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Abstract

This study defines the price of anarchy for general reliability-based transport network
design problems, which is an indicator of inefficiency that reveals how much the design
objective value exceeds its theoretical minimum value due to the risk averse and selfish
routing behavior of travelers. This study examines a new problem, which is a
reliability-based continuous network design problem under cost recovery. In this problem,
the variations of system travel time and path travel times, the risk attitudes of the system
manager and travelers, congestion toll charges, capacity expansions, and cost recovery
constraint are explicitly considered. The design problem is formulated as a min-max
problem with the reliability-based user equilibrium constraint. It is proved that the price
of anarchy for this problem is bounded above, and the upper bound is independent of
travel time functions, demands, and network topology. The upper bound is related to the
travel time variations, the value of reliability, and the value of time.

Keywords: Inefficiency, price of anarchy, transport network design problem,
reliability-based user equilibrium

1 Introduction

The price of anarchy (PoA), which was first termed by Koutsoupias and
Papadimitriou (1999), measures the inefficiency of the traffic assignment problem. It
reveals how much the system performance measure would exceed its theoretical
minimum value when travelers choose routes selfishly. The PoA for traffic assignment
problems has received great research attention. Four major lines of research have arisen
(Roughgarden and Tardos 2002; Chau and Sim 2003; Correa et al. 2004; Roughgarden
2005; Xiao et al. 2007; Han and Yang 2008; Han et al. 2008; Guo et al. 2010; Huang et al.
2011; Wang et al. 2014; Szeto and Wang 2015), which are based on four considerations:
arc capacity constraints; demand and link travel time/cost functions; road pricing; and
extensions of traditional user equilibrium principles and multiple user classes. The PoA
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for traffic assignment problems is well understood by scholars. However, the PoA for
other problems, e.g., network design problems (NDPs), has rarely been studied.

The NDPs have broad definitions (Farahani et al. 2013). The most popular family of
NDPs in the literature is the family of capacity expansion NDPs (Abdulaal and LeBlanc
1979; Dantzig et al. 1979; LeBlanc and Boyce 1986; Ben-Ayed et al. 1988; Friesz et al.
1993; Yang 1997; Yang and Bell 1998; Meng and Yang 2002; Chiou 2005; Szeto and Lo
2005; Szeto et al. 2010; Szeto et al. 2014), which optimizes the system performance
measures of the road networks by determining the optimal capacity expansions (i.e., the
additional capacities added to existing roads and/or the capacities of new roads) and the
flow pattern (i.e., the traffic flow distribution in the road network). Some of these NDPs
are also known as user equilibrium network design problems (UE-NDPs) because they
capture the selfish routing behavior of travelers, which means that the flow pattern must
satisfy the user equilibrium (UE) constraints. These NDPs also have one common
feature—they assume that the travel demands and link capacities are deterministic.

In reality, there are uncertainties in the travel demands and road supplies due to
day-to-day travel demand fluctuation, special events, bad weather, road accidents, road
construction activities, etc. The demand and supply uncertainties lead to system travel
time and path travel time variations, which cannot be ignored by the system manager and
travelers. The reliability-based user equilibrium network design problems (RUE-NDPs)
are developed based on the deterministic UE-NDPs by considering demand uncertainty
and/or supply uncertainty. Chen et al. (2011) conducted a detailed review of the family of
RUE-NDPs (Chootinan et al. 2005; Chen et al. 2007; Ng and Waller 2009; Sumalee et al.
2009; Yin et al. 2009; Chow and Regan 2011; Szeto and Wang 2016). Most existing
studies focus on the modeling, solution methods, and applications of the capacity
expansion RUE-NDPs. However, the PoA for the capacity expansion RUE-NDPs, which
is an important indicator for evaluating how much the design objective function value
exceeds its theoretical minimum value when travelers chose routes selfishly, has rarely
been studied.

Szeto and Wang (2015) proposed the PoA for a capacity expansion RUE-NDP. Their
study was the first attempt in the literature to examine the inefficiency of transport NDPs
with capacity expansions. Szeto and Wang (2015) illustrated that the PoA for their
proposed RUE-NDP reveals how much the system performance measure may exceed its
corresponding theoretical minimum value due to the inefficient allocation of system
resources (i.e., capacity expansions) and traffic flow, the latter of which is caused by the
selfish routing behavior of travelers. They proved that the POA has an upper bound,
indicating that the inefficiency of the resource allocation of the network design is
bounded above. The study of Szeto and Wang (2015) is far from complete. Firstly, they
only considered one member of the capacity expansion RUE-NDP family. Their proposed
PoA may not reflect the inefficiencies of resource allocations of the other RUE-NDPs that
have different design objectives, decision variables, and constraints. Secondly, their study
implicitly assumed that the RUE flow pattern is unique given the capacity expansions.
Thirdly, most RUE-NDPs assume that the project cost does not exceed the available
budget. However, the project cost can also be fully recovered by charging congestion
tolls upon the travelers (YYang and Meng 2002; Lo and Szeto 2009). For RUE-NDPs that
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consider toll charges, the PoAs proposed by Szeto and Wang (2015) are not suitable.
Thus, a general definition of the PoA for capacity expansion RUE-NDPs is required.

This study expresses the family of capacity expansion RUE-NDPs in a generalized
model formulation and proposes a general definition of the PoA for the capacity
expansion RUE-NDPs. This study then considers a specific problem, which is a capacity
expansion RUE-NDP under cost-recovery that considers supply uncertainty and road tolls.
The problem is formulated as a min-max problem. The min-level problem aims to
minimize the largest total system travel cost budget (TSTCB) plus the project cost. The
TSTCB is a variant of the total system travel time budget and consists of the monetary
cost of mean total system travel time and an extra cost associated with system travel time
reliability. The max-level problem aims to determine the worst-case flow pattern that
gives the largest TSTCB plus the project cost. The self-routing behavior and risk attitudes
of travelers are captured by the reliability-based user equilibrium (RUE) constraints. In
addition, travelers are charged with congestion tolls, which are used to recover the project
cost. To guarantee that the project is self-financing or even profitable, a cost recovery
constraint is incorporated. Based on the proposed model, this study proposes a novel
approach to derive the analytical formula for an upper bound of the PoA.

The contributions of this study are as follows:

e We propose a general definition of the PoA for capacity expansion RUE-NDPs to
measure the inefficiency of the reliability-based transport NDPs with capacity
expansion and cost recovery;

e We propose a new NDP, namely capacity expansion RUE-NDP under cost
recovery, in which the project cost is fully recovered by charging travelers with
congestion tolls. It is formulated by a min-max approach; and

e It derives an analytical bound of the PoA of the proposed capacity expansion
RUE-NDP under cost recovery.

The key findings regarding the upper bound of the PoA for the proposed RUE-NDP

include the following:

e The upper bound depends on the travel time variations, the value of travel time,
the value of reliability for system travel time, and the value of reliability for path
travel time;

e The upper bound is independent of travel time functions, demands, and network
topology; and

e The upper bound equals one if there are no travel time variations or/and the
system manager and travelers are both risk-neutral, indicating that the PoA also
equals one.

This paper is organized as follows. In Section 2, we express the family of capacity
expansion RUE-NDPs in a generalized model formulation and propose a general
definition of the PoA for the capacity expansion RUE-NDPs. In Section 3, we describe
our new problem. In Section 4, we examine the PoA for the studied problem and evaluate
its upper bound. In Section 5, we provide a concluding remark and discuss the future
research directions.
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2 PoA for the capacity expansion RUE-NDPs
Consider a road network with topology G(N,A), in which N is a finite set of

nodes and A s a finite set of directed links. The nodes represent existing or candidate
intersections. The directed links represent roads whose existing capacities are to be
expanded or whose capacities are to be determined. The network has multiple
origin-destination (O-D) pairs that define where the travelers are from and where they
head to. Each O-D pair is associated with its travel demand, which is the number of
travelers between the origin and the destination per hour.

For the clarity of the presentation, the main notations are defined and introduced in

Table 1.

Table 1. Notations

R The set of real numbers
R, The set of positive real numbers
RS The set of O-D pairs in the road network
The set of all possible paths connecting different O-D pairs in the road
P network; its size is denoted by me R,
P, The set of all possible paths connecting O-D pair rs, rseRS
d The positive travel demand or mean travel demand between O-D pair
* rs e RS
q The vector of travel demands/mean travel demands between all O-D pairs
(de )rseRS
5° The link-path incidence indicator, which equals one if link ae A is on
P path p e P, and equals zero otherwise
f, The non-negative flow or mean flow on path peP
f The vector of path flows or mean path flows ( f, )p ;
The set of feasible path flow patterns that satisfy the path-flow demand
conservation constraints and non-negativity constraints:
Qf
Q, :{f > f,=d,, VrseRS; f, >0,Vpe P}
pePy
v, The non-negative flow or mean flow on link ac A
The vector of link flows or mean link flows in the road network (v, )ale A
v(f) : _ a -
with v, = ng f,0;, vaeA, f=(f,) <Q
y The design variable, which is the capacity of a new link ae A or the link
2 capacity expansion of an existing link a< A
u, The upper bound of y,, acA
o The set of feasible link capacities or link capacity expansions:

Q, ={yl0<y, <u,,Vae A}
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The vector of the capacities of new links or link capacity expansions of
existing links (y,)__,

The mean link travel time function of link a< A in terms of its link flow
and link capacity (expansion)

t The vector of mean link travel time functions (t,)__,

The covariance matrix, which contains all the link travel time variances and
link travel time covariances

ta (Va ’ ya)

2.1 Generalized model formulation of capacity expansion RUE-NDPs
The capacity expansion RUE-NDPs have various input information known as the

design instances. A design instance is described by the general form (G,d,t,&), in

which d and t are defined in Table 1, and @ stands for any additional and essential
information related to the RUE-NDP. & can be a scalar, a vector, or a set of vectors. For
example, ¢ may include the project budget and the travel time variation related
information.

A capacity expansion RUE-NDP is formulated as a bi-level mathematical
optimization problem with decision variables, constraints, and an objective function.

The decision variables include the vector of capacity expansions (i.e., y). The
capacity expansions include the additional capacities added to existing roads and/or the
capacities of new roads. Other decision variables include the path flow pattern f. Note
that the link flow pattern v(f) is dependent on the path flow pattern f . Thus, the link
flows are dependent variables. In an RUE-NDP, y and/or f may be random variables.
The decision variables in the RUE-NDP are commonly the mean capacity expansions and
mean link flows. In addition, in some NDPs (e.g., Szeto and Lo 2005, Lo and Szeto 2009),
the travelers are charged with road tolls. The link tolls are commonly dependent variables
whose values depend on the link flows. For convenience, we denote any auxiliary
decision variables as a vector w whose feasible set is described by a non-empty set
X,

The constraints of a capacity expansion RUE-NDP include the feasibility constraints,
i.e., the path flow-demand conservation constraints, the link-path flow conservation
constraints, the non-negativity constraints of path flows and capacity expansions, and the
feasibility constraints of the auxiliary decision variables. These constraints are implicitly
captured by the non-empty sets Q,, Q , X, and the definition of v(f). Specifically,

the constraint set Q  restricts which links can have capacity changed and which new

links can be added, and hence any strategy would be embodied in this constraint set and
in other additional constraints. Most importantly, the RUE-NDP incorporates a set of
non-linear inequalities and equalities known as the RUE constraints. The constraints
capture the self-routing behavior of travelers or the risk attitudes of travelers. Apart from
the feasibility constraints and the RUE constraints, the RUE-NDP might also have other
related constraints, such as the budget constraint, which guarantees that the project cost is
not larger than the project budget. If travelers are charged with road tolls, the budget
constraint can be replaced by the cost recovery constraint (Lo and Szeto 2009), which

5
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guarantees that the project cost is not larger than the total toll revenue collected from the
travelers.

The system performance measures of the road network include the consumer surplus
(Yang 1997), the reserve capacity (Yang and Bell 1998), the total vehicle miles (Friesz et
al. 1993), the sum of total system travel time and construction cost (Chiou 2005), and the
total system travel time/cost (Meng and Yang 2002). The objective function of an
RUE-NDP includes the mean system performance measure (Chow and Regan 2011), the
sum of the mean and (weighted) variance/standard deviation of the system performance
measure (Ng and Waller 2009; Sumalee et al. 2009; Szeto and Wang 2016), and the
worst-case value of the system performance measure (Yin et al. 2009). The objective
function of the RUE-NDP is commonly a continuous function in terms of the decision
variables, denoted as Z(-). In this study, we assume that the objective function value is
dependent on the link flow pattern (or path flow pattern) and the capacity expansions, and
is independent of the auxiliary decision variables.

For most existing capacity expansion RUE-NDPs, the objective is to minimize the
objective function. However, such a design objective is optimistic when there are
multiple link flow patterns for a given y (e.g., Liu et al., 2017). In fact, Wang and Szeto

(2018) proved that the RUE link flow pattern is unique when two conditions hold: 1) the
path travel costs are monotone in terms of path flows; 2) the link travel cost is a bijective
function of link flow. If the RUE link flow pattern is non-unique, the actual RUE flow
pattern after the implementation of the capacity expansions may be different from the
design RUE flow pattern, yielding a worse system performance than what the system
manager expected. To deal with this practical issue, we consider that the system manager
(or a risk-averse system manager) aims to minimize the worst possible value of the
objective function over Yy, i.e., minimizing the maximum value of the objective function

over .

Based on the above, we express the capacity expansion RUE-NDPs as the following
general non-linear constrained optimization problem:

minmax Z(v(f),y), 1)
y
subject to the RUE constraints:
g, (v(f),y,w)<0, i=L2..,meR", (@)
g,(v(f),y,w)=0, i=1,2..,.meR"; (3)
the feasibility constraints:
feQ,,yeQ, 4)
weX,; ()

and other relevant sets of constraints (e.g., budget constraints or cost recovery
constraints):
h(v(f),y,w)<0,i=12..,.neR_, (6)

where @, g;,and h. areall functionsof v(f), y,and w. Inconstraints (2) and (6),

m is the total number of paths and n is the total number of additional constraints.

