reported that the policies in Europe and United States that
encourage the integration of photovoltaic units could cause
significant voltage fluctuations along feeders [7, 8]. It indicates
that a reconfiguration scheme, which well regulates the voltage
profile under a predicted scenario, may still have unsatisfactory
performance regarding bus voltages when the DG outputs
deviate from the prediction. In addition, the response speed
of network reconfiguration may be too slow to keep up with
the fluctuation of DG outputs. Hence, network reconfiguration
is commonly regarded as obsolete in the voltage regulation of
distribution systems with high renewable penetration. Instead,
in the existing reconfiguration models, the DG outputs are usu-
ally assumed controllable by, e.g., power curtailment [9, 10],
which leads to the under-utilization of renewable energy.

Due to the fast response speed, power electronic controllers,
such as distribution FACTS devices [11], DG inverters [12]
and electric springs [13], have gained popularity in handling
voltage volatility. Despite their satisfactory performance, the
investment on power electronic voltage controllers is highso
that careful planning is required. On the other hand, some
existing results show that the voltage volatility problem is
closely linked to distribution network structure. For example,
it is empirically shown in [14] that a bus will have less severe
voltage fluctuation if it locates closer to the substation orshares
shorter conductors with photovoltaic units from the substation.
In addition, an upper bound for voltage-power sensitivity
is established in [15, 16], indicating that the impedance of
such shared conductors plays an important role. These results
hint that network reconfiguration, which is an existing tool
in distribution systems, may effectively address the voltage
volatility problem if carried out in a proper way. Following
this idea, the role of network topology in voltage volatility
needs further study to tap the potential of distribution network
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reconfiguration.
In this paper, we analytically reveal the relationship between

the DG-induced voltage volatility and distribution network
structure, and establish a new reconfiguration formulationthat
reduces voltage volatility level. The main contributions are
twofold. First, we propose a new index to measure the voltage
volatility of a bus based on the linear DistFlow equations. The
index is a function of distribution network parameters that
concisely describes the degree of voltage fluctuation with DG
outputs. Second, we develop a new reconfiguration strategy
with the coordination of the switched capacitor banks (CBs)—
another common device with slow response, which minimizes
the network loss for the predicted scenario and restricts the
voltage volatility indices. The proposed model is solved bythe
Benders decomposition-based method, where the problem for
each iteration is a mixed-integer quadratic program (MIQP).
Also we adopt some simple linear constraints for imposing
network radiality, which reduces the problem dimension. The
obtained reconfiguration scheme achieves high economy when
DG outputs are as predicted, and low risk of voltage violations
when DG outputs deviate from the prediction. From these
results, we discover the distinctive capability of network
reconfiguration in addressing the voltage volatility problem.

The rest of the paper is organized as follows. Section II
provides some preliminaries and the linear DistFlow equa-
tions as a basis. The voltage volatility index is proposed in
Section III based on the linear DistFlow. In Section IV, the
network reconfiguration problem considering voltage volatility
constraints is formulated and a Benders decomposition-based
algorithm is designed. Section V gives numerical tests to verify
the proposed method, and Section VI makes a conclusion and
a prospect for future works.

II. POWER FLOW MODEL IN DISTRIBUTION SYSTEMS

A. Notations and graph theory preliminaries

For simplicity, a vectorx = [x1, x2, ..., xp]
T ∈ R

p is
denoted asx = [xi] ∈ R

p, and a diagonal matrixA =
diag{a1, a2, ..., ap} ∈ R

p×p is denoted asA = diag{ai} ∈
R

p×p. We slightly abuse the notation| · |, using it to denote the
cardinality when applying to a set and the entry-wise absolute
value when applying to a matrix. The notation1p ∈ R

p

denotes the vector with all entries being one. For two vectors
x,y ∈ R

p, the notationx ≤ y represents the entry-wise
inequalityxi ≤ yi, i = 1, 2, ..., p.

We also introduce some graph theory preliminaries as a
basis (referring to [17] for the details). Denote an undirected
graph asG(V , E) whereV is the set of nodes andE ⊆ V ×V
is the set of edges with|V| = n and |E| = l. The notation
ek = (i, j) ∈ E , k = 1, 2, .., l, denotes the edgek that connects
nodei and nodej, where(i, j) denotes an unordered node pair.
To define the incidence matrix, each edge ofG is fictitiously
assigned a fixed orientation, e.g.,ek = (i, j) is assumed to
originate at nodei and terminate at nodej. Then, the incidence
matrix E ∈ R

n×l is defined such that∀ek = (i, j) ∈ E ,
Eik = 1, Ejk = −1 and Emk = 0,m 6= i, j. A path in a
graph refers to a set of edges that connect a sequence of nodes
which are all distinct from one another, except that the starting

node and ending node are possibly the same. A tree refers to
an undirected graph where any two nodes are connected by
exactly one path. For a connected graphG, a spanning tree
refers to a subgraph ofG that is a tree containing every node
of G, denoted asT (V , ET ) with ET ⊆ E and |ET | = n − 1.
For a graphG with c connected components, a spanning forest
refers to a subgraph ofG that consists of a spanning tree in
each connected component ofG, denoted asF(V , EF) with
EF ⊆ E and |EF | = n− c.

