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FOURIER-COSINE METHOD FOR FINITE-TIME GERBER-SHIU
FUNCTIONS*

XIAOLONG LIf#, YIFAN SHI'¥, SHEUNG CHI PHILLIP YAM$, AND HAILIANG YANGH

Abstract. In this article, we provide the first systematic numerical study on, via the popular
Fourier-cosine (COS) method, finite-time Gerber-Shiu functions with the risk process being driven
by a generic Lévy subordinator. These functions play a major role in modern actuarial science,
and there are still many open problems left behind such as the one here of looking for a universal
effective numerical scheme for them. By extending the celebrated Ballot theorem to the continuous
setting, we first derive an explicit integral expression for these functions, with an arbitrary penalty, in
terms of their infinite-time counterpart. As is common in actuarial or financial practice, an advanced
knowledge of the characteristic function of the driving Lévy Process facilitates the applicants of
the Fourier-cosine method to this integral expression. Under some mild and practically feasible
assumptions, a comprehensive and rigorous (yet demanding) error analysis is provided; indeed, up to
an arbitrarily chosen error tolerance level, the numerical scheme is linear in computational complexity
which can even reach the theoretically fastest possible rate of 3; all of these are the most effective
records of the contemporary state of the art in actuarial science. Finally, the effectiveness of our
approximation method is illustrated through different representative numerical experiments, some of
them, such as those driven by Gamma and Generalized Stable Processes, are even achieved for the
first time in the literature, due to the limitations of most common existing approaches, and we shall
discuss more in this article.

Key words. Lévy subordinator; Gerber-Shiu functions; Fourier-cosine method; Numerical
integration; Algebraic index; Gibbs Phenomenon.
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1. Preliminaries.

1.1. Background. Since the pioneer work of [22], study on Gerber-Shiu func-
tions has attracted numerous research efforts, and it has now become one of the most
representative research directions in actuarial science and quantitative finance. The
main philosophy behind the theory is to consider three important quantities once at
a time, namely: (i) the time of ruin, (ii) the surplus before the time of ruin, and (iii)
the deficit at ruin. Particularly, the first-step analysis was adopted in [22] to derive
a defective renewal equation, from which explicit solutions could be obtained under
the classical risk model with exponential claim sizes. Traditionally, Gerber-Shiu func-
tions, being expected discounted penalty functions, are used to evaluate the overall
financial performance of an insurance company before going bankrupt. For a system-
atic study on Gerber-Shiu risk theory, one can refer to [3, 29, 49]. More precisely, let
{R:}+>0 be the surplus process of an insurance company, and 7 be the random time
of ruin, then the Gerber-Shiu function, denoted by ¢, is defined by:

(1.1) p(u) = E[e_JTH(RT_, | R ) 10,00y (T)| Ro = ],
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2 X. LI Y. SHI, S. C. P. YAM, AND H. YANG

where R, _ is the surplus just before 7, |R;| is the deficit at the time of ruin and x(x, y)
represents a non-negative penalty when the company bankrupts. Here, 1 denotes an
indicator function and ¢ is a given positive constant representing the interest rate
incurred. The most representative and straightforward use of Gerber-Shiu functions
is the ruin probability; indeed, setting x(x,y) = 1 and § = 0, the Gerber-Shiu function
becomes ¢(u) = E[ljg ) (7)|Ro = u] = P(7 < 0o|Ry = u), which is exactly the ruin
probability of an insurance company with an initial surplus u, which has been widely
studied, see [3, 7] and the references therein. Alternatively, by setting § > 0 and
k(z,y) = 1, the Gerber-Shiu function can also be treated as the Laplace transform of
the time of ruin 7. Generally, ¢ is interpreted as a discount rate, and x(R,_, |R,|) as
the penalty of the bankruptcy, which arrives at the natural application of ¢(u), the
expected discounted penalty function, see [4] for an application in optimal dividend
problems. Apart from the natural applications in actuarial science, if we interpret
k(z,y) as a payoff function, the Gerber-Shiu function can be also connected to the
pricing of options, see [21]. Further applications in finance have been found in the
literature, for instance, optimal capital structure problems are considered in [10], and
[24] studied pricing credit default swaps via the Gerber-Shiu theory.

Over the infinite-time horizon, researchers started with finding explicit solutions
for the Gerber-Shiu functions under various settings. The works [37, 38] expressed
the solution of the defective renewal equation derived in [22] in terms of the tail dis-
tribution of compound geometric random variables. An explicit expression can still
be obtained in the Sparre Andersen risk model or a perturbed one, for example, see
[23], [34], [30] and [33]. An alternative approach of deriving the explicit solution is to
first transform the integral equation to a boundary value problem, and then to uti-
lize symbolic techniques to solve for the integro-differential equation, for instance, see
[1, 2], [41] and [42]. Moreover, [20] extended the theory to general Lévy subordinators.
Here, the explicit solution often refers to an infinite series of convolutional products
(see (A.1) for a representative example), however the high order convolutional product
terms are very hard to compute directly, let alone analytically but also numerically.
To this end, more recent efforts have been made for developing an efficient numerical
evaluation of the Gerber-Shiu functions over the infinite-time horizon, [40] considered
the approximation problem under the classical risk model via a functional approach;
[47] proposed a nonparametric estimator of the Gerber-Shiu functions under a per-
turbed compound Poisson risk model; [48] and [52] proposed approximations by a
Fourier-Sinc series and a Laguerre series expansion, respectively. As for the general
Lévy risk model, [8] used the Fourier-cosine method, as first developed by [16], to
obtain an efficient approximation.

On the other hand, in most practical considerations in finance, the planning time
horizon is finite, therefore finite-time Gerber-Shiu functions defined by (notations are
the same as those in (1.1))

(1.2) ¢(u,T) = Ele™"k(R, | R |) L. 1y(7)|Ro = u],

should be more relevant in real world applications. However, the scope of research
on finite-time Gerber-Shiu functions is still limited; particularly, numerical studies
of the effective numerical schemes are only available in a few special classes of risk
models with certain forms of the corresponding penalty function . For instance, [28]
gave an implementable numerical scheme for a family of meromorphic processes. In
[19], the authors demonstrated numerical examples for three carefully chosen penalty
functions under the classical compound Poisson model. [24] used a double inverse
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FOURIER-COSINE METHOD FOR FINITE-TIME GERBER-SHIU FUNCTIONS 3

Fourier transform for the computation of the finite-time Gerber-Shiu functions lead-
ing to the pricing of credit default swaps, in which the penalty function relies only
on the deficit at ruin (i.e., K(R,—,|R;|) in (1.2) reduces to x(|R.|) ) such that the
double Laplace transform can be explicitly obtained. Yet, on finding explicit expres-
sions for the finite-time Gerber-Shiu functions, systematic results remain rare in the
existing literature. One exception is the recent work of [35] under the classical com-
pound Poisson model by solving the corresponding integro-differential equation, they
obtained an integral solution for the finite-time Gerber-Shiu functions in terms of
the infinite-time Gerber-Shiu functions with zero initial surplus as integrands; later,
in [36], they further extended the work to a perturbed compound Poisson model.
Nevertheless, their obtained expressions may be too complicated for implementable
numerical computations since these contain terms of either finite-time (in [35]) or de-
rivatives of infinite-time Gerber-Shiu functions (in [36]), both of which mostly possess
no closed forms, and so they require extra numerical effort (even unstable due to the
presence of the derivatives). It is worth mentioning that [6] and [32] studied a similar
mathematical function but with the stopping time 7 being replaced by a deterministic
time T in pricing barrier options, and they also investigated an efficient computation
of a special case of (1.2) with x(x,y) = 1 using the Wiener-Hopf factorization for the
pricing of credit default swaps.

In this article, we discuss the numerical scheme against a Lévy subordinator for
modelling the claim process, which certainly includes a Compound Poisson Process, a
Gamma Process, and a Generalized Stable Process as special cases; particularly, there
is no effective numerical approach on calibrating one against a Generalized Stable
Process. To this end, we introduce the T-deferred Gerber-Shiu functions™ defined as

(1.3) P(,T) = p(u) = @(u, T) = Ele™ " K(Rr—, |R:|) 17,00 (7) | Ro = u].