6
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If the objective function Z(v(f),y) is continuous, the set described by constraints
(4), (5), and (6) is non-empty, and an RUE link flow pattern exists and satisfies the
equilibrium constraints (2)-(3), then the optimization problem (1)-(6) has at least one
optimal solution, denoted as (V(f),y,W). For any y, if the RUE link flow pattern is

unique, the problem (1)-(6) is equivalent to nf1in Z(v(f),y) subjectto (2)-(6).
Y

Remark. The generalized model formulation (1)-(6) can also be used to express the
UE-NDPs, because the UE-NDPs are special cases of RUE-NDPs in which the travel
time variations are zero and/or the travelers and the system manager are both risk-neutral.

2.2 General definition of the PoA for capacity expansion RUE-NDPs

Firstly, to show the rationality of defining the PoA for capacity expansion
RUE-NDPs, we quote the statement of Roughgarden (2005): “The price of anarchy can
be defined much more generally; indeed, the concept makes sense for every application
possessing an objective function and a notion of equilibrium”.

Secondly, we identify the theoretical minimum objective function value when all the
travelers willingly choose paths to minimize the objective function value. The minimum
objective function value is obtained by minimizing Z(v(f),y) subject to the feasibility
constraints (4), (5) and (6). The problem is referred to as a capacity expansion
Reliability-based System Optimum NDP (RSO-NDP) and it is expressed as the following
general non-linear minimization problem:

min Z(v(f),y). (7)

feQ¢ yeQ,

The solution which yields the minimum objective function value is called the system
optimal solution, and we denote itas (v (f),y",w’). To differentiate the system optimal

solution and the optimal solution to the RUE-NDP (i.e., (¥(f),¥,W)), we call the latter

the equilibrium solution.

Conceptually, the PoA is the worst-possible ratio between the objective function
value of an equilibrium solution and that of a system optimal solution. A formal
mathematical definition is given as follows.

Given an instance (G,d,t,6) admitting a system optimal solution (v'(f"),y",w’)

and an equilibrium solution (¥(f),§,W), the PoA of (G,d,t,0) is

p(G.d,t,0)=Z(V().9)/Z(v'(F).y). (8)

Denote the set of design instances that have some common features as |, e.g., the
set of instances whose travel time functions are all Bureau of Public Road type link
performance functions. The PoA of | is

p(1)= sup p(G,d,t,6). 9)

(G.d,t,0)el
Remark. The mathematical definition of the POA may take different forms. For example,
the pioneer study (Roughgarden 2005) included the two terms (G,d,t,#) and I in the
7
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definition of the PoA for the classical traffic assignment problem (see Definition 2.3.1 (a)
and (b) in his study), whereas some studies omitted them. In this study, we take the study
of Roughgarden (2005) as the reference and include the two terms in the definition of the
PoA for capacity expansion RUE-NDPs.

The PoA reflects the inefficiency of equilibrium solutions to the RUE-NDPs. The
inefficiency refers to two aspects, which are both caused by the selfish-routing behavior
of travelers: 1) the traffic flow distribution is not the best; and 2) the allocation of
resources (capacity expansion) is not the best. In practice, the PoA is an economic
evaluation index, based on which the system manager can quickly determine the relative
reduction of system performance induced by the selfish-routing behavior of travelers
brings to the transport network design. The PoA is a ratio and it is intuitively larger than
one. A smaller PoA value indicates that the efficiency loss is less, and vice versa.

The p(G,d,t,H) in (8) reflects the exact inefficiency of an equilibrium solution to

the RUE-NDP with instance (G,d,t,6). The p(1) in (9), on the other hand, reveals

the worst-case inefficiency of equilibrium solutions to the RUE-NDP with instances that
share some common feature.

The PoA for the capacity expansion RUE-NDPs proposed in this study differs from
the PoAs proposed by Szeto and Wang (2015). The PoAs proposed by Szeto and Wang
(2015) are defined for the RUE-NDP that must satisfy the following conditions: 1) the
lower level reliability-based user equilibrium flow patterns must be unique; 2) the
decision variables are merely link capacity additions; 3) the design objective functions
are total system travel time and total system travel time budget; 4) the RUE-NDP only
considers supply uncertainty; and 5) the reliability-based user equilibrium problem adopts
the travel time budget approach (Shao et al. 2006). The PoA proposed in our study, on the
other hand, is defined for RUE-NDPs that satisfy less restrictive conditions. Firstly, the
RUE-NDPs may have additional decision variables such as the road tolls. It allows the
system manager to evaluate the impacts of the additional decision variables on the
inefficiency of resource allocation. Secondly, apart from the classic system performance
measure, which is the cost of system travel time, the objective functions may also include
the cost of travel time reliability, environmental cost, construction cost, etc. It allows the
system manager to evaluate the inefficiency of resource allocation with respect to
different additional considerations such as travel time uncertainty, environmental impacts,
and project cost, etc. Thirdly, the RUE-NDPs may incorporate additional constraints (e.g.,
the cost recovery constraint), which allows the system manager to evaluate the
inefficiency of resource allocation when there are additional constraints to consider.
Fourthly, the RUE-NDP may consider demand uncertainty/supply uncertainty or both,
allowing the system manager to evaluate the inefficiency of resource allocation when the
demand and/or supply are random variables. Finally, the lower level RUE problem of the
RUE-NDPs may be formulated by other approaches. It allows the system manager to
consider different types of RUE problems such as the mean-excess travel time (Chen and
Zhou 2010) RUE problem, the stochastic dominance RUE problem (Wu and Nie 2011),
and the non-expected route choice problem (Ji et al. 2017), etc.

To further illustrate the PoA in detail, we consider a specific problem proposed in the
following, which is a capacity expansion RUE-NDP under cost recovery. The problem

8
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determines the capacities of the new roads in a road network under supply uncertainty
and is formulated as a min-max problem. The travelers are charged with congestion tolls
after the road network is built and put into usage. The construction cost of the road
network is fully recovered from toll charges.

3 Reliability-based capacity expansion NDP under cost recovery: Min-max
formulation
3.1 Objective function
Consider that the system manager designs which roads are expanded and/or built.
Moreover, the manager considers the effect of supply uncertainty in the network design:
the actual link capacities may degrade from their design values (Szeto and Wang, 2015,
2016; Zhao et al., 2018) and the actual link free flow travel times may deviate from their
pre-assumed values derived from maximum allowed speeds (Szeto and Wang, 2015, 2016).
The demands and the link flows are deterministic. The travel time on a link ae A
(denoted by T, ) is thus modeled as a random variable.

From the system manager’s perspective, his/her primary design objective is to
minimize the total system travel time (TSTT). The TSTT equals the sum of the travel
times experienced by all travelers. Thus, the TSTT is a compound random variable. We

denoteitas TSTT ,and itequals TSTT =) T,v,.

acA

The expectation and standard deviation of the compound random variable TSTT
can be obtained by the following operations:

E[TSTT } = E[ZTava} - S E[T, ]V,

aeA aeA

o-[TSTT } = G{ZTava}z(Zaz[Ta]va%z 3 vava,Cov[Ta,Ta,]Jm.

acA acA acAa'eAaza’

Commonly, the mean link travel time E[T,] of link ae A is predicted by its link

travel time function t,(v,,y,). We assume that t,(v,,y,) is a bijective function with
respect to its link flow given the link (additional) capacity. The link travel time function
IS monotone increasing and differentiable with respect to v, , and monotone decreasing

and differentiable with respect to y,. We also assume that the link travel time variance

o °[T,] and the travel time covariances Cov[T,,T,], a'cA, a =a are finite. The

explicit functional forms of the travel time variances depend on the link travel time
functions and the assumed distributions of link free flow travel times and random link
capacities.

Szeto and Wang (2015, 2016) proposed the concept of total system travel time budget,
which simultaneously captures the mean and variation of TSTT, and is defined as:

Total system travel time budget = mean total system travel time + safety margin .

However, the system performance measure with a time unit is less preferable in practice
because the investment parties are more concerned with the project cost rather than the

TSTT itself. The system manager should consider the concerns of these parties. However,
9
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the TSTT cannot be directly combined with the project cost. Similarly, the total system
travel time budget is also not a suitable indicator because it cannot be directly combined
with the project cost. Thus, a similar concept to the total system travel time budget— the
TSTCB—is proposed:

Total system travel cost budget = monetary value of mean total system travel time +

monetary value of system travel time reliability.

The monetary value of mean TSTT can be obtained by multiplying the mean TSTT
by a positive coefficient representing the value of time (VOT) for mean travel time:
monetary value of mean TSTT = VOT -mean TSTT,

in which the VOT is obtained by calibration using the survey data. The VOTs of road
networks in different areas (e.g., cities, country regions, or countries) are different.
Relevant studies on the VOT include the studies of Small and Yan (2001), Brownstone
and Small (2003), and Tilahun and Levinson (2009).

The VOR converts a measure of travel time reliability into the monetary value of
travel time reliability. The monetary value of travel time reliability can be obtained by

monetary value of travel time reliability = VOR -(measure of travel time reliability) .

The measures of travel time reliability include the difference between the 90" and
50" percentile travel time, the standard deviation of travel time, the difference between
the actual late arrival and the usual travel time, and the difference between the early/late
arrival time and the preferred arrival time. Given different measures of travel time
reliability, the VORs are different. In this study, the standard deviation of TSTT is
adopted as the measure of travel time reliability and used in the TSTCB.

Mathematically, the TSTCB is defined as follows:

TSTCB, .. =R'D)_E[T,]v, +F’ ol [Lvz2+Y > vv,Cov[T,,T,],
acA acA acAa'eAaxa’
in which R' is the VOT for mean TSTT and R® is the VOR for total system travel
time.

There are no references for R®. The report by Concas and Kolpakov (2009) only
summarized the VORs for path travel time obtained by different studies. Nevertheless,
the statistical methods used to calibrate the VOR for path travel time in that studies can
also be used to calibrate R°®. Similar to the fact that the VOR for path travel time is
dependent on the risk aversion of the travelers, R® is related to the risk-aversion of the
system manager. A larger R® indicates that the system manager is more risk averse, and
vice versa. The R® equals zero if the system manager is risk neutral or/and considers
that there is no monetary value in the reliability of TSTT.

As discussed before, apart from optimizing the system performance measure, the
project cost is also an important consideration for the system manager. To formulate it,

the annual cost of a link ae A, denoted as 1,(y,), is introduced:
L(Y,)=K; Y& > O, & |,

where the constant «, represents the annual cost per unit of (additional) capacity of link
a. The annual cost per unit of (additional) capacity of a link ae A (i.e., x,) captures two

10
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factors: the annualized construction cost per unit of (additional) capacity and the annual
maintenance cost per unit of (additional) capacity. The definition of 1_(y,) is based on

two assumptions: 1) There is a constant return to scale in road construction, and 2) the
maintenance/operation cost per unit of (additional) capacity is constant. The project cost
equals the annual overall costs associated with the construction and maintenance of the
road network, and we call it the investment cost (IC), which is

ICy)=2 1. Y -

acA
From the system manager’s perspective, the design objective is to minimize the sum
of the TSTCB and IC, i.e.,
min TSTCB_, .. (v(f),y)+IC(y). (10)

yeQ, feQ;
Note that if IC is not considered, then the above optimization model belongs to the family
of mean-standard deviation models (e.g., Lo et al., 2006; Khani and Boyles, 2015; Wu,
2015).

3.2 RUE constraints with link marginal mean cost tolls

The travelers’ selfish-routing and risk-adverse behaviors are captured by the RUE
constraints. The RUE constraints are developed from Wardrop’s first principle (Wardrop
1952), which states that a traveler always chooses a path that minimizes his/her own
travel time. The travel time of a path equals the sum of the link travel times of all links on
that path. Because the link travel times are all random variables, the path travel time,
denotedas Q,, pe P, isalsoarandom variable and expressed as

Q, =D .T.5;, VpeP.

acA

The mean path travel time E[Qp], denotedas q,,is q, :Zt

aeA

When faced with travel time uncertainties, travelers often depart early and reserve
extra time for their trips to avoid late arrivals. The risk-averse behavior of travelers is
well known and many approaches extended from Wardrop’s principle have been
proposed to capture it. Among them, the path travel time budget (TTB) approach (Lo et al.
2006) is frequently adopted. The TTB approach assumes that each traveler selects a path
with the minimum path TTB. The TTB is commonly defined as the sum of the mean path
travel time and the weighted path travel time standard deviation.

Similar to the total system travel time budget, the path TTB also has a time unit. A
variant of the TTB is the path travel cost budget, which has a cost unit and is defined as
follows.

o,, VpeP.

a

Path travel cost budget = monetary value of mean path travel time +

monetary value of path travel time reliability.

Similar to the TSTCB, the monetary values of mean path travel time and path travel
time reliability can be obtained by the following operations:
monetary value of mean path travel time =VOT-q, and

11



O©CO~NOOOTA~AWNPE

monetary value of path travel time reliability = VOR ~(measure of path travel time reliability),

in which the measure of path travel time reliability is the path travel time standard
deviation. Based on the above, the path travel cost budget b,, VpeP is

b,=R"-q,+R*-c[Q, ],

in which R">0 is the VOT for mean path travel time and R" >0 is the VOR for path
travel time.

The VOT for mean path travel time and the VOT for mean total system travel time
are consistent with each other, which are both R'. As the measure of path travel time
reliability is the path travel time standard deviation, the values for R" can be found in
the study of Concas and Kolpakov (2009).

It is assumed that all travelers are charged with congestion tolls because congestion
toll charging has been adopting to mitigate congestion and improve system performance
in reality. For a road network without uncertainties, link marginal cost tolling is one of
the well-known tolling strategies for driving a UE flow pattern towards a flow pattern
that yields a better system performance (Yang and Meng, 2002), and it is defined as the
product of the link flow and the first-order derivative of the link travel time function with
respect to the link flow, assuming that the value of time is one. For a road under supply
uncertainty, however, because of the travel time variations, it is unclear whether charging
the corresponding link marginal cost tolls will lead to an improvement in TSTCB. It only
improves the mean TSTT. Nevertheless, this study assumes that the system manager
adopts the link marginal cost tolls called link marginal mean cost tolls in a road network
under supply uncertainty. The link marginal mean cost toll on link a is denoted by r,

and defined by
7, =R'v, -dt (v,,y,)/dv,, VaeA.

