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We introduce the task of random-receiver quantum communication, in which a sender transmits a
quantum message to a receiver selected from a list of n spatially separated parties. At the moment of
transmission, the choice of receiver is unknown to the sender. Later, it becomes known to the n parties,
who coordinate their actions by exchanging classical messages. In normal conditions, random-receiver
quantum communication requires a noiseless quantum communication channel between the sender and
each of the n receivers. In contrast, we show that random-receiver quantum communication can take place
through noisy, entanglement-breaking channels if the order of such channels is coherently controlled by
a quantum bit that is accessible through measurements. While this phenomenon is achieved with a single
control qubit, it cannot be mimicked by adding a noiseless qubit channel from the sender to any of the
receivers, or more generally, from the sender to any subset of k < n parties.
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I. INTRODUCTION

The point-to-point transmission of quantum messages
from a sender to a receiver is the cornerstone of quan-
tum communication. When the identity of the receiver is
known, this task can be achieved with a reliable quan-
tum communication channel between the sender and the
receiver. But what if the identity of the receiver is unknown
at the moment of transmission? This situation is relevant
to delegated quantum computation [1–5], where a client
sends quantum states to a server, which is then required to
perform a quantum computation on them. A priori, several
servers could be available, and the client may not know in
advance which server will be assigned the computation. In
this situation, it is convenient to have a way to transmit the
message simultaneously to all potentially available servers,
so that, once one of them is assigned the computation, the
designated server is able to retrieve the message and to
operate on it. We call this task random-receiver quantum
communication.
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Random-receiver quantum communication can be
described as follows. A sender, labeled as A, is connected
to n spatially separated parties (Bi)

n
i=1 through n com-

munication channels (Ci)
n
i=1, as illustrated in Fig. 1. The

sender wants to transmit a quantum message to one of the
parties, say the xth party, for some x ∈ {1, . . . , n}. How-
ever, the identity of such party (i.e., the value of x) is
unknown at the moment of transmission. After the trans-
mission has taken place, the value of x is decided. For
example, the n parties could communicate classically to
each other and decide which of them should receive the
message and act upon it. In the following, we assume
that, after the value of x has been decided, all the n par-
ties know the value of x and cooperate in order to let the
message reach party Bx. To coordinate their actions, the
parties are allowed to exchange classical messages. We say
that a communication protocol is successful if it reliably
transmits an arbitrary quantum state for arbitrary values of
x ∈ {1, . . . , n}.

Besides the application to delegated quantum comput-
ing, random-receiver quantum communication is interest-
ing for foundational reasons. At the most basic level, the
transmission of quantum states to multiple receivers has
a nontrivial relation with the no-cloning theorem [6,7],
which forbids trivial protocols where the sender makes
many copies of the message and sends one copy to each
receiver. Random-receiver quantum communication is also
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FIG. 1. Random-receiver quantum communication. The
sender A wants to transmit a quantum message to one of n
receivers (Bi)

n
i=1. The identity of the designated receiver Bx is

unknown at the moment of transmission. After the designated
receiver Bx is revealed, the other receivers cooperate with Bx
in order to transfer the message to its laboratory. The receivers
are allowed to coordinate their actions through classical com-
munication, while quantum communication among them is
forbidden.

related to the task of quantum summoning [8–13], where
a quantum message has to be revealed at a given set of
spacetime points. The crucial difference is that summon-
ing includes fundamental limits on the exchange of signals
induced by the causal structure of the underlying space-
time. As a consequence, if a party can communicate to
another then it can transmit both classical and quantum
messages. In contrast, random-receiver quantum commu-
nication only includes limits on the ability to send quantum
messages, while no restriction is imposed on the ability to
send classical messages.

Perhaps less expectedly, random-receiver quantum com-
munication also turns out to have implications for the study
of indefinite causal order in quantum mechanics [14–18].
Consider a scenario where each receiver is connected to
the sender by a pair of noisy channels, say channels Ai
and Bi for the ith receiver. Suppose that the two chan-
nels can act in two alternative orders, AiBi and BiAi,
and that their order is coherently controlled by a qubit,
called the order qubit, in the thought experiment known as
the quantum SWITCH [15,17]. In this scenario, illustrated
in Fig. 2, we show that perfect random-receiver commu-
nication is possible even if all the channels (Ai,Bi)

n
i=1

have zero capacity to transmit quantum information. This
counterintuitive phenomenon is made possible by the cor-
relations between the order qubit and the output of the
channels, which enable random-receiver quantum commu-
nication using classical information about the outcome of
a binary measurement on the control system.

Our results show that a single qubit controlling the
causal order can unlock quantum communication to a

FIG. 2. Random-receiver quantum communication through
noisy channels. Perfect protocol with entanglement-breaking
channels in a superposition of orders. Alice encodes the unknown
qubit state ψ in an n-partite GHZ state and sends it through the
noisy channels. An order qubit controls the order in which the
subsystems pass through noisy channels, i.e., either Ai before
Bi, or Bi before Ai, for all i ∈ {1, . . . , n}. When the order qubit
is prepared a superposition of the two classical states |0〉 and |1〉,
the channels are executed in a coherent superposition of these
two orderings. The goal of the protocol is to transfer a generic
state |ψ〉 from the sender to one of the n receivers (in this pic-
ture, receiver B1). To achieve this goal, local measurements are
performed on the order qubit and on all the qubits other than
the qubit of the designated receiver B1. The measurement out-
comes are then communicated to B1, who performs a correction
operation that retrieves Alice’s message without error.

randomly chosen receiver. Remarkably, this unlocking
effect cannot be reproduced by replacing the access to
the control qubit with a constant number of side channels
from the sender to the receivers, as illustrated in Fig. 3.
In this scenario, a side channel to receiver Bi can be used
to “smuggle” information directly to receiver Bi, bypass-
ing the noisy channels Ai and Bi. While this approach can
trivially transfer information to a known receiver, we show
that it cannot achieve random receiver quantum communi-
cation, unless the sender is provided with one side channel
for every receiver, and each of these side channels permits
the faithful transmission of one qubit.