We aim to relate these T-deferred Gerber-Shiu functions to the infinite-time Gerber-
Shiu functions by conditioning on the random surplus level U’ at time T'. By defining
a new risk process starting from this initial surplus U’ and considering the condi-
tional expectation given U’, we can obtain an integral expression for these T-deferred
Gerber-Shiu functions in terms of the infinite-time Gerber-Shiu functions and the
conditional probability density of U’ to be determined. To figure out the conditional
probability density, we need to develop a continuous analogue of the Ballot Theo-
rem (Generalized Ballot Theorem in Section SM1 of the Supplementary Materials)
for the Lévy subordinator; its proof for the classical risk models had been given in
Lemma 3.1 of [31]. Two different formulae for computing the finite-time ruin proba-
bilities were obtained via two approaches in [31], they are respectively the Seal-type
formula by the standard approach, and the PL-type formula obtained using pseudo-
probability densities. In the present work, we avoid the pseudo-probability density
method in order to ensure the numerical approximation is still valid for a very large
amount of the initial surplus u; see also the work of [44] for the numerical insta-
bility of the PL-type formula even for a moderate size of u. To numerically solve
for the infinite-time Gerber-Shiu functions, an efficient approach has been proposed
in [8] which is based on the Fourier-cosine method; now, as an extension, we extend
this well-received Fourier-cosine method to effectively compute the finite-time Gerber-
Shiu functions numerically. As first introduced in [16], the Fourier-cosine method was
to deal with European type options with a numerical scheme of linear complexity.
With an indeterminate integrand function f such that only its Fourier transform is

*See [35] and [36] for the definition.
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4 X. LI Y. SHI, S. C. P. YAM, AND H. YANG

known, the Fourier-cosine method provides an effective numerical method for evaluat-
ing fr x)dz. Comparing it with the usual approach that first calculates the inverse
Fourier transform, either analytically or numerically, and then substitutes this result
back to the integral, the novel idea of the Fourier-cosine method is to directly in-
corporate the Fourier-cosine expansion of f under the integration and to derive an
approximation via Fubini’s theorem, and hence avoids the complicated direct inverse
Fourier transform. Under this Fourier-cosine scheme, up to a predetermined tolerance
level, we show that the computational complexity is linear in the number of terms to
be calculated, which is much faster than the traditional Monte Carlo method (when
the Monte Carlo simulation can still be valid).

Furthermore, it is demonstrated in [17], [18], [51], [43] that this Fourier-cosine
method is effective when pricing barrier options, Bermudan options, Asian options as
well as other financial derivatives. In this present work, the efficiency of the Fourier-
cosine method will be demonstrated again on computing the finite-time Gerber-Shiu
functions, which is one of the pillars in the context of insurance and actuarial science.

The rest of this article is organized as follows. We first give a summary of our main
formulae in Subsection 1.2, including the integral expressions and the approximations,
but postpone the model setting in Subsection 1.3. Due to the fundamental difference
in the analyses for the cases © = 0 and u > 0, we shall discuss them one by one.
The simpler case u = 0 is discussed in Section 2. We construct an approximation
in Subsection 2.2 and provide the corresponding error analysis in Section SM3 of the
Supplementary Materials; in Subsection 2.3, several numerical examples are conducted
to show the effectiveness of the Fourier-cosine method. Section 3 introduces the
Fourier-cosine numerical scheme when the initial-surplus is positive, and also provides
an effective approximation in Subsection 3.1; Subsection 3.2 gives more numerical
illustrations in this new setting, based on which we can see the efficiency of the
Fourier-cosine method. All of the proofs are given in the supplementary materials.

1.2. Main formulae. We here first summarize the useful integral expressions for
the finite-time Gerber-Shiu functions and the corresponding approximation formulae
as follows:

(i) Initial surplus v = 0: the integral expression for the finite-time Gerber-Shiu
function is given by (also see (2.6))

(1.4) ©(0,T) = hy(0) — e " [p(T)P(Lr = 0) + [g7 * @] (T)],

and the corresponding approximation formula with a linear complexity is given by
(also see (2.19))

(1.5)

h1(0
(0, T) =hy (0) (1—e~°T) ”Z[ 0D - 1O p@ y p®) L 0,7) 40,

T

where the notations involved, e.g. the error term 7, can be found in formula (2.19) in
Section 2;
(ii) Initial surplus u > 0: the integral expression for the finite-time Gerber-Shiu

This manuscript is for review purposes only.
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FOURIER-COSINE METHOD FOR FINITE-TIME GERBER-SHIU FUNCTIONS 5

function is given by (also see (3.5))

p(u,T) = p(u) —e T |P(Ly = 0) p(u+T) + [fr * o) (u+T)

(1.6) -/ et T = 2) (B = 00p(2) + [0+ w](z))dz] ,

and the corresponding approximation formula with a linear complexity is given by
(also see (3.9))

K K
p(u, T) = hi(0) + Y él)xk<o,u>—6‘5T{P<LT=0> [h1<0>+2 "FY vk (0,u+1)
k=0 k=0

K

T
+ 3 [ OF @) + FO ()] xe0,u+ ) - /
k=0 0

K
{Z ’Flg6)(T — 2) cos k”(u';T_z)}
k=0

(u+T — z)no

dz} + &5,

where the notations involved, e.g. the error term €%, can be found in Theorem 3.3.

K
A )+ 3 (P = 0 F = m(0)F (2) + B (2) xa(0, 2)
k=0

(1.7)

1.3. Model setting. We now lay down the general model setting and introduce
some useful notations. Let {R;}:>0 be the surplus process of an insurance company
defined by

(18) Rt Z:U+t—Lt,

where u > 0 is the initial surplus, the claim size process {L;};>¢ is modelled by a
Lévy subordinator which consists of only positive jumps with Ly = 0 and the mean
of L; is finite, which is increasing in ¢, for all £ > 0; see for an introduction to such
a process in [13], [39], [46], [29] and the references therein. The premium rate is set
to be 1 per unit time for simplicity, or we can adjust the time parameter to achieve
this; to add a point, no matter how we accelerate the process by whatever constant
multiple, L; still remains a Lévy Process, so for any constant premium rate, we only
need to study the case when the premium rate is 1. The characteristic function of L;
is given by

(L9)  Elexp(iwL,)] = exp (t /( )<em—1>u<dx>> —: exp(tA(W)),

where the Lévy measure v is a Borel measure on (0,00) with fooo(|a:|2 Alr(de) <
0o. In the present work, we further assume the safety loading condition pu, =
Jo~ av(dz) < 1 (also see [3] and [25]) to avoid almost certain ruin. For each ¢ > 0,
the density function of L; is denoted by fi(z) for all x € (0,00) and we avoid defin-
ing f¢(0), which could take infinity sometimes, for instance, it is the case of the
“density” (actually a Dirac delta) of a compound Poisson distribution at 0. We also
denote the survival function of L, by Si(z) = [° fi(y)dy for x € [0,00) and thus
S¢(0) =1—-P(L; =0).

This manuscript is for review purposes only.
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The time at ruin is defined by 7(u) := inf;>o{t : R; < 0}. By the zero-one law,
note that 7(0) # 0 almost surely. Hence the case u = 0 is a non-trivial one, which
will be devoted for further discussion in Section 2.

Throughout this paper, we shall denote the Fourier transform of an arbitrary
function h : [0, 00) — R by h(s) := I h(x)e s da.

2. With zero initial surplus. To start with, we first consider the Lévy Process
with w = 0. As mentioned in the introduction, we try to relate the T-deferred Gerber-
Shiu function with the infinite-time Gerber-Shiu function as follows, by recalling (1.2),

(2.1) p(u,T) = p(u) —(u, T).

We here study how to compute the T-deferred Gerber-Shiu function, and then substi-
tute it back to (2.1) to get the approximation of the finite-time Gerber-Shiu function.
Conditioning on the values of Ly and by the law of total expectation, we have,

B(0,7) = Ele™ k(Ry -, |Re ) 7.00) (7)| Ro = 0]
(2.2) = E[E[e " w(Rr—, |R:|)L(1,00) (T)| Ro = 0, L, 7]].
To calculate the corresponding inner conditional expectation in (2.2), we can simply
shift the time parameter to commence at 0. Define R; := Ryyp, 7 := 7 — T. Clearly,
when 7 < T, we have Ele " k(R._,|R;|)1(7,00)(T)|Ro = 0, Ly, 7 < T] = 0. Since

Ly > T implies 7 < T, so we only have to consider the remaining possibility of
Ly =2 €[0,T], then Ry =Ry =0+T — Ly =T — z and we have

Ele " k(Rr—, | R |)L(7,00)(T)|Ro = 0, Ly = 2,7 > T
=Ele " Kk(Rr—,|R: )L (7,00)(7)| R = T — 2,7 > T]
= E[e‘éTK(R(T_T)f, ‘RT_TD]I[O’OO)(T —~T)|Ry=T —z,7—T > 0]
= E[eié(%JrT)/{(Rf'*a |R'T'|)]]-[O,oo) (%)‘RO =T - x, T > 0}
= e TE[e " k(Rs_, |R;|)]l[07oo)(%)|]%0 =T — 1]

(2.3) = e Tp(T —x).

