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A DATA-DRIVEN APPROACH FOR MULTISCALE ELLIPTIC PDES
WITH RANDOM COEFFICIENTS BASED ON INTRINSIC
DIMENSION REDUCTION*
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Abstract. We propose a data-driven approach to solve multiscale elliptic PDEs with random
coefficients based on the intrinsic approximate low-dimensional structure of the underlying elliptic
differential operators. Our method consists of offline and online stages. At the offline stage, a low-
dimensional space and its basis are extracted from solution samples to achieve significant dimension
reduction in the solution space. At the online stage, the extracted data-driven basis will be used
to solve a new multiscale elliptic PDE efficiently. The existence of approximate low-dimensional
structure is established in two scenarios based on (1) high separability of the underlying Green’s
functions, and (2) smooth dependence of the parameters in the random coefficients. Various online
construction methods are proposed for different problem setups. We provide error analysis based
on the sampling error and the truncation threshold in building the data-driven basis. Finally, we
present extensive numerical examples to demonstrate the accuracy and efficiency of the proposed
method.
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1. Introduction. In this paper, we shall develop a data-driven method to solve
the following multiscale elliptic PDEs with random coefficients a(x,w) and source

f(z,0):

(1)
L(z,w)u(z,w,0) = -V - (a(aw)Vu(x,w,H)) = f(x,0), z€D, we,, 0¢c,

(2) u(z,w,d) =0, x € 0D,

where D € R? is a bounded spatial domain. We separate the randomness in the
coefficient and source, where €2, and {2y denote the sample spaces for random variables
w and 6, respectively, and treat them differently, as we shall see later. We assume
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f(x,0) to be in L?(D) and assume uniform ellipticity of the PDE (see section 2 for
precise definition of the problem).

The problem (1)—(2) can be used to model the flow pressure in porous media,
such as water aquifer and oil reservoirs, where the permeability field a(z,w) is a
random field whose exact values cannot be feasibly obtained in practice due to the
low resolution of seismic data.

In recent years, there has been an increased interest in quantifying the uncer-
tainty in systems with randomness, i.e., solving stochastic partial differential equations
(SPDEs, i.e., PDEs driven by Brownian motion) or partial differential equations with
random coefficients (RPDEs). Uncertainty quantification (UQ) is an emerging re-
search area that addresses these issues; see [20, 44, 5, 42, 4, 35, 34, 37, 39, 41, 13, 14, 22]
and references therein. However, when SPDEs or RPDEs involve multiscale features
and/or high-dimensional random inputs, these problems become challenging due to
high computational cost.

Recently, some progress has been made in developing numerical methods for mul-
tiscale RPDEs; see [31, 3, 36, 2, 21, 1, 27, 45, 18, 15] and references therein. For exam-
ple, data-driven stochastic methods for solving PDEs with random and/or multiscale
coefficients were proposed in [12, 45, 28, 29]. They demonstrated through numerical
experiments that those methods were efficient in solving RPDEs with many different
source functions. However, the polynomial chaos expansion [20, 44] is used to rep-
resent the randomness in the solutions. Although the polynomial chaos expansion is
general, it is a priori instead of problem specific. Hence many terms may be required
in practice for an accurate approximation which induces the curse of dimensionality.

We aim to develop a new data-driven method to solve multiscale elliptic PDEs
with randomness in (1) based on intrinsic dimension reduction in two scenarios. In
the first case, the coefficient a(x) € L>°(D) is fixed, while the random source can vary
arbitrarily in L?(D) with a bounded norm. As long as the domain of observation
for u(x,0) is disjoint from the support of the source f(x,6), the low-dimensional
structure of the underlying solution space in the observation domain is implied by the
high separability of the Green’s function for uniformly elliptic operators [8], which
provides the theoretical foundation for hierarchical low-rank approximation to the
inverses of finite element method (FEM) matrices and other fast direct inverse solvers.
In this case, the curse of the dimension of randomness # in the source function can be
avoided without the need for smooth dependence on the randomness. For the other
case, the coefficient a(z,w) € L (D) varies with smooth dependence on w, while the
source function is fixed. Since u(z,w) depends smoothly on a(z,w), and hence on w
as shown in [16], we show an approximate low-dimensional structure in this case as
well.

Based on the above observations, our method consists of two stages. In the offline
stage, the approximate low-dimensional structure is extracted by computing a set of
data-driven and problem-specific basis functions from solution samples. For example,
the data can be generated by solving (1)—(2) corresponding to a sampling of the coeffi-
cient a(x,w) and/or source f(x,0). Here, different sampling methods can be applied,
including Monte Carlo (MC) and quasi-Monte Carlo (¢qMC) methods. The sparse-
grid-based stochastic collocation method [11, 43, 35] also works when the dimension
of the random variables is moderate. Or, the data may come from field measurements
directly in practice. Then the low-dimensional structure and the corresponding basis
are extracted using model reduction methods, such as proper orthogonal decomposi-
tion (POD) [10, 38, 9], a.k.a. principal component analysis (PCA), e.g., by efficient
random algorithms [24] due to the approximate low-rank structure. The key point
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is that once the dimension reduction is achieved, the online stage of computing the
solution corresponding to a new coefficient and/or source becomes finding a linear
combination of the (few) constructed basis functions to approximate the solution.

However, the map from the input randomness of the PDE to the expansion coef-
ficients of the solution in terms of the data-driven basis can be highly nonlinear. We
propose a few possible online strategies (see section 3). For example, if the coefficient
is in parametric form, one can approximate the nonlinear map from the parameter
domain to the expansion coefficients through interpolation or neural network approx-
imation. Or, one can apply the Galerkin method using the extracted basis to solve
(1)—(2) for a new coeflicient. In practice, the coeflicient or the source function of
the PDE may not be available, but censors can be deployed to record the solution
at certain locations. In this case, one can compute the expansion coefficients of a
new solution by least square fitting those measurements at designed locations. We
also provide analysis and guidelines for sampling, dimension reduction, and other
implementations of our methods.

The rest of the paper is organized as follows. In section 2, we characterize the low-
dimensional structure in two scenarios for elliptic PDE (2). In section 3, we describe
our new data-driven method and its detailed implementation. In section 4, we present
numerical results to demonstrate the efficiency of our method. Concluding remarks
are made in section 5.

2. Low-dimensional structures in the solution space.

2.1. High separability of the Green’s function of elliptic operators. We
first consider the scenario of a multiscale elliptic PDE with a random source. Let
L(x) : V = V' be a uniformly elliptic operator in a divergence form

3) L(z)u(z) = =V - (a(z)Vu(z))

in a bounded Lipschitz domain D C R¢, where V = H}(D) and a(x) € L>(D).
The uniformly elliptic assumption means that there exist @min, Gmax > 0, such that
min < a(x) < amax for all z € D. The contrast ratio k, = ‘Zm—d: is an important
factor in the stability and convergence analysis. We consider the Dirichlet boundary
value problem with a random source f(z, ), where 6 is some random variable:

(4) L(z)u(z,0) = f(x,0) inD wu(z,)=0 ondD.

For all z,y € D, the Green’s function G(z,y) for differential operator L is the solution
of

(5) LG(y)=46(,y) inD, G(,y)=0 ondD,

where L refers to the first variable - and §(-, y) is the Dirac delta function denoting an
impulse source point at y € D. The Green’s function G(z,y) is the Schwartz kernel
of the inverse £71; i.e., the solution of (4) is represented by

(6) u(e.0) = £ f(x,0) = /D G,y) (4, 0)dy.