Comparing the quantum SWITCH with the side-channel
scenario of Fig. 3, one can see that the access to the order
qubit is a more powerful resource than the access to n − 1
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FIG. 3. Random-receiver quantum communication with k < n
noiseless side channels. Alice communicates to the n receivers
through entanglement-breaking channels in a fixed order, with
the assistance of k < n noiseless qubit channels, transferring
quantum information from her lab to the labs of the k receivers.
In the figure, k = n − 1 and the k side channels reach receivers
B2, . . . , Bn. Despite the assistance of the noiseless side channels,
random-receiver quantum communication cannot be accom-
plished when the designated receiver is B1.

qubit side channels. This observation indicates that the
communication advantages of the quantum SWITCH are
not trivially due to use of the order qubit as a noiseless
side channel that delivers messages to the receivers by
bypassing the noisy channels placed between them and the
sender.

A. Protocol using noiseless qubit channels

To get insights into the task of random-receiver quan-
tum communication, it is useful to consider first the sce-
nario where the quantum message is a qubit, and all the
channels from the sender to the receivers are noiseless.
In this setting, one has the following simple protocol.
To transmit the quantum state |ψ〉 = α|0〉 + β|1〉, the
sender encodes it into the generalized Greenberger-Horne-
Zeilinger (GHZ) state |ψn〉 := α|0〉⊗n + β|1〉⊗n. Then, the
sender sends the n qubits to the n receivers. To let party
Bx retrieve the message, each of the other n − 1 parties
performs a measurement on the Fourier basis {|+〉, |−〉},
|±〉 := (|0〉 ± |1〉)/√2, collapsing the state of party Bx
to |ψs〉 := α|0〉 + (−1)sβ|1〉, where s := ∑

y �=x oy is the
sum of the measurement outcomes, oy being the measure-
ment outcome obtained by the yth party. Finally, the n − 1
parties communicate their outcomes to Bx, who performs

the correction operation Zs, with Z := |0〉〈0| − |1〉〈1|. It
is easy to see that party Bx eventually receives the quan-
tum state |ψ〉 without any error. All together, this proto-
col requires 1 qubit of quantum communication from the
sender to each receiver.

B. Conditions for random-receiver quantum
communication

Suppose now that the quantum channels from the sender
to the receivers are general noisy channels. For protocols
involving a single round of classical communication to
the chosen receiver, we show that perfect random-receiver
quantum communication is possible only if each of the
channels (Ci)

n
i=1 can transfer at least one qubit without

errors.

Theorem 1. Every one-way protocol for random-receiver
communication of a d-dimensional quantum message
requires each of the channels (Ci)

n
i=1 to have a quantum

capacity of at least log d qubits.

The proof is provided in Appendix A.
Theorem 1 implies that the simple noiseless protocol

presented in the previous section is already optimal in
terms of quantum communication cost.

As a special case, Theorem 1 implies that random-
receiver quantum communication cannot take place when
some of the channels (Ci)

n
i=1 are entanglement breaking

[19,20]. We recall that entanglement-breaking channels are
of the measure-and-prepare form C(ρ) = ∑

j Tr[Mj ρ]ρj ,
where (Mj ) is a quantum measurement and {ρj } is a
set of output states [21]. Entanglement-breaking channels
are the prototype of channels with zero quantum capac-
ity, and therefore they cannot achieve random-receiver
quantum communication. As it turns out, the impossi-
bility of random-receiver quantum communication with
entanglement-breaking channels holds not only for one-
way protocols, but also for protocols involving arbitrarily
many rounds of local operations and classical communica-
tion (LOCC) (see Appendix B).

In the rest of the paper, we focus on the scenario where
all channels are entanglement breaking, and ask which
additional resources should be added in order to enable
random-receiver quantum communication. In the basic
model of Fig. 1, we replace each entanglement-breaking
channel Ci with a new channel Ci ⊗ Si, where Si is an
additional channel from the sender to the ith receiver. For
simplicity, we assume that each side channel Si outputs
a quantum system of dimension d, equal to the dimen-
sion of the quantum message. In this setting, we prove that
random-receiver communication is possible if and only if
each side channel has maximal capacity, that is, if and only
if each side channel can faithfully transmit log d.
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Theorem 2. Random-receiver quantum communication
with entanglement-breaking channels (Ci)

n
i=1 and side

channels (Si)
n
i=1 with d-dimensional output is possible if

and only if all side channels have a capacity of log d qubits.

The proof is provided in Appendix B. In particular,
Theorem 2 shows that random-receiver quantum commu-
nication with entanglement-breaking channels is impossi-
ble even if one provides perfect side channels to any finite
number k < n of receivers.

C. Random-receiver quantum communication through
the quantum SWITCH

We now show a protocol that exploits indefinite causal
order to achieve random-receiver quantum communica-
tion even if all the channels from the sender to the n
receivers are entanglement breaking. Let A := ⊗n

i=1Ai
and B := ⊗n

i=1Bi be two quantum channels, describing
the noise experienced by the data transmitted by a sender
to n receivers. The action of the channels A and B in a
superposition of two alternative orders is described by the
quantum SWITCH [15,17], a higher-order map that trans-
forms the pair of channels (A,B) into a new quantum
channel S(A,B), involving a control qubit that determines
the order of application of channels A and B. In its sim-
plest version, the quantum SWITCH produces the channel
S(A,B) with Kraus operators

Sjk := Aj Bk ⊗ |0〉〈0| + BkAj ⊗ |1〉〈1|, (1)

where {Aj } and {Bk} are Kraus representations for channels
A and B, respectively. It is easy to verify that the definition
of channel S(A,B) is independent of the choice of Kraus
representations.

When the order qubit is initialized in the state ω, we
use the shorthand Sω(A,B)(ρ) := S(A,B)(ρ ⊗ ω) and
we call Sω(A,B) the switched channel. Note that, in order
for the switched channel to exhibit an interesting behavior,
the Kraus operators of the two channels A and B should
exhibit some amount of noncommutativity: if all the Kraus
operators Aj and Bk were to commute then the switched
channel would simply be Sω = AB ⊗ ω.

When A and B are products of Pauli channels, the
switched channel has the simple expression

Sω(A,B) = p+C+⊗ω++p−C−⊗ω−, (2)

where (p+, p−) are two probabilities, ω+ := ω and ω− :=
ZωZ are states of the order qubit, and (C+, C−) are two
quantum channels (see Appendix C for the explicit expres-
sion). In the following, we focus on the case where all
channels (Ai)

n
i=1 and (Bi)

n
i=1 are equal to the Pauli channel

NXY, defined by NXY(ρ) = 1
2 (X ρX + YρY). This chan-

nel is entanglement breaking and therefore cannot directly
transmit quantum information. However, the use of this

channel in a superposition of orders achieves perfect quan-
tum communication to a single receiver [22]. In the fol-
lowing, we show that perfect quantum communication can
also be achieved by an arbitrary receiver, chosen from a
list of n ≥ 2 candidates.