B. Linear DistFlow equations

Consider a distribution system with the set of busesV and
set of lines1 E . The system is assumed to be three-phase
balanced and a per-phase analysis is carried out. The bus
set V consists of two subsetsVs and Vd with |Vs| = s
and |Vd| = d, whereVs denotes the set of substations and
Vd = V\Vs denotes the set of the non-substation buses that
may connect loads and DGs. Without loss of generality, we
assumeVd = {1, 2, ..., d} and Vs = {d + 1, ..., d + s}. The
line set E consists of two subsetsEsw and Eon, whereEsw
denotes the set of switchable lines andEon = E\Esw denotes
the set of the remaining lines being always on. As a convention,
assume the distribution system operates with a radial network
topology, i.e., the line status should guarantee that each bus
i ∈ Vd is connected to a unique substation by exactly one
path of lines. In other words, an operating distribution network
can be regarded as a spanning forestF(V , EF ) with EF ⊆ E ,
|EF | = d, which consists ofs trees with each tree containing
a unique substation.

For each busi ∈ V , denoteVi, θi as the voltage magnitude
and phase angle, andPi, Qi as the active and reactive power
injection (i.e., DG output minus load). For each line(i, j) ∈ E ,
denoterij , xij as the resistance and reactance,Pij , Qij as
the sending-end active power and reactive power from bus
i to bus j, and lij as squared magnitude of line current.
Given an operating distribution networkF(V , EF), we have
the following equations with respect to each line(i, j) ∈ EF

Sij − (rij + jxij)lij + Sj +
∑

k∈N j

F
\{i}

Sjk = 0 (1a)

Vi∠θi − (rij + jxij)S
∗
ij/(Vi∠θi)

∗ = Vj∠θj (1b)

lij = |Sij/Vi|
2 (1c)

whereSj = Pj + jQj denotes the complex power injection;
Sij = Pij+ jQij denotes the complex line flow at the sending-
end;Vi∠θi denotes the complex bus voltage;N j

F denotes the
set of neighboring buses of busj in the networkF(V , EF),
i ∈ N j

F means line(i, j) is switched on in the network
F ; and the superscript * means the conjugate of a complex
number. Equation (1a) describes the power balance at bus
j, (1b) describes the voltage drop along line(i, j), and (1c)
describes the relationship between line current and line flow.
Reformulating (1) in terms of real variables gives the DistFlow

1Due to the terminology convention, we will interchangeablyuse “bus, line”
for distribution systems and “node, edge” for graphs henceforth.
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equations [1]

Pij = −Pj + rij lij +
∑

k∈N j

F
\{i}

Pjk (2a)

Qij = −Qj + xij lij +
∑

k∈N j

F
\{i}

Qjk (2b)

V 2
i − V 2

j = 2(rijPij + xijQij)− (r2ij + x2
ij)lij (2c)

lijV
2
i = P 2

ij +Q2
ij (2d)

where (2a) and (2b) follow from (1a), (2c) is given by taking
magnitude squared of (1b), and (2d) is given by (1c).

The nonlinear DistFlow equations can be simplified into
a linear version by utilizing some operational properties of
distribution systems. First, the termsrij lij , xij lij , which refer
to line loss, are much smaller than line flow termsPij , Qij .
For instance, the maximum ratio of line loss to line flow is less
than 8% for all three network configurations of IEEE 69-bus
system used in case study (see Section V). So we can drop
rij lij in (2a),xij lij in (2b) and(r2ij + x2

ij)lij in (2c), and no
longer care about (2d) as it becomes trivial in power flow. In
addition, we have the approximationV 2

i − V 2
j = 2(Vi − Vj)

sinceVi ≃ 1, which introduces a small relative error of around
0.25% (1%) if there is 5% (10%) deviation in voltage mag-
nitude [12]. These manipulations lead to the linear DistFlow
equations below, which has been established in [1, 12]

Pi =
∑

k∈N i
F

Pik (3a)

Qi =
∑

k∈N i
F

Qik (3b)

Vi − Vj = rijPij + xijQij . (3c)

We will study voltage volatility and network reconfiguration
using (3) as it concisely describes the voltage-power relation-
ship in distribution systems.

III. D EFINITION OF VOLTAGE VOLATILITY INDEX

We first reformulate the linear DistFlow euqations by graph-
related matrices. DenoteEF ∈ R

(d+s)×d as the incidence
matrix of the operating distribution networkF(V , EF ), where
each switch-on line(i, j) is fictitiously assigned the orien-
tation from busi to bus j. The matrix EF can be parti-
tioned into EF =

[

ET
F ,d ET

F ,s

]T
, whereEF ,d ∈ R

d×d

and EF ,s ∈ R
s×d denotes the sub-matrices ofEF whose

rows are indexed byVd and Vs, respectively. Also, we
introduce the voltage vectorsVd = [Vi] ∈ R

d, ∀i ∈ Vd

and Vs = [Vi] ∈ R
s, ∀i ∈ Vs, power injection vectors

Pd = [Pi],Qd = [Qi] ∈ R
d, ∀i ∈ Vd, line flow vectors

PEF
= [Pij ], QEF

= [Qij ] ∈ R
d, ∀(i, j) ∈ EF and the

diagonal matricesrEF
= diag{rij},xEF

= diag{xij} ∈ R
d×d,

∀(i, j) ∈ EF . Then, equation (3) can be re-expressed as

Pd = EF ,dPEF
(4a)

Qd = EF ,dQEF
(4b)

ET
F ,dVd +ET

F ,sVs = rEF
PEF

+ xEF
QEF

. (4c)

whereEF ,d is nonsingular since the distribution network is ra-
dial [17]. Then we havePEF

= E−1
F ,dPd andQEF

= E−1
F ,dQd

from (4a) and (4b), and substituting them into (4c) gives

Vd = RPd +XQd + V 0
d (5)

whereV 0
d = −(E−1

F ,d)
TET

F ,sVs ∈ R
d is a constant vector as

the substations keep constant voltages and

R = (E−1
F ,d)

TrEF
E−1

F ,d ∈ R
d×d

X = (E−1
F ,d)

TxEF
E−1

F ,d ∈ R
d×d.