For a traveler, the generalized path travel cost budget, denoted by Bp , VpeP,is
b, =b, +> 527, (v,.Y,).

acA

It is assumed that the travelers acquire the expectations and variabilities of path
travel times, the VOT for path travel time, the VOR for path travel time standard
deviation, and the link marginal mean cost tolls based on their experiences and factor this
piece of information into their route choice considerations in the form of a generalized
path travel cost budget. All travelers select routes to minimize their generalized path
travel cost budgets. The long-term equilibrium is reached only if the generalized path
travel cost budgets of all used routes are not higher than those of unused routes. The RUE

flow path pattern f*% =(f %) _, and the corresponding link flow pattern v (f*)
must satisfy the following RUE constraints:

£ (B, (VP (F7F),y™ %) —w, ) =0, VpeR,, WrseRsS, (11)
b, (V= (FRU),y"*) —w,, >0, VpeP,, VrseRS, (12)
12
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where w,, is the minimum generalized path travel cost budget for O-D pair rseRS,

and y®* is an optimal capacity solution to be determined. Denote w =(Ww, and it

s )I’SERS
is the vector of auxiliary decision variables that must be non-negative, i.e.,
w>0. (13)
Denote the standard deviation of the path travel cost as ¢,, peP. Unlike the mean

link travel times, the mathematical property of ¢  is not known until the explicit

formulation of link travel time standard deviations and travel time covariances are known.

Without the loss of generality, we assume that the mapping g:(gp)p ; IS monotone

with respect to the path flow pattern f . Then, the path travel cost budgets are monotone
with respect to the path flows. In addition, the mean link travel times are bijective
functions of link flows. Following the proofs of Wang and Szeto (2018), the minimum
path travel cost budgets, the monetary values of mean link travel times, and the RUE link
flow pattern at equilibrium are unique. The RUE path flow pattern, on the other hand, is
non-unique.

The generalized path travel cost budget includes the link marginal mean cost tolls.
One of the purposes of charging link marginal mean cost tolls upon the travelers is to
recover the IC. To check whether the total toll revenue collected from travelers covers the
IC or not, the concept of the degree of cost recovery is introduced and defined in the next
section.

3.3 Cost recovery constraint
A notion, namely the degree of cost recovery, denoted by 7_, is defined as

7, =("-v®)/(x"-y),
where x is the vector of the annual costs per unit of (additional) capacity defined in
Sub-section 3.1.
The ratio defined in the above has been mentioned and adopted by Szeto and Lo
(2008). The degree of cost recovery is an important indicator showing how profitable a

toll scheme is. The project is profitable if 7_is larger than one. The project is
cost-recovery if 7_ is larger than or equal to one. The project is self-financing if 7,
exactly equals one. If 7_ is smaller than one, the total revenue collected from travelers

cannot cover the IC, which means that the toll scheme 7 is not satisfactory from an
investment perspective.

To guarantee that at an optimal design, the IC is fully covered by the total toll
revenue collected from travelers, a cost recovery constraint is incorporated into the
design problem. That is, the degree of cost recovery must be larger than or equal to one:

n. =1 (14)

3.4 Model formulation
One possible way to depict the capacity expansion RUE-NDP under cost recovery is
that it minimizes the objective function (i.e., (10)) subject to the RUE constraints (i.e.,
(11) and (12)), the cost recovery constraint (i.e., (14)), and the feasibility constraints of
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the decision variables. However, for a given y, there might be multiple RUE link flow
patterns that satisfy the RUE constraints. The objective (10) naturally selects the solution
that has the minimum objective function value. In practice, the actual RUE flow pattern
may deviate from the design (or optimistic) RUE flow pattern, leading to a worse system
performance than what the system manager expected. To avoid such issue, the risk-averse
system manager minimizes the objective function by selecting an optimal capacity
expansion vector and the corresponding worst-case RUE path flow pattern (i.e., the RUE
path flow that yields the largest objective function value). This is achieved by
formulating the design problem as a min-max optimization problem. In summary, the
capacity expansion RUE-NDP under cost recovery is formulated as

min max (TSTCBRRRS (vV(f),y) + IC(y)), (15)
subjectto (11), (12), (13),and (14).

The proposed problem is a bi-level optimization problem with equilibrium
constraints. The bi-level optimization problem refers to the min-max problem (15). The
first level (lower level) problem is to find the worst RUE path flow pattern and its
corresponding minimum generalized path travel cost budget vector that yield the
maximum objective function value for a given capacity expansion vector. The second
level (upper level) problem is to minimize the maximum objective function value by
selecting an optimal capacity expansion vector. The equilibrium constraints are presented
by the system of non-linear equalities and inequalities (11)-(12).

The objective function is continuous and differentiable in terms of link flows and link
capacities. The feasible solution set is non-empty and compact. Therefore, an optimal
solution to the bi-level optimization problem with equilibrium constraints, denoted as
(VRS (FRY5), y*Y%), must exist. Similar to other network design problems, the upper level
problem can be solved by many heuristics such as Genetic Algorithm. The lower level
problem can be solved by all-or-nothing assignment. It is well-known that optimal
solutions to a bi-level optimization problem may not be unique. However, the minima of
the objective function must be unique.

For the ease of presentation, we use Problem Q to refer to the proposed min-max
capacity expansion RUE-NDP under cost recovery. We examine the PoA of Problem Q in
the following section.

4 Analysis on the PoA
Problem Q is a member of the family of RUE-NDPs formulated in Sub-section 2.1.

The PoA for Problem Q, p(G,d,t,8), follows its definition in (8), where @ is
(o,R'R%RY), Z(v(f),y) is TSTCB, . (v(f),y)+IC(y), the equilibrium solution
(V(f),y) is (VRUE(FRUE),yRUE). The system optimal solution, denoted by (v'(f"),y"), is
obtained by solving the following RSO-NDP:

min (TSTCBRI’RS(v(f),y)+IC(y)). (16)

yeQ,, feQy
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The solution (v'(f"),y") must exist because of the following reasons: 1) the TSTCB and

the IC are continuous functions in terms of path flows and link capacities; 2) the solution
set is non-empty and compact. Because the objective function in (16) is non-convex, the

optimal solutions (v (f"),y’) are non-unique. Nevertheless, the minimum objective

function value must be unique.
We present a novel approach to deriving the analytical formulation of an upper

bound of p(G,d,t,0).

4.1 Properties of the equilibrium and system optimal solutions
Prior to the analysis of the properties, the following parameter is introduced. Denote
g as the maximum ratio between link travel time standard deviation and mean link

max

travel time, i.e., &, :mag((aa/ta). The parameter ¢, must exist because the link
ae

travel time standard deviations and the mean link travel times of all links are finite. The
value of ¢, can be theoretically derived or calibrated from travel time data.

ax
Given y®“% we prove the following:

Property 1. Given y** let f”"=(f)),, and V"(f") be the path flow pattern and the

corresponding link flow pattern that minimizes the sum of individual path travel cost

budgets. The ratio between the sum of individual path travel cost budgets of an RUE flow

pattern " = (f ™) _, and that of the flow pattern f” is bounded above:

z pr“Eb,'fUE/Z f" by <l+eg, R'/R',

peP peP

peP

where b= =b_ (V*=(f"F),y"*) and bY=b (v"(f"),y**), vpeP.
Proof. See Appendix C.

Property 2. Given y"®, let v"(f") be the corresponding link flow pattern of the path
flow pattern " that minimizes the TSTCB. The ratio between the TSTCB of an RUE
link flow pattern v~“5(f*“%) and that of the flow pattern v”(f") is bounded above:

TSTCB,, . (V"5 (F™%),y™%) [TSTCB, . (V'(f"),y™*) < (1+ £ R°/R) (14 £,0R"/ R‘)z.

R, R

Proof. See Appendix D.

Property 2 can be interpreted as follows: The inefficiency of the worst RUE flow
pattern given y"“® with respect to the system performance measure is bounded above.

Given y’, we further prove the following:
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Property 3. Given y”, assume f and V(f) are the worst RUE path flow and link flow
patterns yielding the largest objective function value, respectively. The ratio between the
TSTCB of V(f) andthe TSTCBof v'(f") is bounded above:

2

TSTCB,, . (V(F),y") /TSTCB,, . (v'(f").y") < (1+ 60 R°/R) (14 £, R /R")

Proof. This is a direct result of Property 2 if 1) y®F is replaced by y"; 2) v~ (f*%)
is replaced by V(f);and 3) v"(f") isreplaced by v'(f").

Property 4. Given y", the ratio between the objective function value of V(f) defined in
Property 1 and that of v (f") is bounded above:

(TSTCBR[’R (@), y)+1C(y ’))/(TSTCBR LV (F)y)TICy ))

< (14 £, R° /R (1+ £, R* /RY)

Proof. The following is true: Given three positive numbers g,, g,, and g,. If g, is
larger than or equal to g,, then (gl+gs)/(gz+gs)£gl/gz. Replacing g, with
TSTCB,, .. (V(F),y"), g, with TSTCB, . (v'(f),y"), g; with IC(y’), and using
Property 3, the result is obtained. m

4.2 Upper bound of the PoA and its properties

Based on Property 4, we prove that an upper bound of the PoA exists as shown
below.

Proposition 1. Given an instance (G,d,t,6), the price of anarchy p(G,d,t,0) is
bounded above:

pGdt h=( 5. R/ R te.8 K. (17)

Proof. The solution (V(f),y") is a feasible solution, but it may not be the equilibrium
solution because y  may not be y™F . Thus, the objective function value of
(VRUE (FRUE), yRYE) s not larger than that of (V(f),y"), i.e.,

TSTCB,, . (V*5(F™),y™F) +IC(y™") <TSTCB,, , (V(F),y)+IC").
Dividing both sides of the above inequality by the objective function value of
(V' (f"),y"), the following inequality is obtained:
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TSTCB,, (VRUE(FRYE), YR Y 1 1IC(YRYF) y TSTCB, (), y)+ICy")
TSTCB, V() y)+ICY) - TSTCB, , (v (f),y)+ICy)
The left side of (18) is precisely the price of anarchy p(G,d,t,@). According to
Property 4, the right side of inequality (18) is not larger than
(1+ £ R°/RY)(1+ gmaxR”/Rt)z. It means that the left side of inequality (18), which is

(18)

p(G,d,1,0), is also bounded above by (1+¢,,,R°/R")(1+ gmaXR”/Rt)z.-

The derived upper bound of the PoA is dependent on ¢ __, R', R, and R°,

which are the maximum ratio between link travel time standard deviation and mean link
travel time, the VOT, the VOR for path travel time, and the VOR for system travel time,
respectively. The sensitivities of the upper bound of the PoA with respect to these
parameters are addressed in the following.

Property 5. The upper bound of the PoA is increasing with respectto ¢, , R",and R°.
The upper bound of the PoA is decreasing with respectto R".

The following figures present the sensitivities of upper bounds of PoAs subject to

t
parameters ¢, R", R°,and R'.
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Figure 1. The upper bounds of PoAs given different parameter values

Property 6. The upper bound of the PoA for the capacity expansion RUE-NDP under cost
recovery is independent of network topology and travel demands.
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Property 7. The upper bound of the PoA for the capacity expansion RUE-NDP under cost
recovery is independent of travel time functions.

The proofs of Properties 5, 6, and 7 are straightforward and omitted.
In the following, we present an example to illustrate how to calculate the upper
bound of PoA given a design instance.

Example 1:
Design instance: Solution:
Link 1 u .
- R'=60 R*=23 R=23 E=204 3 =019

4, =2.0+05x /(y, +2)
Link 2 1, =2.2+03x, /(y, +3)
0, =0.2+0.01x,/(y, +2)
o, =0.1+0.03x, /(v, +3)

RE-247 oF=021

g7 =25 o7 =013

To get an upper bound of the PoA for this design instance, we need the parameters

R, R', R', and ¢ . &=021/247=0.08 and &,=0.13/250=0.05. Take
&, =0.08. We also have R'=6.0, R°*=2.3,and R"=2.3. The upper bound of PoA

IS (1+6,R°/RY)(L+ £, R"/RY) =1.10.

In this example, the upper bound of PoA is independent of the network topology,

travel demands, and travel time functions, as indicated in Property 6 and Property 7.
Based on Proposition 1 and Property 5, the following proposition can be directly
concluded.

Proposition 2. Denote | as the set of instances in which each instance satisfies the
following conditions: 1) the maximum ratio between link travel time standard deviation

and mean link travel time does not exceed &__ ; 2) the VOR for path travel time does not

max ?

exceed R": 3) the VOR for system travel time does not exceed R®: and 4) the VOT is
not less than R'. The price of anarchy of | is bounded above:

p(1)<(1+g, R /RY(1+7 RJR ). (19)

Remark 1. The existence of an upper bound indicates that both p(G,d,t,8) and p(1)
for Problem Q are not trivial notions (i.e., the POA is meaningless if it is unbounded).
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Remark 2. The upper bound of the PoA equals one under either of the two conditions: 1)

there is no supply uncertainty (i.e., &, = 0); 2) there are no monetary values in the

reliabilities of system travel time and path travel time (i.e., R® =R" =0). The reason is
that link marginal mean cost tolls are equivalent to link marginal cost tolls when there is
no uncertainty, and charging the link marginal cost tolls drives the travelers to choose
paths to minimize the TSTT. In Sub-section 2.2, it is discussed that the PoOA for an
instance set is intuitively larger than or equal to one. Together with the fact that the upper
bound of the PoA is equal to one under either of the conditions, the POA must equal one.
Then, the upper bound of the PoA is equal to the PoA itself.