For simplicity, we illustrate the idea for n = 2. First,
the sender encodes the message |ψ〉 = α|0〉 + β|1〉 into
the state |ψ2〉 := α|0〉|0〉 + β|1〉|1〉, as in the noiseless pro-
tocol. Then, the sender sends the two qubits to receivers
1 and 2, using the channels A = NXY ⊗ NXY and B =
NXY ⊗ NXY in a superposition of orders. When the order
qubit is initialized in the state |+〉 = (|0〉 + |1〉)/√2, the
channels C± in Eq. (2) are

C+(ρ) = ρ + (Z ⊗ Z)ρ(Z ⊗ Z)
2

,

C−(ρ) = (I ⊗ Z)ρ(I ⊗ Z)+ (Z ⊗ I)ρ(Z ⊗ I)
2

,
(3)

and the probabilities p± are both equal to 1
2 . The out-

put states of the order qubit are either ω+ = |+〉〈+| or
ω− = |−〉〈−|, with |−〉 := (|0〉 − |1〉)/√2. Since these
two states are orthogonal, a measurement on the order
qubit postselects one of the two channels C+ or C−. More-
over, the channels C+ and C− are equivalent under local
unitary operations: for example, party 1 can turn channel
C− into channel C+ by applying the Pauli gate Z on its
qubit. If the outcome of the measurement on the order qubit
is shared to the two receivers, they can ensure that their
qubits have gone through the channel C+. Now, the pure
state ρ = |ψ2〉〈ψ2| is invariant under the action of channel
C+, and therefore it reaches the two receivers without any
error. Hence, the two receivers end up with two qubits in
the same state as in the noiseless protocol, and can achieve
random-receiver quantum communication. Summarizing,
classical communication of the outcome of a measure-
ment on the order qubit enables perfect random-receiver
quantum communication.

The above protocol can be generalized from n = 2 to
arbitrary numbers of receivers, as shown in Appendix D.
The crucial feature of the protocol is that access to a single
qubit (the order qubit) is enough to unlock quantum com-
munication to n independent receivers. This feature cannot
be reproduced by adding a qubit side channel in a causally
ordered scenario. In fact, Theorem 2 implies that random-
receiver quantum communication is impossible even if one
adds any number k < n of qubit side channels. In short, the
mere access to the order qubit is a more powerful resource
than the access to n − 1 qubit side channels.

D. Generalization to multiqubit quantum
communication

The protocol for random-receiver quantum communica-
tion with assistance of the quantum SWITCH can also be

020350-4



RANDOM-RECEIVER QUANTUM... PRX QUANTUM 2, 020350 (2021)

used for the transmission of multiqubit entangled states.
Suppose that the sender wants to transmit an m-qubit sys-
tem to m receivers, chosen from a list of n candidate
receivers. By applying the basic protocol, the sender can
transmit one qubit to any of the n candidate receivers. Now,
suppose that the protocol is performed independently on
each of the input qubits, thus sending each of them to one
of the n possible receivers. The net result is that the whole
m-qubit state is transmitted to an arbitrary list of designated
receivers, as one can infer from the linearity of quantum
evolutions, in a similar way as it is done in the analysis
of quantum teleportation [23]. In this way, it is possible
to send the m qubits to m receivers, or, more generally, to
send k disjoint subsets of the m qubits to k receivers.

The above protocol could be used for distributing entan-
glement in a network of quantum computers. This applica-
tion is potentially appealing because shared entanglement
among the nodes of a quantum network can be used to
achieve nonlocal computation [24–26]. In this scenario,
our protocol can be used to generate multiqubit entangled
states on demand, as they become needed during the run
of a quantum computation. The alternative would be to
generate all the entangled resources before the computa-
tion starts, and store them in a quantum memory. Treating
entanglement as an offline resource, however, is practically
challenging, because quantum memories have a limited
lifetime and are likely to be costly to maintain. In addition,
it may not be known in advance which servers will perform
a certain part of the computation, and, providing all servers
with all the necessary entanglement resources may not be
an efficient approach in general. In comparison, our pro-
tocols allows one to generate entanglement during the run
of the computation, and to distribute entanglement only to
those subsets of the servers that are expected to carry out
the next computational step.

E. Discussion

Quantum communication with the assistance of the
quantum SWITCH is similar to quantum communication
with classical assistance from the environment [27–30]. In
both cases, the access to a measurement outcome unlocks
some quantum information that would be inaccessible oth-
erwise. The analogy goes even further, because the quan-
tum SWITCH of two channels A and B is an extension of
the quantum channel 1

2 (AB + BA). Precisely, the channel
1
2 (AB + BA) can be obtained from the switched channel
S|+〉〈+|(A,B) by discarding the order system. From this
point of view, the order qubit is indeed part of the envi-
ronment of the channel 1

2 (AB + BA), and quantum com-
munication with the assistance of the quantum SWITCH
is a special case of quantum communication with classi-
cal assistance from the environment. The key difference
is that, in the case of the quantum SWITCH, only a small
part of the environment needs to be accessible, while in the

other examples of quantum communication with the assis-
tance of environment it is generally assumed that the whole
environment be accessible.

Another class of communication protocols that exhibit
similarities with the quantum SWITCH are the commu-
nication protocols using controlled operations before and
after the communication channels [31]. Like the quantum
SWITCH, these protocols use a control qubit, which deter-
mines the choice of operations performed on the input and
output of the communication channels. The key difference
with the quantum SWITCH is that such protocols gener-
ally transfer information to the control system in a way
that bypasses the original channels [32,33]. In contrast, in
all the protocols considered in the literature, the quantum
SWITCH does not deposit information into the order qubit.
For protocols involving Pauli channels, this feature is evi-
dent from Eq. (2), where the statesω± of the order qubit are
independent of the message, and so are their probabilities
p± (see Appendix C for the explicit expression).