Substitute this result into equation (2.2), we have

?(0,7) =E[E[e " k(R,_, |R:|)L(1,00)(T)|Ro = 0, L7, 7]
T
(2.4) =T o(T)P(Ly = 0) + efaT/ o(T —z)P(Ly € (x+dz), 7 >T).
0
Define the probability density gr(x) as

(2.5) gr(x)dx :=P(Ly € (z,x +dz),7>T), 0<z<T,

and hence

T
(2.6) BO.T) = e |ADB(Lr =0+ [ ol = 2)gra)is

By a continuous analogue of Ballot Theorem (also see the Generalized Ballot Theorem
and its proof in Section SM1), we have

T

_xfT(x), 0<z<T.

gr(z) = T

This manuscript is for review purposes only.
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FOURIER-COSINE METHOD FOR FINITE-TIME GERBER-SHIU FUNCTIONS 7

For the sake of computation of the Fourier transform of g, we propose to extend the
defective domain (0,7") of the density gr to the whole positive real line (0, 00), yet
still denote the extended function by gr:

T

T xfT(x)v r > 0;
which is well-defined since fr(z) is defined for all x > 0.

The first term in the bracket of (2.6) involving the infinite-time Gerber-Shiu
function can be easily calculated by various methods, for instance, those developed
by [47], [8] and [48]. We here choose the method developed by [8] and represent the
infinite-time Gerber-Shiu function by

(2.7) gr(z) =

(2.8) o(T) = h1(0) —l—/o V(z)dz,

where the definitions of the functions h; and V' together with further properties are
included in Appendix A, in addition, we assume that V € £'(RT) N £2(RT) in the
rest of this paper as we also adopted in [8] before.

For the second term of (2.6), by a simple calculation (see the derivation of (SM1.5)
in Section SM1 for details), we can obtain that

(2.9)

/O@(T—x)gT(x)dx:hl(O) [1—IP(LT:O)—;/O S (a)dz +/0 V % gr](x)da,

where [V x g7](z) := [, V(z — 2)gr(z)dz is the convolution, since both the supports
of V and gr contain only non-negative numbers. Combining (2.8) and (2.9), we have:

T
o(T)P(Lr =0) + /0 o(T — z)gr(x)da

T

Substituting (2.10) back into (2.6) and together with (2.1), we obtain a crucial formula
for the finite-time Gerber-Shiu function,

(2.11)

©(0,T)=h1(0) (1 — e_‘ST) —e_gT/O (]P’(LT:O)V(x) - hl}O) St(x) + [gr * V] (x)) dz.

In the rest of this section, we shall propose an approximation based on (2.11) to which
we apply the Fourier-cosine method. There is a common point in the three terms in
the integrand in (2.11), which in turn connects with the effectiveness of the Fourier-
cosine method, namely the Fourier transforms of each term can be readily obtained
(to be discussed in Subsection 2.2).

2.1. Fourier-cosine numerical scheme. In this subsection, we sketch out the
main idea behind the numerical approximation method for the integral in the following
form:

(2.12) /07 g(x)de = /Oa Liz<yyg(z)da =: J,.

This manuscript is for review purposes only.
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To start with, for an arbitrary function g defined on [0, 7|, there is a natural
symmetric extension of g into an even function on [—m, 7| by defining g as

(x){ g(x), x>0

g(—z), z=<0.

Clearly, every even function can be expressed as a Fourier-cosine series (see [16]) as
follows:

g(z) = Z!cos(ka:)% /W g(x) cos(kx)dx = Z/cos(kx)% /07r g(x) cos(kx)dz,

k=0 - k=0

where the notation Z/ denotes a summation with its first term weighted by a half.
Since g is a part of g, the expansion is also valid for g itself. For any general function
with the support on [0, a], its Fourier-cosine series expansion can be obtained through
a simple change of variable y := 2.

Motivated by the above argument, we write

o0
k
glx) =Y Ay cos (;x> , for0<z<a,
k=0

where a is a positive constant, to be determined, greater than -, and

2 a
Ay = 7/ g(s) cos <k7rs> ds.
a Jo a

. n / k ooy k . 2 ..
Since Y _, Ay cos (2Zz) converges to Y, Ag cos (EZz) in L2, by Fubini’s theo-
rem, we have

a e kn -
J’y = A ]]'{$§'Y} Z/Ak CcOS (aiE> dx = Z /Aka(Oa’Y)y

k=0 k=0

where

R (’“%) dz_{ i (457), k£0
0

a v, k=0.

The Fourier-cosine method suggests that, if a is large enough, it is tempting to replace
the coefficient Ay by the real part of the Fourier transform of g(z), as shown below:

(2.14)

2 [ 2 @ e 2 o km
Ak:f/ g(s) cos(lms) ds:%{/ g(s)ezasds}:Fk—%{/ g(s)elasds},
a Jo a a 0 a a

where R{x} represents the real part of the complex number x, and

(2.15) Fy, = 2%{@ (’”)} k=0,1,2,..
a a

In summary, J, can be expressed as

0o K
(2.16) Jy =3 TARxk(0,9) =Y Fixr(0,7) + m + 2,
k=0 k=0

This manuscript is for review purposes only.
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where the error terms 7; and 7, relating to g are:
K

211 mi= =Y 2R { [ e e me Y Al

k=0 k=K+1

Here n; quantifies the error arisen from replacing Ay, by F}, which involves the Fourier
transform of g; while 7y quantifies the error arisen from approximating the infinite
series by a truncated partial sum.

Remark 2.1. Note that our Fourier-cosine scheme is slightly different from the
original COS method first introduced in [16]. In [16], in order to compute the expec-
tation

WM%ﬂM=AN%HhmM@®,

they first chopped off the integration range R to [a, b], and then they used the Fourier-
cosine expansion to approximate the truncated integral

b
[ v D)ol

and this in turn introduces an additional integration truncation error

/ o(y,T) fy 1x () dy
R\[a,b]

As explained in [5] and [11], this truncation error is sensitive to the choice of a and
b and may be problematic especially when the payoff function v(y,T) grows rapidly
with y approaching infinity and the transition probability density fy|x (y|z) has a fat
right-tail. In contrast, we use the Fourier-cosine scheme directly on the integral

‘
%:/gMM,
0

which already has a finite integration range, and hence does not involve any integration
range truncation error so that our present method is much more stable with the choice
of a as will be seen in the demonstration of our theory and the simulations. Our
replacement error 7; (see (2.17)) related to the parameter a can be well-controlled
simply by choosing a suitably large enough a, and then for a fixed a, we set another
large enough K so as to make 7, sufficiently small. As for the recommended numerical
choices of @ and K in our scheme, we put them in Subsection 2.3 and Subsection 3.2.

2.2. Approximation for finite-time Gerber-Shiu functions. Apply the
Fourier-cosine method summarised in Subsection 2.1 to the integral term in equa-
tion (2.11) and define Flgl), Flgz), F]ES), recalling that gr(z) = L2 fr(z), as

(2.18)

200 ()} 3 (). 2 ().

for k = 0,1,2,3,---. Then we can use (2.16) to replace the integral in (2.11) and
obtain the following expression (also see (1.7)):
(2.19)

£(0,T) =hy (0) (1—e~97) “E:[ 0F =P EY B 0.,
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where the total error 7 is given by:

h(0)

2 2 3 3
T 0P + 02y + P + S,

ni=—e T P(Lr = )" +ns”) -

where the error terms n%i) and néi) are the corresponding 7; and 72 in (2.16) for
i = 1,2,3, namely by applying the Fourier-cosine method to the three terms in the
integrand in (2.11) respectively. The details of the error analysis will be shown in
Section SM3 of the Supplementary Materials. And we have the following result:

THEOREM 2.2. The total error n in (2.19) is bounded by:

h1(0 > Cq
ol < s {4 VG656 4 1V wrl(9ds + oy |

provided that the functions V, S,V * gr € L*(R"), and when k > % and g = V, St
or V x gr so that they all fulfill the condition

+oo
(2.20) / (R(5(5))2(1 + s2)kds < oo,

— 00

where the constant C, depends only on a, and r(V 3 r®) are the corresponding
parameters in relation to the functions V., St and V x gp in Proposition SM3.4 of
Section SM3.