Since the coefficient a(z) is only bounded, G(z,y) can have a lower regularity, com-
pared with the Green’s function associated with the Poisson’s equation. In [23], the
authors proved the existence of the Green’s function for d > 3 and the estimate
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|G(z,y)| < C((Id o) | — y|2=4, where C(d, r,) is a constant depending on d and kq.
For d = 2, the rg)?lstence of the Green’s function was proved in [17] together with the
estimate |G(z,y)| < C(”” log |z — y|. Thus, when £ is a uniform elliptic operator,
L1 exists, and ||£~ 1|\ < C’amm, where C' depends on d and k.
One can show the existence of a low-dimensional structure in the solution space
based on high separability of the underlying Green’s function [8] as follows.
PROPOSITION 2.1. Let D C R? be a convex domain, and let X be a closed subspace
of L?(D). Then for any integer k € N, there is a subspace Vi, C X satisfying dim V}, <
k such that
diam(D)

7

where the constant C depends only on the spatial dimension d.

(7) distz2(py(u, Vi) < C |Vullz2(py for allu e X NH' (D),

The proof is based on the Poincaré inequality; see [8]. All distances and diameters
use the Euclidean norm in R except the distance of functions which uses the L?(D)-
norm. In particular, a choice of Vi in Proposition 2.1 is the L? projection of piecewise
constant functions defined on a grid with grid size M onto X.

Now we present the definition of an £-harmonic function on a domain E C D
introduced in [8]. A function u is £-harmonic on E if u € HY(E) for all E C E with
dist(F,dE) > 0 and satisfies

a(u,p) = /Ea(x)Vu(x) -Vo(x)de =0 for all p € C°(E).

Denote the space of £-harmonic functions on E by X (E), which is closed in L?(E).
The following key lemma shows that the space of £-harmonic function has an approx-
imate low-dimensional structure.

LEMMA 2.2 (Lemma 2.6 of [8]). Let E C E C D in R%, and assume that E is
convex such that
dist(F,0E) > p diam(E) > 0 for some constant p > 0.
Then for any 1 > € > 0, there is a subspace W C X(E) so that for allu € X(F),
dist o gy (u, W) < €llull 2z

and p

dim(W) < cd(/fa,p)(| loge|) *
where c(kq,p) > 0 is a constant that depends on p and K.

The key property of £-harmonic functions used to prove the above result is the
Caccioppoli inequality, which provides the estimate ||Vul| @) <C (Ka, p)|lull 2 (- In
particular, the Green’s function G(-,y) is £L-harmonic on E if y ¢ E. Moreover, given
two disjoint domains D1, Dy in D, the Green’s function G(z,y) with © € Dy,y € Dy
can be viewed as a family of £-harmonic functions on D; parameterized by y € Ds.
From the above lemma one can easily deduce the following result, which shows the
high separability of the Green’s function for the elliptic operator (3).

PROPOSITION 2.3 (Theorem 2.8 of [8]). Let Dy, Dy C D be two subdomains, and
let Dy be convex (see, e.g., Figure 1). Assume that there exists p > 0 such that

(8) 0< dlam(Dl) <p diSt(Dl, Dg)
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G(r,y)

D1 D2

D

F1G. 1. The Green’s function G(z,y) with dependence on x € D1 and y € Da.

Then, for any € € (0,1) there is a separable approximation

k
(9) Grlz,y) =Y wi(z)vi(y) with k < (rq, p)|log e,
i=1

so that for all y € Do,
(10) 1G(y) — Gk('7y>||L2(D1) < GHG('vy)”[ﬂ(f)l)v

where Dy == {x € D : 2p dist(z, D;) < diam(D;)}.

The above theorem shows that there exists a low-dimensional linear subspace,
e.g., spanned by w;(-), that can well approximate the family of functions G(-,y) in
L?(D;) uniformly with respect to y € Dy. Moreover, if supp(f(z,6)) C Da, one can
well approximate the family of solutions u(x, ) to (4) by the same space in L?(D;)
uniformly. Let

(11) up(z,0) = | G(z,y)f(y,0)dy

D»

and

k
(12)  wi@0) = [ Gl y)fu0dy = ui(z) / 0i(y) £ (y. 0)dy.

DQ ; D2

Jur(e6) = w5 )y = [ [/D <G<x,y>Gk<x,y>>f<y,e>dy} dx

D,
(13)

<1122, /D 1GC) — Gl ) B,y dy < C(Dr, Do, ks ) 3.
2

since \|G(~7y)||L2(f)l) is bounded uniformly with respect to y € D by a positive
constant that depends on D1, Do, k4, d due to the uniform ellipticity. Note that the
low-dimensional structure does not need any regularity assumption in a(z). Moreover,
dependence of the source on randomness can be arbitrary in terms of dimensionality
and regularity.
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Remark 2.1. Although the proof of high separability of the Green’s function re-
quires x € D1,y € D5 for two disjoint D1 and Dy due to the singularity of the Green’s
function at = = y, the above approximation of the solution u in a domain disjoint
with the support of f also works for u in the whole domain even when f is a globally
supported smooth function, as shown in our numerical tests.

Remark 2.2. Contrary to the elliptic operator, it is shown [19] that the Green’s
function for the high frequency Helmholtz equation is not highly separable due to fast
decorrelation of two Green’s functions with well separated (in terms of the wavelength)
sources.

2.2. Low-dimensional structures with respect to random coefficients.
In the second scenario we consider the following elliptic RPDEs:

(14)  L(z,w)u(z,w) = -V (a(z,w)Vu(z,w)) = f(z), €D, we,
(15) u(z,w) =0, x € 0D,

where D € R? is a bounded spatial domain, €, is a sample space, and the source
function f(z) € L?(D). We assume the random coefficient a(z,w) in (14) is almost
surely uniformly elliptic, namely, there exist amin, Gmax > 0, such that

(16) P(w € Qu : a(z,w) € [amin, Amax] for all x € D) =1.

In addition, we assume the random coefficient a(x,w) is parameterized by r indepen-
dent random variables. For example, a commonly used affine form is

(17) a(w,w) = a(z) + Y an(@)én(w),

where &, (w), m = 1,...,r, are independent and identically distributed (i.i.d.) uniform
random variables in [—1,1]. The random coefficient (17) can be used in multiscale
random elliptic PDEs, such as elliptic PDEs with highly oscillatory and/or high-
contrast coeflicients.

Once a parametric form of the random coefficient a(z,w) is given, computing the
solution u(z,w) of the problem (14)—(15) defines a solution map from the parameter
domain &(w) = [&1(w), ..., & (w)]T €U =[—1,1]" to the solution space

(18) (W) = u(z,w) = u(z, §(w)) € Hy (D),

which is a Banach-space-valued function of the random input vector &(w). With
the uniform ellipticity assumption of a(z,€&(w)) and its smooth dependence on the
parameter &, the solution wu(z, &) also depends smoothly on the parameters, which
can be approximated via polynomial expansion in £ of the form

(19) 3 ta(@)e%(w),

aeJy

where a = (g, ag, ..., @) is a multi-index, J, = {a|a; > 0,0, € N;1 <i<r}isa
multi-index set of countable cardinality, and £*(w) =[], <;<, & (w) is a multivariate
polynomial.