4.3 Discussions on the upper bound of the PoA
4.3.1 Application of the upper bound
The upper bound of the PoA carries different implications from those of

p(G,d,t,6) and p(1). As mentioned in Sub-section 2.2, p(G,d,t,8) reflects the
exact inefficiency of the equilibrium solution given an instance (G,d,t,@) and p(l)

reflects the exact worst-case inefficiency of the equilibrium solutions given a group of
instances. The p(G,d,t,6) and p(1) are valuable economic evaluation indexes. The

upper bound of the PoA, on the other hand, is a quick estimate of p(G,d,t, 9) or p( I )

Furthermore, computing the upper bound of the PoA only requires the values of a few
parameters, which is an advantage when available information is limited. For example,

computing p(G,d,t,8) requires the information of G, d, t, and &, where @

refers to the information related to link (additional) capacity and link free flow travel time
variations. Acquiring this piece of information can be time and resource consuming. On

the other hand, computing the upper bound of p(G,d,t,e) only requires the

information of ¢, R', R, and R®, which can be acquired more easily. The system

manager or other analysts can quickly and easily estimate the inefficiency of the
equilibrium solution and decide if necessary measures are needed to deal with the
selfish-routing behavior of travelers.

4.3.2 Comparison with existing studies

We proceed to compare the properties of the upper bound of the PoA for Problem Q
to those of the upper bound of the PoA for the RUE-NDP proposed by Szeto and Wang
(2015). Property 6 is consistent with the result of Szeto and Wang (2015).

Property 7, however, differs from the result of Szeto and Wang (2015), which
indicates that the upper bound of the PoA is dependent on the highest degree of the mean
link travel time functions. An implication of Property 7 is that the system manager does
not need to acquire the information regarding travel time functions to calculate an upper
bound of the PoA. Property 7 also implies that the derived upper bound is a bound of the
PoAs for design instances in which the travel time functions can take any forms as long
as they are differentiable and monotone increasing with respect to the link flows. The
upper bound of the PoA proposed by Szeto and Wang (2015), on the other hand, can only
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bound the PoAs for design instances in which the travel time functions must be
polynomial functions.

In the following, we explain why our proposed upper bound of the PoA has Property
7 and the upper bound of the PoA proposed by Szeto and Wang (2015) does not have.
Szeto and Wang (2015) assumed specifically that the mean link travel time functions
must be polynomial functions with respect to link flows. Our study only assumes that the
mean link travel time functions are monotone increasing and differentiable functions with
respect to link flows. Szeto and Wang (2015) used the mathematical properties of
polynomial mean link travel time functions to derive an upper bound of the inefficiency
of the RUE flow pattern, which is dependent on the highest degree of the mean link travel
time functions. In our study, because the travelers are charged with link marginal mean
cost tolls, we can derive an upper bound of the inefficiency of the worst RUE flow
pattern given an optimal capacity expansion vector without knowing the explicit
expressions of the mean link travel time functions. Thus, the upper bound of the PoA
proposed by Szeto and Wang (2015) is dependent on the link travel time functions
whereas ours is not.

5 Conclusion

The study proposed a general definition of the PoA for capacity expansion
RUE-NDPs with the following features: 1) the objective function can include total system
travel time, travel time reliability, construction cost, environmental cost, and other system
performance measures; 2) auxiliary decision variables can be included as long as they do
not affect the value of the objective function; 3) the lower level problem can be any type
of RUE problems; and 4) additional constraints are incorporated.

This study proposed a capacity expansion RUE-NDP under cost recovery that
considers supply uncertainty. The link marginal mean cost tolls are charged upon the
travelers, and a cost recovery constraint is incorporated to guarantee that the degree of
cost recovery (proposed and defined in this study) is larger than or equal to one. The
problem is formulated as a min-max problem

A novel approach to deriving the analytical formula of an upper bound of the PoA is
presented. The upper bound is independent of travel time functions, demands, and
network topology. The upper bound is related to the travel time variations, the VORs for
system travel time and path travel time, and the VOT. The upper bound is a quick
estimate of the PoA value when limited information is available.
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Appendix A. Lemma 1 and its proof
Lemma 1. For any link flow pattern v'=(V}),_,, the following inequality holds:

Z(Rtta(V:UE7 y:UE)+T (VRUE’ y:UE) R t (Va’ y:UE))
a<EAZ:T (VRUE yRUE RUE (A'l)

acA

E

Whel’e VRU RUE (f RUE

and y™* denote the entries of v ) and y"“®, respectively.
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Proof. For an individual link a e A, consider the following maximization problem:
minZ,(x,) =R’ (t, (B, yE9%) + v dt, (vEVE, yRUE) fav, —t, (X, YEU9)) X, -

The first order derivative of Z,(x,) with respectto x, is
dZ,(x,)/dx, =
RY(t (v, %) + il (%, y9) v, —, (%, ) =, (%, 2 ) /v, ).

a

Because of the properties of the link travel time function and the marginal link cost
toll function, the following hold: dZ_(x,)/dx, >0 for 0<x, <v™®: dZ (x,)/dx, =0

for x, =vf®, and dZ,(x,)/dx, <0 for x, >vi“®. The objective function Z_(x,) is

RUE
a

zero, dZ,(x,)/dx,=0 at x,=0 and dZ,(x,)/dx,<0 for x,>0. The function
Z,(x,) is strictly decreasing on [0,+c0). The global maximum point X, of the

RUE

strictly increasing on [0,vi"" | and strictly decreasing on (Vi“%,+<0). If Vi equals

objective function exists and is unique, and satisfies the condition: dZ_a(x;)/dxa =0,ie,

* RUE
X, =V, .
Substituting the global maximum point X, into the objective function Z_(x,), the
maxima of the objective function is

Z,(x;) = R (t, (v, y%) +viRdt, (v, y %) fdv, —t, (v, y. %) Jvie
— Rt VRUEVRUE . dt (VRUE yRUE)/dV =7 (VRUE yRUE) 'VRUE
Thus, given a feasible link flow v, the following inequality holds:
Z,(vy) = RY(t, (i, yRU%) +vivedit, (v, ) fav, —t, (v}, yEU9) )V,

a

= (R, %, yRUE) 47, (VI yRU9) — R, (v, YE) )V, (A2)

a
RUE RUE RUE
Sto(vyo LY. ).

Condition (A.2) holds for any individual link in the road network. Summing up condition
(A.2) over all links on a path, the result (A.1) in the lemma is obtained. m

Appendix B. Upper bounds of TSTCB and sum of individual path travel cost
budgets

Based on the formula relating the path and link travel time standard deviation, the
path travel time standard deviation is smaller than or equal to the sum of link travel time
standard ~deviations of links on that path, ie, ¢, SZaaﬁs . Similarly,

acA

G[TSTT }SZUaVa- According to the definition of ¢,

acA acA

we have gpSZg t.od

max -a“ p

and o-[TSTT }Szgmaxtava.

acA
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Because a[TSTT ]Sngaxtava, it can easily be proved that the TSTCB has an

acA

upper bound, which is the mean TSTT multiplied by a number:

TSTCB,, . (V(F),Y) <(R'+ £, R°) 2t (Vo ¥a) -V, - (B.1)
aeA
Similar to the sum of individual path travel cost budgets, we have
D0, (V) Y) < (R + £, R ) Dt (V. V)V, - (B.2)
peP acA
Note that D_ f b (V(f),y) =R D t,(v,,y.)-V, +R*D f ¢, .
peP acA peP

Appendix C. Proof of Property 1

Proof. Assume V"(f")=(v)),.» is the link flow pattern of the path flow pattern

f"=(f),., that minimizes the sum of individual path travel cost budgets. Let ¢, -

peP
and ¢ be the path travel time standard deviations of f* and ", respectively. Let
2_aRUE =z, (VRUE’ y:UE) 1 TWZ r (V;”, yaRUE) , t:UE :ta (VEUE, yaRUE) ’ m:t (V;ﬂ’ yaRUE) ’
R UE_ zt Rg E, qgr zt;’53 1 prUE — bEUE +ZT:UE5;\ and bm bm+ZTW
acA acA acA acA

Because " is the RUE path flow pattern, the following inequality holds:
Z(fp”’— prUE)EpRUE >0 (for details, see the solution method in Sub-section 2.7 in the

peP

study of Szeto and Wang 2016), which is equivalent to > b= f " <> p 5 f" .

peP peP
Subtracting Zb”’f " from both sides of the above inequality, we obtain
peP
DRI byt < > (BEVS —by) £, which can be rewritten as
peP peP peP
;bEUE prUE +;(Za . :UEé‘a) f RUE mef m_ Z(Za R :UEéa) fm<
;( RUE _qm) fry RY ;( RUE _gp) f‘)r!r_'_pZF:)(Za X ;UE5a ZaEA ,;;” 5a) fpm,
or
bRUE .I: RUE _ bmf "
< |:Rt2( RUE m) i Z(Z » :UEé‘a) fm_ Z(Za . :UE5a) f RUE (Cl)
peP peP peP
+R Z( RUE _ m) fm
peP
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For the term in the square bracket on the right side of (C.1), we have:

Z(qEUE m) f =Rt Z( RUE m) V" ’ Z(za X :UEga) £ m= z RUEV;W ’ and

peP acA

Z(ZaeA :UEéa) fUE=>"7FP5vEYE . Thus, the term in the square bracket in (C.1) can be

a
peP acA

expressed in terms of link-based variables:

{ Z( RUE m) fr:""_Z(zaeA :UEga)fW Z(Za A :UEé‘a)prUE
peP

peP (C.2)
Z(R t:UE _ Rtt;//+T:UE )Vgr_ZT;?UEV:UE.
acA acA

According to Lemma 1 in Appendix A, the first term on the right side of inequality
(C.2) is smaller than or equal to > zf°®v“® . Thus, the right side of (C.2) is smaller than

acA

or equal to zero. Because the term in the square bracket in (C.1) is smaller than or equal
to zero, the left side of (C.1) is smaller than or equal to the second term on the right side

of (C.1):
bR f =S b <0+ R D (ch Y o) f (C3)

peP peP peP
It is assumed that the mapping gz(gp)vp ; IS monotone in terms of path flow f.

Thus, the following holds:
RY Z( chE) (55 - 1) <0, or equivalently,

RY Zg’”f RUE | RU z(g;eUE _ggr) fr;"S RY ZQEUE prUE _

peP peP peP
Eliminating the non-negative term R“) c/'f ™% from the above inequality, the
peP
inequality still holds, i.e.,
RY z( RUE m)fm< RY ZgRUEfRUE (C.4)
peP peP

Based on inequalities (C.3) and (C.4), the following is true:

ZbRUEf RUEZ: U fp_uuig pRUﬁ (CS)

pe P

Based on (B.2), the following mequallty holds:

> b, s(R‘+g ) [Zf b —R“Z f, -gp}, or equivalently,

peP peP

Ruzfp'gpg( Rt+g szpbp

peP peP
Based on the above, the following inequality holds.
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RY Zg;ZUE prUE < (Rugmax/( R! & Rugmax))ZbEUE prUE .

peP peP
The right side of the above inequality is an upper bound of the right side of (C.5) and thus
is an upper bound of the left side of (C.5), which gives

ZbRUE f RUE Zb”’f "o (Ru max/( R! 4 Rugmax ));bEUE prUE ’

eP
which further Slves
;bR“E f RUE/; b;’f;’sn/( ~(R* /(R4 R 21, ))) =14 (% /R').
This completes the proof. m

Appendix D. Proof of Property 2

Proof. Assume V"(f")=(v;)._, is the link flow pattern of the path flow pattern
f”=(f”)peP that minimizes the TSTCB given y®®. Let b} =b_(v"(f"),y"").

p

By definition, the sum of individual path travel cost budgets is larger than or equal to
the monetary value of mean TSTT, i.e.,

th:E: f U E R Q:E:E: l% LEE

ae A
Multiplying both sides of the above inequality by (1+gmaxRS/Rt), the inequality

still holds. That is,
(R'+ £, R ) D VI < (14 £, RO /RY) D 7= £
acA peP
The left side of above inequality is an upper bound of the TSTCB according to (B.1)
in Appendix B. Thus, the right side of the above inequality is larger than or equal to

TSTCB,, . (VR (FFF),y")  ie,,
TSTCBR‘ S( RUE (f RUE)1yRUE) S(l"'gmax Rs/Rt)zbEUE prUE .

peP

R, RS

(D.1)
Similarly, the following inequality holds:

(R'+ &R )Ztgv;’ <(1+ £, R*/RY)TSTCB,, . (V"(f"),y™5).

The left side of the above inequality is an upper bound of the sum of individual path
travel cost budgets according to (B.2) in Appendix B. Thus, the right side of the above

inequality is larger than or equal to z by £, which further gives

peP

TSTCB,, . (V'(f"),y™*) 2 [Zbg f;’J /(1+ £mR"/R). (D.2)

peP

Dividing the left side of (D.1) by the left side of (D.2), and dividing the right side of
(D.1) by the right side of (D.2), we obtain the following inequality:
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TSTCB., _, (VRUE (FRUE), yRUE) ZbEUE prUE

t ps \' ’

R TEET RZE < (14 £, R°/R)(1+ £, R" /R").(D.3)
TSTCB,, . (V'(f"),y™™) D bt

p

peP

In (D.3), > brf islargerthan > byfy defined in Property 1, because » b’f”
peP peP peP

is the minimum sum of individual path travel cost budgets given y®“%. Thus,

z bEUE prUE/Z b; fp” < z bsUE prUE /Z b;/féﬂ .

peP peP peP peP
Together with Property 1, we obtain the following inequality:

D b* pr“E/Zbgf,;'sugmaxR“/Rt. (D.4)

peP peP

Inequalities (D.3) and (D.4) indicate that the left side of (D.3) is smaller than or

equal to (1+¢&,,R°/R")(1+ gmaxR“/R‘)Z. This completes the proof. m
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Abstract

This study defines the price of anarchy for general reliability-based transport network
design problems, which is an indicator of inefficiency that reveals how much the design
objective value exceeds its theoretical minimum value due to the risk averse and selfish
routing behavior of travelers. This study examines a new problem, which is a
reliability-based continuous network design problem under cost recovery. In this problem,
the variations of system travel time and path travel times, the risk attitudes of the system
manager and travelers, congestion toll charges, capacity expansions, and cost recovery
constraint are explicitly considered. The design problem is formulated as a min-max
problem with the reliability-based user equilibrium constraint. It is proved that the price
of anarchy for this problem is bounded above, and the upper bound is independent of
travel time functions, demands, and network topology. The upper bound is related to the
travel time variations, the value of reliability, and the value of time.