Hence we can set the total error 1 to be arbitrarily small by taking a large enough a.
We can further improve our error bound by assuming additional decaying structures
on the Fourier transforms of the functions V, S; and V * gp, namely the algebraic
index of convergence and the monotonicity. To this end, we define the algebraic index
of convergence of a generic sequence { A,k =0,1,2,---} as follows.

DEFINITION 2.3. A sequence {Ag,k =0,1,2,---} has an algebraic index of con-
vergence of s if it is the greatest possible real number such that imsup,,_, . |Ax|k® <
0.

THEOREM 2.4. For T € [e,a — €] for an € > 0, suppose that the sequences
{F,ii)},i =1,2,3 satisfy that:

1. For any®=1,2,3, the sequence {Flgl)} has an algebraic index of convergence
Bi, and so that F,gi) — 0 as k — oo;
2. There exists a large enough N' such that for all i =1,2,3, AF,Ei) = F,ngl —
F,Ei) are of the same sign for all k > N'.
Then the total error n can be bounded tighter in the sense that for any K > N’,

hi (0 > Ca,e
n| < 3maX{ 112 ),1}</a V()] + S(s)| + |[V * grl(s)|ds + KHMI{W) :

where the constant C, . depends only on a and €.

Proof. The proof for bounding the error part caused by replacement in this en-
hanced theorem is identical to that for Theorem 2.2; while the error part caused by

truncation can be shown in a similar manner by following the arguments in the proof
of Theorem 4.5 in [9]. 0
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Remark 2.5. The condition in Theorem 2.4 is stronger than that in Theorem 2.2
in the sense that it requires the Fourier transforms of the three functions converge to
0 at a certain rate, while we only assume their overall integrability in Theorem 2.2.
However, [8] showed that the conditions in Theorem 2.4 are fulfilled for the Fourier-
cosine coefficients {F, 151)} in most common models, such as the Compound Poisson-
Exponential claim process (see Example 5.1 in [8]), the Lévy-Gamma Process (see
Example 5.4 in [8]), for more legitimate examples one can refer to [8]. Besides, for
the coefficients {FIEZ)} and {F,g?’)}, the conditions on them can be also witnessed
numerically and graphically.

n (2.19), the values of h;(0) and F,gl) can be obtained explicitly, see Appendix A.
The Fourier transform of St(x) can be found by:

57(0) /m&«fommo T,

(2.21) / Sr(z)e™dr = - / fr(z)e™@da
fr(s) — (1 *IP’(LT =0))

= Y 5#07

1S

where the Fourier transform of fr can be obtained by ?;(s) = Elexp(isLt),{Lt #
0}] = Elexp(isLt)] — P(Ly = 0) = exp(TA(s)) — P(Ly = 0), since there is a point
mass of Ly at 0. The Fourier transform of gy can be found as:

g;(s) = /0voo T; sz(l‘)eismd-T = AOO fT(Z')eissz? _ l /OOO xfT(m)eisrdx

i d—

) =T - [ 5 @] o= (o) + 75 )

where the last equation follows from Leibniz’s rule. Finally, the Fourier transform of

[V % gr] can be derived from the convolution rule and we get @(x) = V(x) [}’;(s)

JrT&fT( s)|, where V is given by (A.4). Hence, we can calculate all the coefficients

in (2.18) precisely:

(2.23)
2 [« /k
PV = %{V( ”) . k>0
a a
km
FP = 2%{6}“)(“.2“)) - } k>1 P = Al
a 17“ a

0 =20 (o (ra (1)) (1452 ) -ra = Lz

2.3. Numerical illustrations. Throughout this paper, all the computer pro-
grams for numerical illustrations were written in Python 3, and they were run on a
standard Macbook Pro(3.1 GHz Intel Core i5 processor and 8 GB RAM).

In the following numerical illustrations, we shall take the numerical choice of the
parameter a as:

L
(2.24) a=ut Tt Les,
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where n = (1 — )/, is the safety loading factor by recalling ¢ = 1, and ¢g is the
second cumulant of Ly (i.e. the variance of the random variable Ly) being given by:
_— — 2
&2 = [2f71(0) - [[ef1(0)] = -TA"(0),

which can be derived by the formula (3.7). This choice for a is similar to the formulae
suggested for the computational purpose in the work of [16], though our definition of
a is different from the computational domain in their COS method. The term (u+7T)
stems from the condition a > u + T as demanded in Claim SM4.3, Claim SM4.4,
Lemma SM4.5 and Lemma SM4.6. Note that A”(0) = — f(O,oo) 2?v(x)dx is a negative
real number, thus if we set a proper positive L here, L./c3 > 0, such that the condition
a > u+ 7T is fulfilled. We stress that our approximation is quite robust to the choice
of L as can be seen in the plots against L in Figures 4 and 7 to 9, but throughout
this paper, for the sake of convenience, we pick L = 7, which is certainly not the only
suitable choice of L.

Ezample 2.6 (Finite-time ruin probability for a Compound Poisson Process). We
consider the case when ¢ = 0 and k(z,y) = 1, in which the finite-time Gerber-Shiu
function becomes the finite-time ruin probability, i.e. ¢(u,T) = P(r < T). For Ly,
we assume the Poisson rate to be A and exponentially distributed claim sizes with
the mean of 1/u. The Lévy measure for the process is v(dx) = AF(dz) = Ape #*dzx.
A(s) and the Fourier transform of V' are given by:

Iz 5 A A—p
A(s)z)\(u_is—1>, V(s):;~m.

Thus, the corresponding coefficients in (2.18) can be obtained by (2.23). Here, the
numerical experiment is conducted with the following parameters: A = 0.87, u = 1,
T = 60 and L = 7. This corresponds to a loading factor n of about 15% (usually
10% — 20%, see P3 of [3] for more interpretations) as the expected claim per unit time
wy, is 0.87. Figure 1 illustrates the ruin probability obtained by the approximation
formula (2.19). The reference horizontal line is the true value of ruin probability based
on the numerical integration formula (Proposition 1.3, Chapter V, [3]). As expected,
the approximated probability tends to the true value as K increases. Table 1 displays
the absolute errors between the approximated and true ruin probabilities, and the
convergence is clear. To check the rate of convergence, we obtain the approximations
with a grid of larger values of K, and plot the negative logarithm of the absolute
difference between the approximated and true values against log K. Figure 2 plots
the result, from which we observe that the error decays with an exponential rate
and reaches the smallest possible error limit soon (an accuracy of around 1071 for
K > 55), which is determined by the parameter a. The time required for plotting
Figure 1 (including 50 points) is only 0.039s.

K | 4 8 16 32 64 128
Error [ 3.0-1072 29-107% 3.6-107° 82-107 83-10" 83-10° 1
TABLE 1

Error magnitude for the Fourier-cosine approximation of the ruin probability with parameters
A=087, u=1,T=60and L=T1.

Ezample 2.7 (Value-at-Risk for a Gamma Process). We consider the joint distri-
bution of the deficit at ruin and the time of ruin F(7,p) := P(|R;| < p,7 <T). Let
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0.8500 Exponential: A=0.87,u=1,u=0,T=60,L=7 Exponential: A= 0.87,u=1,u=0,T=60,L=7
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Fic. 1. Approzimation for the ruin prob- F1G. 2. Plot of —log|error| against log K
ability, where the horizontal line (at 0.8464) is for the ruin probability approzimation.
the true value.

§ = 0 and the penalty function x(z,y) = 1, (y), then the finite-time Gerber-Shiu
function (1.2) becomes

@(u, T) = E[ljg p (y)Ljo,7)(T)|Ro = u] = P(|R;| < p,7 <T).