In particular, if the uniform ellipticity assumption of a(x, €) has a holomorphic
extension to an open set in a complex domain that contains the real domain for &,
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explicit estimates for the coefficients u,, can be established similarly to those estimates
for the polynomial approximation for an analytic function. From the estimates, the
following result for best n-term approximation can be proved (see [16] for details).

PROPOSITION 2.4. Consider a parametric problem of the form (14)-(15) with a
random coefficient (17). Both the Taylor series and Legendre series of the form (19)
converge to u(z,€&(w)) in Hi (D) for all €(w) € U. Moreover, for any set I of indices
corresponding to the n largest of |[ua()|| (D), we have

(20) sup HU(,&((U)) - Z Ua(~)€a(w)||Hé(D) < C’exp(—cnl/r),

E(w)eUd acyn

where J is a subset of J with cardinality #J" = n, and C' and c are positive and
depend on r.

Proposition 2.4 shows that there exists a linear subspace with dimension at most
O(n ~ (# + %)T), e.g., spanned by uq(z), @ € J, that can approximate the
solution of (14)—(15) with random coefficient within an € error.

The result in Proposition 2.4 reveals the existence of approximate low-dimensional
structures in the solution space of (14)—(15). However, this approximation is obtained
by mathematical techniques, which cannot be directly implemented via a computa-
tional algorithm. For instance, we cannot perform an exhaustive search over a huge
index set to find J7'. Moreover, there may be a problem-dependent basis that can ap-
proximate the solution space more effectively than problem-independent polynomial
basis, which motivates our data-driven approach explained in section 3.

Remark 2.3. When the coefficient a(z,w) is a nonlinear function of a finite num-
ber of random variables, one can apply the empirical interpolation method (EIM) [7]
to approximately convert a(x,w) into an affine form. Thus, low-dimensional struc-
tures still exist in the solution space. In addition, we refer the reader to [26, 6] for the
results of the best n-term polynomial approximation of elliptic PDEs with lognormal
coefficients.

Remark 2.4. Although we present the problem and will develop the data-driven
method for the elliptic problem (14)—(15) with scalar random coefficients a(x,w), our
method can be directly applied when the random coefficient is replaced by a symmetric
positive definite tensor a; ;(x,w),4, j,=1,...,d, with almost surely uniform ellipticity.

2.3. Some existing numerical methods for random elliptic PDEs. For
the reader’s convenience, we give a short review of existing methods for solving
problem (14)—(15) involving random coefficients. There are basically two types of
methods. In intrusive methods, one represents the solution of (14) by wu(z,w) =
Y aecs Ua(r)Ho(w), where J is an index set, and Hq(w) are certain basis functions
(e.g., orthogonal polynomials or wavelet basis functions). Typical examples are the
Wiener chaos expansion (WCE) and polynomial chaos expansion (PCE) method.
Then, one uses the Galerkin method to compute the expansion coefficients uq (z);
see, e.g., [20, 44, 5, 33, 30, 34] and references therein. These methods have been
successfully applied to many UQ problems, where the dimension of the random input
is small or moderate. However, the number of basis functions increases exponentially
fast with respect to the dimension of random input; i.e., they suffer from the curse of
dimensionality of both the input space and the output (solution) space, because the
random basis Hq(w)’s are built a priori based on the random variables in a(x,w).

In nonintrusive methods, one can use the MC or the gMC method to solve (14)-
(15). However, the convergence rate is slow, and the method becomes more expensive
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when the coefficient a(z, w) contains multiscale features. Stochastic collocation meth-
ods explore the smoothness of the solutions in the random space and use certain quad-
rature points and weights to compute the solutions [43, 4]. Exponential convergence
can be achieved for smooth solutions, but the quadrature points grow exponentially
fast as the number of random variables increases. Sparse grids can reduce the quad-
rature points to some extent [11, 35]. However, the sparse grid method still becomes
very expensive when the dimension of randomness is modestly high.

3. Derivation of the new data-driven method. The results in Propositions
2.3 and 2.4 show that there exist low-dimensional structures in the solution space
of multiscale elliptic PDEs with random coefficient and source. Our goal is to use
problem-specific and data-driven approaches to achieve a significant dimension reduc-
tion. The low-dimensional structures in the solution space are extracted directly from
the data, e.g., real measurements. The data-driven approach can also allow one to
deal with situations where it is difficult to have an accurate full model, e.g., a(x,w),
or too expensive to solve a large-scale problem in real practice. As demonstrated by
our experiments, we find that the dimension of the extracted low-dimensional space
mainly depends on k, (namely apin and apax) and very mildly on the dimension of
the random input. Therefore, the curse of dimensionality can be alleviated. From
now on, we use w to denote randomness in both coefficient a and source f when there
is no confusion.

Our method consists of offline and online stages. In the offline stage, we extract
the low-dimensional structure and a set of data-driven basis functions from solu-
tion samples. For example, a set of solution samples {u(z,w;)}¥; can be obtained
from measurements or generated by solving (14)—(15), e.g., with coefficient samples
{a(z,w)}Y,. A

Let Vipap = {u| p(x,w1),...,ulp(z,wn)} denote the solution samples, where D C
D is a region where the solution is of interest. For instance, in the reservoir simulation,
one is interested in computing the pressure value u(z,w) on a specific subdomain D.
We use POD [10, 38, 9] (a.k.a. PCA) to find the optimal subspace and its orthonormal
basis functions to approximate V,qp to a certain accuracy. Define the correlation
matrix ¥ = (0;;) € RV*N with oy = ((-,w;), u(-,w;)) p, 4,5 = 1,..., N, where (-,-) 5
denotes the standard inner product on LQ(ﬁ). Let the eigenvalues of the correlation
matrix be Ay > Ay > -+ > -+ > Ay > 0, and let the corresponding eigenfunctions
be ¢1(x), ¢a(x),...,dn(x), which will be referred to as data-driven basis functions.
The space spanned by the leading K data-driven basis functions has the following
approximation property to Vipap.

PROPOSITION 3.1.

PO Hu(x,wz) - 25;1 <ul,wi), ¢5() >p ¢j(x)’ iz(fJ) Yol kir As
(21) - . = =Kl e
Zi:l Hu('rawz) 2321 As

L2(D)

First, we expect a fast decay in the eigenvalues A; so that a small set of data-
driven basis functions (K < N) will be enough to approximate the solution samples
well in the root mean square sense. Second, based on the existence of low-dimensional
structure, we expect that the data-driven basis, ¢1(x), ¢d2(x), ..., dx(x), can almost
surely well approximate the solution u|p(z,w) too under some sampling condition
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(see section 3.4) by
K
(22) ulp(z,w) = Z cj(w)pj(x) as. we,,

j=1

where the data-driven basis functions ¢;(x), j =1,..., K, are defined on D.

The computational costs of the offline stage mainly consist of two parts if data
are generated by simulation: (1) compute solution samples (of global problems), and
(2) compute the data-driven basis by the POD method. This is common nature for
many model reduction methods. Effective sampling of solutions (see section 3.4) and
the use of randomized algorithms [24] for the singular value decomposition (SVD)
(utilizing the low-rank structure) helps to reduce the offline computation cost.