Here we observe that, if we allow arbitrary controlled
operations before and after the noisy channels then pro-
tocols for random-receiver quantum communication with
entanglement-breaking channels can be constructed also in
the causally ordered scenario. This is because controlled
operations can be used (i) to transfer information directly
from the message to the control qubit, bypassing the noisy
channels A and B, and (ii) to generate the generalized
GHZ state α|0〉⊗n + β|1〉⊗n from the state of the con-
trol qubit, evading the locality restriction that affects the
receivers. An example of a protocol that achieves random-
receiver communication through controlled operations in a
definite causal order is presented in Appendix E.

The possibility of random-receiver quantum communi-
cation through controlled operations in a definite order
can be interpreted in two ways. On the one hand, con-
trolled operations can generate entanglement among the
n receivers, and therefore appear to be too powerful to
be interesting in the problem of random-receiver quan-
tum communication, where locality in space is an essential
constraint.

On the other hand, controlled operations bear some sim-
ilarity with the quantum SWITCH, which can be regarded
as a controlled-SWAP operation in time. Controlled-SWAP
operations and, more generally, controlled permutations,
are a special subset of the set of all controlled opera-
tions, and one may wonder whether this special subset can
reproduce the features of the quantum SWITCH. Inter-
estingly, the answer is negative: in Appendix E we show
that no controlled permutations of the inputs and outputs
of channels A and B permit random-receiver quantum
communication for odd n.

We conclude the discussion by mentioning possible
photonic simulations of random-receiver quantum com-
munication. The quantum SWITCH has been reproduced
with standard physics in several photonic setups [34–39].
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For instance, in the scheme of Ref. [36] the photon’s
transverse spatial mode behaves as the target system evolv-
ing under two quantum operations whose relative order is
controlled by the photon’s polarization degrees of free-
dom (DOF). Compared to the existing experiments, the
implementation of random-receiver quantum communi-
cation through quantum SWITCH is more challenging,
because it requires control over the order of multiqubit
quantum processes. On the other hand, multiple DOF
of a photon, such as polarization, spatial modes, orbital
angular momentum, frequency, and time-bin modes, have
already been addressed simultaneously in different pho-
tonic experiments [40–43]. Using similar techniques, one
could consider a first proof-of-principle experiment that
simulates random-receiver quantum communication with
a single photon. A further approach would be to use multi-
ple photons, e.g., using the polarization degrees of freedom
as the target qubits, and to consider their transmissions
through a correlated noisy channel, where the order of
processes taking place on different photons is perfectly
correlated, and controlled, by a single quantum bit.

II. CONCLUSIONS

In this paper we have introduced a quantum commu-
nication protocol, called random-receiver quantum com-
munication. Using this protocol, a sender can transmit an
arbitrary quantum state to a receiver, chosen from a set of n
candidate receivers after the transmission has taken place.

Random-receiver quantum communication has an inter-
esting connection with foundational questions about causal
order in quantum mechanics. Specifically, we have shown
that random-receiver quantum communication is possible
even with highly noisy channels between the sender and
the receivers, provided that the order of such noisy chan-
nels is coherently controlled by a quantum bit, as in the
quantum SWITCH thought experiment [15,17].

Coherent control of the order of quantum processes
has recently gained increasing interest, as it finds use-
ful applications in communication tasks [22,44–47]. In
this context, a much debated issue is to what extent the
communication advantages appearing in these applications
are specific to superpositions of causal orders, rather than
being generic to other forms of coherent superpositions of
communication protocols [22,31–33,48].

A key question is: can the control system alone be used
to achieve the desired communication advantages, without
involving the superposition of orders? In this respect, our
work provides an important contribution. We establish that
protocols using the superposition of orders offer an advan-
tage over arbitrary protocols where the order is fixed and a
number of side channels connects the sender directly to a
subset of k < n receivers, as illustrated in Fig. 3. A special
case of this scenario is to have communication protocols
where a qubit controls the choice of encoding operations

performed before the noisy channels. Even if the con-
trol qubit is sent to one of the receivers, random-receiver
quantum communication cannot be achieved when the
channels connecting the sender to the other receivers are
entanglement breaking. Even more generally, one can con-
sider protocols where multiple qubits control the encoding
operations and each of these qubits is sent to a different
receiver. No protocol of this kind can achieve random-
receiver quantum communication, unless one noiseless
qubit is sent to each of the n receivers.

The advantage shown in our paper implies that access to
a single-qubit system controlling the order of quantum pro-
cesses is a more powerful resource than (n − 1)-qubit side
channels for any natural number n > 1. The present study
also opens up a potential use of indefinite causal order in
distributed quantum protocols, such as multipartite quan-
tum state transfer and entanglement distribution [49,50],
which are promising for the emerging technology of the
quantum internet [51,52].
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APPENDIX A: PROOF OF THEOREM 1

The proof uses a general result, expressed in terms of
the following definition: for a generic quantum channel
CL acting on a generic quantum system L, we say that CL
can transmit a d-dimensional quantum system in a one-
way protocol if there exists an encoding channel ELR :
L(Cd) → L(HL ⊗ HR), a measurement (Pj )j on system R,
and a set of local operations (Dj )j , with Dj : L(HL) →
L(Cd), such that

∑
j TrR[(Dj CL ⊗ Pj )ELR(ρ)] = ρ for

every state ρ ∈ St(Cd).
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Proposition 1. If channel CL can transfer the state of a
d-dimensional quantum system in a one-way protocol then
channel CL has a quantum capacity of at least log d.

Proof. Defining Ej := TrR[(IL ⊗ Pj )ELR], we obtain the
equivalent condition

∑
j Dj CLEj = Id. This condition is

satisfied if and only if each term in the sum is proportional
to the identity map, namely, Dj CLEj = pjId for some
probability distribution (pj )j . Since Dj and CL are trace
preserving, this condition implies that E ′

j := Ej /pj is trace
preserving. Since the condition Dj CLE ′

j = Id holds, there
exists a communication protocol, consisting of an encod-
ing channel E ′

j and of a decoding channel Dj , such that
a d-dimensional system is transmitted faithfully through
CL. Hence, CL has a quantum capacity of at least log d
qubits. �

