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One big achievement in modern condensed matter physics is the recognition of the importance of various
band geometric quantities in physical effects. As prominent examples, Berry curvature and the Berry curvature
dipole are connected to the linear and the second-order Hall effects, respectively. Here, we show that the Berry
connection polarizability (BCP) tensor, as another intrinsic band geometric quantity, plays a key role in the
third-order Hall effect. Based on the extended semiclassical formalism, we develop a theory for the third-order
charge transport and derive explicit formulas for the third-order conductivity. Our theory is applied to the two-
dimensional (2D) Dirac model to investigate the essential features of the BCP and the third-order Hall response.
We further demonstrate the combination of our theory with the first-principles calculations to study a concrete
material system, the monolayer FeSe. Our work establishes a foundation for the study of third-order transport
effects, and reveals the third-order Hall effect as a tool for characterizing a large class of materials and for probing

the BCP in band structure.
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I. INTRODUCTION

Geometric quantities of electronic band structures play im-
portant roles in various physical properties of solids. A well
known example is the Berry curvature [1,2]. For the nth band
with eigenstate |u,(k)), the Berry curvature is defined as

Qk) = Vi x Alk), ey

where A = (u,|iVi|u,) is the Berry connection. The Berry
connection A and the Berry curvature € resemble the vec-
tor potential and the magnetic field in the reciprocal space.
Indeed, in the semiclassical equation of motion, the Berry
curvature leads to an anomalous velocity term ~ —k x €,
analogous to the Lorentz force [2—4]. In magnetic materials,
this term typically leads to a Hall current transverse to the
applied electric field, known as the intrinsic contribution to
the (linear) anomalous Hall effect [5-7].

In nonmagnetic materials, the linear Hall response is for-
bidden by the time-reversal symmetry. (Throughout this work,
we consider transport in the absence of magnetic field.) Nev-
ertheless, when the inversion symmetry is broken, there could
be a second-order Hall response [8—17]. Sodemann and Fu [8]
showed that one contribution to this effect can be attributed
to the dipole moment of Berry curvature over the occupied
states.

Now, consider a nonmagnetic material with inversion sym-
metry or a twofold rotation in the transport plane, which
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actually belongs to a large class of existing materials. Both its
first- and second-order Hall responses will be suppressed by
the time-reversal and the crystal symmetries, so the leading
Hall response will be of the third order. Indeed, the phe-
nomenon was observed in our recent experimental work on
bulk MoTe, samples [18]. Then, a natural question is, What is
the geometric quantity involved in this third-order Hall effect?

In this work, we address this question by showing that
the third-order Hall effect (THE) is intimately connected to
the Berry connection polarizability (BCP). The BCP is a
band geometric quantity proposed by Gao et al. [19,20] in
formulating a generalized semiclassical theory. By definition,
it is a second-rank tensor representing the ratio between the
field-induced Berry connection A" and the applied electric
field [19], i.e.,

AN (k)
oE,

where the letters a, b, ... are used to denote Cartesian co-
ordinates. Note that although the Berry connection is gauge
dependent, its polarizability is a gauge-invariant quantity, and
the importance of the BCP in magnetotransport effects has
been discussed before [19,21]. Here, we extend the discussion
in Ref. [18] and develop a theory for the THE based on the
generalized semiclassical theory framework. We show that the
BCP is the key geometric quantity involved in the THE re-
sponse linear in the relaxation time. We analyze the symmetry

Gab(k) = @)
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constraints on the BCP and the THE. We apply our theory to a
two-dimensional (2D) Dirac model, revealing key features of
the BCP tensor. Furthermore, combined with first-principles
calculations, we demonstrate the calculations of the BCP and
the third-order conductivity tensor for a real material FeSe.
Our work provides the theoretical understanding for the THE,
which can be used for characterizing a large class of materials
not accessible with first- and second-order Hall responses. It
also reveals the physical significance of the BCP and suggests
the THE as a tool for probing this intrinsic band property.

II. THIRD-ORDER CURRENT RESPONSE

The third-order current response j* to an applied electric
field is characterized by the third-order conductivity tensor yx,
with
i = XabcaEvEcEa, 3)

a

where we have adopted the Einstein summation convention.
In practice, the third-order effect can be measured by applying
an AC driving with frequency w, and extracting the response
signal at 3w. In a typical experimental setup, the sample has a
planar geometry, and the transport plane, i.e., the plane formed
by the applied E field and the measured response current,
coincides with the sample plane (usually denoted as the x-y
plane). In such a case, the subscripts a, b, ¢, d € {x, y}.