If we further define

Fr(p) :==P(|R:| <plr <T) = F(T,p)/F(T,0),

then at the confidence level «, VaR,, satisfies Fr(VaR,) = «. Similar calculations can
also be found in [28]. We consider a Gamma Process L; with parameters oo = 0.4 and
B = 0.5, which has been used to evaluate infinite-time Gerber-Shiu functions in [8] and
[53] as the underlying process for approximating ruin probabilities. Its Lévy measure
is given by v(dz)=(ae™P* /z) dz, with E(L;) = at/B. In Figure 3, we plot the finite-
time Gerber-Shiu function ¢(u,T) = F(T,p) with respect to the truncation number
of terms K in the left subfigure for the parameters v = 0,p = 2,7 = 24,L = 7,
and we also plot ¢(u,T) with respect to the parameter p but for a fixed value of
K = 64 in the right subfigure. We also provide a Monte Carlo simulation benchmark.
For every path, since the Gamma Process contains infinitely many jumps and the
jumping times are dense on any nontrivial compact time interval, which is different
from a Compound Poisson Process, we partition the time interval [0, 7] uniformly with
a mesh size of 1/213, and simulate L; on the corresponding time grid by following the
Monte Carlo procedure in [12], then use this step-wise path to evaluate the value of the
corresponding finite-time Gerber-Shiu function. Note that there is always a negative
bias of the Monte Carlo simulation compared with the true value since the possibility
of ruin has always been underestimated due to the discretization of the path. We
simulate 50,000 paths in each Monte Carlo simulation, and run the simulation for 50
times (50 data points) to calculate the mean and the standard deviation. The one
standard deviation range (i.e. the range centered at the mean and with a radius of
one standard deviation) is 0.7068 = 0.0025 and is shown in Figure 3. We can see the
approximation falls into the one standard deviation range very fast as K increases.
The time required to run the Monte Carlo simulation for 50 times (50 data points)
is 85 minutes, while it only needs 9.4s to generate 500 points (the number of points
in the second plot of Figure 3) by our Fourier-cosine method with K = 64, which is
significantly faster and more effective than the Monte Carlo simulation; and in the
insurance industry, most practitioners are still predominantly using the plain Monte
Carlo simulation, indeed!
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GammaProcess:a=0.4,=0.5u=0,T=24,L=7 GammaProcess:a=0.4,=0.5u=0,T=24,L=7,K=64

Monte Carlo
« Fourier Approximation

Gerber-Shiu function
o
o
&
Gerber-Shiu function

o
13
S

0.62

0.60 0.0
0 10 20 30 40 50 [ 2 4 6 8 10
K P

Fic. 3. Gerber-Shiu function based on the Fourier-cosine approzimation for the Generalized
Stable Process.

3. With a positive initial surplus. We next extend the Fourier-cosine method
to the case u > 0. Recall that for Lévy subordinators with v(R™) = oo, there are
almost surely countably many jumping times which are dense in [0, 00), while for
0 < v(RT) < oo, there are infinitely countably many isolated jumping times which
can be counted in an increasing order (but only finitely many in any finite interval),
and the interarrival time has an exponential distribution with mean 1/v(R*). For
more details about Lévy Processes, readers can refer to Theorem 21.3 of [45].

In the following subsection, we shall introduce the approximation for T-deferred
Gerber-Shiu functions. To do so, we need to first deal with the probability P(Ly €
(z,z+dx),7 > T), which appears in our proposed expression (3.3) of the T-deferred
Gerber-Shiu functions. Similar to the case u = 0, we use the idea of Generalized
Ballot Theorem to determine that probability, see Section SM2 for details.

3.1. Approximation for T-deferred Gerber-Shiu functions. We now dis-
cuss the approximation for the T-deferred Gerber-Shiu function @(u,T) for a given
time 7" > 0 with an initial surplus v > 0. Similar to the case of w = 0, by the tower
property, we have

B0, T) = Ble™ k(Ry—, |Re )1 (7,00 (7)| Ro = 1]
(3.1) =E[E[e " k(R,—, |R:|)L(7,00)(T)|Ro = u, L7, 7 > T]| Ry = u].
As in Section 2, we define Ry = Ryyp, 7 := 7 —T. Since Ly > u + T implies
7 < T, so we only need to consider the possibility of Ly = z € [0,u + T], then
Ry=Rr=u+T—Lr =u+T—2x >0 and by the derivation for (2.3), the inner
conditional expectation in (3.1) becomes
Ele ™’ k(Rr—, |Rr ) L(7,00) (T)|Ro = u, L = 2,7 > T
=E[e* T D k(Rs_, |Rz|)Ljp,00)(F)| Ro = u + T — 2,7 > (]
(3.2) = Tpu+T —2).

Substitute (3.2) into Equation (3.1), and rewrite it in integral form, we have

(3.3) B(u,T)=e°T |ou+T)P(Lr = 0,7 >T)

u+T
+/ ou+T —2)P(Ly € (x,x+dz), 7 >T)| .
0
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For any x € (0,u), there will be no bankruptcy, and so P(Ly € (x,z + dx),7 >
T) = P(Ly € (z,2 + dx)) = fr(z); while for any « € (u,u + T), we define and
derive in Theorem SM2.1 that hp(z,u)dz = P(Ly € (v,z+dx),7 > T) = fr(z) —
P(Lytr—2 =0) fo—u(x) — ff GutT—2(x — 2) f.—u(2)dz. Hence, we get that

B(u,T) = =7 lIP’(LT =0)p(u+T)+ /Ou fr(z)p(u+T — z)dz

u+T
(3.4) + / hr(z,u)p(u+T — x)dx] ;

by a simple calculation (see the derivation of (SM2.5) in Section SM2 for details), we
can obtain that

P(u,T) =" lﬁ" (Lr = 0)p(u+T) + [fr + ¢l(u+T)

(3.5) - /O frs(u+T = 2)(P (L. = 0) o(2) + [g: = w](z))dz] .

Since all the Fourier transforms of the terms in (3.5) are already known, we can apply
the Fourier-cosine method on (3.5) directly to obtain the approximation for @(u, T').
However, in order to enhance the convergence rate of the approximation error, we
substitute (2.8) and (2.10) into (3.5), to finally achieve:

uwtT

w1
@(u,T)zeaT{P(LTZO) [hl(O) + Vdz +/ [h1(0) fr(x)+[fr * V](z)] dz

0 0

(3.6)
g z h1(0)
- / fre(u+T—2)- [hl (0) —I—/ é"(LZ:O) V(z)— lz S.(x)+]g. * V] (w)) dac]dz}.
0 0

To this end, we shall apply the Fourier-cosine technique to calibrate term by term of
(3.6) in order to obtain the approximation formula for @(u,T). However, the error
for approximating the term f;(u + t) directly by the Fourier-cosine method may be
divergent when t = T — z — 0. However, if it is valid that for any ¢ € (0,71, the
real part of the Fourier coefficient ﬁ (’%) is monotone with respect to k > K, for a
sufficiently large K, this error converges to zero and the proof can be done in parallel
with the argument leading to Lemma SM4.5. Nevertheless this condition is hard to
verify since it demands that f; (%’T) is monotone with respect to k for all t € (0,7
and it does not hold under some representative examples such as a Compound Poisson
Process with beta distributed claims. So instead of tackling f;(u+t) directly, we can
first approximate (u 4+ t)™ - fi(u+t) by the Fourier-cosine method, and then divide it
by (u+t)™ in order to get the approximation of the function fi(u+t). Note that the

Fourier transform of =" f;(x) is simply:

which is readily accessible and here A(s) := f(o 00) (e¥* —1)((x)dx (also refer to (1.9)),
where ¢ denotes the density of the Lévy measure, i.e., v(dz) = {(z)dz. In order to

(eWS) _P(L = 0)) :
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warrant the error (®)(¢) to decay uniformly (in ¢) and monotonically to zero when
we attempt to approximate =™ - f;(z) by the Fourier-cosine method for ¢ € (0,7}, we
impose the following assumptions in the rest of Section 3:
Assumption A. There exists a positive integer ng such that
i) the magnitude of the first and no-th order derivatives of A(s) possesses the
same order of |[A(M)(s)[" = O (s~(1+9) and |[A(™0)(s)| = O (s~(1+9)) for some
0> 0;
ii) furthermore for ny > 2 and any integer m = 2, -+ ,ng, ™¢(z) and 2™’ (x) €
L1(RT); otherwise if ng = 1, no additional condition is required.

Remark 3.1. The forms of A(s) are simple for most common models, for instance,
the Lévy measure of a Gamma Process with parameters o >0 and >0 is v(dz) =
(=P /z) dz, thus A(s) = —alog(l — %)7 then we can simply choose ng = 2 so
that Assumption A holds. More examples will be given in the following numerical
illustrations in Subsection 3.2.