Proof of Theorem 1. Suppose that there exists a one-way
protocol for random-receiver quantum communication
using channels (Ci)

n
i=1, and suppose that the protocol can

successfully transfer a d-dimensional quantum system to
any of the receivers (Bi)

n
i=1. Let E : L(Cd) → L(H1 ⊗

· · · ⊗ Hn) be the encoding channel used in the protocol.
For every x ∈ {1, . . . , n}, let (M (x)

j ) be the measurement
performed by the n − 1 parties other than party x, and let
(B(x)j ) be the conditional operations performed by party x.
We can then use Proposition 1, defining the systems L :=
Bx and R := ⊗

y �=xBy , and the encoding channel ELR :=
(F1 ⊗ · · · ⊗ Fn)E with Fy := Cy for y �= x and Fx := Ix.
Applying Proposition 1 to channel CL := Cx, we then find
that channel Cx must have a capacity of at least log d qubits.
Since x is an arbitrary number in {1, . . . , n}, every channel
in the set (Ci)

n
i=1 must have a capacity of at least log d. �

APPENDIX B: PROOF OF THEOREM 2

The proof uses a generalization of Proposition 1 to arbi-
trary separable protocols. For a generic quantum channel
SL transforming system L into system L′, we say that C can
transmit a d-dimensional quantum system in a separable
protocol if there exists a system R, an encoding chan-
nel ELR : L(Cd) → L(HL ⊗ HR), and a separable chan-
nel DLR = ∑

j Lj ⊗ Rj , where Lj : L(HL′) → L(Cd) and
Rj : L(HR) → C are completely positive maps for every
j , such that

DLR(SL ⊗ IR)ELR = Id, (B1)

where IR is the identity channel on system R.

Proposition 2. If the output of channel SL is a d-
dimensional quantum system and SL can transfer the
state of a d-dimensional quantum system in a separable
protocol, then SL has a capacity of at least log d qubits.

Proof. Defining Ej := [(IL ⊗ Rj )ELR], we can rewrite
Eq. (B1) as

∑
j LjSLEj = Id. This condition is satisfied

if and only if each term in the sum is proportional to the
identity map, namely, LjSLEj = pjId for some probabil-
ity distribution (pj )j . Now, there must exist at least one
value of j such that pj �= 0. Let j0 be one such value.
Since Lj0 and SLEj0 are linear maps from L(Cd) to itself,
the condition Lj0SLEj0 = pj0Id implies that SLEj0 is invert-
ible, and Lj0/pj0 is its inverse. Using this fact, one obtains
the condition SLẼ = Id, with Ẽ := Ej0Lj0/pj0 . Since SL is
trace preserving, the condition SLẼ = Id implies that, for
every matrix ρ, one has Tr[ρ] = Tr[SLẼ(ρ)] = Tr[Ẽ(ρ)].
Hence, the map Ẽ is trace preserving. Since Ẽ is also com-
pletely positive, it is a quantum channel. The condition
SLẼ = Id shows that there exists an encoding channel Ẽ
that can be used to transmit a d-dimensional quantum sys-
tem through channel SL. Hence, channel SL has a capacity
of at least log d. �

Proof of Theorem 2. Suppose that there exists a general
LOCC protocol for random-receiver quantum communi-
cation using n entanglement-breaking channels (Ci)

n
i=1 and

n side channels (Si)
n
i=1 with d-dimensional outputs. Let

E : L(Cd) → L(H1 ⊗ · · · ⊗ Hn) be the encoding channel
used in the protocol, with Hi := HBi ⊗ HSi , where HBi is
the input of channel Ci and HSi is the input of the side
channel Si.

For every x ∈ {1, . . . , n}, the protocol should accomplish
the transmission of a d-dimensional quantum system to the
xth receiver using a LOCC decoding protocol. Explicitly,
one must have

Dx(C1 ⊗ S1 ⊗ C2 ⊗ S2 ⊗ · · · ⊗ Cn ⊗ Sn)E = Ix, (B2)

where Ix denotes the identity channel from the initial d-
dimensional system to another d-dimensional system Kx
in the laboratory of the xth receiver, and Dx is a separable
decoding channel, of the form

Dx =
∑

j

Dx,1,j ⊗ Dx,2,j ⊗ · · · ⊗ Dx,n,j . (B3)

Here, the map Dx,i,j has input H′
i := HB′

i
⊗ HS′

i
, equal to

the tensor product of the output of channel Ci with the
output of channel Si, denoted by B′

i and S′
i , respectively.

The output of the map Dx,i,j is Kx for i = x, and the trivial
system for i �= x.

We now apply Proposition 2 with systems L := Sx,
L′ := S′

x, and R := Bx ⊗ [
⊗

y �=x(B
′
y ⊗ S′

y)], and with chan-
nels SL := Sx and ELR := (F1 ⊗ · · · ⊗ Fn)E with Fy :=
Cy ⊗ Sj for y �= x and Fx := IBx ⊗ ISx .

The original LOCC protocol can be regarded as a special
case of the separable protocol with respect to the biparti-
tion (L, R). To see that, we write down the entanglement-
breaking channel Cx as Cx = ∑

t Px,tMx,t, where each
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Mx,t : L(HBx ) → C corresponds to an outcome of a mea-
surement, and each map Px,t : C �→ L(HB′

x ) represents
the preparation of a quantum state, conditional on the
outcome of the measurement. Hence, the quantum chan-
nel Dx(Cx ⊗ IS′

x ) has the separable form Dx(Cx ⊗ IS′
x ) =∑

t Mx,t ⊗ [Cx(Px,t ⊗ IS′
x )], where the first factor acts on

system Bx (which is part of system R) and the second factor
acts on system S′

x (which is system L′). Then, substitut-
ing the explicit form (B3) for the LOCC decoding Dx into
Eq. (B2), we obtain

Ix = Dx(C1 ⊗ S1 ⊗ C2 ⊗ S2 ⊗ · · · ⊗ Cn ⊗ Sn)E
=

∑

j ,t

{(Dx,1,jF1)⊗ (Dx,2,jF2)⊗ · · · ⊗ (Dx,x−1,jFx−1)

⊗ [Dx,x,j (Px,tMx,t ⊗ Sx)] ⊗ (Dx,x+1,jFx+1)

⊗ · · · ⊗ (Dx,n,jFn)}E
= DLR(Sx ⊗ IR)ELR, (B4)

having defined

DLR :=
∑

j

Mx,t ⊗ Dx,1,j ⊗ Dx,2,j ⊗ · · · ⊗ Dx,x−1,j
︸ ︷︷ ︸

actingonpartof R

⊗ Dx,x,j (Px,t ⊗ IS′
x )︸ ︷︷ ︸

actingon L′

⊗Dx,x+1,j ⊗ · · · ⊗ Dx,n,j
︸ ︷︷ ︸

actingonpartof R

.