Keywords: Inefficiency, price of anarchy, transport network design problem,
reliability-based user equilibrium

1 Introduction

The price of anarchy (PoA), which was first termed by Koutsoupias and
Papadimitriou (1999), measures the inefficiency of the traffic assignment problem. It
reveals how much the system performance measure would exceed its theoretical
minimum value when travelers choose routes selfishly. The PoA for traffic assignment
problems has received great research attention. Four major lines of research have arisen
(Roughgarden and Tardos 2002; Chau and Sim 2003; Correa et al. 2004; Roughgarden
2005; Xiao et al. 2007; Han and Yang 2008; Han et al. 2008; Guo et al. 2010; Huang et al.
2011; Wang et al. 2014; Szeto and Wang 2015), which are based on four considerations:
arc capacity constraints; demand and link travel time/cost functions; road pricing; and
extensions of traditional user equilibrium principles and multiple user classes. The PoA

1
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for traffic assignment problems is well understood by scholars. However, the PoA for
other problems, e.g., network design problems (NDPs), has rarely been studied.

The NDPs have broad definitions (Farahani et al. 2013). The most popular family of
NDPs in the literature is the family of capacity expansion NDPs (Abdulaal and LeBlanc
1979; Dantzig et al. 1979; LeBlanc and Boyce 1986; Ben-Ayed et al. 1988; Friesz et al.
1993; Yang 1997; Yang and Bell 1998; Meng and Yang 2002; Chiou 2005; Szeto and Lo
2005; Szeto et al. 2010; Szeto et al. 2014), which optimizes the system performance
measures of the road networks by determining the optimal capacity expansions (i.e., the
additional capacities added to existing roads and/or the capacities of new roads) and the
flow pattern (i.e., the traffic flow distribution in the road network). Some of these NDPs
are also known as user equilibrium network design problems (UE-NDPs) because they
capture the selfish routing behavior of travelers, which means that the flow pattern must
satisfy the user equilibrium (UE) constraints. These NDPs also have one common
feature—they assume that the travel demands and link capacities are deterministic.

In reality, there are uncertainties in the travel demands and road supplies due to
day-to-day travel demand fluctuation, special events, bad weather, road accidents, road
construction activities, etc. The demand and supply uncertainties lead to system travel
time and path travel time variations, which cannot be ignored by the system manager and
travelers. The reliability-based user equilibrium network design problems (RUE-NDPs)
are developed based on the deterministic UE-NDPs by considering demand uncertainty
and/or supply uncertainty. Chen et al. (2011) conducted a detailed review of the family of
RUE-NDPs (Chootinan et al. 2005; Chen et al. 2007; Ng and Waller 2009; Sumalee et al.
2009; Yin et al. 2009; Chow and Regan 2011; Szeto and Wang 2016). Most existing
studies focus on the modeling, solution methods, and applications of the capacity
expansion RUE-NDPs. However, the PoA for the capacity expansion RUE-NDPs, which
IS an important indicator for evaluating how much the design objective function value
exceeds its theoretical minimum value when travelers chose routes selfishly, has rarely
been studied.

Szeto and Wang (2015) proposed the PoA for a capacity expansion RUE-NDP. Their
study was the first attempt in the literature to examine the inefficiency of transport NDPs
with capacity expansions. Szeto and Wang (2015) illustrated that the PoA for their
proposed RUE-NDP reveals how much the system performance measure may exceed its
corresponding theoretical minimum value due to the inefficient allocation of system
resources (i.e., capacity expansions) and traffic flow, the latter of which is caused by the
selfish routing behavior of travelers. They proved that the POA has an upper bound,
indicating that the inefficiency of the resource allocation of the network design is
bounded above. The study of Szeto and Wang (2015) is far from complete. Firstly, they
only considered one member of the capacity expansion RUE-NDP family. Their proposed
PoA may not reflect the inefficiencies of resource allocations of the other RUE-NDPs that
have different design objectives, decision variables, and constraints. Secondly, their study
implicitly assumed that the RUE flow pattern is unique given the capacity expansions.
Thirdly, most RUE-NDPs assume that the project cost does not exceed the available
budget. However, the project cost can also be fully recovered by charging congestion
tolls upon the travelers (Yang and Meng 2002; Lo and Szeto 2009). For RUE-NDPs that
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consider toll charges, the PoAs proposed by Szeto and Wang (2015) are not suitable.
Thus, a general definition of the PoA for capacity expansion RUE-NDPs is required.

This study expresses the family of capacity expansion RUE-NDPs in a generalized
model formulation and proposes a general definition of the PoA for the capacity
expansion RUE-NDPs. This study then considers a specific problem, which is a capacity
expansion RUE-NDP under cost-recovery that considers supply uncertainty and road tolls.
The problem is formulated as a min-max problem. The min-level problem aims to
minimize the largest total system travel cost budget (TSTCB) plus the project cost. The
TSTCB is a variant of the total system travel time budget and consists of the monetary
cost of mean total system travel time and an extra cost associated with system travel time
reliability. The max-level problem aims to determine the worst-case flow pattern that
gives the largest TSTCB plus the project cost. The self-routing behavior and risk attitudes
of travelers are captured by the reliability-based user equilibrium (RUE) constraints. In
addition, travelers are charged with congestion tolls, which are used to recover the project
cost. To guarantee that the project is self-financing or even profitable, a cost recovery
constraint is incorporated. Based on the proposed model, this study proposes a novel
approach to derive the analytical formula for an upper bound of the PoA.

The contributions of this study are as follows:

e We propose a general definition of the PoA for capacity expansion RUE-NDPs to
measure the inefficiency of the reliability-based transport NDPs with capacity
expansion and cost recovery;

e We propose a new NDP, namely capacity expansion RUE-NDP under cost
recovery, in which the project cost is fully recovered by charging travelers with
congestion tolls. It is formulated by a min-max approach; and

e It derives an analytical bound of the PoA of the proposed capacity expansion
RUE-NDP under cost recovery.

The key findings regarding the upper bound of the PoA for the proposed RUE-NDP

include the following:

e The upper bound depends on the travel time variations, the value of travel time,
the value of reliability for system travel time, and the value of reliability for path
travel time;

e The upper bound is independent of travel time functions, demands, and network
topology; and

e The upper bound equals one if there are no travel time variations or/and the
system manager and travelers are both risk-neutral, indicating that the PoA also
equals one.

This paper is organized as follows. In Section 2, we express the family of capacity
expansion RUE-NDPs in a generalized model formulation and propose a general
definition of the PoA for the capacity expansion RUE-NDPs. In Section 3, we describe
our new problem. In Section 4, we examine the PoA for the studied problem and evaluate
its upper bound. In Section 5, we provide a concluding remark and discuss the future
research directions.
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2 PoA for the capacity expansion RUE-NDPs

Consider a road network with topology G(N,A), in which N

is a finite set of

nodes and A s a finite set of directed links. The nodes represent existing or candidate
intersections. The directed links represent roads whose existing capacities are to be
expanded or whose capacities are to be determined. The network has multiple
origin-destination (O-D) pairs that define where the travelers are from and where they
head to. Each O-D pair is associated with its travel demand, which is the number of
travelers between the origin and the destination per hour.

For the clarity of the presentation, the main notations are defined and introduced in

Table 1.

Table 1. Notations

R The set of real numbers
R, The set of positive real numbers
RS The set of O-D pairs in the road network
The set of all possible paths connecting different O-D pairs in the road
P network; its size is denoted by meR,
P, The set of all possible paths connecting O-D pair rs, rseRS
d The positive travel demand or mean travel demand between O-D pair
* rs e RS
q The vector of travel demands/mean travel demands between all O-D pairs
(dl’S)rseRS
5 The link-path incidence indicator, which equals one if link ae A is on
P path p e P, and equals zero otherwise
f, The non-negative flow or mean flow on path peP
f The vector of path flows or mean path flows ( f, )p .
The set of feasible path flow patterns that satisfy the path-flow demand
conservation constraints and non-negativity constraints:
Qf
Q, ={f > f,=d, VrseRS; f, >0,Vpe P}
pePs
v, The non-negative flow or mean flow on link ae A
The vector of link flows or mean link flows in the road network (v,). ,
v(f) - _ a _
with v, —p; f.ol, vacA, f '(fp)pep cQ,
y The design variable, which is the capacity of a new link ae A or the link
2 capacity expansion of an existing link ae A
u, The upper bound of y,, ac A
o The set of feasible link capacities or link capacity expansions:

Q, ={ylo<y, <u,,VaeA}




O©CO~NOOOTA~AWNPE

The vector of the capacities of new links or link capacity expansions of
existing links (vy,)_,

The mean link travel time function of link ae A in terms of its link flow
and link capacity (expansion)

t The vector of mean link travel time functions (t, ), _,

The covariance matrix, which contains all the link travel time variances and
link travel time covariances

ta (Va ’ ya)

2.1 Generalized model formulation of capacity expansion RUE-NDPs
The capacity expansion RUE-NDPs have various input information known as the

design instances. A design instance is described by the general form (G,d,t,@), in

which d and t are defined in Table 1, and & stands for any additional and essential
information related to the RUE-NDP. @ can be a scalar, a vector, or a set of vectors. For
example, & may include the project budget and the travel time variation related
information.

A capacity expansion RUE-NDP is formulated as a bi-level mathematical
optimization problem with decision variables, constraints, and an objective function.

The decision variables include the vector of capacity expansions (i.e., y). The

capacity expansions include the additional capacities added to existing roads and/or the
capacities of new roads. Other decision variables include the path flow pattern f. Note
that the link flow pattern v(f) is dependent on the path flow pattern f . Thus, the link
flows are dependent variables. In an RUE-NDP, y and/or f may be random variables.
The decision variables in the RUE-NDP are commonly the mean capacity expansions and
mean link flows. In addition, in some NDPs (e.g., Szeto and Lo 2005, Lo and Szeto 2009),
the travelers are charged with road tolls. The link tolls are commonly dependent variables
whose values depend on the link flows. For convenience, we denote any auxiliary
decision variables as a vector w whose feasible set is described by a non-empty set
X, -

The constraints of a capacity expansion RUE-NDP include the feasibility constraints,
i.e., the path flow-demand conservation constraints, the link-path flow conservation
constraints, the non-negativity constraints of path flows and capacity expansions, and the
feasibility constraints of the auxiliary decision variables. These constraints are implicitly
captured by the non-empty sets Q,, Q , X, and the definition of v(f). Specifically,

the constraint set Q, restricts which links can have capacity changed and which new

links can be added, and hence any strategy would be embodied in this constraint set and
in other additional constraints. Most importantly, the RUE-NDP incorporates a set of
non-linear inequalities and equalities known as the RUE constraints. The constraints
capture the self-routing behavior of travelers or the risk attitudes of travelers. Apart from
the feasibility constraints and the RUE constraints, the RUE-NDP might also have other
related constraints, such as the budget constraint, which guarantees that the project cost is
not larger than the project budget. If travelers are charged with road tolls, the budget
constraint can be replaced by the cost recovery constraint (Lo and Szeto 2009), which
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guarantees that the project cost is not larger than the total toll revenue collected from the
travelers.

The system performance measures of the road network include the consumer surplus
(YYang 1997), the reserve capacity (Yang and Bell 1998), the total vehicle miles (Friesz et
al. 1993), the sum of total system travel time and construction cost (Chiou 2005), and the
total system travel time/cost (Meng and Yang 2002). The objective function of an
RUE-NDP includes the mean system performance measure (Chow and Regan 2011), the
sum of the mean and (weighted) variance/standard deviation of the system performance
measure (Ng and Waller 2009; Sumalee et al. 2009; Szeto and Wang 2016), and the
worst-case value of the system performance measure (Yin et al. 2009). The objective
function of the RUE-NDP is commonly a continuous function in terms of the decision
variables, denoted as Z(:). In this study, we assume that the objective function value is

dependent on the link flow pattern (or path flow pattern) and the capacity expansions, and
is independent of the auxiliary decision variables.

For most existing capacity expansion RUE-NDPs, the objective is to minimize the
objective function. However, such a design objective is optimistic when there are
multiple link flow patterns for a given y (e.g., Liu et al., 2017). In fact, Wang and Szeto

(2018) proved that the RUE link flow pattern is unique when two conditions hold: 1) the
path travel costs are monotone in terms of path flows; 2) the link travel cost is a bijective
function of link flow. If the RUE link flow pattern is non-unique, the actual RUE flow
pattern after the implementation of the capacity expansions may be different from the
design RUE flow pattern, yielding a worse system performance than what the system
manager expected. To deal with this practical issue, we consider that the system manager
(or a risk-averse system manager) aims to minimize the worst possible value of the
objective function over vy, i.e., minimizing the maximum value of the objective function

over y.

Based on the above, we express the capacity expansion RUE-NDPs as the following
general non-linear constrained optimization problem:

myin max Z(v(f),y), (1)
subject to the RUE constraints:
g;(v(f),y,w)<0, i=12..,meR", (2
g;(v(f),y,w)=0, i=12.,meR"; (3)
the feasibility constraints:
feQ, yeQ,, (4)
we X,; (5)

and other relevant sets of constraints (e.g., budget constraints or cost recovery
constraints):
h(v(f),y,w)<0,i=12..,neR_, (6)

where @., g;,,and h areall functions of v(f), y,and w. Inconstraints (2) and (6),

m is the total number of paths and n is the total number of additional constraints.

6
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If the objective function Z(v(f),y) is continuous, the set described by constraints
(4), (5), and (6) is non-empty, and an RUE link flow pattern exists and satisfies the
equilibrium constraints (2)-(3), then the optimization problem (1)-(6) has at least one
optimal solution, denoted as (V(f),y,W). For any y, if the RUE link flow pattern is
unique, the problem (1)-(6) is equivalent to nfuyn Z(v(f),y) subjectto (2)-(6).