(6)

Note thatR−1 andX−1 coincide with the conductance matrix
and susceptance matrix of the distribution network, respec-
tively. Furthermore, the radiality of distribution networks leads
to an explicit expression for the entries ofR andX. In the
networkF(V , EF), denoteHi

F as the set of lines contained
in the path from busi to the substation that busi connects to.
According to [12], the(i, j) entry ofR andX, sayRij and
Xij , can be expressed by

Rij =

{

∑

(k,l)∈Hi
F

rkl, i = j
∑

(k,l)∈Hi
F
∩Hj

F

rkl, i 6= j.
(7)

Xij =

{

∑

(k,l)∈Hi
F

xkl, i = j
∑

(k,l)∈Hi
F
∩Hj

F

xkl, i 6= j.
(8)

We now consider the situation where the DG outputs are
fluctuating. LetVdg ⊆ Vd be the set of buses that install DGs.
Then, we have the incremental form of (5) that describes how
bus voltages fluctuate with DG outputs

∆Vd = Rdg∆Pdg +Xdg∆Qdg (9)

where ∆Pdg = [∆Pi], ∆Qdg = [∆Qi] ∈ R
|Vdg|, ∀i ∈

Vdg represent the deviations from the predicted values, and
Rdg,Xdg ∈ R

d×|Vdg| denote the sub-matrices ofR and
X whose columns are indexed byVdg. In the following we
rewrite each row of (9) that helps to understand the mechanism
of voltage fluctuation

∆Vi =
∑

j∈Vdg

Rij∆Pj +Xij∆Qj, i ∈ Vd. (10)

Equation (10) implies that the distribution network works as an
“amplifier” that couples power fluctuations to bus voltages.For
the voltage deviation at busi caused by the power fluctuation
at busj, the amplificationsRij , Xij are determined by the
total resistances and reactances of the lines shared by the path
from bus i to the substation and the path from busj to the
substation. A largerRij (orXij) implies that the voltage of bus
i is more volatile to the active (or reactive) power fluctuation
at busj.

Based on (10), we establish the voltage volatility index of
bus i ∈ Vd as follows

Ii =
∑

j∈Vdg

Rij +Xij = eTi (R +X)edg (11)

whereei ∈ R
d denotes the vector with thei-th entry being one

and the other entries being zero;edg = [edgi] ∈ R
d is defined

such thatedgi = 1, ∀i ∈ Vdg and edgi = 0, ∀i ∈ Vd \ Vdg.
Note that the load-induced voltage volatility is not considered
in the analysis as the uncertainties of loads are usually smaller
than those of DGs [18]. Nevertheless, it will not impact the
generality of the voltage volatility index. If some loads dohave
large fluctuations, we can include the corresponding buses into
the setVdg and similar results can be obtained.
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We further explain the physical meaning ofIi. It follows
from (9) and (11) that

max
i∈Vd

Ii =
∥

∥

[

Rdg Xdg

]∥

∥

∞
= sup

∆Sdg 6=0

‖∆Vd‖∞
‖∆Sdg‖∞

(12)

where‖ ·‖∞ denotes the∞-norm of a matrix,sup{·} denotes
the supremum of a set, and∆Sdg =

[

∆P T
dg ∆QT

dg

]T
. By

(12), the maximumIi in the system characterizes the maxi-
mum ratio of bus voltage deviation to DG output fluctuation
under∞-norm. Hence, the indexIi gives a proper measure
of voltage volatility. A lowerIi implies the voltage of busi
is more robust against power fluctuations.

The proposed indexIi also provides a quantified explana-
tion for some empirical observations. It is shown in [14] that
bus i has less severe voltage fluctuation if it is closer to the
substation or has shorter shared conductors with DGs from
the substation. By (7) and (8), locating closer to the substation
implies a smallerRii andXii, and shorter shared conductors
with DGs implies a smallerRij andXij , j ∈ Vdg, both of
which induce a smallerIi and hence less voltage volatility of
bus i.

Moreover, it needs to be emphasized that the above analysis
implies voltage-power sensitivities are strongly but not exclu-
sively related to network topology. The actual voltage-power
sensitivities depend on both network topology and system
states (bus voltage magnitudes and phase angles), e.g., see
an analysis in [15, 16] that gives an upper bound for voltage-
power sensitivity. The proposed indexIi has a more focused
consideration; it aims at getting a specifically simplified form
as a function ofRij , Xij that explicitly reveals the role of
network topology in voltage volatility. This leads to a clear
indication that network reconfiguration is an effective wayfor
reducing voltage volatility if the switch actions are regulated
by the indexIi.

Take Fig. 1 as an illustrative example that shows how
network reconfiguration mitigates voltage volatility. Assume
bus j has fluctuating DG output andRij is large. Then the
left configuration in Fig. 1 leads to a volatile voltage profile
at busi. By comparison, the right configuration significantly
reduces the voltage volatility of busi as it shares no lines with
bus j from the substation. In the next section, a systematic
formulation will be developed based on this idea.

Figure 1. An example of voltage volatility mitigation via reconfiguration.

IV. V OLTAGE VOLATILITY CONSTRAINED NETWORK

RECONFIGURATION

A. Optimization problem formulation

As shown in the previous section, distribution network struc-
ture plays an important role in determining voltage volatility.

