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Abstract
We propose an arresting scheme for emulating the famous Faraday effect in ultracold atomic gases.
Inspired by the similarities between the light field and bosonic atoms, we represent the light
propagation in medium by the atomic transport in accompany of the laser-atom interaction. An
artificial magneto-optic Faraday effect (MOFE) is readily signaled by the spin imbalance of atoms,
with the setup of laser fields offering a high controllability for quantum manipulation. The present
scheme is really feasible and can be realized with existing experimental techniques of ultracold
atoms. It generalizes the crucial concept of the MOFE to ultracold atomic physics, and opens a new
way of quantum emulating and exploring the MOFE and associated intriguing physics.

1. Introduction

Emulation of quantum condensed-matter systems using ultracold atoms is an active area in the studies of
quantum simulations [1–4]. This is because ultracold atoms can provide a versatile platform with a series of
advantages: (i) the nontrivial interplay or external fields can be designed by the setup of the laser-atom
interaction that can bring novel physics [5, 6]. (ii) The high controllability of the synthetic interplay and
fields has promising applications such as exploring intriguing phase transitions [7–9] and critical
phenomena [10, 11]. (iii) The absence of the disorder effect or impurities makes the well-isolated system
ideally clean [12], and thereby facilitates the investigation for unraveling complex phenomena. Based on
these features, a variety of emulations using ultracold atoms have been successfully proposed in a broad
range of interesting topics, for instance the ferromagnetism [13], quantum Hall effect [14–17], atomtronic
circuit [18, 19] and its hysteresis [20], atom transistor [21], and optical solenoid associated with magnetic
flux [22].

In condensed-matter physics, the magneto-optic effect is a fundamental but broad concept in the
magnetic mediums. It has been known that the transverse conductivity plays a crucial role in the
magneto-optic effect [23], which can be introduced by the interplay of the band exchange splitting and
spin–orbit coupling in the magnetic medium [24]. When the light transmits from vacuum to the medium,
the presence of the transverse conductivity hybrids the two polarized components of the photons and
imposes a coherent phase to them during the light propagation. As the result, the polarized angle of the
reflected and forward scattered light fields deviates from the one of the incident light, respectively known as
the magneto-optic Kerr effect (MOKE) and Faraday effect (MOFE). In recent studies, the magneto-optic
effect can also arise by virtue of the topological Hall effect, in which the rotated polarized angle is related to
the topological invariant, known as the topological magneto-optic effect [25–27].

However, a great deal of experiment advances on the magneto-optic effect has constituted the focus of
major efforts to MOKE rather than MOFE. This is because the distinct measurement of MOFE has been
elusive so far in ordinary magnetic mediums. In MOKE, the rotation of the polarized angle, which is the
prominent feature of the magneto-optic effect, is affected by the medium boundary condition of the light
reflection. By starkly contrast in MOFE, it accumulates during the light propagation in mediums. For the
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Figure 1. (a) The experimental setup of the proposal: the light field is emulated via the atomic current between two reservoirs, in
which the polarization of the light is characterized by the atomic spin imbalance. The laser-atom interacting region (yellow) plays
the role of the medium in which the light can propagates. (b) Illustration of the atomic Λ-type transition: the two pseudospin
states of atoms are coupled via a third excited states |e〉 by means of two Raman lasers Ω1,2 (yellow arrows). The detuning of each
laser-atom interaction is denoted as Δ1,2.

sake of the photon absorption by the medium, MOFE is generally expected to be detected in ultra-thin
films. The magnitude of the rotated polarized angle thus dramatically drops in thinner films, and therefore
the salient signal of MOFE is challengingly attainable in real experiments. On the other hand as
mentioned, the emulation using ultracold atoms has advantages in realizing artificial physics system with
controllable manipulations. This motivates us to search a possible alternative routine for studying MOFE
via the emulation in the atomic gases, instead of the challenged detection in conventional solid-state
systems.

In this work, we propose such a proposal for emulating MOFE using ultracold atoms. The mechanism
for the synthetic MOFE relies on the light-atom interplay, which stands out from the conventional physics
picture and provides full controllability as well as detectable signals with existing techniques. The paper is
organized as follows. In section 2, we present the detailed model of the emulation. For simplicity we firstly
consider the model at resonance to extract the physics picture, and in section 3 without loss of generality,
the detuned case is investigated. In section 4, we address the relevant practical considerations and possible
implementation of the proposal. In section 5, we summarize the work.