(B5)

Note that DLR is a separable channel with respect to the
partition L/R. Indeed, since the channel Cx is entanglement
breaking, its action on a generic state can be expressed
as Cx(ρ) = ∑

k ρx,k Tr[Px,kρ], and therefore the map
Dx,x,j (Cx ⊗ IS′

x ) has the separable form Dx,x,j (Cx ⊗ IS′
x ) =∑

k Ax,k ⊗ Bx,k, with Ax,k(ρ) := Tr[Px,kρ] and Bx,k(ρ) :=
Dx,x,j (ρx ⊗ IS′

x ).
Applying Proposition 1, we then find that channel Sx

must have a capacity of at least log d qubits. Since x is
an arbitrary element of {1, . . . , n}, every channel in the set
(Si)

n
i=1 must have a capacity of at least log d qubits. �

APPENDIX C: SWITCHING PRODUCTS OF
PAULI CHANNELS

Let E := ⊗2
k=1Ek be the product of two Pauli

channels, given by E1 ≡ {p0I, p1X , p2Y, p3Z} and E2 ≡
{q0I, q1X , q2Y, q3Z}, ∑3

l=0 p2
l = ∑3

l=0 q2
l = 1, respectively,

where X , Y, Z are Pauli matrices. If two instances of the
quantum channel E are combined through the quantum
SWITCH, the resulting channel is

S(2)ωc
(E , E)[ρB1···Bn]

= C+(ρB1···Bn)⊗ ωc + C−(ρB1···Bn)⊗ ZωcZ, (C1)

where

C+(ρB1B2) =
( 3∑

l=0

p2
l q2

l + p2
0 (1 − q2

0)+ p2
1 (1 − q2

1)+ p2
2 (1 − q2

2)+ p2
3 (1 − q2

3)

)

[ρB1B2]

+ 2q0

3∑

l=0

p2
l {q1(I ⊗ X )[ρB1B2 ](I ⊗ X )+ q2(I ⊗ Y)[ρB1B2 ](I ⊗ Y)+ q3(I ⊗ Z)[ρB1B2 ](I ⊗ Z)}

+ 2p0

3∑

l=0

q2
l {p1(X ⊗ I)[ρB1B2 ](X ⊗ I)+ p2(Y ⊗ I)[ρB1B2 ](Y ⊗ I)+ p3(Z ⊗ I)[ρB1B2](I ⊗ Z)}

+ 4(p0p1q0q1 + p2p3q2q3)(X ⊗ X )[ρB1B2 ](X ⊗ X )+ 4(p0p2q0q2 + p1p3q1q3)(Y ⊗ Y)[ρB1B2 ](Y ⊗ Y)

+ 4(p0p3q0q3 + p2p1q2q1)(Z ⊗ Z)[ρB1B2](Z ⊗ Z)+ 4(p0p1q0q2 + p2p3q1q3)(X ⊗ Y)[ρB1B2 ](X ⊗ Y)

+ 4(p0p1q0q3 + p2p3q1q2)(X ⊗ Z)[ρB1B2 ](X ⊗ Z)+ 4(p0p2q0q1 + p1p3q2q3)(Y ⊗ X )[ρB1B2 ](Y ⊗ X )

+ 4(p0p2q0q3 + p1p3q1q2)(Y ⊗ Z)[ρB1B2](Y ⊗ Z)+ 4(p0p3q0q1 + p2p1q2q3)(Z ⊗ X )[ρB1B2 ](Z ⊗ X )

+ 4(p0p3q0q2 + p1p2q1q3)(Z ⊗ Y)[ρB1B2](Z ⊗ Y), (C2)

C−(ρB1B2) = 2
3∑

l=0

p2
l {q1q2(I ⊗ Z)[ρB1B2 ](I ⊗ Z)+ q2q3(I ⊗ X )[ρB1B2 ](I ⊗ X )+ q3q1(I ⊗ Y)[ρB1B2 ](I ⊗ Y})

+ 2
3∑

l=0

q2
l {p1p2(Z ⊗ I)[ρB1B2](Z ⊗ I)+ p2p3(X ⊗ I)[ρB1B2](X ⊗ I)+ p3p1(Y ⊗ I)[ρB1B2](Y ⊗ I)}
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+ 4(p2p3q0q1 + p0p1q2q3)(X ⊗ X )[ρB1B2 ](X ⊗ X )+ 4(p1p3q0q2 + p0p2q1q3)(Y ⊗ Y)[ρB1B2 ](Y ⊗ Y)

+ 4(p1p2q0q3 + p0p3q1q2)(Z ⊗ Z)[ρB1B2 ](Z ⊗ Z)+ 4(p0p1q1q2 + p2p3q0q3)(X ⊗ Z)[ρB1B2 ](X ⊗ Z)

+ 4(p0p1q1q3 + p2p3q0q2)(X ⊗ Y)[ρB1B2](X ⊗ Y)+ 4(p1p3q0q1 + p0p2q2q3)(Y ⊗ X )[ρB1B2 ](Y ⊗ X )

+ 4(p1p3q0q3 + p0p2q1q2)(Y ⊗ Z)[ρB1B2 ](Y ⊗ Z)+ 4(p1p2q0q1 + p0p3q2q3)(Z ⊗ X )[ρB1B2 ](Z ⊗ X )

+ 4(p1p2q0q2 + p0p3q1q3)(Z ⊗ Y)[ρB1B2 ](Z ⊗ Y). (C3)

For E1 = E1 = NXY, substituting p0 = p3 = q0 = q3 = 0
and p1 = p2 = q1 = q2 = 1/

√
2 in Eqs. (C2)–(C3) we

obtain

C+(ρB1B2) = ρB1B2 + Z ⊗ Z(ρB1B2)Z ⊗ Z, (C4)

C−(ρB1B2) = I ⊗ Z(ρB1B2)I ⊗ Z + Z ⊗ I(ρB1B2)Z ⊗ I.
(C5)

Now considering ωc = |+〉c 〈+|, after proper normaliza-
tion, Eq. (C1) becomes

S(2)|+〉c
(E , E)[ρB1B2 ]