For the network reconfiguration that focuses on loss reduction
only, the voltage volatility level may be increased so that
voltage violation is more likely to occur in case of DG output
fluctuations, an example of which will be seen in the case
study. On the other hand, a robust voltage profile can be
achieved by the reconfiguration with voltage volatility indices
being well-bounded, which could also alleviate the burden
of corrective control given by power-electronic voltage con-
trollers. From this motivation, we propose a new framework
where network reconfiguration coordinates with the switched
CBs, whose response speed is similar to reconfiguration,
to address the network loss, voltage regulation and voltage
volatility issues.

We introduce the following notations before presenting the
mathematical model

P
pre
d = [P pre

i ] ∈ R
d, ∀i ∈ Vd

Q
pre
d = [Qpre

i ] ∈ R
d, ∀i ∈ Vd

Ucb = diag{U cb
i } ∈ R

d×d, ∀i ∈ Vd

c = [ci] ∈ R
d, ∀i ∈ Vd

rE = diag{rij} ∈ R
l×l, ∀(i, j) ∈ E

xE = diag{xij} ∈ R
l×l, ∀(i, j) ∈ E

PE = diag{Pij} ∈ R
l, ∀(i, j) ∈ E

QE = diag{Qij} ∈ R
l, ∀(i, j) ∈ E

α = [αij ] ∈ R
l, ∀(i, j) ∈ E

(13)

whereP pre
i , Qpre

i denote the predicted power injections given
by the DG and load forecast;U cb

i denotes the unit size of the
CB at busi; ci is an integer variable representing the position
level of the CB at busi; andαij is a binary variable indicating
line status,αij = 1 represents line(i, j) is switched on, and
αij = 0 represents line(i, j) is switched off.

Moreover, we derive another expression ofIi for the
convenience of reconfiguration model formulation. Denote
G(V , E) as the entire graph structure of the distribution sys-
tem including both the switch-on and switch-off lines. Let
EG =

[

ET
G,d ET

G,s

]T
∈ R

(d+s)×l be the incidence matrix
of G(V , E), whereEG,d ∈ R

d×l and EG,s ∈ R
s×l denotes

the sub-matrices whose rows are indexed byVd and Vs,
respectively. Then, the matricesR andX defined in (6) can
be re-expressed in terms of network configurationα

R(α) = [EG,dgE(α)ET
G,d]

−1

X(α) = [EG,dbE(α)ET
G,d]

−1
(14)

where gE(α) = diag{r−1
ij αij}, bE(α) = diag{x−1

ij αij} ∈
R

l×l with αij = 1 if (i, j) ∈ EF andαij = 0 otherwise. Thus,
the voltage volatility index defined in (11) can be re-expressed
as a function ofα

Ii(α) = eTi [R(α) +X(α)]edg

= eTi {[EG,dgE (α)ET
G,d]

−1 + [EG,dbE(α)ET
G,d]

−1}edg.
(15)

With these notations, the network reconfiguration problem
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considering voltage volatility constraints is formulatedas

min
α,c,PE ,QE ,Vd

P T
E rEPE +QT

E rEQE (16a)

s.t. P pre
d = EG,dPE (16b)

Q
pre
d +Ucbc = EG,dQE (16c)

ET
G,dVd +ET

G,sVs ≥ rEPE + xEQE −M(1l −α) (16d)

ET
G,dVd +ET

G,sVs ≤ rEPE + xEQE +M(1l −α) (16e)

− Pmax
E α ≤ PE ≤ Pmax

E α (16f)

−Qmax
E α ≤ QE ≤ Qmax

E α (16g)

αij ∈ {0, 1}, ∀(i, j) ∈ Esw (16h)

αij = 1, ∀(i, j) ∈ Eon (16i)

ci ∈ Sci, ∀i ∈ Vd (16j)

1
T
l α = d (16k)

|EG,s|α ≥ 1s (16l)

V min
d ≤ Vd ≤ V max

d (16m)

Ii(α) ≤ Imax
i , ∀i ∈ Vd (16n)

where the quadratic objective function (16a) represents the
network loss (it is a commonly used expression with the
employment ofVi ≃ 1 [1]); M is a large positive constant;
Pmax

E = diag{Pmax
ij } ∈ R

l×l, ∀(i, j) ∈ E with Pmax
ij

being the active power flow limit of line(i, j); Qmax
E =

diag{Qmax
ij } ∈ R

l×l, ∀(i, j) ∈ E with Qmax
ij being the reactive

power flow limit of line(i, j); Sci denotes the feasible position
levels of the CB at busi; andImax

i denotes the upper bound
for the voltage volatility index of busi. The power injection
equations (3a) and (3b) with respect to the substations are not
included since the power fed by each substation is known only
after the reconfiguration scheme is determined.

In the following we further explain some constraints in (16).
1) Power flow equations and disjunctive constraints (16b)-

(16i). For αij = 1, i.e., line (i, j) is switched on, the
associated constraints in (16d) and (16e) are equivalent to
(3c). Meanwhile, (16f) and (16g) enforcePij , Qij to take
values within line flow limits. Forαij = 0, i.e., line (i, j) is
switched off, the associated constraints in (16d) and (16e)are
deactivated by the large numberM , andPij , Qij are enforced
to be zero by (16f) and (16g).

2) Voltage magnitude constraint (16m) and voltage volatility
constraint (16n). These constraints work together to achieve a
robust voltage profile. When the actual operating scenario is
as predicted, the bus voltages are enforced to be close to the
flat profile (1.0 p.u.) by (16m). When the actual operating
scenario fluctuates from the prediction, the voltage deviation
from the flat profile is well limited by (16n), and thus the risk
of voltage violation is reduced. For those buses with higher
volatility, tighter voltage bounds (e.g.,1 ± 0.03 p.u.) can be
adopted in (16m) for a better control effect.