2. Model

We consider the bosons with two internal levels that are denoted as pseudo-spins ↑ and ↓. In ultracold Bose
gases, the atomic cloud can be loaded into two reservoirs separated by a mesoscopic channel [28–31]. By
preparing the two reservoirs with a number imbalance, the atomic current can be observed through the
channel, and the hydrodynamics of the atomic cloud density is semi-classically refined by the equation
∂tn + v · ∇n = 0 [32]. The linear dispersion shares the similarity of the light propagation. Furthermore, in
Bose gases, specifically the Bose–Einstein condensate (BEC), the wave function of different pseudo-spins are
orthogonal, exhibiting the same property of the polarized components of the light. Therefore, the atomic
transport process inspires us to draw an analogy to the light field in terms of the bosonic cloud. Despite that
the atomic ensemble is totally different from the magnetic mediums, the phenomenal and intrinsic
similarities can reveal the fundamental physics at the macroscopic level, which is the focus of quantum
simulation.

The experimental setup is illustrated in figure 1(a). We suppose the atomic cloud is prepared in the BEC
phase. In the channel between the reservoirs, the atomic cloud can be approximately regarded as being
confined in the harmonic trap potential Vtrap(r) = 1

2 mωtrap(x2 + y2). In the section normal to the z
direction, the wave function of the ground state can be given by

ψ(r) = e−(x2+y2)/(2l20)/(πl20), (1)

where l0 =
√
�/(mωtrap) [33]. Along the z direction, the atomic cloud flows at a center-of-mass (COM)

velocity vcm.
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As the spin of atoms mimics the polarization of light, we implement counter-propagating lasers along
the x direction, which drives a Raman transition between the two spins via an auxiliary excited levels. In this
way, the artificial transverse conductivity can be equivalently generated by laser fields that couples different
spins, and the laser-atom interacting region will play the role of the ‘medium’. The transition is sketched in
figure 1(b). At low temperature, we assume the velocity fluctuation is much smaller than the laser field
strength. In the COM reference frame, such a Λ system is governed by the following Hamiltonian,

H = [Ω̂1(r)e−iω1t |e〉〈↑|+ Ω̂2(r)e−iω2t |e〉〈↓|+ H.c.] +
∑

λ=↑,↓,e

Γλ|λ〉〈λ|. (2)

Here |λ〉 with λ = ↑, ↓, e denote the spin-↑, ↓ and excited states, respectively. Γ↑,↓,e are their corresponding
level energies. Ω̂α=1,2(r) ≡ Mα(r)eikαx where Mα(r) characterizes the laser field mode followed with the
frequency ωα as well as the standing-wave vector kα. H.c. stands for the Hermitian conjugation. We can
assume the general form of the wave function for the three-level system as |ψ〉 =

∑
λcλ e−iΓλ/�|λ〉.

According to the Schrödinger equation i∂t|ψ〉 = H|ψ〉, the coefficient cλ satisfies the following equations,⎧⎪⎪⎨⎪⎪⎩
i�∂t c↑ = Ω̂∗

1(r)eiΔ1t/�ce

i�∂t c↓ = Ω̂∗
2(r)eiΔ2t/�ce

i�∂t ce = Ω̂1(r)e−iΔ1t/�c↑ + Ω̂2(r)e−iΔ2t/�c↓

. (3)

Here we have denoted the detuning as Δ1 = Γe − Γ↑ − �ω1 and Δ2 = Γe − Γ↓ − �ω2. For simplicity
without loss of generality, we normalize the atomic densities by the total atomic number of the condensate.
Thus the coefficient cλ obeys the constraint

∑
λ |cλ|2 = 1 due to the number conversation.

In order to give a simple physics picture for our proposal, we firstly consider the resonance condition
Δ1 = Δ2 = 0. The atoms are initially prepared to reside in the two spin states that host the lowest energy.
Due to spontaneous breaking the U(1) symmetry, the BEC hosts distinguished phases for each spins [34].
Thereby, the initial state of the spinful system can be assumed as the form |ψ0〉 = cos θ|↑〉+ sin θeiϕ|↓〉.
Here θ characterizes the number imbalance of spins, and ϕ describes the relative phase between the two
spins. The solution to equation (3) is then given as follows,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

c↑ = cos θ + F(r)
Ω̂1(r)

Ω̂R(r)
{cos[Ω̂R(r)t/�] − 1}

c↓ = sin θ eiϕ + F(r)
Ω̂2(r)

Ω̂R(r)
{cos[Ω̂R(r)t/�] − 1}

ce = −iF(r) sin[Ω̂R(r)t/�]

. (4)

Here the dimensionless function is written as F(r) = [Ω̂1(r) cos θ + Ω̂2(r)eiϕ sin θ + H.c.]/[2Ω̂R(r)].