Remark 3.1. In Proposition 3.1 we construct the data-driven basis functions from
eigendecomposition of the correlation matrix associated with the solution samples.
Alternatively, we can subtract the mean from the solution samples, compute the
covariance matrix, and construct the basis functions from eigendecomposition of the
covariance matrix. In this setting, the data-driven basis functions will be used to
approximate the fluctuation of the solution since the mean function is given.

Now the problem is how to find ¢;(w) through an efficient online process given a
new realization of a(z,w). We will prescribe several strategies in different setups.

3.1. A nonlinear solution map. Suppose that a(z,w) is parameterized by r
independent random variables, i.e.,

(23) a(z,w) = a(z,& (W), ..., & (w)).

Thus, the solution can be represented as a functional of these random variables as
well, i.e., u(z,w) = u(x, & (W), ..., & (w)). Let &(w) = [&(w), ..., & (w)]T denote the
random input vector and c(w) = [¢1(w), ..., cx(w)]T denote the vector of solution co-
efficients in (22). Now, the problem can be viewed as constructing a map from &(w) to
c(w), denoted by F : £(w) — c(w), which is nonlinear. We approximate this nonlinear
map through the sample solution set. Given a set of solution samples {u(z,w;)}Y¥
corresponding to {&(w;)}Y,, e.g., by solving (14)-(15) with a(x, &1 (w;), - -, & (wi)),
from which the set of data-driven basis functions ¢;(z),j =1, ..., K, is obtained by us-
ing the POD method as described above, we can easily compute the projection coeffi-
cients {c(wi)}ﬁil of ul p(z,wi) on gpj(x), j =1,..., K, ie., cj(w;) = (u(x,w;), 9;()) p-
From the data set, F(&(w;)) = c(w;), ¢ = 1,..., N, we construct the map F. Note
the significant dimension reduction by reducing the map &(w) — u(z,w) to the map
¢(w) — c(w). We provide several ways to construct F, depending on the dimension
of the random input vector. More implementation details will be explained in section
4.
1. Interpolation.
When the dimension of the random input r is small or moderate, one can use
interpolation. In particular, if the solution samples correspond to & located
on a uniform or sparse grid, standard polynomial interpolation can be used
to approximate the coefficient c¢; at a new point of £. If the solution samples
correspond to € at scattered points or the dimension of the random input r is
moderate or high, one can first find a few nearest neighbors to the new point
efficiently using the k-d tree algorithm [40] and then use moving least square
approximation centered at the new point to approximate the mapped value.
See Figure 5 for an example of the map F based on interpolation.
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2. Neural network.
When the dimension of the random input r is high, the interpolation approach
becomes expensive and less accurate. We tried a simple neural network with
small output dimension (due to the dimension reduction) that seems to pro-
vide a satisfactory solution.

For the uniform-grid- or sparse-grid-based polynomial interpolation approach,
the approximation property (error estimate) can be studied based on the regularity of
map F', which is smooth with respect to £ if a(x, £(w)) depends on € smoothly. Our
numerical results in section 4 show that the moving least square approach and neural
network approach are efficient and accurate. However, since the map F is nonlinear
and lives in a high-dimensional space, many issues need to be further investigated, such
as how to optimally choose the training samples and how to study the approximation
property of the map F.

In the online stage, one can compute the solution u(z,w) using the constructed
map F. For example, given a new realization of a(z, & (w;), ..., & (w;)), we plug €(w)
into the constructed map F to approximate c(w) = F(£(w)), which are the projection
coefficients of the solution on the data-driven basis. So we can quickly obtain the new
solution u|p(z,w) using (22), where the computational time is negligible. Once we
obtain the numerical solutions, we can use them to compute statistical quantities of
interest, such as mean, variance, and joint probability distributions.

3.2. Galerkin approach. In the case D = D, we can solve the problem (14)-
(15) on the whole domain D by the standard Galerkin formulation using the data-
driven basis for a new realization of a(z,w).

The data-driven basis functions ¢;(x), j = 1,..., K, are defined on the domain D
and are obtained from solution samples in the offline stage. Given a new realization
of the coefficient a(x,w), we approximate the corresponding solution as

K
(24) u(z, w) ~ Z cj(w)pj(x), as. weQy,
j=1
and use the Galerkin projection to determine the coefficients ¢;(w), j =1,..., K, by

solving the following linear system in the online stage:
K

(25) Z/ a(z,w)cj(w)Vo;(z) - Vo (x)dr = / fl@)pi(x)dx, 1=1,..., K.
=/p D

Remark 3.2. The computational cost of solving the linear system (25) is small
compared to using a Galerkin method, such as the FEM, directly for u(z,w) because
K is much smaller than the degree of freedom needed to discretize u(z,w) in the whole
domain.

Note that if a(z,w) has the affine form (17), we first compute the terms that do
not depend on randomness, including [}, a(z)Ve;(z) - Voy(x)dz, [, am(z)Ve;(x) -
Vi(x)de and [, f(x)p;(x)dx, j,l =1,..., K. Then, we save them in the offline stage.
This leads to considerable savings in assembling the stiffness matrix for each new
realization of the coefficient a(z,w) in the online stage. Of course, the affine form is
automatically parameterized. Hence, one can also construct the map F : £(w) — c(w)
as described in section 3.1.

3.3. Least square fitting from direct measurements at selected loca-
tions. In many applications, only samples (data) or measurements of u(z,w) are
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available, while the model of a(z,w) or its realization is not known. In this case,
we propose to compute the coefficients ¢ by least square fitting the measurements
(values) of u(z,w) at appropriately selected locations. First, as before, from a set of
solution samples, u(z;,w;), measured on a mesh x; € ﬁ,j =1,...,J, one finds a set
of data-driven basis functions ¢1(z;), ..., ¢x(x;), e.g., using POD. For a new solution
u(x,w) measured at x1,xa, ..., T, one can set up the following least square problem
to find ¢ = [c1, ..., cx]? such that u(z,w) ~ Zszl ek ok (z):

(260) Be=y, y=u(z,w),...ulzy,w)]’, B=[p),..., ¢3] e RM*E

where " = [¢x (1), dx(22r)]"
The key issue in practice is the conditioning of the least square problem (26).
One way is to select the measurement (sensor) locations z1, ...,z such that rows of

B are as decorrelated as possible. We adopt the approach proposed in [32], where a
QR factorization with pivoting for the matrix of data-driven basis functions is used
to determine the measurement locations. More specifically, let ® = [¢;,...,¢x] €
R7*E ¢, = [pr(x1),. .., ou(xs)]T. If M = K, QR factorization with column pivoting
is performed on ®7'. If M > K, QR factorization with pivoting is performed on ®®7.
The first M pivoting indices provide the measurement locations. More details can be
found in [32].

3.4. Determine a set of good learning samples. A set of good solution
samples is important for the construction of data-driven basis in the offline stage.
Since the solution depends on the source linearly with an explicit bound, the analy-
sis is straightforward. Here we provide an error analysis for the coefficient based
on the finite element formulation. However, the results extend to general Galerkin
formulation. First, we make a few assumptions.

ASSUMPTION 3.2. Suppose a(x,w) has the following property: given 61 > 0, there

exist an integer N5, and a choice of snapshots {a(x,w;)}, i =1,..., Ns,, such that
(27) E 1515\]61 Ha(az,w) - a(:mwl-)HLoo(D) < 01.