Remark. The generalized model formulation (1)-(6) can also be used to express the
UE-NDPs, because the UE-NDPs are special cases of RUE-NDPs in which the travel
time variations are zero and/or the travelers and the system manager are both risk-neutral.

2.2 General definition of the PoA for capacity expansion RUE-NDPs

Firstly, to show the rationality of defining the PoA for capacity expansion
RUE-NDPs, we quote the statement of Roughgarden (2005): “The price of anarchy can
be defined much more generally; indeed, the concept makes sense for every application
possessing an objective function and a notion of equilibrium”.

Secondly, we identify the theoretical minimum objective function value when all the
travelers willingly choose paths to minimize the objective function value. The minimum
objective function value is obtained by minimizing Z(v(f),y) subject to the feasibility
constraints (4), (5) and (6). The problem is referred to as a capacity expansion
Reliability-based System Optimum NDP (RSO-NDP) and it is expressed as the following
general non-linear minimization problem:

min_ Z(v(F).y). ™

The solution which yields the minimum objective function value is called the system
optimal solution, and we denote itas (v (f’),y",w"). To differentiate the system optimal

solution and the optimal solution to the RUE-NDP (i.e., (V(f),¥,W)), we call the latter

the equilibrium solution.

Conceptually, the PoA is the worst-possible ratio between the objective function
value of an equilibrium solution and that of a system optimal solution. A formal
mathematical definition is given as follows.

Given an instance (G,d,t,8) admitting a system optimal solution (v'(f"),y",w")
and an equilibrium solution (¥(f),¥,W), the PoA of (G,d,t,0) is

p(G,d,t,0)=2Z(v(),9)/Z(v'(F).y"). (8)

Denote the set of design instances that have some common features as |, e.g., the
set of instances whose travel time functions are all Bureau of Public Road type link
performance functions. The PoA of | is

p(l1)= sup p(G,dt,9). 9)

(G,d,t,&)el
Remark. The mathematical definition of the POA may take different forms. For example,
the pioneer study (Roughgarden 2005) included the two terms (G,d,t,e) and 1 inthe
7
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definition of the PoA for the classical traffic assignment problem (see Definition 2.3.1 (a)
and (b) in his study), whereas some studies omitted them. In this study, we take the study
of Roughgarden (2005) as the reference and include the two terms in the definition of the
PoA for capacity expansion RUE-NDPs.

The PoA reflects the inefficiency of equilibrium solutions to the RUE-NDPs. The
inefficiency refers to two aspects, which are both caused by the selfish-routing behavior
of travelers: 1) the traffic flow distribution is not the best; and 2) the allocation of
resources (capacity expansion) is not the best. In practice, the PoA is an economic
evaluation index, based on which the system manager can quickly determine the relative
reduction of system performance induced by the selfish-routing behavior of travelers
brings to the transport network design. The PoA is a ratio and it is intuitively larger than
one. A smaller PoA value indicates that the efficiency loss is less, and vice versa.

The p(G,d,t,0) in (8) reflects the exact inefficiency of an equilibrium solution to

the RUE-NDP with instance (G,d,t,6). The p(1) in (9), on the other hand, reveals

the worst-case inefficiency of equilibrium solutions to the RUE-NDP with instances that
share some common feature.

The PoA for the capacity expansion RUE-NDPs proposed in this study differs from
the PoAs proposed by Szeto and Wang (2015). The PoAs proposed by Szeto and Wang
(2015) are defined for the RUE-NDP that must satisfy the following conditions: 1) the
lower level reliability-based user equilibrium flow patterns must be unique; 2) the
decision variables are merely link capacity additions; 3) the design objective functions
are total system travel time and total system travel time budget; 4) the RUE-NDP only
considers supply uncertainty; and 5) the reliability-based user equilibrium problem adopts
the travel time budget approach (Shao et al. 2006). The PoA proposed in our study, on the
other hand, is defined for RUE-NDPs that satisfy less restrictive conditions. Firstly, the
RUE-NDPs may have additional decision variables such as the road tolls. It allows the
system manager to evaluate the impacts of the additional decision variables on the
inefficiency of resource allocation. Secondly, apart from the classic system performance
measure, which is the cost of system travel time, the objective functions may also include
the cost of travel time reliability, environmental cost, construction cost, etc. It allows the
system manager to evaluate the inefficiency of resource allocation with respect to
different additional considerations such as travel time uncertainty, environmental impacts,
and project cost, etc. Thirdly, the RUE-NDPs may incorporate additional constraints (e.g.,
the cost recovery constraint), which allows the system manager to evaluate the
inefficiency of resource allocation when there are additional constraints to consider.
Fourthly, the RUE-NDP may consider demand uncertainty/supply uncertainty or both,
allowing the system manager to evaluate the inefficiency of resource allocation when the
demand and/or supply are random variables. Finally, the lower level RUE problem of the
RUE-NDPs may be formulated by other approaches. It allows the system manager to
consider different types of RUE problems such as the mean-excess travel time (Chen and
Zhou 2010) RUE problem, the stochastic dominance RUE problem (Wu and Nie 2011),
and the non-expected route choice problem (Ji et al. 2017), etc.

To further illustrate the POA in detail, we consider a specific problem proposed in the
following, which is a capacity expansion RUE-NDP under cost recovery. The problem

8
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determines the capacities of the new roads in a road network under supply uncertainty
and is formulated as a min-max problem. The travelers are charged with congestion tolls
after the road network is built and put into usage. The construction cost of the road
network is fully recovered from toll charges.

3 Reliability-based capacity expansion NDP under cost recovery: Min-max
formulation
3.1 Objective function
Consider that the system manager designs which roads are expanded and/or built.
Moreover, the manager considers the effect of supply uncertainty in the network design:
the actual link capacities may degrade from their design values (Szeto and Wang, 2015,
2016; Zhao et al., 2018) and the actual link free flow travel times may deviate from their
pre-assumed values derived from maximum allowed speeds (Szeto and Wang, 2015, 2016).
The demands and the link flows are deterministic. The travel time on a link ae A
(denoted by T, ) is thus modeled as a random variable.

From the system manager’s perspective, his/her primary design objective is to
minimize the total system travel time (TSTT). The TSTT equals the sum of the travel
times experienced by all travelers. Thus, the TSTT is a compound random variable. We

denote itas TSTT ,and itequals TSTT = T,v,.

acA

The expectation and standard deviation of the compound random variable TSTT
can be obtained by the following operations:

e[1STT ] =€ T |-Telmv,

acA acA

a[ﬁ} = J|:2Tava} =(Za v +> > vava,Cov[Ta,Ta,]jM.

acA acA acAa’'eAaza’

Commonly, the mean link travel time E[T,] of link ae A is predicted by its link

travel time function t,(v,,y,). We assume that t,(v,,y,) is a bijective function with

respect to its link flow given the link (additional) capacity. The link travel time function
Is monotone increasing and differentiable with respect to v, , and monotone decreasing

and differentiable with respect to y,. We also assume that the link travel time variance

o °[T,] and the travel time covariances Cov[T,,T,], a'cA, a'=a are finite. The

explicit functional forms of the travel time variances depend on the link travel time
functions and the assumed distributions of link free flow travel times and random link
capacities.

Szeto and Wang (2015, 2016) proposed the concept of total system travel time budget,
which simultaneously captures the mean and variation of TSTT, and is defined as:

Total system travel time budget = mean total system travel time + safety margin .
However, the system performance measure with a time unit is less preferable in practice
because the investment parties are more concerned with the project cost rather than the

TSTT itself. The system manager should consider the concerns of these parties. However,
9



O©CO~NOOOTA~AWNPE

the TSTT cannot be directly combined with the project cost. Similarly, the total system
travel time budget is also not a suitable indicator because it cannot be directly combined
with the project cost. Thus, a similar concept to the total system travel time budget— the
TSTCB—is proposed:

Total system travel cost budget = monetary value of mean total system travel time +

monetary value of system travel time reliability.

The monetary value of mean TSTT can be obtained by multiplying the mean TSTT

by a positive coefficient representing the value of time (VOT) for mean travel time:
monetary value of mean TSTT = VOT -mean TSTT,

in which the VOT is obtained by calibration using the survey data. The VOTs of road
networks in different areas (e.g., cities, country regions, or countries) are different.
Relevant studies on the VOT include the studies of Small and Yan (2001), Brownstone
and Small (2003), and Tilahun and Levinson (2009).

The VOR converts a measure of travel time reliability into the monetary value of
travel time reliability. The monetary value of travel time reliability can be obtained by

monetary value of travel time reliability = VOR -(measure of travel time reliability) .

The measures of travel time reliability include the difference between the 90" and
50" percentile travel time, the standard deviation of travel time, the difference between
the actual late arrival and the usual travel time, and the difference between the early/late
arrival time and the preferred arrival time. Given different measures of travel time
reliability, the VORs are different. In this study, the standard deviation of TSTT is
adopted as the measure of travel time reliability and used in the TSTCB.

Mathematically, the TSTCB is defined as follows:

TSTCB, . =R'Y_E[T,]v, +R° ol [Lvz2+Y > vv,Cov[T,,T,],

acA acA acAa'eAaza’

in which R' is the VOT for mean TSTT and R’ is the VOR for total system travel
time.
There are no references for R®. The report by Concas and Kolpakov (2009) only

summarized the VORs for path travel time obtained by different studies. Nevertheless,
the statistical methods used to calibrate the VOR for path travel time in that studies can

also be used to calibrate R°®. Similar to the fact that the VOR for path travel time is
dependent on the risk aversion of the travelers, R°® is related to the risk-aversion of the
system manager. A larger R°® indicates that the system manager is more risk averse, and
vice versa. The R® equals zero if the system manager is risk neutral or/and considers
that there is no monetary value in the reliability of TSTT.

As discussed before, apart from optimizing the system performance measure, the
project cost is also an important consideration for the system manager. To formulate it,
the annual cost of a link a< A, denoted as 1,(y,), is introduced:

,(y.))=x,Y,, k,>0, VaeA,
where the constant x, represents the annual cost per unit of (additional) capacity of link
a. The annual cost per unit of (additional) capacity of a link a< A (i.e., x,) captures two

10
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factors: the annualized construction cost per unit of (additional) capacity and the annual
maintenance cost per unit of (additional) capacity. The definition of 1_(y,) is based on

two assumptions: 1) There is a constant return to scale in road construction, and 2) the
maintenance/operation cost per unit of (additional) capacity is constant. The project cost
equals the annual overall costs associated with the construction and maintenance of the
road network, and we call it the investment cost (I1C), which is

IC(y) =D 1. (Ya)-

acA
From the system manager’s perspective, the design objective is to minimize the sum
of the TSTCB and IC, i.e.,
min TSTCB,, .. (v(f),y) +1C(y). (10)

yer,fle
Note that if IC is not considered, then the above optimization model belongs to the family
of mean-standard deviation models (e.g., Lo et al., 2006; Khani and Boyles, 2015; Wu,
2015).

3.2 RUE constraints with link marginal mean cost tolls

The travelers’ selfish-routing and risk-adverse behaviors are captured by the RUE
constraints. The RUE constraints are developed from Wardrop’s first principle (Wardrop
1952), which states that a traveler always chooses a path that minimizes his/her own
travel time. The travel time of a path equals the sum of the link travel times of all links on
that path. Because the link travel times are all random variables, the path travel time,
denotedas Q,, peP,isalsoarandom variable and expressed as

Q,=D.T.0;, VpeP.

acA

The mean path travel time E[Qp] denotedas q,,is q, = Zt

acA
When faced with travel time uncertainties, travelers often depart early and reserve
extra time for their trips to avoid late arrivals. The risk-averse behavior of travelers is
well known and many approaches extended from Wardrop’s principle have been
proposed to capture it. Among them, the path travel time budget (TTB) approach (Lo et al.
2006) is frequently adopted. The TTB approach assumes that each traveler selects a path
with the minimum path TTB. The TTB is commonly defined as the sum of the mean path
travel time and the weighted path travel time standard deviation.
Similar to the total system travel time budget, the path TTB also has a time unit. A
variant of the TTB is the path travel cost budget, which has a cost unit and is defined as
follows.

o,, VpeP.

a

Path travel cost budget = monetary value of mean path travel time +

monetary value of path travel time reliability.

Similar to the TSTCB, the monetary values of mean path travel time and path travel
time reliability can be obtained by the following operations:
monetary value of mean path travel time =VOT-q,, and

11
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monetary value of path travel time reliability = VOR - (measure of path travel time reliability),

in which the measure of path travel time reliability is the path travel time standard
deviation. Based on the above, the path travel cost budget b , VpeP is

bp :Rt.qp_l_Ru 'UI:QP]’

in which R'>0 isthe VOT for mean path travel time and R" >0 is the VOR for path
travel time.

The VOT for mean path travel time and the VOT for mean total system travel time
are consistent with each other, which are both R'. As the measure of path travel time
reliability is the path travel time standard deviation, the values for R" can be found in
the study of Concas and Kolpakov (2009).

It is assumed that all travelers are charged with congestion tolls because congestion
toll charging has been adopting to mitigate congestion and improve system performance
in reality. For a road network without uncertainties, link marginal cost tolling is one of
the well-known tolling strategies for driving a UE flow pattern towards a flow pattern
that yields a better system performance (Yang and Meng, 2002), and it is defined as the
product of the link flow and the first-order derivative of the link travel time function with
respect to the link flow, assuming that the value of time is one. For a road under supply
uncertainty, however, because of the travel time variations, it is unclear whether charging
the corresponding link marginal cost tolls will lead to an improvement in TSTCB. It only
improves the mean TSTT. Nevertheless, this study assumes that the system manager
adopts the link marginal cost tolls called link marginal mean cost tolls in a road network
under supply uncertainty. The link marginal mean cost toll on link a is denoted by z,

and defined by
r, =R'v, -dt,(v,,y,)/dv,, VaeA.