Ω̂R(r) =
√
|Ω̂1(r)|2 + |Ω̂2(r)|2 is the Rabi frequency.

For simplicity, we postulate the laser modes M1,2(r) to be slowly varied along the x direction in the
atomic cloud. As the laser fields are applied along the x direction, the atomic transition driven by them
involves no momentum transfer in the z direction, and hence does not affect the atomic transport. In the
laboratory frame, the Rabi frequency can be approximately expanded as Ω̂R(rcm + r′) ≈ Ω̂R(rcm) + r′ · ∇
Ω̂R(rcm). Here the COM coordinate rcm = vcmtêz with êx,y,z being the unit vector. Since the laser fields are
spatially uniform along the trajectory direction, quantities that depend only on rcm can be regarded as
constants hereafter. We denote the gradient of the laser field as ∇Ω̂R(rcm) ≡ Aêx.

We remark that the gradient potential A can be attainable in practice, for instance by using Gaussian
beams whose center deviates from the atomic COM trajectory, or the tilted potential that is widely applied
in the technique of laser-assisted tunneling [14, 15].

In a steady transport case, the atomic current is incompressible along the trajectory direction. The
density per unit of length along the z direction can thus be obtained by nλ =

∫
|cλψ(r)|2dxdy, where the

spatial distribution ψ(r) has been given in equation (1). In particular, for spin-↑ atoms, it is expressed as

n↑ =

∫ {
[F(r)]2 |Ω̂1|2

2Ω̂2
R

[cos(2Ω̂Rt/�) − 4 cos(Ω̂Rt/�) + 3]

+ F(r)
Ω̂1 + Ω̂∗

1

Ω̂R

[cos(Ω̂Rt/�) + 1] cos θ + cos2 θ

}
|ψ(r)|2dx dy. (5)
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Figure 2. (a) and (b) The evolutions of atomic densities at resonance condition. We set θ = π/5 in (a) and π/3 in (b). Other
parameters are (Ω1,Ω2) = (3.0, 4.0)�ωtrap , and τ−1

c = 0.3ωtrap . The regions of the atomic cloud interacting with lasers are
highlighted in gray. (c) The polarized angles of the emulated light as functions of θ: φin (blue-solid line), φsc at
(Ω1,Ω2) = (1.0, 4.0)�ωtrap (red-dashed line), and φsc at (3.0, 4.0) (green-dash-dotted line).

We suppose the spatial scale of the atomic cloud is tremendously larger than the laser wavelengths, i.e.
k1l0, k2l0 � 1. By using the following mathematical relation,

1√
πc

∫ +∞

−∞
cos(ax + b)e−x2/cdx = cos(b)e−a2 c/4, (6)

the rapid spatial modulated terms such as cos(k1x) and cos(k2x + ϕ) in F(r) of equation (5) will be
averaged to exponentially vanish when integrating out the spatial coordinates. Then we have

n↑ = K2(t)Ω2
1 + K1(t)Ω2

1 cos2 θ + cos2 θ, (7)

where the time-dependent functions defined as

K1(t) =
1

Ω2
R

[cos(ΩRt/�)e−t2/τ2
c − 1], (8)

K2(t) =
F

2Ω2
R

[cos(2ΩRt/�)e−4t2/τ2
c − 4 cos(ΩRt/�)e−t2/τ2

c + 3], (9)

and F = (Ω2
1 cos2 θ +Ω2

2 sin2 θ)/(2Ω2
R). We have denoted Ω1,2 = M1,2(rcm) and ΩR = Ω̂R(rcm). The decay

time τ c is defined as
τc = 2�/(Al0). (10)

Likewise, the density evolutions of spin-↓ and excited-state atoms are obtained as

n↓ = K2(t)Ω2
2 + K1(t)Ω2

2 sin2 θ + sin2 θ, (11)

ne =
F
2

[1 − cos(2ΩRt/�)e−4t2/τ2
c ]. (12)