3) Constraints for network radiality (16k) and (16l). Con-
straint (16k) implies that the total number of switch-on lines is
equal tod, which is a necessary condition for network radiality.
Constraint (16l) implies that each substation is connectedto at
least one line. We show below that these constraints together
with power flow constraints provide a necessary and sufficient
condition for network radiality.

Theorem 1:Assume
∑

i∈Va
P pre
i 6= 0 for any arbitrary

subsetVa ⊂ Vd. Then, network radiality is met by a network
configurationα if and only if it satisfies (16b), (16f), (16k)
and (16l).

Proof: The necessity part is straightforward and we prove
the sufficiency below.

Note that there are three types of network configurations
satisfying (16k) and (16l). The first type refers to a desirable
configuration. In the second type, there are isolated non-
substation buses due to the existence of loops in the network,
which is infeasible. In the third type, there are isolated non-
substation buses due to multiple substations being contained
in one connected component, which is also infeasible (see the
examples in Fig. 2).

For the latter two types of configurations, letVa ⊂ Vd

denote the set of isolated non-substation buses with|Va| = a,
andEG,a ∈ R

a×l denote the sub-matrix ofEG whose rows are
indexed byVa. Let E1

G,a collect the columns ofEG,a indexed
by the lines withinVa, E2

G,a collect the columns indexed by
the lines betweenVa andV\Va, andE3

G,a collect the columns
indexed by the lines withinV\Va. Accordingly, letP 1

E be the
set of line flows withinVa, P 2

E be the set of line flows between
Va andV\Va, andP 3

E be the set of line flows withinV\Va. It
is trivial to check that1T

aE
1
G,a = 0 andE3

G,a = 0. Also (16f)
givesP 2

E = 0 since the line switch status makesVa isolated.
Then, it follows from (16b) that

∑

i∈Va
P pre
i = 1

T
aEG,aPE =

1
T
aE

1
G,aP

1
E +1

T
aE

2
G,aP

2
E +1

T
aE

3
G,aP

3
E = 0, which violates the

precondition
∑

i∈Va
P pre
i 6= 0. Therefore, these two types of

configurations are excluded by constraints (16b), (16f), (16k)
and (16l) and the sufficiency holds.

Figure 2. Three types of configurations satisfying (16k) and(16l).

The precondition
∑

i∈Va
P pre
i 6= 0 in Theorem 1 usually

holds true since the active power loads and active power
outputs of DGs in a subregion of the distribution system
are not perfectly balanced. A possible exception is that all
the buses in a subregion have zero power injections. In this
case, we can add very small fictitious loads to those buses for
the satisfaction of the precondition, which imposes negligible
impact on the actual power flow and voltage profile. The
proposed radiality constraint can be regarded as an improved
version of [19]. In [19], a fictitious flow network with the
same topology as the distribution system is introduced, and
the network radiality is indirectly imposed by balancing the
sources and sinks in this flow network. By comparison, we
describe the radiality condition in a similar and more direct
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way by utilizing the existing power flows, which lowers
problem dimension.

In general, the solution to (16) provides a good set point
that balances economy and voltage regulation. We have less
network loss and near-flat voltage profile if the DG outputs
go as predicted. Otherwise, the voltage volatility constraints
guarantee that voltage deviations are kept within an acceptable
range even though the power injections are fluctuating. As
a consequence, the cost of corrective voltage control, which
is mainly by power electronic devices, can be significantly
saved. This suggests that network reconfiguration has unique
value in handling the voltage volatility problem. Also, we point
out that the proposed formulation is substantially different
from the robust optimization that prevents voltage violation
given an uncertainty interval of power injections (e.g., see
[20]). Robust optimization is oriented to the worst scenario
in the uncertainty interval, which requires that the interval
is not too wide to render an infeasible problem. In contrast,
the mechanism behind (16) is to reduce the risk of voltage
violation by “strengthening” the distribution network structure.
It is scenario-independent and works properly regardless of
the uncertainty information that may be hard to obtain in real
situations.

The proposed formulation refers to the static reconfiguration
with respect to a single system snapshot. Given a typical
load and DG output scenario, it can be used to determine
the network structure and CB compensation for a weekly or
monthly time frame. Nevertheless, this formulation has high
potential for future development. For instance, given daily
load and DG curves, problem (16) can be extended to a
dynamic reconfiguration that determines hourly schemes for
network structure and CBs, possibly with additional coupling
constraints for the concerned time slots. Also, it will add more
practicality if problem (16) can be extended to unbalanced
three-phase distribution systems. To this end, we may resort
to a linear version of the three-phase power flow equations
(e.g., see [21]) to generalize the definition of voltage volatility
index. These directions will be considered in future work.

B. Solution method

Due to constraint (16n), problem (16) is a general mixed-
integer nonlinear programming (MINLP), which is hard to
solve. On the other hand, the optimization problem exclud-
ing (16n) is a mixed-integer quadratic programming (MIQP),
where sophisticated solvers are available. This property facil-
itates the application of Benders decomposition approach to
problem (16). Benders decomposition has been widely used
to solve MINLPs in power systems such as transmission
switching [22], network reconfiguration [20, 23] and unit
commitment [24, 25]. Generally, it decomposes a complex
original problem into a master problem and a few subproblems
that are much easier to solve. After obtaining the optimal
solution to the master problem, the subproblems check if
the solution is feasible for the original problem. In case of
constraint violations, the corresponding Benders cuts areadded
to the master problem, and the optimal solution to the master
problem is updated. The iteration stops when all constraints
are satisfied.