Remark 3.2. There is a supplement on choosing a suitable ng in Assumption A.
To determine the order of A m) =" f mmC Je's¥dx, that is to investigate the
asymptotic behavior of the Fourler integral fo (7)e’**dz as s — oo, which is related
to the well known Erdélyi lemma (see [14, 15]) and is entirely determined by the
behavior of h(x) in the neighborhood of the end points 0 and co of the integration
domain and the points at which h(z) or some of its derivatives are discontinuous. If
the Lévy density ((z) € C*°(R™) with an exponential decay tail and has only one
singularity at the origin of the type z7¢, i.e. {((z) ~ 2~ *asx — 07, where ¢ < 2 due to
the safety loading condition [ z¢(z)dz < oo, then by the Theorem 2 in [50] we have
|A(™) ()| = O (s~(m+17) for all integers m, and particularly, [A() (s)] = O (s7(27Y).
For the finite Lévy measure case, we have fooo ¢(z)dx < oo, thus ¢ < 1 and ng = 1, and
they fulfill Assumption A, more illustrations can be found in our numerical examples
in Subsection 3.2.1; while for the infinite Lévy measure case ¢ € (1,2), we can choose
ng to be the smallest integer which is strictly larger than 5=, more illustrations can
be found in our numerical examples in Subsection 3.2.2.

Assumption B. f;(z) is jointly continuous for (z,t) € RT x (0,7T], and there is an
xo > 0, such that f{(z) < 0in (z,t) € (zo,00) x (0,T].
Assumption C. The algebraic index of convergence of V, By > 0.

To write down the approximation formula for (u,T'), we first introduce some
notations. Define, for k =0,1,2,..., and ¢t > 0,

o (2} =22 {25 (5)) s 22w ()]
i (- @ )

Hence, by applying the Fourier-cosine approximation on each term of ®(u,T) in
(3.6), we can then conclude with the following theorem and its complete proof is put
in Section SM4 of the Supplementary Materials.

THEOREM 3.3. Assume that the insurer has an initial surplus u > 0, and suppose
that Assumptions A, B and C also hold. For a given T > 0 and any € > 0, there
erists a K € Z* and a > 0 such that, the T-deferred Gerber-Shiu function (also see
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K
+> [mOF" 1)

k=0

@(u,T):e_‘ST{IP’(LT 0) l —l—Z' > XkOu—i—T)

K
T {Z ’F,g6)(T—z) cos k”(u:T_z)]
oy [
0
dz} + €3,

where the explicit formula for the approzimation error es is given in (SM4.11) and
les] < e.

(u+T —z)mo

(3.9) Z( (- =0) B =i (0)F (2) + FP(2)) xu 0, 2)

This theorem presents only the approximation formula for the T-deferred Gerber-
Shiu function $(u, T). To get the final approximation for the finite-time Gerber-Shiu
function ¢(u,T'), we simply apply the formula o(u,T) = ¢(u) —p(u, T) in (1 3) to get
the desired approximation (1.7), and the approximation error in (1.7) is €5 := =) —gg,
where the definition and the bound of n*) can be found in (SM3.1). And for the last
integral term in the Equation (3.9), since it can be shown that the Fourier-cosine
approximation converges uniformly in z to the original integrand on the integration
domain, where the proof is put in Section SM4, we can utilize a suitable numerical
integration method to approximate it. In this paper, we choose Simpson’s rule with
a suitable partition size (say the number of partition points on [0,7] is N = 200) to
calculate the corresponding integral numerically.

3.2. Numerical illustrations. In this subsection, we provide various numerical
illustrations for the approximation of finite-time Gerber-Shiu functions under different
processes with the initial surplus « > 0. For the choice of @ when applying the formula
o(u,T) = p(u) —P(u,T) in (1.3), since the T-deferred Gerber-Shiu function @(u,T’)
depends on T, but the infinite-time Gerber-Shiu function ¢(u) does not involve the
parameter T, it is more reasonable to choose different a for the two terms. More
precisely, for the T-deferred Gerber-Shiu function $(u, T'), we still choose a by (2.24),
while for the infinite-time Gerber-Shiu function p(u), we suggest to use a’ as

, L
a=u+—,

yet with the same L = 7 as proposed before. As can be seen in our simulation study
on the robustness against L (see Figures 4 and 7 to 9), the approximations are stable
for a sufficiently long range of values of L as expected. Nevertheless, an exaggeratedly
large value of L may still cause a large approximation error; If L is too small, the
corresponding replacement error 7, (see (2.17)) may be large; while if L is too large,
we need to increase K accordingly to make the truncation error 7, small enough,
which would consume more time in computation.

We shall split our illustrations for each type of Lévy Processes, i.e. the Lévy
Processes with a finite Lévy measure and those with an infinite Lévy measure.

3.2.1. Finite Lévy measure case. In this subsection, we shall first consider
the case when v(RT) < co. Under this assumption, the Lévy Process Ly is actually a
Compound Poisson Process with Poisson intensity parameter A = v(R™*). Moreover,
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P(L; = 0) = e * for all t > 0. For the claim distribution, we choose Exponential,
Gamma and Beta distribution families to characterize the claim size random variables.
These three distribution families are commonly used to fit insurance data with both
flexibility and good performance. The gamma and the exponential distributions are
positively skewed distributions over the positive real half line. Actuaries can use
gamma distributions to easily control the tail behaviour of risks, especially to render
the heavy-tail nature for insurance risks by taking appropriate parameters. While,
having a bounded support, beta distributions are well suited for modeling insurance
claims with ceilings. We also provide the corresponding Monte Carlo benchmark
values for each example. For each Monte Carlo simulation we simulate 50,000 paths,
and then produce 50 Monte Carlo results to calculate the mean and the standard
deviation. As we can see in the numerical examples, our method is much faster and
more accurate than the Monte Carlo one; and in each example, we shall count in the
comparisons between time costs incurred.

Ezample 3.4 (Finite-time ruin probability for a Compound Poisson Process with
exponential claims). Take § = 0 and k(z,y) = 1 like the zero initial surplus case in
Example 2.6. The density function of an exponential claim is ue™#* and one can derive
that |[AM ()] = Nip(u — is)~2| = O(s~2), thus we can choose ng = 1 in Assumption
A. The approximation formula (3.9) is applied to the same setting as in Example 2.6
but with a larger value of u, i.e., with A = 0.87, u =1, T = 60 and L = 7; also u = 20.
Figure 4 plots the ruin probability as a function of K (the number of terms used in
each partial sum) and L respectively. The highlighted band (0.0174 4 0.0005) is the
Monte Carlo simulation one standard deviation range centered at the mean. The total
running time of the Monte Carlo simulation to generate 50 results (equivalently, 50
data points) is about 12.6 mins, while for the Fourier-cosine method it requires only
3.8s to generate even up to 100 points with parameter K = 512 in the second plot of
Figure 4. Upon comparison with the true ruin probability based on the integration
formula in [3], as we expected the approximation converges to the true value as K
increases. The absolute errors between the approximated and true ruin probabilities
for several values of K are given in Table 2, while a plot on the rate of convergence is
in Figure 5. We observe that the convergence rate is of an order close to O(K ~3:9).
Figure 6 plots the results of the finite-time ruin probability with respect to the time
T, from the plot we observe that the Fourier-cosine approximation coincides with
the reference value and converges to the infinite-time ruin probability as T tends to
infinity, which verifies that the Fourier-cosine method is stable for any sufficiently
large T'.

K | 32 64 128 256 512 1024
Error | 51-107% 13-107*% 24.1.07° 27-10° 14.1077 1.7-10°7
TABLE 2

Error magnitude for the Fourier-cosine approximation of the finite-time ruin probability with
parameters A =0.87, =1, T =60, L =7 and u = 20.

Ezample 3.5 (Finite-time Gerber-Shiu function for a Compound Poisson Process
with Gamma claims). Let the penalty function k(z,y) = x 4+ y (see [48] for more
examples of penalty functions) and the claim size Y be distributed as Gamma(c, 3)
with a density function %xa’le’ﬁm. One can easily derive that [A(M) (s)| = >\|%i(1 —
%S)_a_1| =0 (3_1_5“), so we can choose ng = 1 in Assumption A. In Figure 7, two
illustrative plots of the finite-time Gerber-Shiu function against K and L with a

parameter set {§ = 0.05,\ = 2, = 0.5, = 1.1,u = 3,7 = 6,L = 7} are given.
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The one standard deviation range of the Monte Carlo simulation is (0.4010 £ 0.0040),
as shown in the highlighted region in the plots, the time required to run the Monte
Carlo simulation 50 times (50 data points) is about 223s, while for the Fourier-cosine
method it requires only 4.3s to generate 100 points with K = 512 in the second plot
of Figure 7. The approximation of the Gerber-Shiu function stabilizes as K increases,
and for a large range of values of L, it falls into the one standard deviation range of
the Monte Carlo simulation.