For a traveler, the generalized path travel cost budget, denoted by Bp , VpeP,is
b, =b, +> 87, (v,,Y,) -

acA

It is assumed that the travelers acquire the expectations and variabilities of path
travel times, the VOT for path travel time, the VOR for path travel time standard
deviation, and the link marginal mean cost tolls based on their experiences and factor this
piece of information into their route choice considerations in the form of a generalized
path travel cost budget. All travelers select routes to minimize their generalized path
travel cost budgets. The long-term equilibrium is reached only if the generalized path
travel cost budgets of all used routes are not higher than those of unused routes. The RUE

flow path pattern V= = (%) _, and the corresponding link flow pattern V== (f*“%)
must satisfy the following RUE constraints:

f O (6p (VRUE(f RUE),yRUE)—wrS) =0, VpeP,, VrseRS, (11)
b, (V5 (F%),y" ") —w,, >0, VpeP,, VrseRS, (12)
12
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where w,, is the minimum generalized path travel cost budget for O-D pair rseRS,

and y* is an optimal capacity solution to be determined. Denote w =(w,) .. and it
is the vector of auxiliary decision variables that must be non-negative, i.e.,
w>0. (13)

Denote the standard deviation of the path travel costas ¢,, peP. Unlike the mean
link travel times, the mathematical property of ¢, is not known until the explicit

formulation of link travel time standard deviations and travel time covariances are known.

Without the loss of generality, we assume that the mapping g=(gp)p . IS monotone

with respect to the path flow pattern f. Then, the path travel cost budgets are monotone
with respect to the path flows. In addition, the mean link travel times are bijective
functions of link flows. Following the proofs of Wang and Szeto (2018), the minimum
path travel cost budgets, the monetary values of mean link travel times, and the RUE link
flow pattern at equilibrium are unique. The RUE path flow pattern, on the other hand, is
non-unique.

The generalized path travel cost budget includes the link marginal mean cost tolls.
One of the purposes of charging link marginal mean cost tolls upon the travelers is to
recover the IC. To check whether the total toll revenue collected from travelers covers the
IC or not, the concept of the degree of cost recovery is introduced and defined in the next
section.

3.3 Cost recovery constraint
A notion, namely the degree of cost recovery, denoted by #_, is defined as

n.=("v)/(x"-y),
where x is the vector of the annual costs per unit of (additional) capacity defined in
Sub-section 3.1.
The ratio defined in the above has been mentioned and adopted by Szeto and Lo
(2008). The degree of cost recovery is an important indicator showing how profitable a
toll scheme is. The project is profitable if 7_is larger than one. The project is

cost-recovery if 7_ is larger than or equal to one. The project is self-financing if 7,
exactly equals one. If 7_ is smaller than one, the total revenue collected from travelers

cannot cover the IC, which means that the toll scheme z is not satisfactory from an
investment perspective.

To guarantee that at an optimal design, the IC is fully covered by the total toll
revenue collected from travelers, a cost recovery constraint is incorporated into the
design problem. That is, the degree of cost recovery must be larger than or equal to one:

n =1 (14)
3.4 Model formulation

One possible way to depict the capacity expansion RUE-NDP under cost recovery is

that it minimizes the objective function (i.e., (10)) subject to the RUE constraints (i.e.,

(11) and (12)), the cost recovery constraint (i.e., (14)), and the feasibility constraints of
13
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the decision variables. However, for a given y, there might be multiple RUE link flow
patterns that satisfy the RUE constraints. The objective (10) naturally selects the solution
that has the minimum objective function value. In practice, the actual RUE flow pattern
may deviate from the design (or optimistic) RUE flow pattern, leading to a worse system
performance than what the system manager expected. To avoid such issue, the risk-averse
system manager minimizes the objective function by selecting an optimal capacity
expansion vector and the corresponding worst-case RUE path flow pattern (i.e., the RUE
path flow that yields the largest objective function value). This is achieved by
formulating the design problem as a min-max optimization problem. In summary, the
capacity expansion RUE-NDP under cost recovery is formulated as

min max (TSTCBRi’RS (v(F),y)+1C(y)), (15)
subjectto (11), (12), (13), and (14).

The proposed problem is a bi-level optimization problem with equilibrium
constraints. The bi-level optimization problem refers to the min-max problem (15). The
first level (lower level) problem is to find the worst RUE path flow pattern and its
corresponding minimum generalized path travel cost budget vector that yield the
maximum objective function value for a given capacity expansion vector. The second
level (upper level) problem is to minimize the maximum objective function value by
selecting an optimal capacity expansion vector. The equilibrium constraints are presented
by the system of non-linear equalities and inequalities (11)-(12).

The objective function is continuous and differentiable in terms of link flows and link
capacities. The feasible solution set is non-empty and compact. Therefore, an optimal
solution to the bi-level optimization problem with equilibrium constraints, denoted as
(vRYE (FRY5), yRY%) |, must exist. Similar to other network design problems, the upper level

problem can be solved by many heuristics such as Genetic Algorithm. The lower level
problem can be solved by all-or-nothing assignment. It is well-known that optimal
solutions to a bi-level optimization problem may not be unique. However, the minima of
the objective function must be unique.

For the ease of presentation, we use Problem Q to refer to the proposed min-max
capacity expansion RUE-NDP under cost recovery. We examine the PoA of Problem Q in
the following section.

4 Analysis on the PoA
Problem Q is a member of the family of RUE-NDPs formulated in Sub-section 2.1.

The PoA for Problem Q, p(G,d,t,8), follows its definition in (8), where 6 is
(o,R,R°,R"), Z(v(f),y) is TSTCB, .(v(f),y)+IC(y), the equilibrium solution
(V(F),y) is (VRUE(FRUE),yRUE) . The system optimal solution, denoted by (v'(f),y"), is
obtained by solving the following RSO-NDP:

min (TSTCBR‘]RS(v(f),y)JrIC(y)). (16)

yeQ,, feQq
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The solution (v'(f"),y") must exist because of the following reasons: 1) the TSTCB and

the IC are continuous functions in terms of path flows and link capacities; 2) the solution
set is non-empty and compact. Because the objective function in (16) is non-convex, the

optimal solutions (v'(f"),y") are non-unique. Nevertheless, the minimum objective

function value must be unique.
We present a novel approach to deriving the analytical formulation of an upper

bound of p(G,d,t,0).

4.1 Properties of the equilibrium and system optimal solutions
Prior to the analysis of the properties, the following parameter is introduced. Denote
g as the maximum ratio between link travel time standard deviation and mean link

max

travel time, ie., &, =mag<(aa /t,). The parameter &, must exist because the link
ae

travel time standard deviations and the mean link travel times of all links are finite. The
value of ¢, can be theoretically derived or calibrated from travel time data.

Given y"%, we prove the following:
Property 1. Given y**=, let f”=(f" .. and V"(f") be the path flow pattern and the
corresponding link flow pattern that minimizes the sum of individual path travel cost
budgets. The ratio between the sum of individual path travel cost budgets of an RUE flow
pattern £ = (f*“%) _, and that of the flow pattern f” is bounded above:

> prUEb;*“E/Z frby <l+e,R'/R,

peP peP

peP

Where b;&UE — bp (VRUE (f RUE)’yRUE) and b;/ — bp (Vm(f m)’ yRUE) , Vp c P )
Proof. See Appendix C.

Property 2. Given y"%, let v"(f") be the corresponding link flow pattern of the path
flow pattern f” that minimizes the TSTCB. The ratio between the TSTCB of an RUE
link flow pattern v~“®(f*“%) and that of the flow pattern v”(f") is bounded above:

TSTCB, . (VA (F™F),y™%) /TSTCB,, . (V'(f"),y™F) < (1+ 60 R°/R) (14 £, R /R )2 .

R RS

Proof. See Appendix D.

Property 2 can be interpreted as follows: The inefficiency of the worst RUE flow
pattern given y"“® with respect to the system performance measure is bounded above.

Given Yy~ , we further prove the following:
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Property 3. Given y”, assume f and V(f) are the worst RUE path flow and link flow
patterns yielding the largest objective function value, respectively. The ratio between the
TSTCB of V(f) andthe TSTCBof v'(f") is bounded above:

2

TSTCB,, . (V(F),y") [TSTCB,, . (V'(f),y") < (L+ £, R /R ) (L1+ £, R* /R)
Proof. This is a direct result of Property 2 if 1) y®"® is replaced by y"; 2) v~ (f*"F)
is replaced by V(f);and 3) v"(f") isreplaced by v'(f").

Property 4. Given y", the ratio between the objective function value of V(f) defined in
Property 1 and that of v'(f") is bounded above:

(TSTCB, . (W(F),y) +IC(y)) / (TSTCB,, . (vV'(F).y) +IC(y))

< (14 £, R° /R (1+ £, R* /RY)

Proof. The following is true: Given three positive numbers g,, g,, and g,. If g, is
larger than or equal to g,, then (g,+9;)/(9,+9;)<09,/d,. Replacing g, with
TSTCB,, .. (V(F),y"), g, with TSTCB, _.(v'(f'),y"), g, with IC(y"), and using
Property 3, the result is obtained. m

4.2 Upper bound of the PoA and its properties

Based on Property 4, we prove that an upper bound of the PoA exists as shown
below.

Proposition 1. Given an instance (G,d,t,e), the price of anarchy p(G,d,t,0) is
bounded above:

P(6,0,1,0) = (1+£,, R /R (1+£,,R" /R') . (17)
Proof. The solution (V(f),y") is a feasible solution, but it may not be the equilibrium
solution because y  may not be y"™ . Thus, the objective function value of
(VRUE (FRUE), yRYE) s not larger than that of (V(T),y"), i.e.,

TSTCB, . (V™ (F%),y™ %) + IC(y"*) < TSTCB,, .. (V(F),y") +IC(y") .

Dividing both sides of the above inequality by the objective function value of
(V'(f"),y), the following inequality is obtained:
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TSTCB,, . (VRYE(FRYE), yRE Y+ IC (yRYF) y TSTCB,, (V(f),y)+IC(y)
TSTCB,, ..(V'(f"),y) +IC(y") ~ TSTCB,, . (V' (F),y)+IC(y") '
The left side of (18) is precisely the price of anarchy p(G,d,t,H). According to
Property 4, the right side of inequality (18) is not larger than
(1+ £puR°/RY) (14 gmaXR“/R‘)Z. It means that the left side of inequality (18), which is

(18)

p(G,d,t,0), is also bounded above by (1+¢,,R°/R")(1+ gmaXR“/Rt)z.-

The derived upper bound of the PoA is dependent on ¢, R', R", and R®,

which are the maximum ratio between link travel time standard deviation and mean link
travel time, the VOT, the VOR for path travel time, and the VOR for system travel time,
respectively. The sensitivities of the upper bound of the PoA with respect to these
parameters are addressed in the following.

Property 5. The upper bound of the PoA is increasing with respect to & RY,and R°.

max !

The upper bound of the PoA is decreasing with respectto R".

The following figures present the sensitivities of upper bounds of PoAs subject to

t
parameters ¢, R", R°,and R'.
t 3 __ o
. 20 R'=65 R =30 R°=30 R =65 &, =01 R =30
3 o 14
° S 10
S 10 2 08
3 3 06
g 05 o 04
=% 15
a, 2002
D =)
0.0 0.0
0 0.1 0.2 0.3 0.4 0.5 S 0051152253354455556 65 R"
R =65 &,.=01 R*=30 Emx=0.1 R*=30 R =30
1.4 2.5
e S
E: ’ .__‘__4__4__4._4-—4-—4-—"—*'_*'_"_H e 2.0
o 1.0 =
E 08 g 15
g 0.6 =
s Y 82 10
T 04 bt
St 0.2 g 05
0.0 P 0.0
0.005101520253.03.5404550556065R® 1.0 1.5 2.0 2.5 3.0 3.5 40 45 5.0 55 6.0 65 R

Figure 1. The upper bounds of PoAs given different parameter values

Property 6. The upper bound of the PoA for the capacity expansion RUE-NDP under cost
recovery is independent of network topology and travel demands.
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Property 7. The upper bound of the PoA for the capacity expansion RUE-NDP under cost
recovery is independent of travel time functions.

The proofs of Properties 5, 6, and 7 are straightforward and omitted.
In the following, we present an example to illustrate how to calculate the upper
bound of PoA given a design instance.

Example 1:
Design instance: Solution:
Link 1 u .
- R'=60 R*=23 R=23 E=204 3 =019

4, =2.0+05x /(y, +2)
Link 2 1, =2.2+03x, /(y, +3)
0, =0.2+0.01x,/(y, +2)
o, =0.1+0.03x, /(v, +3)

RE-247 oF=021

g7 =25 o7 =013

To get an upper bound of the PoA for this design instance, we need the parameters

R, R', R, and ¢, . &=021/247=0.08 and &, =0.13/250=0.05. Take
&...=0.08. We also have R'=6.0, R°=23,and R"=23. The upper bound of PoA

is  (1+&,R°/R)(1+,,R*/RY) =1.10.

In this example, the upper bound of PoA is independent of the network topology,

travel demands, and travel time functions, as indicated in Property 6 and Property 7.
Based on Proposition 1 and Property 5, the following proposition can be directly
concluded.

Proposition 2. Denote | as the set of instances in which each instance satisfies the
following conditions: 1) the maximum ratio between link travel time standard deviation
and mean link travel time does not exceed z__ ; 2) the VOR for path travel time does not

max !

exceed R": 3) the VOR for system travel time does not exceed R°: and 4) the VOT is
not less than R'. The price of anarchy of | is bounded above:

p(1)<(1+2,,R°/R")(1+5,R"/R")

2

(19)

Remark 1. The existence of an upper bound indicates that both p(G,d,t,0) and p(l)
for Problem Q are not trivial notions (i.e., the POA is meaningless if it is unbounded).

18



O©CO~NOOOTA~AWNPE

Remark 2. The upper bound of the PoA equals one under either of the two conditions: 1)
there is no supply uncertainty (i.e., &, = 0); 2) there are no monetary values in the

reliabilities of system travel time and path travel time (i.e., R® =R" =0). The reason is
that link marginal mean cost tolls are equivalent to link marginal cost tolls when there is
no uncertainty, and charging the link marginal cost tolls drives the travelers to choose
paths to minimize the TSTT. In Sub-section 2.2, it is discussed that the PoA for an
instance set is intuitively larger than or equal to one. Together with the fact that the upper
bound of the PoA is equal to one under either of the conditions, the POA must equal one.
Then, the upper bound of the PoA is equal to the PoA itself.