Clearly, the third-order response has symmetry properties
distinct from the second order. For the second-order response
with j® = xuuEpE., since both the current and the E field are
polar vectors, the response vanishes as long as the transport
plane has an inversion center. It should be noted that this
includes but is not limited to crystals with inversion sym-
metry. For example, a twofold (screw) rotation along z can
also suppress the second-order response in the x-y plane. In
such cases, given that the linear Hall response is suppressed
by the time-reversal symmetry, the third-order response will
dominate the Hall transport. From this discussion, one can see
that the THE actually dominates in a large class of materials.

We develop a theory for the THE within the generalized
semiclassical theory [19,20,22]. In the semiclassical frame-
work, the total current response for a uniform system can be
expressed as (we sete = /i = 1)

j=- / [dKIDUOf k), 4

where [dk] is a shorthand notation for ), dk/(2m ¥ with d
the dimension of the system, and the quantities inside the
integral are understood to carry an implicit band index n. D(k)
is the correction factor for the phase space density of states
[2,23], and here we have D(k) = 1 in the absence of magnetic
field. f is the single-particle distribution function.

With the time-reversal symmetry, the third-order conduc-
tivity tensor must start from terms linear in the relaxation time
7. There is no “intrinsic” contribution from the equilibrium
distribution fy. In other words, the THE must be derived
from the nonequilibrium distribution § f = f — fp. Since the
nonequilibrium distribution is at least of linear order in the
E field, to obtain the third-order current j ~ E 3 the electron
velocity 7 must be accurate to the second order in E.

In the original semiclassical theory formulated by Chang,
Sundaram, and Niu [3,4], the equations of motion are only
accurate to the first order in external fields, which is insuf-
ficient for our task. Fortunately, in Refs. [19,20], Gao, Yang,
and Niu extended the theory to higher order. The semiclassical
equations of motion with second-order accuracy are given by

F . .
% s

P ok k x @, 5)
k=—-E—#xB. (6)

Differing from the Chang-Sundaram-Niu equations, & and @
are the energy and the Berry curvature including field correc-
tions. In the absence of B field, & accurate to the second order
in E field is given by (here we add the band index n)

énzgn_Z(E-vtlmXEAmn),

mEn n— Em

@)

where ¢, is the unperturbed band energy, and Anm =
(un|iVy|uy,) is the interband Berry connection. Note that k is
already of first order in E; to have 7 accurate to E 2 order, we
only need the Berry curvature € corrected to first order in E:

Qk) = k) + 2V k). ®)
The first-order correction to the Berry curvature
QY =v, x AD, 9)
which naturally involves the BCP, as
AL ) = Gap(Ey. (10)

As an intrinsic band geometric quantity, the BCP can be ex-
pressed solely in terms of the (unperturbed) band eigenstates
|u,) and band energies ¢,, with

Gab — JRe Z (Aa )nm (Ab)mn ] (l 1)

mn En — Em

From Egs. (8) and (10), we may also define a Berry curvature
polarizability as

0%,
 9E,
where € is the Levi-Civita antisymmetric tensor, and d, is a
shorthand notation for d/0dk,. Interestingly, from Eqgs. (11) and
(7), one notes that the second-order energy correction e@ ie.,

the last term in (7), can also be expressed with the BCP tensor
as

Py = €a4cd 0cGap, (12)

e = —1E,GuEp. (13)

This will be used in the following derivation.

Meanwhile, the distribution function f in Eq. (4) is solved
from the Boltzmann equation within the relaxation time ap-
proximation:

k.kaz_M, (14)

T
where fj is the equilibrium Fermi-Dirac distribution, and 7 is
the transport relaxation time. Combined with the semiclassical
equations of motion, the distribution function is obtained as a
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series expansion

=Y CE - Vi) fy(®). (15)

a=0 |

Now, we substitute the expressions for 7 and f into the
current j in Eq. (4), and collect terms ~E3. The obtained
third-order current contains the following terms:

=1 / [dK]Vis (E - VO)le®f] — 1 / [dKIVs® (E - Vi)fo — © / [KIE x 20 (E - Vi) fo

_ f [dKIVie (E - Vi) fo.