For problem (16), we set the master problem to consist
of (16a)-(16m). As aforementioned, the master problem is an
MIQP. Denote the optimal solution to the master problem as
(α∗, c∗,V ∗

d ,P ∗
E ,Q

∗
E). The subproblem checks if the voltage

volatility constraints (16n) are satisfied by the solution.If there
exists a subset of busesV ′

d ⊆ Vd such thatIi(α∗) > Imax
i ,

∀i ∈ V ′
d, we find busm with the most severe violation by

m = arg min
i∈V′

d

Imax
i − Ii(α

∗) (17)

and the corresponding Benders cut is formulated by

Im(α∗) + (
∆Im
∆α

)T (α−α∗) ≤ Imax
m

(18)

where ∆Im

∆α
= [∆Im

∆αij
] ∈ R

l, ∀(i, j) ∈ E . By using (15), the

sensitivity ∆Im

∆αij
can be calculated by (assume∆αij = 1)

∆Im
∆αij

= eTm
[R(α∗)−1 +∆αijr

−1
ij EijE

T
ij ]

−1

∆αij

edg

+ eTm
[X(α∗)−1 +∆αijx

−1
ij EijE

T
ij ]

−1

∆αij

edg

− eTm
R(α∗) +X(α∗)

∆αij

edg

= −
r−1
ij eTmR(α∗)EijE

T
ijR(α∗)edg

1 + r−1
ij ET

ijR(α∗)Eij

−
x−1
ij eTmX(α∗)EijE

T
ijX(α∗)edg

1 + x−1
ij ET

ijX(α∗)Eij

(19)

where Eij ∈ R
d is a column ofEG,d ∈ R

d×l that is
with respect to line(i, j). The Sherman-Morrison formula is
employed in the derivation of (19) and we refer to [26] for
the details. Then, the master problem is solved iterativelywith
Benders cut (18) being included as an additional constraint,
which is still an MIQP. The inclusion of (18) helps to modify
the current configurationα∗ in such a way that the voltage
volatility constraint of busm will be satisfied.

We summarize the solution procedure as follows. The
corresponding flow chart is shown in Fig. 3.
Step 1: Solve the master problem consisting of (16a)-(16m)

and obtain the initial solution.
Step 2: Check if the voltage volatility constraints (16n) are

all satisfied at the current solution. If so, stop the
algorithm, the current solution is the optimal solution
to problem (16). Otherwise, go to Step 3.

Step 3: Find the bus with the most severe violation on voltage
volatility constraint by (17), generate the correspond-
ing Benders cut (18) and add it to the master problem.

Step 4: Solve the current master problem, update the current
solution, and go back to Step 2.

Given a distribution system withs substations,d non-
substation buses (withdcb buses installing CBs) andl total
lines (with lsw lines being switchable), each MIQP master
problem to be solved during the iteration hasd+2l continuous
decision variables,dcb + lsw integer decision variables and
3d+4l+ s+ dcb+ lsw +ncut+1 constraints, wherencut is a
small number representing the number of added Benders cuts.
Although the problem dimension grows linearly with system



SONG et al.: DISTRIBUTION NETWORK RECONFIGURATION FOR REDUCING VOLTAGE VOLATILITY 7

Figure 3. Flow chart of the solution method.

size, the NP-complete nature of mixed-integer programming
[27] inevitably makes it computationally intractable when
applied to large systems. It should be noted that the low
scalability is an inherent feature of reconfiguration problems.
We observe that the solution process for large systems (e.g.,
with more than 100 integer variables) could be highly time-
consuming even without considering voltage volatility con-
straints. This case ends up with a sub-optimal solution as the
optimality gap does not converge zero when the maximum
computation time (e.g., 1800 seconds per master problem) is
reached. The details are not shown here as they are similar to
the common failing reported in the literature [2, 3].

Nevertheless, the proposed algorithm is shown to be ade-
quate for medium-size systems. It will be seen in the case
study that the algorithm efficiently solves problem (16) for
the IEEE 69-bus system, and the obtained reconfiguration
scheme performs well in reducing voltage volatility and net-
work loss as expected. Therefore, the proposed formulation,
which exploits the capability of network reconfiguration in
addressing the voltage volatility issue, has unique merits
despite its inherent complexity. On the other hand, to facilitate
the application to systems with a large number of switches or
dynamic reconfiguration with coupled switch actions during
a long time span, future works should consider enhancing
the solution method by combining the strength of other kinds
of optimization methods such as heuristic and evolutionary
computation.

V. CASE STUDY

A. Test system & solution process

Take the IEEE 69-bus system shown in Fig. 4 to test the
proposed method, where the line parameters are the same as
those in [28] and the loads are 1.5 times of those in [28]
to create a heavy load scenario. The impedances of the five
lines that are initially switched off are all set to be1.0 + j1.0
p.u.. Twelve renewable DGs and five CBs are added to those
regions with heavy loads. Assume each DG operates at the
unity power factor, which is a common scenario for renewable
resources considered in the literature [29, 30]. The predicted
DG outputs are given in Table I. Each CB consists of five units
with the unit size being 0.2 MVar. Note that the total active

power load is 5.703 MW, so the system has a high level of
renewable penetration around 72%.

The parameter settings for solving problem (16) are listed as
follows. All lines are switchable so that they can participate
in the reconfiguration (i.e.,Esw = E), which is a common
assumption [2]. A tighter voltage boundV min

i = 0.97,
V max
i = 1.03 is adopted for those end-point buses 26, 27, 64,

65 for a better control effect, and a normal boundV min
i = 0.95,

V max
i = 1.05 for the remaining non-substation buses. The

substation bus keeps constant voltageVi = 1.0. In addition,
we setImax

i = 30 for each non-substation bus that aims to
reduce by half of the volatility as in the original network
configuration.