= 1
4 [I ⊗ Z(ρB1B2)I ⊗ Z + Z ⊗ I(ρB1B2)Z ⊗ I] ⊗ P

|−〉
c

+ 1
4 [ρB1B2 + Z ⊗ Z(ρB1B2)Z ⊗ Z] ⊗ P

|+〉
c , (C6)

where P|±〉 := |±〉 〈±|. Upon measuring the order system
in the {P|±〉} basis, the conditional states of B1B2 read

“ − 1”outcome

→ 1
2 [I ⊗ Z(ρB1B2)I ⊗ Z + Z ⊗ I(ρB1B2)Z ⊗ I],

“ + 1”outcome

→ 1
2 [ρB1B2 + Z ⊗ Z(ρB1B2)Z ⊗ Z]. (C7)

APPENDIX D: RANDOM-RECEIVER QUANTUM
COMMUNICATION FOR N RECEIVERS

When E = F := ⊗n
k=1NXY, whereNXY(ρ) = 1

2 (X ρX +
YρY), the switched quantum distribution channel from
Alice to n Bobs reads

S(n)ωc
[ρB1···Bn]

:=
1∑

i1,j1,...,in,jn=0

Gi1j1···injn(ρB1···Bn ⊗ ωc)G
†
i1j1···injn , (D1)

where the Kraus operators

Gi1j1···injn :=
n⊗

k=1

Eik Fjk ⊗ |0〉c 〈0| +
n⊗

k=1

Fjk Eik ⊗ |1〉c 〈1|

with E0k = F0k = X /
√

2 and E1k = F1k = Y/
√

2 the
Kraus operators of NXY on the kth transmission line. Con-
sider now an individual term in the summation on the
right-hand side of Eq. (D1). The sign of the coherence
term of the order qubit will be flipped, i.e., ωc → ZωcZ
if

⊕n
k=1(ik ⊕ jk) = 1, and whenever

⊕n
k=1(ik ⊕ jk) = 0, it

will remain invariant, i.e., ωc → ωc. Furthermore, we use
the facts that XX = YY = I and XY = iZ and YX = −iZ
in the following analysis.

Case I: order bit invariant terms [
⊕n

k=1(ik ⊕ jk) = 0].
In this case we have the following terms.

(i) For all k, ik = jk, which will result in the
term Gi1j1···injn having the form IB1···Bn ⊗ (|0〉c〈0| +
|1〉c〈1|) on the right-hand side of Eq. (D1).

(ii) For an even number of cases (say 2m), the ik indices
are different from the corresponding jk, and for
the other cases, they are equal. For a given m ∈
{0, 1, . . . , [n/2]}, this will result in terms Gi1j1···injn
of the form (−1)m(Z1, . . . , Z2m, I2m+1, . . . , In)⊗
(|0〉c〈0| + |1〉c〈1|), where (Z1, . . . , Zp , Ip+1, . . . , Iq)

denotes the term with Z acting on p among q num-
bers of state and the identity acting on rest. There

are
(

q
p

)

= q!/[p! (q − p)!] such terms.

Case II: order bit flipped terms [
⊕n

k=1(ik ⊕ jk) = 1]. In
this case we have the following terms.

(i) For an odd number of cases (say 2m + 1), the
ik indices and the corresponding jk indices are
ik = j̄k = 0, and for the other cases, they are
equal. For a given m ∈ {0, 1, . . . , [(n − 1)/2]},
this will result in terms Gi1j1···injn of the form
i × (−1)m(Z1, . . . , Z2m+1, I2m+2, . . . , In)⊗ (|0〉c〈0|−
|1〉c〈1|).

(ii) For 2m + 1 cases, ik = j̄k = 1, with all other
cases equal. For a given m ∈ {0, 1, . . . , [(n − 1)/2]},
this will result in terms Gi1j1···injn of the form −i
× (−1)m(Z1, . . . , Z2m+1, I2m+2, . . . , In)⊗ (|0〉c〈0| −
|1〉c〈1|).
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Combining these together we finally have

S(n)ωc
[ρB1···Bn]

:= 1
2n

[n/2]∑

m=0

[(Z1, . . . , Z2m, I2m+1, . . . , In)ρB1B2···Bn

× (Z1, . . . , Z2m, I2m+1, . . . , In)] ⊗ ωc

+ 1
2n

[(n−1)/2]∑

m=0

[(Z1, . . . , Z2m+1, I2m+2, . . . , In)ρB1B2···Bn

× (Z1, . . . , Z2m+1, I2m+2, . . . , In)] ⊗ ZωcZ. (D2)

Suppose that initial state of the order system is ωc =
|+〉 〈+|. Then, after evolution of the switched channel,
depending on the outcome of the Pauli X measurement
on the order system, if one of the receivers applies a suit-
able local unitary correction to his subsystem then the final
outcome state reads

1
2n

[n/2]∑

m=0

[(Z1, . . . , Z2m, I2m+1, . . . , In)ρB1B2···Bn

× (Z1, . . . , Z2m, I2m+1, . . . , In)]. (D3)

In the present context the input state is the generalized
GHZ state |ψ〉B1···Bn = α |0 · · · 0〉B1···Bn + β |1 · · · 1〉B1···Bn ,
which is invariant under a local unitary Z operation by
any even number of parties. Thus, the state gets distributed
perfectly among n receivers.

To reproduce the qubit information at one of the
receivers’ labs, they will follow a LOCC protocol. Suppose
that the qubit state needs to be reproduced at ith receiver.
All other receivers will perform a Pauli X measurement
on their respective subsystems and inform the measure-
ment results xk ∈ {+1, −1} for all k ∈ {1, . . . , n}, k �= i.
Depending on this information, ith receiver will apply a Z
unitary correction on their part if �k �=ixk is −1; otherwise,
they does nothing.

APPENDIX E: RANDOM-RECEIVER QUANTUM
COMMUNICATION WITH CONTROLLED

OPERATIONS IN A DEFINITE ORDER

In this section we discuss the use of controlled opera-
tions in a definite causal order for random-receiver quan-
tum communication. First, we show that, if arbitrary
controlled operations are allowed, it is easy to construct
protocols that achieve random-receiver quantum commu-
nication through entanglement-breaking channels. This is
because (i) controlled operations before transmission can
transfer information to the control system, thus bypass-
ing the noisy channels, and (2) controlled operations after
transmission allow one to generate entanglement between
the control system and all the systems at the receivers’

locations, thus evading the LOCC constraint. Then, we
show that if the controlled operations are restricted to per-
mutations then random-receiver quantum communication
cannot be achieved for any odd n.