Let {a(x, wz)}ZN:éi denote the samples of the random coefficient, which form a ;-
net for the coefficient a(x,w). For every realization of a(x,w), we can find a coefficient
sample a(x,w;) that is close to a(x,w) in the norm || - [|L(py. We define this 6;-net
in the sense of the expectation E[-], which allows us to exclude a small set of outliers.

A good sampling of the solution is important for computational efficiency and
accuracy. When the coefficient has the affine form (17), one can verify Assumption
3.2 and provide a constructive way to sample snapshots {a(z, wz)}f\fi if we know the
distribution of the random variables &,,(w), m = 1,...,r, since the linear map from
& space to the function space of a(x, &) is explicitly determined by a@(x), an, (), m =
1,...,r. In general, it becomes a sampling problem for {a(x,w;)}, which may be
challenging especially when the dimension of the random variables r is high and/or
a(z,w) does not have an affine form. However, Assumption 3.2 provides some insight
into how to choose coefficient samples {a(z,w;)} in order to obtain a set of accurate
data-driven basis functions.

Let Vj, C H(D) denote a finite element space that is spanned by nodal basis
functions on a mesh with size h, and let Vj, C V}, denote the space spanned by the
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data-driven basis {gb](a:)}f(:l We assume the mesh size is fine enough so that the

finite element space can well approximate the solutions to the underlying PDEs. For
each a(z,w;), let up(z,w;) € V3 denote the FEM solution, and let ap(z,w;) € Vj,
denote the projection on the data-driven basis {¢;(z)}/< ;.

ASSUMPTION 3.3. Given 69 > 0, we can find a set of data-driven basis functions
®15- -5 Pk, such that

(28) |un (2, ws) — an(z,ws)l|2(py < 02 for all 1 <i < K,

where tiy, (7, w;) is the L? projection of up,(x,w;) onto the space spanned by ¢, . . ., P, -

Assumption 3.3 can be verified by setting the threshold in the POD method; see
Proposition 3.1. Now we present the following error estimate.

THEOREM 3.4. Under Assumptions 3.2 and 3.3, for any §; > 0, i = 1,2, we

can choose the samples of the random coefficient {a(x, wz)}l\fll and the threshold in
constructing the data-driven basis accordingly, such that

(29) [Huh x,w) — up(r,w HL2(D)} < Co1 + 42,

where C' depends on amin, f(x), and the domain D.

Proof. Given a coefficient a(x,w), let up(x,w) and @ (x,w) be the corresponding
FEM solution and data-driven solution, respectively. We have

(30) ||uh:cw)fuhxw HLQ(D)

< ||uh x,w) — up(z, w; ||L2(D) + Huh(x,wi) — ap(x,w;)

HLQ(D)
+ Hﬁh(m,wl) Up(z,w HLQ(D

=5 + 1+ Is,

where up, (2, w;) is the solution corresponding to the coefficient a(z, w;), and ap,(z,w;)
is its projection. Now we estimate the error term I; first. In the sense of the weak
form, we have

(31) /D a(x,w)Vup(z,w) - Vop(z)de = /D f(@)vp(z) for all wvp(x) €V

and

(32) /D a(z,w;)Vup(z,w;) - Vop(z)dz = /D f@vp(z) forall wvp(z) € V.
Subtracting the variational formulations (31) and (32), we have, for all v, (z) € Vi,
(33) | ol Viun(e,) =~ un(z,0) - Von(odo

~— [ (0(o.0) = alw.w) Vun(2.) - Vonla),

Let wp(x) = up(w,w) — up(z,w;) and L(vy) = — [, (a( — a(z,w;))Vup(x,w;) -
Vup(x) denote a linear form. Equation (33) means that wh( ,w) is the solution of
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the weak form [, a(z,w)Vwy, - Voy(x)dz = L(vy) for all v, (z) € V. Therefore, we
have

1L (D)
(34) lon @0y < = ——
Notice that
I|L|| g1 (D) = o 2 |L(va)| < |la(z,w) — a(z,w;)|| Lo 0yl [un(z,ws)|| 51 (D)
UrllEt (D)=
1f (@)l (D
(35) < (@, w) — (@, w;)|| L (p) )

Gmin

Since wy(z) = 0 on OD, combining (34) and (35) and using the Poincaré inequality
for wp, (), we obtain an estimate for the term I; as follows:

|[un (2, w) = wn(@,wi)|| 2 p) < Culun(@,w) = un(z,wi)|| g p)
I1f @)|[m2 (D
(36) < Gylla(z,w) — a(l‘,wi)HLm(D)T()a

where C) only depends on the domain D. For the term I3 in (30), similarly we can
get

_ . I1f (@) (D
37 ||an(z,w;) — uh(x,w)HLz(D) < Cylla(z,w) — a($7wi)||LW(D)T().

The term I5 in (30) can be controlled according to Assumption 3.3. Combining the
estimates for terms Iy, I, and I3 and integrating over the random space, we prove
the theorem. 0

COROLLARY 3.5. If we use the MC method to compute the expectation in (29),
from the proof of Theorem 3.4 we still have

1 Nye )
(38) Narc S Juna,w;) = n(@,w5)]] g2y < Co1+ 6,
=1

where Nyo is the sample number, and C, 61, and do are the same as in Theorem 3.4.

In this paper, we restrict our attention to the approximation in the physical space.
So we assume the sampling error (i.e., the error of approximation for the expectation of
a random solution) is negligible. Theorem 3.4 and Corollary 3.5 indicate that the error
between up (2, w) and its approximation 4, (z,w) using the data-driven basis consists
of two parts. The first part depends on how well the random coefficient is sampled,
while the second part depends on the truncation threshold in constructing the data-
driven basis from the solution samples. In practice, a balance of these two factors
gives us guidance on how to choose solution samples and the truncation threshold
in the POD method to achieve optimal accuracy. Again, the key advantage of our
data-driven approach for this form of elliptic PDE is the low-dimensional structure in
the solution space which provides a significant dimensional reduction.
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4. Numerical results. In this section we will present various numerical results
to demonstrate the accuracy and efficiency of our proposed data-driven method.

In all of our numerical experiments, we use the same uniform triangulation to
implement the standard FEM, and we choose mesh size h = 5—%2 in order to resolve
the multiscale information. We use N = 2000 samples in the offline stage to construct
the data-driven basis and determine the number of basis functions K according to
the decay rate of the eigenvalues of the correlation matrix ¥ = (o;;) of the solution
samples, i.e., 0;; = (u(z,w;),u(z,w;)), i,7 = 1,...,N. Let N1 and N, denote the
number of training samples in constructing the nonlinear map F and the number of
testing samples in the online stage, respectively. We will choose N1 < Ns.

In the numerical results, the testing error is the error between the numerical
solution obtained by our mapping method and the reference solution obtained by the
FEM on the same fine mesh used to compute the sample solutions. The projection
error is the error between the FEM solution and its projection on the space spanned
by the data-driven basis, i.e., the best possible approximation error.

4.1. An example with deterministic multiscale coefficients and random
sources. First, we consider a deterministic multiscale elliptic PDE with a random
source defined on a square domain D = [0, 1] x [0, 1],

-V (a(xvy)vu(xa:%e)) :f(xvyaa)ﬂ (:c,y) € Da 0 e 907

(39) u(z,y,0) =0, (z,y) € OD.