0.46

Gerber-Shiu function
° °
IS 'Y
S IS

o
S
S

0381,

Fic. 7. Gerber-Shiu functions based on the
Poisson model with gamma-distributed claims.
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Fourier-cosine approzimation for the compound

Ezample 3.6 (Finite-time Gerber-Shiu function for a Compound Poisson Process
with Beta claims). Let the penalty function k(z,y) = y and the claim size Y be
670  distributed as Beta(a, ) with a density function ﬁxo"l(l — x)#~1. Under this
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case, one can derive that

at

a+p
~'I‘(a+ﬁ+1)<

1Fila+ ;a4 8+ 1;is)
e’ (is) =P N (—is)a1>
T(a+1) r'(B)

[AT0) (5)] ~ A1 Fy (@ + no;  + B+ nos is)| = O (S_max{ﬂ’wrn“}) ;

A=A

—0 (s— max{67a+1}) ,

where 1 F1(+;+;+) is the hypergeometric function. Thus for 8 > 1 we can choose ng = 1
in Assumption A. In Figure 8, two more illustrations of the Gerber-Shiu function
approximation as a function of K and L with a parameter set {§ = 0.04, A = 1.1, =
7,86 =2,u=3,T =10,L = 7} are provided. The highlighted region (0.0292+0.0004)
is the one standard deviation range centered at the Monte Carlo simulation mean,
the total running time of the Monte Carlo simulation for 50 times (50 data points)
is about 111s, while for the Fourier-cosine method it requires only 3.8s to generate
100 points with K = 512 in the second plot of Figure 8. The approximation of the
Gerber-Shiu function stabilizes as K increases, and for a large range of values of L,
it falls into the one standard deviation range of the Monte Carlo simulation.

Remark 3.7. When 8 < 1, Assumption A does not hold. However, the following
numerical study (as shown in Figure 9) with parameters being set as § = 0.06, A =
1L,a=9,6=0.3,u=5,T =20,L =7 shows that our algorithm still converges even
if B < 1 yet with a slower convergence rate (the Monte Carlo one standard deviation
range is (0.0359 £ 0.0004)). We leave the theoretical justification of this claim to
future study by interested readers.

Beta:6=0.04,A=11,a=7,=2,u=3,T=10,L=7 Beta:6=0.04,A=1.1,a=7,=2,u=3,T=10,K=512
0.045
Monte Carlo Monte Carlo
P + Fourier Approximation - Fourier Approximation
0.040 4 0.0300

ion

00351 " ;
. 0.0295

Shiu function

0.030

0.0290
0.025

Gerber-Shiu functi

Gerber-

0.020 0.0285

0.015
0 100 200 300 400 500 0.0 25 5.0 7.5 10.0 125 15.0 17.5 20.0
K L

Fic. 8. Gerber-Shiu functions based on the Fourier-cosine approximation for the compound
Poisson model with beta-distributed claims.

3.2.2. Infinite Lévy measure case. In this case, L; can be decomposed as
a sum of a Compound Poisson Process and a pure jump process such that they are
independent. On any nontrivial compact time interval with interior, the Lévy Process
L; contains infinitely many jumps and the jumping times are dense in this arbitrary
interval, see [45] for more discussion. In particular, for any time ¢ > 0, P(L; = 0) = 0.

The work [28] built an implementable numerical scheme to approximate the finite-
time Gerber-Shiu functions when the risk processes are meromorphic ones belonging
to Beta and Theta families of Lévy Processes, which were first introduced in [26] and
[27]; their method relies on inverting the Laplace transform of ¢(u,T) with respect
to the T-variable which can be given by a closed form expression in terms of the cor-
responding infinite-time Gerber-Shiu counterpart. Their work was a breakthrough in

This manuscript is for review purposes only.



e e e e = = I BN BN R |

~ =~ ~N N N
NN N N N =
=~ W N = O ©

-1
[\v)
t

-3
[
(=2}

FOURIER-COSINE METHOD FOR FINITE-TIME GERBER-SHIU FUNCTIONS 21

Beta:6=0.06,A=1,0=9,=0.3,u=5"T=20,L=7 Beta:6=0.06,A=1,a=9,=0.3,u=5,T=20,K=1024
0.06 0.0370
Monte Carlo Monte Carlo
A « Fourier Approximation - Fourier Approximation

o
o
&

0.0365

o
o
g

'ﬁvaPNA_aﬁ—_,-

0.0360

14
o
N

0.0355

Gerber-Shiu function
o
o
3
Gerber-Shiu function

o
o
2

0.0350

0.00

0 200 400 600 800 1000 0.0 25 5.0 7.5 10.0 125 15.0 17.5 20.0
K L

Fic. 9. Gerber-Shiu functions based on the Fourier-cosine approximation for the compound
Poisson model with beta-distributed claims.

the contemporary literature and they also provided a comprehensive numerical study
and demonstrated the efficiency of their method, for instance, computing the Value-
at-Risk of the deficit at the ruin, conditional on the event that the ruin happens before
the deterministic time 7', particularly under the Theta families of risk processes with
the density of the corresponding Lévy measure having a singularity at zero of order
3/2. Nevertheless, their approach is apparently workable only for a restricted class of
Lévy Processes under which the infinite-time Gerber-Shiu functions acquire a closed
form. Now, under our proposed Fourier-cosine method, in addition to demonstrating
the approximation of the conditional VaR under the special case of Theta families
as considered in [28] as discussed above; we further extend our numerical scheme to
the more general classes of risk processes under which the infinite-time Gerber-Shiu
functions fail to have a closed form. For instance, Gamma Processes and Generalized
Stable Processes will be considered, and again they are beyond the scope of [28]. To
this end, we first compute the conditional distribution function

P(|R:| <p,7<T)
P(r<T) ’

(3.10) Fr(p) :=P(|R,| <plr <T) =

then by defining at the confidence level a, VaR,, satisfies Fr(VaR,) = a. To find
the value VaR,, we compute the finite-time ruin probability P(7 < T) first in each
example, and then compute the finite-time Gerber-Shiu function F(T,p) := P(|R.| <
p, 7 < T) as in Example 2.7 and use (3.10) to get the desired value.

Ezample 3.8 (Value-at-Risk for Theta families with a singularity of order 3/2).
The Lévy measure of Theta families is v(dz) = Z—ie*‘)‘m@l(ﬁx), where O1(y) =
25°%° 2%V T with E(L;) = 5o (a~'/2 coth(my/a) —msinh™?(wy/a)). The first
order derivative of A(s) is

A(l)(s) = % [(0‘ - %9)71/2 COth(ﬂ'M) — ﬂ'sinh_2(7r o — Z;)] )

and one can check that [A(V)(s)] = O(s~'/?) as s — oo, as a result we can choose
ng = 3 in Assumption A. The illustration is conducted with parameters p = 20, ¢ =
54, = 0.5,8 = 0.35,u = 2,T = 20. The finite-time ruin probability P(r < T') is
shown in Figure 10, and the finite-time Gerber-Shiu function F(T,p) := P(|R,| <

TNote that the function ©1(y) is just the first order derivative of the Theta function 5(0,e~¥),
see [27].
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p,7 < T) is shown in Figure 11. We can see that the approximations appear to
stabilize as K increases. Then we use the formula (3.10) to compute the conditional
distribution Fr(p), and the plot of Fr(p) against p is given in Figure 12. From the
plot, we can see the VaRg. g5 for Theta families with a singularity at zero of order
3/2 is 5.47, while the benchmark value in [28] is 5.472856602. For reference, we also
provide a table of more accurate values of VaR,, for o = {0.95,0.96,0.97,0.98,0.99}
in Table 3 by setting a denser grid and using the fourth order Lagrange polynomial
interpolation to improve the precision (see [28] for details). The time needed for
generating Figure 10, Figure 11 and Figure 12 (each includes 500 points) are 16s, 25s
and 29s, respectively. We also provide a plot of F(T,p) against T in Figure 13, from
the plot, we observe that as T tends to infinity, the approximation approaches the
value of the corresponding infinite-time Gerber-Shiu function, which justifies that our
method is stable with the time parameter T and is consistent with the corresponding
Fourier-cosine approximation of the infinite-time Gerber-Shiu function ¢(u).