4.3 Discussions on the upper bound of the PoA
4.3.1 Application of the upper bound
The upper bound of the PoA carries different implications from those of

p(G,d,t,0) and p(1). As mentioned in Sub-section 2.2, p(G,d,t,8) reflects the
exact inefficiency of the equilibrium solution given an instance (G,d,t,6) and p(1)

reflects the exact worst-case inefficiency of the equilibrium solutions given a group of
instances. The p(G,d,t,#) and p(1) are valuable economic evaluation indexes. The

upper bound of the PoA, on the other hand, is a quick estimate of p(G,d,t,8) or p(l).

Furthermore, computing the upper bound of the PoA only requires the values of a few
parameters, which is an advantage when available information is limited. For example,

computing p(G,d,t,@) requires the information of G, d, t, and &, where @

refers to the information related to link (additional) capacity and link free flow travel time
variations. Acquiring this piece of information can be time and resource consuming. On

the other hand, computing the upper bound of p(G,d,t,d) only requires the

information of ¢__, R', R",and R®, which can be acquired more easily. The system

manager or other analysts can quickly and easily estimate the inefficiency of the
equilibrium solution and decide if necessary measures are needed to deal with the
selfish-routing behavior of travelers.

4.3.2 Comparison with existing studies

We proceed to compare the properties of the upper bound of the PoA for Problem Q
to those of the upper bound of the PoA for the RUE-NDP proposed by Szeto and Wang
(2015). Property 6 is consistent with the result of Szeto and Wang (2015).

Property 7, however, differs from the result of Szeto and Wang (2015), which
indicates that the upper bound of the PoA is dependent on the highest degree of the mean
link travel time functions. An implication of Property 7 is that the system manager does
not need to acquire the information regarding travel time functions to calculate an upper
bound of the PoA. Property 7 also implies that the derived upper bound is a bound of the
PoAs for design instances in which the travel time functions can take any forms as long
as they are differentiable and monotone increasing with respect to the link flows. The
upper bound of the PoA proposed by Szeto and Wang (2015), on the other hand, can only
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bound the PoAs for design instances in which the travel time functions must be
polynomial functions.

In the following, we explain why our proposed upper bound of the PoA has Property
7 and the upper bound of the PoA proposed by Szeto and Wang (2015) does not have.
Szeto and Wang (2015) assumed specifically that the mean link travel time functions
must be polynomial functions with respect to link flows. Our study only assumes that the
mean link travel time functions are monotone increasing and differentiable functions with
respect to link flows. Szeto and Wang (2015) used the mathematical properties of
polynomial mean link travel time functions to derive an upper bound of the inefficiency
of the RUE flow pattern, which is dependent on the highest degree of the mean link travel
time functions. In our study, because the travelers are charged with link marginal mean
cost tolls, we can derive an upper bound of the inefficiency of the worst RUE flow
pattern given an optimal capacity expansion vector without knowing the explicit
expressions of the mean link travel time functions. Thus, the upper bound of the PoA
proposed by Szeto and Wang (2015) is dependent on the link travel time functions
whereas ours is not.

5 Conclusion

The study proposed a general definition of the PoA for capacity expansion
RUE-NDPs with the following features: 1) the objective function can include total system
travel time, travel time reliability, construction cost, environmental cost, and other system
performance measures; 2) auxiliary decision variables can be included as long as they do
not affect the value of the objective function; 3) the lower level problem can be any type
of RUE problems; and 4) additional constraints are incorporated.

This study proposed a capacity expansion RUE-NDP under cost recovery that
considers supply uncertainty. The link marginal mean cost tolls are charged upon the
travelers, and a cost recovery constraint is incorporated to guarantee that the degree of
cost recovery (proposed and defined in this study) is larger than or equal to one. The
problem is formulated as a min-max problem

A novel approach to deriving the analytical formula of an upper bound of the PoA is
presented. The upper bound is independent of travel time functions, demands, and
network topology. The upper bound is related to the travel time variations, the VORs for
system travel time and path travel time, and the VOT. The upper bound is a quick
estimate of the PoA value when limited information is available.
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Appendix A. Lemma 1 and its proof
Lemma 1. For any link flow pattern v'=(v,),_,, the following inequality holds:

(R (VF, Y)Y + 7, (V5 yE%) - Rt (vi, yE°) v,
a<€AZ:T (VRUE yRUE)'VRUE (A1)

acA

RUE
a

where v RUE (FRVE

and y~™® denote the entries of v ) and y*Y%, respectively.
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Proof. For an individual link a e A, consider the following maximization problem:
min Z.(x,)=R"' (ta (VEVE, yRUE) + VR dt, (VEUE, yRUE) fdv, —t, (X, yRUE))xa :

a

The first order derivative of Z_(x,) with respectto x, is

dZ,(x,)/dx, =

R (ta (VR yRUEY VRt (VRYE yRURY fdv, —t, (., YRUR) - x,dt, (x,, YRUF) /dv, )

Because of the properties of the link travel time function and the marginal link cost
toll function, the following hold: dZ,(x,)/dx, >0 for 0<x, <vi“%; dZ, (x,)/dx, =0
for x, =vf, and dZ_(x,)/dx, <0 for x, >vi%*. The objective function Z_(x.) is

strictly increasing on [O,VEUE] and strictly decreasing on (vf“E

zero, dZ,(x,)/dx,=0 at x,=0 and dZ,(x,)/dx,<0 for x,>0. The function
Z,(x,) is strictly decreasing on [0,+0). The global maximum point X, of the

,+oo). If viY* equals

objective function exists and is unique, and satisfies the condition: dZ,(x.)/dx, =0, i.e.,

* RUE
X, =V, .
Substituting the global maximum point X into the objective function Z_(x,), the
maxima of the objective function is

Z,(x) = R (1, (vi%, yi™) +vi et (%, %) fav, —t, (v, yio) )i

— Rt VRUEVRUE dt (VRUE yRUE)/dV =7 (VRUE yRUE)_VRUE
Thus, given a feasible link flow v, the following inequality holds:
Z,(v) = R (t, (V% yiU%) + ViR dit, (VVF, yE°) fav, —t, (v, Y5%) Vs

a

_ (Rtta (V:UE1 y:UE) +7, (VRUE, y:UE) _ Rtta (V;, y:UE))V; (A.2)

a
RUE RUE RUE
St(vy LY. ) v,

Condition (A.2) holds for any individual link in the road network. Summing up condition
(A.2) over all links on a path, the result (A.1) in the lemma is obtained. m

Appendix B. Upper bounds of TSTCB and sum of individual path travel cost
budgets

Based on the formula relating the path and link travel time standard deviation, the
path travel time standard deviation is smaller than or equal to the sum of link travel time
standard ~deviations of links on that path, ie, ¢, 32035;‘ . Similarly,

aeA

we have ¢, <> ¢ . t.00

max -a% p

a[ﬁ}sz%va. According to the definition of ¢,

acA acA

and a[ﬁ} < EnataVs -

acA
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Because G[ﬁ}ﬁzgmaxtava, it can easily be proved that the TSTCB has an

acA

upper bound, which is the mean TSTT multiplied by a number:

TSTCB,, . (V(F),Y) <(R'+ £, R°) 2t (Ve ¥a) -V, - (B.1)
Y acA
Similar to the sum of individual path travel cost budgets, we have
> b, (v(F)Y) < (R + £, RY) Dt (Y, Vo) Vs (B.2)
peP acA
Note that D" f b (V(f),y) =R D t,(v,,¥,) -V, +R*D f 5.
peP acA peP

Appendix C. Proof of Property 1

Proof. Assume V"(f")=(v)),.. is the link flow pattern of the path flow pattern
" =(f))
and ¢ be the path travel time standard deviations of
A A (e As) IR AES A (% V) IR it A (At ) IR U (U Vs I
qR = THREST, qr =St bR bR+ Y eSS and By =bl+ Y et

a-p!?
acA acA acA acA
Because ff“® is the RUE path flow pattern, the following inequality holds:
Z(fp'"— pr”E)BpR“E >0 (for details, see the solution method in Sub-section 2.7 in the

peP

study of Szeto and Wang 2016), which is equivalent to > b™=f " <> b™fr.
peP peP

Subtracting Zb’”f’” from both sides of the above inequality, we obtain

peP

ZbRUE f RUE Zb”’ fr< (B;*UE —6,')”) f.", which can be rewritten as

peP peP peP

ZbRUE f RUE +Z<ZaeA aRUEé‘a) f RUE zbmf m_ Z(Za . :UE§a) fr;"S

peP

(0 ) R0 -) 0 (- )

peP peP

o.p that minimizes the sum of individual path travel cost budgets. Let ¢ ™

fRf® and ", respectively. Let

RUE RUE

or

Z bRUE f RUE Z bmf "

peP peP
S|:Rt2( RUE m)fm"'Z(ZaA :UEé‘a)fﬂr Z(ZaA :UEéa)fRUE:| (Cl)
peP peP peP
+RY Z(gEUE gm) £
peP
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For the term in the square bracket on the right side of (C.1), we have:

Z( RUE w) f =R Z( RUE m) V" ' Z(z RUEé‘a) .I:m Z RUE mo and

peP peP acA

Z(Z RUE&"") fXUE=> rXUFvi%E . Thus, the term in the square bracket in (C.1) can be

acA Ta a
peP acA

expressed in terms of link-based variables:

{ Z( RUE m) fp’”+2(23 X ;ZUEé-a) fm Z(ZaeA :UE5a) f RUE
peP

peP (CZ)
Z(R t:UE _ Rttgl_l_ T;UE )V;f/_zz_:UEVaRUEl

acA acA

According to Lemma 1 in Appendix A, the first term on the right side of inequality
(C.2) is smaller than or equal to > zZ°*vV® . Thus, the right side of (C.2) is smaller than

acA

or equal to zero. Because the term in the square bracket in (C.1) is smaller than or equal
to zero, the left side of (C.1) is smaller than or equal to the second term on the right side
of (C.1):

z bRUE .I: RUE z bg/ F;”S 0+ Ru Z(gSUE gm) f m (CB)

peP peP
It is assumed that the mapping g:(gp)\m . IS monotone in terms of path flow f.

Thus, the following holds:
RY Z( "— g )(£5F — ) <0, or equivalently,

RY ngf RUE +RY Z( RUE _ m) f[;’lg Ruzg;{UE prUE .

peP peP peP

Eliminating the non-negative term R“> ¢vff from the above inequality, the
peP
inequality still holds, i.e.,
RY z( RUE m)fm< RY ZgRUE f RUE (C.4)
peP peP
Based on inequalities (C.3) and (C.4), the following is true:
ZbEUE prUE _ Z bmfpmg Ru ZgEUE prUE . (C5)
peP peP peP

Based on (B.2), the following inequality holds:

> b, g(Rt +e,, ) [Z fb, =R f, ng, or equivalently,

peP peP peP

R”pr'gpﬁ( R' + jzfpbp

peP peP
Based on the above, the following inequallty holds.
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RngRUE f RUE <(Ru max/( +RY )) bRUE prUE .

peP peP
The right side of the above inequality is an upper bound of the right side of (C.5) and thus
is an upper bound of the left side of (C.5), which gives

szUE f RUE me m<(Ru max/(Rt " Rugmax ))ZbEUE prUE ’
peP

peP
which further gives

ZbRUEfRUE/Zbg'f;'s]/( ~ (R /(R*+ R0, )) ) = 14 (R" /R

peP
This completes the proof. m

Appendix D. Proof of Property 2

Proof. Assume V"(f")=(v;),_, is the link flow pattern of the path flow pattern

f" :(fg’)pep that minimizes the TSTCB given y"®.Let b’ =b_ (v"(f"),y"*).

By definition, the sum of individual path travel cost budgets is larger than or equal to
the monetary value of mean TSTT, i.e.,

t RUE, ,RUE RUE ¢ RUE
RO EVEVEVE < DRUEFRE

acA peP
Multiplying both sides of the above inequality by (1+ gmaXRS/R‘), the inequality
still holds. That is,
(R'+ £, R ) DtV < (146, R /RY) D 0SS £70E
acA peP
The left side of above inequality is an upper bound of the TSTCB according to (B.1)
in Appendix B. Thus, the right side of the above inequality is larger than or equal to

TSTCB ( RUE (f RUE)1yRUE) ’ i.e"
TSTCBRt’RS (VRUE (f RUE),yRUE) < (1+ gmaXRs/Rt ) z b:;{UE prUE )

peP

R',R®

(D.1)
Similarly, the following inequality holds:

(R'+ 600 RY) DtV < (14 £,,,, R /RY)TSTCB, . (V"(F"), y").

acA

The left side of the above inequality is an upper bound of the sum of individual path
travel cost budgets according to (B.2) in Appendix B. Thus, the right side of the above

inequality is larger than or equal to Z by £, which further gives

peP

TSTCB,, . (v"(f"),y™) [Z b" f;’) /(1+gmaXR“ /RY). (D.2)

peP

Dividing the left side of (D.1) by the left side of (D.2), and dividing the right side of
(D.1) by the right side of (D.2), we obtain the following inequality:
27



O©CO~NOOOTA~AWNPE

( RUE (f RUE

RUE) zbSUE prUE

TSTCB,, . ),y
R, peP s t u ¢
'|'S'|'CBRIRS (V”(f”),yRUE) < Zb"f" (1+8maxR /R )(1+ SmaXR /R )(D3)

peP

In (D.3), > blf islargerthan > by'f, defined in Property 1, because > b”f"

peP peP peP
is the minimum sum of individual path travel cost budgets given y~“%. Thus,

Z bFF)(UE prUE/Z bg fF;r < Z bRUE f RUE /Z bmf m

peP peP peP peP
Together with Property 1, we obtain the following inequality:

szUE f RUE/ b” ”<1+gmaxRu/Rt- (D4)
peP

peP

Inequalities (D.3) and (D.4) indicate that the left side of (D.3) is smaller than or

equal to (1+&,,R°/R)(1+ gmaxR“/R‘)z. This completes the proof. m
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