The multiscale coefficient a(z,y) is defined as

(5.5) = 01 + 2+ sm( T ) 2+p251n(%+2y)) 2+p3COS(M)
a(z,y) = 0. =7 Tz =
2 —p1 cos( ) 2 —po sm(%) 2 —p3 cos(%sof’))
2+ pycos(ZTE) 24 ps cos(2EL)
(40) + 2m(z+y) i 2m(z+2y)
2 — py sin( Ve ) 2-ps SIH(TGS)

where [p1,p2,p3, pa, ps] = [1.98,1.96,1.94,1.92,1.9]. We choose Dy = [%, %] X [%, %]
and Dy = [, 3] X [15, 3] The source function f(z,y,0) is a spatially uncorrelated
white noise defined on D5. Note that D5 is partitioned into a 256 x 128 fine mesh. In
this experiment, f(z,y,0) is an independent Gaussian random variable on each mesh.

We generate N = 2000 samples of the source function f(x,y,#). Then, we solve
the problem (39) by using FEM and obtain 2000 solution samples u(z,y,6). The
eigenvalues of the correlation matrix of the solution samples u(z,y, 0)|p, are referred
to as the eigenvalues of the local problem. The eigenvalues of the correlation matrix of
the solution samples u(x, y, 6) on the whole domain D are referred to as the eigenvalues
of global problem.

In Figure 2(a), we plot the decay properties of the eigenvalues of the local problem.
We see the fast decay in the eigenvalues of the correlation matrix, which reveals the
existence of low-dimensional structure in the solution space implied by Proposition
2.3. We also plot the decay properties of the eigenvalues of the global problem in
Figure 2(b). The first 50 eigenvalues take up 96% of the total sum of the eigenvalues.
This means that a certain low-dimensional structure still exists in the solution space
of the global problem; however, the dimension of such an approximate space is larger
than that of the local problem.

We change the distance between D; and Dy and repeat the above experiment.
In Figure 3, we plot the decay properties of the local problem. One can see that
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the distance between D; and D affects the effective dimension of the approximate

solution space, which is embedded in the constant for the separability estimate.

4.2. An example with random coefficient. Here we consider a multiscale
elliptic PDE with a random coefficient that is defined on a square domain D =

[0,1] x [0,1],

(41)

-V (a(x,va)Vu(x,y,W)) S f(xvy)y
u(x,y,w) = 07

(z,y) € D,w € Q,
(x,y) € OD.
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In this example, the coefficient a(z,y,w) is defined as

. . 2w (x4y)
2 + py sin(22%) 2 + pysin(< )
(42 aleyw) =01+ (W) + — 6 (w)
— p1cos(=Y) 2 — pasin(= %)
2+ p3 cos(%(ggm))g ()
3w
2 — p3 cos( Qﬂ(y;() 5))
2 + p4 cos( 2”\%:”) 24 ps COS(L\(/Qg;y)
R - 54 w) + i 5 65(("})7
2 — pysin(ZEtu)) 2 — ps sin(2T20))
p4 \/564 Ps \/565
where [617 €2, €3, ¢4, 65] = [%7 %7 %7 %7 ﬁL [plap27p37p47p5} = [1987 1.96,1.94,
1.92,1.9], and &;(w), ¢ = 1,...,5, are i.i.d. uniform random variables in [0,1]. The

contrast ratio in the coefficient (42) is k, ~ 4.5 x 103. The source function is
flz,y) = sin(27z) cos(2ny) - Ip,(z,y), where Ip, is an indicator function defined
on Dy = [i, %] X [%7 1—56] The coefficient (42) is highly oscillatory in the physical
space. Therefore, one needs a fine discretization to resolve the small-scale variations
in the problem. We shall show results for the solution to (41) with coefficient (42)

in (1) a restricted subdomain Dy = [}, 2] x [, 12] away from the support D, of the

source term f(z,y); and (2) the full domain bﬁ. "

In Figure 4, we show the decay property of eigenvalues. Specifically, we show
the magnitude of the eigenvalues in Figure 4(a) and the ratio of the accumulated
sum of the leading eigenvalues over the total sum in Figure 4(b). These results and
Proposition 3.1 imply that a few leading eigenvectors will provide a set of data-driven

basis functions that can well approximate all solution samples.
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F1G. 4. The decay properties of the eigenvalues in the local problem of section 4.2.

After we construct the data-driven basis functions, we use the polynomial in-
terpolation to approximate the map F : & — c(£). Notice that the coefficient of
(42) is parameterized by five i.i.d. random variables. We partition the random space
[€1(w), Lo(w), - - -,

&(w)]T € [0,1]° into a set of uniform grids in order to construct the map F. Here we
choose N7 = 9° samples. We can choose other sampling strategies, such as sparse-
grid points and Latin hypercube points, for moderate- or high-dimensional cases. In
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x10°
1.8

Fi1G. 5. Top: profiles of data-driven basis functions ¢1 and ¢2. Bottom: profiles of the maps
c1(61,62; €3, €4,€5) and c2(61,€2; €3, €4, &) with fived [€3, 84, 5] =[0.25,0.5,0.75] .

Figure 5, we show the profiles of the first two data-driven basis functions ¢; and
¢2 and the plots of the maps ¢1(&1,&2;€5,84,8&5) and ca(&1,&2;E3,84,&5) with fixed
[€3,&4,&5])T =[0.25,0.5,0.75]7. One can see that the data-driven basis functions con-
tain multiscale features, while the maps ¢1 (&1, &2; &3, €4, &5) and c2(&1,&2; €3, 84,&5) are
smooth with respect to &;, i = 1,2. The behaviors of other data-driven basis functions
and other maps are similar (not shown here). Once we get the map F, the solution
corresponding to a new realization a(z, £(w)) can be computed easily by finding c(&)
and plugging in the approximation (22).

In Figure 6, we show the mean relative L? and H! errors of the testing error
and projection error, where No = 10N;. For the experiment, only four data-driven
basis functions are needed to achieve a relative error less than 1% in the L?-norm
and less than 2% in the H'-norm. Moreover, the numerical solution obtained by our
mapping method is close to the projection solution, which is the best approximation
of the reference solution by the data-driven basis. This result also indicates that
the nonlinear map F is a smooth function and has been approximated well by the
uniform-grid-based polynomials interpolation.

We also study the approximation property of the nonlinear map F based on
different uniform grids. Specifically, we partition the random space [¢;1(w), 2 (w), ...,
&(w)]T € [0,1)° into different uniform grids with N; = 5°,6°,7%,8% 9% samples and
use the polynomial interpolation to construct the map F. Figure 7 shows the mean
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FIG. 7. Relative L? and H' error of the solution computed by the nonlinear map F based on
different uniform grids for the local problem of section 4.2.

relative L? and H'! errors of the testing errors and of the project error (which does not
depend on the grid partition), where No = 105. We observe a convergence behavior
in constructing the map F if we increase the partition number in the uniform grids.
The standard FEM takes 0.82 second to compute one solution. In the offline stage
of our method, we need to compute N solution samples to construct the POD basis
and N solution samples to construct the nonlinear map F. The random SVD method
takes 1.2 seconds to compute the POD basis. In the online stage of our method, the
CPU time is almost negligible. For instance, when the number of basis functions is
K = 10, it takes about 0.0022 seconds to compute one solution. In Figure 8, we
compare the CPU times of the FEM and our method (including both stages) as a
function of the number of new solutions computed in the online stage. This result
shows that our method is very efficient if one needs to solve many forward problems
for (41) (e.g., in the context of solving an inverse problem by using the Bayesian

method).