The optimization computation is carried out on a computer
with Intel Core i5-4570 CPU 3.20GHz, RAM 8.00 GB and
64-bit operating system. CPLEX is taken as the solver for
each MIQP master problem during the Benders decomposition-
based iteration. The proposed reconfiguration scheme is ob-
tained after seven iterations. It takes around 15 seconds to
solve each master problem, and the total computation time
is 125.2 seconds. The solution process is fast considering
that each master problem during the iteration consists of 214
continuous decision variables, 78 integer decision variables
and 576-582 constraints (depending on number of iteration).

In summary we obtain the following three network config-
urations from the solution process:

• The original networkconfiguration shown in Fig. 4;
• The traditional reconfiguration schemethat only aims to

reduce network loss, which is the initial solution during
the iteration;

• The proposed reconfiguration scheme, which is obtained
by solving problem (16).

The details of the three schemes are listed in Table II, and
the corresponding voltage volatility profiles are depictedin
Fig. 5. We observe thatIi ≤ 30 is satisfied by each bus
under the proposed reconfiguration scheme, which shows the
effectiveness of voltage volatility constraints in problem (16).
A detailed analysis will be given in the next subsection.

Figure 4. Diagram of the IEEE 69-bus system.

Table I
PREDICTEDDG OUTPUTS(MW)

Bus PG Bus PG Bus PG Bus PG

8 0.18 21 0.18 41 0.18 59 0.18

11 0.36 27 0.18 49 0.36 61 1.08

12 0.36 35 0.18 50 0.36 64 0.54
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Table II
DETAILS OF THE THREE NETWORK CONFIGURATIONS

Original

network

Traditional

reconfig.

Proposed

reconfig.

Network loss 0.318 MW 0.0195 MW 0.0196 MW

CB at bus 11 0 0.60 MVar 0.80 MVar

CB at bus 45 0 0.20 MVar 0.20 MVar

CB at bus 49 0 1.00 MVar 1.00 MVar

CB at bus 61 0 1.00 MVar 1.00 MVar

CB at bus 64 0 0.60 MVar 0.60 MVar

Switch-off lines

(11,43), (13,21)

(15,46), (50,59)

(27,65)

(9,10),(13,14)

(19,20),(58,59)

(11,43)

(14,15),(18,19)

(26,27),(58,59)

(11,43)
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Figure 5. Voltage volatility under the three network configurations.

B. Performance of proposed reconfiguration scheme

We show the merits of the proposed reconfiguration scheme
by comparing it with the original network and traditional
reconfiguration scheme from the following aspects.

1) Network loss. The power flow profiles under the three
schemes are depicted in Fig. 6, Fig. 7 and Fig. 8, respectively.
We observe that quite a few lines have heavy power flows in
the original network (see the lateral branch from bus 53 to bus
65 in Fig. 6), which is not economic. This is mainly caused by
the original network not closely matching the load allocation.
Buses 53-60 have light loads, but buses 61-65 have heavy loads
that cannot be fully fed by the nearby DGs. So a large amount
of power has to flow from the substation to buses 61-65, which
causes large network loss (see Table II). In the traditional
reconfiguration scheme and proposed reconfiguration scheme,
this problem is solved by switching off line (58, 59) and
switching on line (50, 59). By doing so, the power flow from
bus 53 to bus 58 are much decreased since the heavy loads
at buses 61-65 are fed by other paths with more nearby DGs,
which leads to considerable loss reduction. In addition, the
traditional scheme has smaller network loss than the proposed
scheme as it does not consider voltage volatility constraints;
nevertheless, the difference is not significant.

2) Voltage volatility. As shown in Fig. 5, the traditional
reconfiguration, which aims at network loss reduction only,
renders a dangerous voltage volatility level that is much higher
than the original network. Note that lines (50, 59) and (27, 65)

are switched on, and lines (58, 59) and (9,10) are switched
off in the traditional reconfiguration scheme (see Fig. 7). As
mentioned before, this operation improves the power flow
distribution. Meanwhile, it also creates a long lateral branch
from bus 47 to bus 10 that contains nine DGs, which leads
to high voltage volatility of buses 10-13, 20-27, 65-70. By
comparison, the proposed reconfiguration scheme prevents
such a long lateral branch by disconnecting line (26,27) and
reconnecting line (9, 10), which significantly reduces the
voltage volatility level. In addition, this change on line switch
status has almost no impact on power flow profile as Fig. 7
and Fig. 8 show that only the line flow from bus 59 to bus 61
is slightly increased. So the proposed reconfiguration scheme
achieves both high economy and low voltage volatility.

3) Relationship between network loss and voltage volatility.
We summarize the feature of the three schemes in Table III,
which leads to some interesting observations that necessitate
the proposed reconfiguration scheme:

(a) There is no clear monotonic relationship between
network loss and voltage volatility.

(b) Voltage volatility level could be surprisingly high for
a reconfiguration scheme only focusing on minimiz-
ing network loss.

(c) Voltage volatility level could be significantly reduced
by a small percentage of extra network loss, if
network reconfiguration is properly implemented by,
e.g., the proposed formulation.

Figure 6. Power flow profile of the original network.

Figure 7. Power flow profile of the traditional reconfiguration scheme.

Table III
FEATURE SUMMARY OF THE THREE NETWORK CONFIGURATIONS

Original

network

Traditional

reconfig.

Proposed

reconfig.