From equations (7), (11) and (12), one can see that in the presence of the laser field gradient A, the Rabi
oscillations are exponentially suppressed. Similar phenomena can be evidenced by experiments yet in a
two-level system [35]. The atomic cloud will evolve to a steady state in which the densities of spin ↑ and ↓
saturate to ⎧⎪⎪⎨⎪⎪⎩

n↑(t →∞) = cos2 θ − Ω2
1

Ω2
R

cos2 θ +
3F
2

|Ω1|2
Ω2

R

n↓(t →∞) = sin2 θ − Ω2
2

Ω2
R

sin2 θ +
3F
2

|Ω2|2
Ω2

R

. (13)

The dynamic evolutions are shown in figures 2(a) and (b) for different initial setups. For simplicity, we have
assumed the atomic cloud in motion enters the laser region at t = 0, and leaves it after the cloud fully
evolved to the steady state. It can be guaranteed by preparing the width of the laser region L > vcmτ c.

As we use the bosonic atoms to represent the light field, the polarized angle φ of the emulated light field
is defined by the atomic densities,

φ = tan−1[n↓(t)/n↑(t)], (14)

which is time dependent. In particular, the polarized angle of the incident light is expressed as
φin = tan−1( tan2 θ), while for the scattered light is calculated by φsc = tan−1[n↓(∞)/n↑(∞)] (cf
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Figure 3. (a) and (b) The evolutions of atomic densities with a detuning Δ = 13.0�ωtrap. We set θ = π/5 in (a) and π/3 in (b).
Other parameters are (Ω1,Ω2) = (3.0, 4.0)�ωtrap , and τ−1

c± = 0.3ωtrap . The regions of the atomic cloud interacting with lasers are
highlighted in gray. (c) The polarized angles of the emulated light as functions of θ: φin (blue-solid line), φsc at (Ω1,Ω2) =
(1.0, 4.0)�ωtrap (red-dashed line), and φsc at (3.0, 4.0) (green-dash-dotted line).

equation (13)). In Figure 2(c), we can see the polarized angle is changed after the light passes through the
emulated medium, exhibiting the manifest feature of MOFE. The signal of the artificial MOFE (i.e. the
rotated polarized angle) not only depends on the parameter θ of initial setups, but is also controllable by the
laser field strengths Ω1,2.

3. Detuned case

The resonance condition used in the above discussions will introduce the additional heating effect that are
frustrated to the practical experiments such as suppressing the lifetime of ultracold atoms [36]. However, we
remark that the resonance condition in the Λ system is not necessary, instead the proposal still works when
the laser-atom interaction is prepared with a detuning Δ1 = Δ2 = Δ �= 0. It has a crucial advantage that, at
the fully far detuned regime (i.e. Δ � |Ω̂1,2(r)|), the heating effect can prominently suppressed and thereby
facilitates the realization of the proposal.

At the detuned case, the evolutions of the atomic densities for spin ↑ and ↓ share the same forms of
equations (7) and (11), but the time-dependent functions are instead rewritten as (see appendix A)

K1(t) =
1

Ω+
R +Ω−

R

∑
α=±

cos(Ωα
Rt/�)e−t2/τ2

cα − 1

Ωα
R

, (15)

K2(t) =
∑
α=±

2F′

|Ωα
R|2

+
2F′

Ω+
R Ω

−
R

cos[(Ω+
R +Ω−

R )t/�]e−4t2/τ̃2
c

−
∑
α,α′

2F′

Ωα
RΩ

α′
R

cos(Ωα
Rt/�)e−t2/τ2

cα +
2F′

Ω+
R Ω

−
R

. (16)

Here the Rabi oscillations are split into two branches whose frequencies are expresses as

Ω̂±
R (r) = Δ/2 ±

√
|Ω̂1(r)|2 + |Ω̂2(r)|2 +Δ2/4. The dimensionless constant F′ = (Ω2

1 cos2 θ +Ω2
2

sin2 θ)/[2(Ω+
R +Ω−

R )2]. We have denoted Ω±
R = ±Ω̂±

R (rcm), A± = ±∇xΩ̂
±
R (rcm), τ c± = 2�/(A±l0), and

τ̃−1
c = τ−1

c+ + τ−1
c− . It is easy to demonstrated that K1,2(t) reduces to the form given in equations (8) and (9)

at resonance Δ = 0. The evolutions are plotted in figures 3(a) and (b). Likewise as in a similar way to the
resonance condition, the polarized angle of the incident light is shifted after passing through the medium,
as shown in figure 3(c).