1. Protocol for random-receiver quantum
communication using arbitrary controlled operations

The following protocol permits random-receiver quan-
tum communication through the channels A = B = N⊗n

XY .
The protocol starts with the message encoded in the state
of the first of the n qubits. First, the sender applies a
CNOT gate to the message and the control qubit, ini-
tialized in the state |+〉. As a result, the message and
the control qubit end up in the state [|0〉(α|0〉 + β|1〉)+
|1〉(α|1〉 + β|0〉)]/√2. Second, the sender prepares n − 1
qubits in the state |0〉. The sender sends the message
and the other n − 1 qubits through the channel AB =
(N 2

XY)
⊗n, which collapses the overall state to a classi-

cal mixture of the states |0〉|0〉⊗(n−1)(α|0〉 + β|1〉) and
|1〉|0〉⊗(n−1)(α|1〉 + β|0〉). Third, CNOT gates are applied to
the control qubit and to the additional n − 1 qubits, pro-
ducing either the state |0〉(α|0〉⊗n + β|1〉⊗n) or the state
|1〉(α|1〉⊗n + β|0〉⊗n). Finally, the first receiver measures
the first qubit in the computational basis, and, if the out-
come is 1, all the other receivers perform the bit flip
operation X = |0〉〈1| + |1〉〈0| on the remaining qubits and
on the control qubit. In this way, the remaining qubits
end up in the generalized GHZ state α|0〉⊗n + β|1〉⊗n, and
random-receiver quantum communication can be achieved
as in the noiseless protocol presented in the Introduction.

Note that this protocol uses the control qubit to bypass
the noisy channels A and B, as one can see from the
fact that, after the channels A and B have acted, all the
information about the message is on the control qubit.
In addition, the protocol freely generates entanglement
between the n receivers after the channels A and B have
acted. The entanglement generation is achieved by the
n − 1 CNOT gates applied in the last step of the protocol.
In general, these CNOT gates cannot be implemented by the
receivers, due to their spatial separation. Hence, they must
be regarded as performed by a third party other than the
receivers.

Note that the presence of entangling operations between
the control and each receiver is essential in the above pro-
tocol. More generally, entangling operations are necessary
in any protocol that achieves random-receiver quantum
communication through entanglement-breaking channels
in a definite order. Any such protocol needs to bypass
the entanglement-breaking channels by encoding quantum
information in the control qubit. An equivalent condition
can be obtained by introducing an additional reference
system at the receiver’s end: in order to achieve perfect
quantum communication, the protocol must transform a
maximally entangled state of the input and the reference
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into a maximally entangled state of the control and the
reference. After the action of an entanglement-breaking
channel, the control and the reference have no correlation
with the qubits at the receivers’ locations. Hence, no quan-
tum information can be transferred back from the control
to the receivers without the use of entangling operations.

2. No random-receiver quantum communication with
controlled permutations in a fixed order

Arbitrary controlled operations appear to be a too broad
set for the problem of random-receiver quantum com-
munication, in that they allow a complete transfer of
information to the control qubit and violate the locality
restrictions among the receivers. On the other hand, the
quantum SWITCH can be regarded as a controlled SWAP
operation in time: it swaps the order of quantum systems
appearing in a given time sequence, putting the inputs and
outputs of channel A either before or after the inputs and
outputs of channel B. One may then ask if controlled SWAP
operations in space can reproduce the same features when
the channels A and B are arranged in a fixed sequential
order, say with A acting before B.

Here we show that the answer is negative, in the follow-
ing sense: suppose that the quantum channels A and B are
placed in a fixed order, and that their inputs and outputs
undergo arbitrary controlled permutations, as in Fig. 4. For
odd n, we show that, no matter which controlled permu-
tations are chosen, one of the receivers will remain in a
fixed state, independent of the quantum message from the
sender.

FIG. 4. Random-receiver quantum communication task with
controlled permutations in space. A control qubit, initially in the
state |φ〉, controls the choice of a permutation Perm1 acting on
the input systems. Then, the input systems are sent through the
noisy channels, with system i passing through channels Ai and
Bi in a definite order. Finally, a permutation Perm2 is applied
to the outputs of the channels, with the choice of permutation
depending on the state of the control qubit.

The argument is simple. The output of channel N⊗n
XY is a

mixture of states in the computational basis, of the form⊗n
j =1|bj 〉, with bj ∈ {0, 1} for every j . Perfect quantum

communication through this entanglement-breaking chan-
nel is possible only if, for every state appearing in the
mixture, the initial message has been perfectly transferred
to the control qubit (note that this argument applies in gen-
eral, even if the operations before the action of the channel
N⊗n

XY are arbitrary global operations).
Now, let us focus on one specific state in the mixture,

say |b〉 = ⊗n
j =1|bj 〉 for some bit string b = (bi)

n
i=1. Let

us denote by |ψ ′〉 = α′|0〉 + β ′|1〉 the state of the control
qubit conditional to the state

⊗n
j =1|bj 〉. The state |b〉|ψ ′〉

then undergoes a controlled permutation W, becoming the
state W|b〉|ψ ′〉 = α′⊗n

j =1|bπ(j )〉 ⊗ |0〉 + β ′⊗n
j =1|bσ(j )〉 ⊗

|1〉, where π and σ are two permutations. Equivalently, the
state can be rewritten as W|b〉|ψ ′〉 = α′⊗n

j =1|cj 〉 ⊗ |0〉 +
β ′⊗n

j =1|cτ(j )〉 ⊗ |1〉, where c = (cj )
n
j =1 is a suitable bit

string and τ is a permutation. Now, recall that c is a string
of length n consisting of zeros and ones. When n is odd,
there exists at least one value of j such that cj = τ(cj ).
Hence, the j th system ends up in the state |cj 〉, which has
no dependence on the coefficients α′ and β ′, and therefore
on the initial message.

In summary, the n output systems and the control end
up in a mixture of pure states, one of which is a product
between a fixed state of system j and the remaining sys-
tems. Hence, the quantum message cannot be transferred
perfectly to the j th receiver, since with some nonzero prob-
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