Network loss high low
low (slightly greater

than traditional one)

Voltage volatility medium high low
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Figure 8. Power flow profile of the proposed reconfiguration scheme.

The merits of the proposed reconfiguration scheme can be
further shown by the following experiments. For each DG,
we simulate its output fluctuation by multiplying a factorηi
to the predicted value, whereηi independently follows the
normal distribution with the mean being one and standard
deviation being 25%. Then, we randomly choose 5000 DG
output scenarios, and obtain the corresponding exact voltage
profiles under the three schemes by solving the nonlinear
power flow equations. The results are depicted in Fig. 9, Fig.
10 and Fig. 11, respectively.

Although the original network configuration has a rather low
voltage volatility level (see Fig. 5), Fig. 9 shows that voltage
violations occur in most of the scenarios as this configuration
leads to an unsatisfactory low voltage profile at base case (see
the black dash curve). The traditional reconfiguration scheme
gets a good base voltage profile that is nearly flat. However,
as shown in Fig. 10, voltage violations are still likely to occur,
and the buses with frequent violations well correspond to
those with high voltage volatility level. By comparison, Fig.
11 clearly shows the effect of voltage volatility constraints in
the proposed reconfiguration scheme. The voltage deviations
are restricted to a much narrower range so that no voltage
violations are observed. In addition, Fig. 12 depicts the em-
pirical probability density functions of the voltages of bus
26 and bus 66 from the 5000 samplings. The two selected
buses are among those with high voltage volatility in the
traditional reconfiguration scheme. Fig. 12 details the effect of
the proposed reconfiguration scheme in mitigating the voltage
volatility of certain buses. The shapes of these probability
density functions further confirm the volatility evaluation by
the proposed index shown in Fig. 5.

Moreover, we select one of the 5000 DG output scenarios
shown in Table IV, which causes severe voltage violations
under the traditional reconfiguration scheme. To eliminate
voltage violations in this case, we have to resort to corrective
control by power electronic controllers. The minimum addi-
tional reactive power support from power electronic controllers
can be estimated by the following problem

min
∆Qd

∑

i∈Vd

|∆Qi|

s.t. Vd = RPd +X(Qd +∆Qd) + V 0
d

V min
d ≤ Vd ≤ V max

d

(20)

where∆Qd = [∆Qi] ∈ R
d, ∀i ∈ Vd denotes the vector of

additional reactive power injections,Pd,Qd refer to power
injections in the selected scenario,R,X refer to the network
topology under the traditional reconfiguration scheme. Note

that problem (20) provides the most optimistic estimation as
it assumes power electronic controller is available at every
bus. We setV min

i = 0.97, V max
i = 1.03, ∀i ∈ Vd in (20) that

aims to achieve a similar voltage profile to the one under the
proposed reconfiguration scheme with the same DG outputs.
It turns out that we need at least 0.46 MVar total amount of
additional reactive power from power electronic controllers,
which implies a considerable investment on power electronic
devices. This again highlights the performance of the proposed
reconfiguration scheme as all voltage profiles in Fig. 11 are
satisfactory even without any additional control.

From the above discussion, we conclude that the proposed
formulation exploits the power of network reconfiguration in
reducing or even preventing the risk of voltage violations with
the presence of volatile DGs. Also we can expect much higher
hosting capacity of renewable energy and lower investment
and control complexity of power-electronic voltage controllers
under this new framework.
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Figure 9. The original network: bus voltages under volatileDG outputs.
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Figure 10. Traditional reconfiguration scheme: bus voltages under volatile
DG outputs.
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Figure 11. Proposed reconfiguration scheme: bus voltages under volatile DG
outputs.
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(a) Voltage of bus 26.
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(b) Voltage of bus 66.

Figure 12. Probability density functions of bus voltages.

Table IV
DG OUTPUTS IN THE SELECTED SCENARIO(MW)

Bus PG Bus PG Bus PG Bus PG

8 0.156 21 0.058 41 0.194 59 0.141

11 0.096 27 0.190 49 0.276 61 0.865

12 0.249 35 0.137 50 0.351 64 0.477

VI. CONCLUDING REMARKS AND FUTURE DIRECTIONS

We have developed a new network reconfiguration formu-
lation that addresses the DG-induced voltage volatility in

distribution systems. First, we have proposed a novel indexto
measure the voltage volatility of each bus based on the linear
DistFlow equations. This voltage volatility index is a function
of the distribution network structure that concisely describes
the influence of DG output fluctuations on bus voltages.
Then, we have established a new optimization model which
coordinates the network reconfiguration and switched CBs
to minimize network loss under a bounded voltage volatility
level. This model is solved by the Benders decomposition-
based algorithm. Numerical tests on the IEEE 69-bus system
show that network reconfiguration may cause a highly volatile
voltage profile if it only focuses on network loss reduction.On
the other hand, the reconfiguration scheme obtained by the
proposed model performs well in reducing both network loss
and risk of voltage violations. The proposed method provides
a fresh perspective that network reconfiguration can make an
important contribution to the voltage regulation problem under
volatile distributed generation.

It should be noted that the main objective of this paper
is to confirm the feasibility and large potential of network
reconfiguration in mitigating DG-induced voltage volatility.
The proposed method is still preliminary in terms of modeling
and solution methodology. Many future directions can be con-
sidered to make it more complete and practical. For instance,
it needs to be extended to unbalanced three-phase networks,
which is a more general operating scenario for distribution
systems. The dynamic coordination between reconfiguration
and existing power electronic controllers in the system also
has potential benefits. Moreover, the solution method needsto
be further developed to promote large system application.
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