We comment that the decay time τ c+ and τ c− are indeed identical. This is because the spatial
dependence of Ω̂±

R (r) originates from the laser field modes M1,2(r), and hence their gradients A± are equal
to each other. In comparison between figures 2(c) and 3(c), we find that the rotated polarized angles is
insensitive to the detuning Δ. This is because in the steady state, Δ only affects the Rabi frequencies Ω̂±

R (r),
which is nearly canceled out in the calculation using equation (14).
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4. Discussions

4.1. Non-condensed components
In general, the Bose gas is composed of not only the BEC component but also the non-condensed one. This
is is usually evidenced by the contrast of condensate densities in spatial and momentum spaces [37–39]. In
the plane normal to the trajectory direction, the spatial profile of the non-condensed wave function can be

given by ψnc(r) = e−(x2+y2)/(2l2nc)/(πl2nc) with lnc =
√

kBT/(mω2
trap) at temperature T. Similar to the results

of the BEC case, the laser field gradients can also lead to the exponential damping in the evolution of
atomic densities. However, the decay times are approximately estimated as τnc

c± = τc±l0/lnc instead. It implies
that the densities of the non-condensed component will evolve to the steady state faster at higher
temperature.

The presence of the non-condensed component does not alter the results or arguments obtained before.
This can be explained as follows. Outside the laser-atom interacting region, there is no coupling between
the two spins. The system of each spin reduces to the ideal Bose gas confined in a two-dimensional
harmonic trap potential. It can be demonstrated that (see appendix B), in a bosonic system composed of
Ntotal atoms, the atomic number of the non-condensed component Nnc is determined by
Nnc/Ntotal = (T/Tc)5/2 below Tc. Here Tc stands for the critical temperature for the phase transition that
BEC vanishes. We can find that Nnc depends only on the temperature T, and is proportional to the BEC
number: N0 = Ntotal − Nnc = [(Tc/T)5/2 − 1]Nnc. Therefore, the density ratio between opposite spins in
the non-condensed component is identical to the results obtained in BEC. It reveals the polarized angles of
the two components evolve in the same way, yet are damped in different decay time.

4.2. Interaction effect
The theoretical results obtained in the above sections are based on the single-particle properties. By
choosing proper atom samples, the intrinsic inter-atomic interaction originated from the van der Waals
potential can be weak and ignorable in the transport process. For example, it is known that the scattering
length of 88Sr atoms is approximately −2a0 with a0 being the Bohr radius [40, 41]. The use of 88Sr can
decrease the interaction effect close to zero, thereby the obtained results will maintain the accuracy. On the
other hand, we remark that the principal idea of an MOFE emulator in this proposal works as long as the
spin-imbalanced densities of the final state explicitly depends on the initial setup. Under weak interaction
like the contact one, the atom number and the spin imbalance are both conservative. For this sake, the
emulation and observation of MOFE obtained by atomic densities will be still valid when the single-particle
properties dominate the physics of the system.

4.3. Spontaneous emission effect
The excited state |e〉 is occupied even after the atoms evolve to the steady state (cf equation (4)). As the
atomic density of each spin respectively characterizes the amplitudes of the polarized light field, the
residence number ne can be used to represent the absorbance ratio of the the emulated medium. However,
the ubiquitous spontaneous emission of the atoms will lead the decay from the excited state |e〉 to the two
spin states that host the lower energy. In the Λ system of the proposal, there are two dressed states that are
mutually orthogonal: the bright one |ψB〉 = Ω1/ΩR|↑〉+Ω2/ΩR|↓〉 which is coupled to |e〉 through the
laser fields, and the dark one |ψD〉 = −Ω2/ΩR|↑〉+Ω1/ΩR|↓〉 which is decoupled from |e〉 and |ψB〉. For
the sake of the spontaneous emission, the atoms eventually evolve to the dark state |ψD〉. The dynamic
evolution is known as the coherent population trapping [42] and is widely applied in the laser cooling [43,
44]. The spin imbalance of the dark state, i.e. the polarized angle of the scattered light, is solely determined
by the laser field strength Ω1,2 and is independent from the polarized angle of the incident light. At this
time, the laser-atom region plays the role of a polarizer. It filters the light with a specific polarized angle
φ = tan−1(Ω2