Theta:a=0.5,=0.35,c=5.4,u=20,u=2,T=20,L=7 Theta:a=0.5,8=0.35,c=5.4,u=20,u=2,p=3,T=20,L=7
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S R
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Gerber-Shiu function
Gerber-Shiu function

0.160 1+
.

e
@
S

0.158 1
0.128 4

0.156

Fic. 10. Approximation of ruin probability Fic. 11.  Approzimation of F(T,p) for
for Theta families. Theta families.
«a ‘ 0.95 0.96 0.97 0.98 0.99
VaR, ‘ 5.472452523 5.897355828  6.445308494  7.217829473  8.539040167
TABLE 3

VaRq of different o for Theta families.

Ezample 3.9 (Value-at-Risk for a Gamma Process). The Lévy measure of a
Gamma Process with parameters a > 0 and 8 > 0 is v(dz) = (ee™ "7 /z) dz, with

E(L;) =at/f and AD(s) = %(1 - %5)’1. In this case we can choose ng = 2 in As-

sumption A since one can check that [A™)(s)| = O(s~!). The illustration is conducted
with the same parameters in Example 2.7 but with a positive u = 4. The finite-time
ruin probability P(7 < T') is shown in Figure 14, and the finite-time Gerber-Shiu
function F(T,p) := P(|R,| < p,7 < T) is shown in Figure 15. The setting of Monte
Carlo simulation is the same with the one in Example 2.7 and the corresponding
one standard deviation range for P(r < T') and F(T,p) are (0.2575 + 0.0019) and
(0.2271 £ 0.0019), respectively. Again, we can see that both approximations fall
rapidly into the one standard deviation limited range as K increases. Then we use
the formula (3.10) to compute the conditional distribution Fr(p), and the plot of
Fr(p) against p is given in Figure 16. From the graph, we can see the VaRg g5 for
this Gamma Process is 4.38. We also provide a table of more accurate values of VaR,,
for « = {0.95,0.96,0.97,0.98,0.99} in Table 4 for readers’ references. The time for
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762 running the Monte Carlo simulation 50 times (50 data points) is around 85 minutes,
763 while the time for generating Figure 14, Figure 15 and Figure 16 (each includes 500

764 points) are 13s, 2 mins and 3.5 mins, respectively.

Theta:a=0.5,=0.35,c=5.4,u=20,u=2,T=20,L =7,K=512
eta:a B < K=20.u Theta:a=0.5,8=0.35,c=5.4,u=20,u=2,p=3,K=512,L =7

1.01
0.14
(5.47,0.95) P

0.8

0.6 1

0.44

Gerber-Shiu function
Gerber-Shiu function

0.2
-=- Fourier Approximation

—— infinite time Gerber-Shiu

0.0
0 2 4 6 8 L
P

20 40 60 80 100
T

Fi1G. 13. Approzimation of F(T,p) against

Fi1a. 12. Approzimation of Fr(p) for Theta
T for Theta families.

families.
GammaProcess:a=0.4,=05u=4,T=24,L=7 GammaProcess:a=0.4,=0.5,u=4,p=3,T=24,L=7
0.280 0.250
Monte Carlo Monte Carlo
«  Fourier Approximation «  Fourier Approximation
0.2751* 02451+
c '. c L
S s S
5 02704% £ 0.240 -
g g :
2 2
202651 202351 "
g . d
9] " 3 .y
€ 02604 502304
© LAV o J\[\M
0.255 1 0.225
0.250 T 0.220 v
0 100 200 300 400 500 0 100 200 300 400 500
K
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for the Gamma Process.

«Q 0.95 0.96 0.97 0.98 0.99
VaR, \ 4.378096648 4.743214622 5.218267029 5.89531416 7.070394497
TABLE 4

VaR of different o for the Gamma Process.

Ezample 3.10 (Value-at-Risk for a Generalized Stable Process). The Lévy mea-
sure of a Generalized Stable Process with parameters 8 € (0,1) and A > 0 is
v(dz) = 2 de, with B(L) = BtA°~L and A (s) = Bi(A — is)P~1. One

(1-B)z
765 can check that |[AM(s)] = O(s~ (=), thus we can choose ng as the smallest inte-

ger larger than 1% in Assumption A. The illustration is conducted with parameters
A=0.3,8=0.45u =24,T = 120. The finite-time ruin probability P(7 < T) is shown
in Figure 17, and the finite-time Gerber-Shiu function F(7T,p) := P(|R,| < p,7 < T)
is shown in Figure 18. We can see that both approximations appear to stabilize as
K increases. Then we use the formula (3.10) to compute the conditional distribu-
tion Fr(p), and the plot of Fi(p) against p is given in Figure 19. From the plot, we
can see the VaRg g5 for this Generalized Stable Process is 6.19. We also provide a
table of more accurate values of VaR,, for o = {0.95,0.96,0.97,0.98,0.99} in Table 5
7 for reference. The time needed for generating Figure 17, Figure 18 and Figure 19
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(each includes 500 points) are 15s, 3.6 mins and 9.6 mins, respectively. Note that
the calculations for the Gamma Process and the Generalized Stable Process are much
slower than for the Theta families, the reason is that for the Gamma Process and the
Generalized Stable Process, the corresponding Fourier transforms of V' involve the
computation of incomplete Gamma functions which we cannot use vectorization in
Python to compute for approximating F}(p).

GammaProcess:a=0.4,=05,u=4,T=24,L=7,K=512 0.026 genStable:A=0.3,=0.45,u=24,T=120,L=7
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Fic. 18. Approzimation of F(T,p) for the Fic. 19. Approzimation of Fr(p) for the
Generalized Stable Process. Generalized Stable Process.

o ‘ 0.95 0.96 0.97 0.98 0.99
VaR, ‘ 6.185790705 6.737914506 7.459858661  8.494905258 10.305576768

TABLE 5
VaR. of different o for the Generalized Stable Process.

Supplementary Materials. All the proofs and the detailed error analyses are
presented in the Supplementary Materials. The proofs for the Generalized Ballot
Theorem and the non-crossing probability as well as the derivations of Equation (2.9)
and Equation (3.5) are put in Section SM1 and Section SM2; the detailed error analy-
ses for Theorem 2.2 and Theorem 3.3 are shown in Section SM3 and Section SM4,
respectively.
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Appendix A. Overview on Gerber-Shiu functions. [22] first introduced
the function ¢ named after them, its effectiveness was demonstrated by the systematic
characterization of important financial quantities in actuarial science. In their first
work, the classical risk model was used, and they showed that ¢ satisfies a defective
renewal equation, to which the solution can be expressed as an infinite sum of the
order of convolution products. This result has been generalized to the model (1.8) in
[20], with the following representation:

(A1) p(u) =Y hyxh3k(u),
k=0

where v** denotes the k-th order convolution for a function v such that the custom
of v*! = v and v** = v**~1) %y is adopted; and we denote f *v*0 = f. The functions
hy and hsy are given by

/ / G (2, y)C(z + y)dydz, hoz) = /me*m*z)c(y)dy,xzo,

where ¢ denotes the density of the Lévy measure, i.e., v(dy) = ((y)dy, and the
constant p is the unique non-negative solution of the following equation in A,

§—A—A(i\) =

It has been shown in [8] that the Gerber-Shiu function has the following representa-
tion:

(A.2) p(u) = h1(0) + /Ou V(z)de,

where

(A.3) V(z):=h1(0) ) h3*(x +th1*h Zhg*h ),
k=1
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ha(x) = phy(2) — K (z) = / " ke )C(e +y)dy.

Notice that from (A.2) we have ¢(0) = hi(0). In our work, we demonstrated that
the Fourier transform of functions hy, hy and hgz are easy to calculate, and it can be
shown that |hy(s)| < 1 for all s € R under the safety loading condition (see [8] for
details). Thus from (A.3), the Fourier transform of V' can be calculated by

(A.4)

[10]

[11]

12]

M.

; ik N~ ik N~ ik h(0)hg + phy —
V=hy(0)Y W+ hahs = hahh = 1(Oha & pha = s
k=1 k=0 k=0 1=y
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