In Figure 9, we show the accuracy of the proposed method when we use different
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FiG. 8. CPU time for the local problem of section 4.2.

numbers of samples N in constructing the data-driven basis functions. Although in
general the numerical error decreases when the sampling number N is increased, the
difference is very mild.

Next, we test our method on the whole computation domain for (41) with coeffi-
cient (42). We choose No = 10N;. Figure 10 shows the decay property of eigenvalues.
Similarly, we show magnitudes of the leading eigenvalues in Figure 10(a) and the
ratio of the accumulated sum of the eigenvalues over the total sum in Figure 10(b).
We observe similar behaviors. Since we approximate the solution in the whole com-
putational domain, we take the Galerkin approach described in section 3.2 using the
data-driven basis functions. In Figure 11, we show the mean relative error between our
numerical solution and the reference solution in the L?- and H!-norms, respectively.
In practice, when the number of basis functions is 15, it takes about 0.084 seconds
to compute a new solution by our method, whereas the standard FEM method costs
about 0.82 seconds for one solution.

4.3. An example with an exponential-type coefficient. We now solve the
problem (41) with an exponential-type coefficient. The coefficient is parameterized
by eight random variables, which has the form

(13) a(z, 9,w) = exp (ism (Wg - )) cos( 220 i<w>>,

° 96i 96i
=1
‘e _q1 1 1 1 1 1 1 1
where Fhe multiscale pz'niameter.s [€1,€2, ..., €8] = [E’fﬁ’ 5350 35> 370 53 35) and
&i(w), i = 1,...,8 are ii.d. uniform random variables in [—35, 5]. Hence the con-

trast ratio is s, &~ 3.0 x 10 in the coefficient (43). The source function is f(z,y) =
cos(2mz) sin(27my) - Ip,(x,y), where Ip, is an indicator function defined on Dy =
[+, 2]x[{5, ). In the local problem, the subdomain of interest is Dy = [§, 2] x 15, 12].

In Figure 12, we show the decay property of eigenvalues. Specifically, in Figure
12(a) we show the magnitude of leading eigenvalues, and in Figure 12(b) we show the
ratio of the accumulated sum of the eigenvalues over the total sum. These results imply
that the solution space has a low-dimensional structure, which can be approximated
by the data-driven basis functions.

Since the coefficient a(z,y,w) is parameterized by eight random variables, it is
expensive to construct the map F : £(w) — ¢(w) using the interpolation method with

uniform grids. Instead, we use a sparse grid polynomial interpolation approach to
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Fic. 9. The relative testing/projection errors in L2- and H'-norms with different numbers of
samples (i.e., N) for the local problem of section 4.2.

approximate the map F. Specifically, we use Legendre polynomials with total order
less than or equal to 4 (i.e., sparse grid of level 5) to approximate the map, where the
total number of nodes is N7 = 2177; see [11].

Figures 13(a) and 13(b) show the relative errors of the testing error and projection
error in the L?- and H'-norms, respectively, where Ny = 10N;. The sparse grid
polynomial interpolation approach gives a comparable error as the best approximation
error. We observe similar convergence results in solving the global problem (41) with
the coefficient (43) (not shown in this paper). Therefore, we can use the sparse grid
method to construct maps for problems of a moderate number of random variables.

We also study the approximation property of the nonlinear map F based on
sparse grids of different levels. Specifically, sparse grids of accuracy levels 3, 4, and 5,
respectively contain Ny = 129, 609, and 2177 grid points. Figure 14 shows the mean
relative L? and H'! errors of the testing errors and of the project error (which does
not depend on the grid partition), where No = 21700. One can see that the nonlinear
map F based on sparse grids of accuracy level 4 is accurate enough.

4.4. An example with discontinuous coefficients. We solve the problem
(41) with a discontinuous coefficient, which is an interface problem. The coefficient is
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F1a. 11. The relative errors with increasing number of basis functions for the global problem of
section 4.2.

parameterized by 12 random variables and has the form

a(x,y,w) =exp (isin <2ﬂ_zsin(ig) +ycos(ig)>£i(w)> Ip\p,y (7, y)

i=1 €i
6 . (i40.5)w (i40.5)
) xsin(~5>27) 4 y cos(~2T)
(44) + exp (Zsm (27r 6 - 6 Eive(w) ) - Ip, (z,y),
i=1 “+6
where €; = 15 fori =1,...,6, ¢ = 558 for i = 7,...,12, {(w), and i = 1,...,12
are i.i.d. uniform random variables in [—%, %], and Ip,, Ip\ p, are indicator functions.

The contrast ratio in the coefficient (44) is x4, ~ 3 x 103. The subdomain D3 consists
of three small rectangles whose edges are parallel to the edges of domain D with width
10k and height 0.8. The lower left vertices are located at (0.3,0.1), (0.5,0.1), (0.7,0.1),
respectively. One can use the coefficient (44) to model channels in the permeability
field in the reservoir simulation. In Figure 15 we show two realizations of the coefficient
(44).

We now solve the local problem of (41) with the coefficient (44), where the domain
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Fic. 12. The decay properties of the eigenvalues in the problem of section 4.3.
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Fi1G. 13. The relative errors with increasing number of basis functions in the problem of section

4.3.

11 15

of interest is Dy = [1, 3] x [1—%, 1g)- The source function is f(x,y) = cos(2mx) sin(27y) -
Ip,(x,y), where Dy = [} 3] x [{5, 2]. In Figures 16(a) and 16(b) we show the
magnitude of dominant eigenvalues and approximate accuracy. These results show
that only a few data-driven basis functions are enough to approximate all solution
samples well.

Since the coefficient (44) is parameterized by 12 random variables, constructing
the map F : £(w) — c(w) using the sparse grid polynomial interpolation becomes
very expensive too. Here we use the least square method combined with the k-d tree
algorithm for searching nearest neighbors to approximate the map F.

In our method, we first generate Ny = 5000 data pairs {(£€"(w),c”(w)}, that
will be used as training data. Then, we use No = 10N; samples for testing in the
online stage. For each new testing data point &(w) = [£1(w), ..., & (w)]T (here r = 12),
we run the k-d tree algorithm to find its n nearest neighbors in the training data
set and apply the least square method to compute the corresponding mapped value
c(w) = [e1(w),...,cx(w)]T. The complexity of constructing a k-d tree for N; data
points is O(N; log N1). Given the k-d tree, for each testing point the complexity of
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Fic. 15. Two realizations of the coefficient (44) in the interface problem.

finding its n nearest neighbor is O(nlog Ny) [40].

Since the n nearest neighbors (training data) are close to the testing data point
&(w), for each set of training data (£ (w),c™(w)), m = 1,...,n, we compute the
first-order Taylor expansion of each component cJ'(w) at §(w) as

r=12
dec; .
(45) ) me)+ 3 E -8l wW, T=120 K,
i=1 i
where £, 1 =1,...,7, cgn(w), j =1,...,K are given training data, and ¢;(w) and
g—?(w), j=1,..., K, are unknowns associated with the testing data point £&(w). In

the k-d tree algorithm, we choose n = 20, which is slightly greater than r +1 = 13.
By solving (45) using the least square method, we get the mapped value c(w) =
[c1(w), ..., cx(w)]T. Finally, we use the formula (22) to get the numerical solution of
(41) with the coefficient (44).