1/Ω
2
2). Therefore, in order to realize an emulator of MOFE, the spontaneous emission effect

needs to be suppressed. In practice, it can be achieved by decreasing the population occupied in |e〉. By
comparing ne illustrated in figures 2 and 3, one can easily find that ne is nearly empty under the far
detuning condition, and thus the suppression on the spontaneous emission effect is anticipated in this case.
We note that besides the Λ-type transition, the use of a single optical field that directly couples
pseudo-spins may also work for the MOFE emulator, but provides less controllability.

4.4. Experimental implements
The proposal is readily realized via current techniques using ultracold atoms. Here we use 87Rb as the
example to estimate the feasibility of the proposal. We choose two hyperfine states of 5S1/2 as pseudo-spins.
The interaction effect can be suppressed by tuning Feshbach resonances. By setting ωtrap ≈ 2π × 200 Hz,
the condensate lengths are evaluated as l0 ≈ 0.76 μm and lnc ≈ 2.4 μm at temperature 100 nK. If we choose

6
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the laser field gradient as A ≈ 200 kHz mm−1, the decay time is obtained as τ c ≈ 2.1 ms and τnc
c ≈ 0.65 ms.

Noticing that the Rabi oscillations decay exponentially as e−t2/τ2
c , the system will evolve to the steady state

within shorter time than milliseconds. The Faraday rotation illustrated in figures 2(c) and 3(c) can be
detected by preparing the laser fields Ω1,2 to the order of �ωtrap.

5. Conclusions

In summary, we propose a scheme for quantum emulating MOFE that is frustrated to be evidenced in
practical experiments. The core of the quantum simulation relies on the analogy between the classic light
field and the bosonic atomic cloud. Our proposal broadens a classic concept of MOFE to ultracold atomic
physics, and provides an alternative perspective of understanding the laser-atom interaction in atomic
ensembles at a macroscopic level. The feasible measurement with the high controllability and distinguished
signals facilitates the observation to the artificial MOFE, and unambiguously paves the way for the quantum
emulating and exploring MOFE.

The present work has focused on the physics of the homogeneous laser-atom interaction. If we design a
spatially-dependent or spin-dependent structure for such an interplay, it is known to support a series of
effective external fields that associate with rich physics [5, 6]. For instance, based on existing techniques
[45], it is possible to associate the rotated polarized angle with a nonlinear dependence on external artificial
fields, i.e. the emulation of the magneto-optic Voigt effect. Another potential application of the present
work is to relate the artificial transverse conductivity to the intrinsic topological properties of system,
revealing the possibility of a quantized Faraday rotation. These represent an interesting line of future
research.
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Appendix A. Detailed formulas of the detuned case

Here we show the dynamic evolutions at the detuned condition Δ1 = Δ2 = Δ �= 0. By denoting
ĉe = eiΔt ce, the solutions of equation (3) are expressed as follows,⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

c↑ = F′Ω̂∗
1

(
eiΩ̂+

R t/� − 1

Ω̂+
R

− eiΩ̂−
R t/� − 1

Ω̂−
R

)
+ cos θ

c↓ = F′Ω̂∗
2

(
eiΩ̂+

R t/� − 1

Ω̂+
R

− eiΩ̂−
R t/� − 1

Ω̂−
R

)
+ sin θ eiϕ

ĉe = −F′(eiΩ̂+
R t/� − eiΩ̂−

R t/�)

, (A.1)

where F′(r) is given as

F′(r) =
1

2(Ω̂+
R − Ω̂−

R )
{[Ω̂1(r) + Ω̂∗

1(r)] cos θ + [Ω̂2(r)eiϕ + Ω̂∗
2(r)e−iϕ] sin θ}. (A.2)

We can see that the periodic oscillation will be split into two branches associated with the Rabi frequencies
given by

Ω̂±
R (r) =

√
|Ω̂1(r)|2 + |Ω̂2(r)|2 + Δ2

4
± Δ

2
(A.3)

7
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=

√
[M1(r)]2 + [M2(r)]2 +

Δ2

4
± Δ

2
. (A.4)