Because of the discontinuity and high-dimensional random variables in the coef-
ficient (44), the problem (41) is more challenging. The nearest neighbors based least
square method provides an efficient way to construct maps and achieve relative errors
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Fi1G. 17. The relative errors with increasing number of basis functions in the local problem of

section 4.4.

less than 3% in both the L?- and H'-norms; see Figure 17. Alternatively, one can use
the neural network method to construct maps for this type of challenging problem;
see section 4.5.

4.5. An example with high-dimensional random coefficient and source
function. We solve the problem (41) with an exponential-type coefficient and random
source function, where the total number of random variables is 20. Specifically, the
coefficient is parameterized by 18 i.i.d. random variables, i.e.,

(46) a(z,y,w) = exp (Zn (%“m(i@ - yc‘”@)@w),

€:
i=1 v

where ¢; = ﬁ, i=1,2,...,18 and &(w), i = 1,...,18 are i.i.d. uniform random

variables in [—1,1]. The source function is a Gaussian density function f(z,y) =

53 exp(— M) with a random center (6, 92) that is a random point uni-

formly distributed in the subdomain Dy = [1, 2] x [, &], and ¢ = 0.01. When o is
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Fic. 18. The decay properties of the eigenvalues in the problem of section 4.5.

small, the Gaussian density function f(z,y) can be used to approximate the Dirac-¢
function, such as modeling wells in reservoir simulations.

We first solve the local problem of (41) with N = 2000 samples of the coefficient
(46), where the subdomain of interest is Dy = [, 2] x [11, 13]. In Figures 18(a) and
18(b), we show the magnitude of leading eigenvalues and the ratio of the accumulated
sum of the eigenvalues over the total sum, respectively. We observe similar exponential
decay properties of eigenvalues even if the source function contains randomness. These
results show that we can still build a set of data-driven basis functions to solve problem
(41) with coefficient (46).

Notice that both the coefficient and source contain randomness here. We put
together the random variables &(w) in the coefficient and the random variables 6(w)
in the source when we construct the map F. Moreover, the dimension of randomness,
18 +2 = 20, is too large even for sparse grids. Here we construct the map F :
(€(w),0(w)) — c(w) using the neural network as depicted in Figure 19. The neural
network has 4 hidden layers and each layer has 50 units. Naturally, the number of
the input units is 20, and the number of the output units is K. The layer between
input units and the first layer of hidden units is an affine transform, as is the layer
between output units and last layer of hidden units. Each set of two layers of hidden
units is connected by an affine transform, a tanh (hyperbolic tangent) activation and
a residual connection, i.e., h;11 = tanh(A;h; +b;) +h;, [ = 1,2, 3, where h; is the Ith
layer of hidden units, A; is a 50-by-50 matrix and b; is a 50-by-1 vector. Under the
same neural network setting, if the rectified linear unit (ReLU), which is piecewise
linear, is used as the activation function, we observe a much larger error. Therefore, we
choose the hyperbolic tangent activation function and implement the residual neural
network (ResNet) here [25].

We use N7 = 5000 samples for network training in the offline stage and Ny =

10N; samples for testing in the online stage. The sample data pairs for training are
{(E"(w),On(w))m"(w)}fjil, where £"(w) € [—%,%]18, 0" (w) € [ig] X [%’1%}7 and
c"(w) € RX. We define the loss function of network training as

1 X1
(47) toss({e"}{&"}) = 5~ 2 gele” &'

n=1

where ¢™ are the training data and &" are the output of the neural network (see Figure
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Fia. 19. Structure of neural network, where r1 = 18 and ro = 2.

19).

Figure 20(a) shows the value of the loss function during the training procedure.
Figure 20(b) shows the corresponding mean relative error of the testing samples in
the L2-norm. Eventually the relative error of the neural network reaches about 1.5%.
Figure 20(c) shows the corresponding mean relative error of the testing samples in the
H'-norm. We remark that many existing methods become extremely expensive or
infeasible when the problem is parameterized by high-dimensional random variables.
Our data-driven basis method based on a neural network still provides a satisfactory
result.

4.6. An example with unknown random coefficient and source function.
Finally, we present an example where the models of the random coefficient and source
are unknown. Only a set of sample solutions is provided, and a few censors can be
placed at certain locations for solution measurements. This kind of scenario appears
often in practice. We take the least square fitting method as described in section 3.3.
Our numerical experiment is still based on (41), which is used to generate solution
samples (instead of experiments or measurements in real practice). But once the data
are generated, we do not assume any knowledge of the coefficient or the source when
computing a new solution.

To be specific, we say that the coefficient takes the form

(48) (2, 9,w) = exp (Zn (mr”i“@ i ycos(@)mw)),

€
i=1 v

where ¢; = %, i=1,2,...,24 and &(w), i = 1,...,24 are ii.d. uniform random
variables in [—¢, £]. The source function is a random function f(z,y) = sin(w (612 +
205)) cos(m(Osy + 264)) - Ip,(x,y) with i.i.d. uniform random variables 61, 05, 65, 6, in
[0,2]. We first generate N = 2000 solution samples (using standard FEM) u(z;,w;),? =
1,...,N,j=1,...,J, where x; are the points where solution samples are measured.
Then, a set of K data-driven basis functions ¢x(z;),7 = 1,...,J,k =1,..., K, are
extracted from the solution samples as before.

Next, we determine M good sensing locations from the data-driven basis so that

the least square problem (26) is not ill-conditioned. We follow the method proposed
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Fic. 20. Left column: the value of loss function during training procedure. Middle column and
right column: the mean relative errors of the testing set during training procedure in the L?- and
H'-norms, respectively.

in [32]. Define ® = [¢y,...,Px] € R7*E where ¢, = [¢r(21),...,0n(zs)]T. If
M = K, QR factorization with column pivoting is performed on ®7. If M > K,
QR factorization with pivoting is performed on ®®7. The first M pivoting indices
provide the measurement locations. Once a new solution is measured at these M
selected locations, the least square problem (26) is solved to determine the coefficients
€1,¢2,...,Ck, and the new solution is approximated by u(z;,w) = Zszl crdr(xj).

In Figures 21 and 22, we show the results of the local problem and global problem,
respectively. In these numerical results, we compared the error between the recon-
structed solutions and the reference solution. We find the our proposed method works
well for problem (41) with a nonparametric coefficient or source.

5. Conclusion. In this paper, we propose a data-driven approach to solve
multiscale elliptic PDEs with random coefficients or random sources. This type of
multiscale problem has many applications, such as heterogeneous porous media flow
problems in water aquifer and oil reservoir simulations. Motivated by the existence of
approximate low-dimensional structures in the solution space of the multiscale prob-
lems, we construct a set of problem-specific data-driven basis functions directly from
samples solutions or experimental data. Once the data-driven basis is available, de-
pending on different problem setups, we design several ways to compute a new solution
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number of basis functions in the local problem of

FiG. 22. The relative errors with increasing number of basis functions in the global problem of

section 4.6.

efficiently.

Error analysis based on the sampling error of the coefficients and the projection
error of the data-driven basis is presented to provide some guidance on the implemen-
tation of our method. Numerical examples show that the proposed method is very
efficient in solving multiscale elliptic PDEs with random input, especially when the
random input is relative high dimensional. Therefore, these data-driven basis func-
tions indeed provide a nearly optimal approximation to the low-dimensional structures
in the solution space.
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