Specifically at far detuning Δ � Ω̂1,2, the Rabi frequencies reduce to

Ω̂+
R (r) ≈ Δ+

[M1(r)]2 + [M2(r)]2

Δ
, Ω̂−

R (r) ≈ [M1(r)]2 + [M2(r)]2

Δ
. (A.5)

After going through the same approach in obtaining the damping introduced by the laser field gradient,
the density evolutions are written as

n↑ = K2(t)Ω2
1 + K1(t)Ω2

1 cos2 θ + cos2 θ, (A.6)

n↓ = K2(t)Ω2
2 + K1(t)Ω2

2 sin2 θ + sin2 θ, (A.7)

ne = 2F′{1 − cos[(Ω+
R +Ω−

R )t/�]e−4t2/τ̃2
c }, (A.8)

where

K1(t) =
1

Ω+
R +Ω−

R

∑
α=±

cos(Ωα
Rt/�)e−t2/τ2

cα − 1

Ωα
R

, (A.9)

K2(t) = F′
∑
α=±

2 − 2 cos(Ωα
Rt/�)e−t2/τ2

cα

|Ωα
R|2

+
2F′

Ω+
R Ω−

R

{
cos[(Ω+

R +Ω−
R )t/�]e−4t2/τ̃2

c −
∑
α=±

cos(Ωα
Rt/�)e−t2/τ2

cα + 1

}
, (A.10)

and

Ω1,2 = M1,2(rcm), F′ =
Ω2

1 cos2 θ +Ω2
2 sin2 θ

2(Ω+
R +Ω−

R )2
, (A.11)

Ω±
R = ±Ω̂±

R (rcm), A± = ±∇xΩ̂
±
R (rcm), (A.12)

τc± = 2�/(A±l0), τ̃−1
c = τ−1

c+ + τ−1
c− . (A.13)

From equation (A.5) one can find τ c+ and τ c− are identical. At the steady state, we have⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
n↑(t →∞) = 2F′Ω2

1D +

(
1 − Ω2

1

Ω+
R Ω

−
R

)
cos2 θ

n↓(t →∞) = 2F′Ω2
2D +

(
1 − Ω2

2

Ω+
R Ω

−
R

)
sin2 θ

ne(t →∞) = 2F′

, (A.14)

where D = 1/|Ω+
R |2 + 1/|Ω−

R |2 + 1/(Ω+
R Ω

−
R ).

Appendix B. Bose gas in a tube profile

We consider the Bose gas that is confined in a two-dimensional harmonic trap in the x–y plane and is free
along the z direction, i.e. a tube configuration in the spatial space. The dispersion of the system is

E(ε, kz) =
�

2k2
z

2m
+ ε, ε =

(
nx +

1

2

)
�ωtrap +

(
ny +

1

2

)
�ωtrap, (B.1)

where nx,y stands for the discrete levels in the x–y plane. The total number of states below the energy ε is

G(ε) =
1

�2ω2
trap

∫ ε

0
dεx

∫ ε−εx

0
dεy =

ε2

2�2ω2
trap

. (B.2)

The corresponding density of states is

8
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g(ε) =
dG(ε)

dε
=

ε

�2ω2
trap

. (B.3)

The number of the non-condensed component with a length of L along the z direction is calculated by

Nnc =

∫ +∞

−∞

∫ ∞

0

1

eE(kz ,ε)/kBT − 1
× ε

�2ω2
trap

dε× L

2π
dkz. (B.4)

By making variable substitutions as follows

ε = �
2k2

‖/(2m) and (kz, k‖) = (k cos Φ, k sin Φ), (B.5)

Equation (B.4) can be calculated as

Nnc =
L�2

2πm2ω2
trap

∫ π/2

0

∫ ∞

0

k4 sin3 Φ

e�2k2/(2mkBT) − 1
dk dΦ. (B.6)

Using the following relation (ζ(s) is the Riemann zeta function and Γ(s) is the Gamma function)

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx, (B.7)

we obtain

Nnc = C5/2(kBT)5/2, C5/2 =
L

�3ω2
trap

√
m

2π
ζ(5/2). (B.8)

At critical temperature Tc of the BEC transition, Nnc equals to the total number Ntotal of bosons, yielding

Ntotal = C5/2(kBTc)5/2. (B.9)

Therefore, the number of the BEC component is [33]

N0 = Ntotal − Nnc = Nnc

[(
Tc

T

)5/2

− 1

]
. (B.10)
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