Here, the first term comes from the second-order energy
correction in the distribution function, the second term is
from the second-order correction to the velocity, the third
term is due to the anomalous velocity from the field-induced
Berry curvature, and the last term is from the E 3 term in the
nonequilibrium distribution. In terms of the relaxation time,
j® contains only terms with odd powers of 7, consistent
with the requirement of time-reversal symmetry of the system.
In addition, all terms contain the derivatives of the Fermi
distribution, demonstrating that the transport current is from
the Fermi surface, as it should be.

Comparing Eq. (16) with Eq. (3), we obtain the result for
the third-order conductivity tensor. It contains two parts: one
part x!is linear in 7, and the other part x'! is proportional to
3. Explicitly, we have

Xhpea =T /[dk](—3a3chd + 0404Gpe — 3p04Gac) fo

T
+§fwﬂwwﬁm¥ 17)
and
N / [dT0,050. 9 fo. (18)

where v = Ve is the (unperturbed) band velocity. For the
first term in Eq. (17), we have put the derivatives on G via
integration by parts. Here, x' and x "' represent distinct contri-
butions, as they have distinct scaling in 7. In experiment, this
distinction enables the separation of the two when plotted ver-
sus the (linear) longitudinal conductivity oy,. In the following,
we shall focus on the t-linear contribution x!. This is because
first, XI is connected with the BCP which is of our interest
(in comparison, x'" is only related to the band dispersion),
and second, x! can be more reliably extracted in experiment
through the scaling analysis [18].

It should be noted that the obtained conductivity tensor
contains information for both longitudinal and transverse
third-order current response. If we consider the power
dissipation ~j,E; = XapcaEoEbE-Es, We may decompose
the nonlinear conductivity into two parts Xupcd = X(abyed +
Xlabled» Where Xabyed (X[ablea) 1S the symmetric (antisymmet-
ric) part of the tensor with respect to the first two indices (after
symmetrizing the last three indices). Clearly, the symmetric
part contributes to the dissipation, whereas the antisymmetric
part does not. In analogy with the linear Hall effect which is
dissipationless, we may choose to define x[apcq as the Hall
part for the third-order response. Nevertheless, in experiment,
what is directly measured is the current response transverse

(16)

(

to the applied E field, so in the following discussion, we will
focus on the quantity that directly captures this response in
order to facilitate the comparison with experiment.

III. 2D DIRAC MODEL

In terms of symmetry, the BCP is a second-rank sym-
metric polar i-tensor, whereas the third-order conductivity
x is a fourth-rank polar c-tensor. i-tensor (c-tensor) means
its component is invariant (changes sign) under time-reversal
operation. To investigate their features, we apply the above
theory to analyze the 2D Dirac model. Despite its simplicity,
the model describes the essential physics for a range of phys-
ical systems, including many 2D materials such as graphene
[24] as well as the surface of topological insulators [25,26].

The model to be considered can be written as

H (k) = wkyog + vikeo, + vykyoy + Ao, (19)

where the o’s are the Pauli matrices, oy is the 2 x 2 identity
matrix, and w, vy, vy, and A are model parameters. The last
term gives a gap of 2A of the Dirac spectrum, and A = 0 leads
to a Dirac point. Here, we also include a tilt term, i.e., the first
term in (19), which typically exists when the Dirac point is off
the high-symmetry point.

The model contains two bands with the following Dirac-
type dispersion,

() = wk, £ \[02k2 + 02Kk + A2, (20)
where =+ denotes the conduction and the valence band, respec-
tively. This band structure is shown in Fig. 1(a). The BCP
tensor can be directly evaluated from Eq. (11). For this simple
model, we obtain for the valance band

[Gap] =

2.,2
vv] [k;. + A0

—kk,
- , 21
4A5 —kyky ] @h

k2 + A2 /v?

where A = v/ vik} + vik; + A? is the energy splitting be-
tween the two bands. One notes that the BCP does not depend
on the tilt term. This is because the tilt term is an overall
k-dependent energy shift for both bands, and according to
Eq. (11), the BCP is not affected by such overall shifts. The
components of the BCP tensor are plotted in Figs. 1(b)-1(d).
One observes that the diagonal components of the BCP have a
monopole-like structure, which is peaked at the center where
the gap is minimal. In comparison, the off-diagonal compo-
nent G,, exhibits a quadrupole-like structure [see Fig. 1(d)].
From Fig. 1 and the formula for the BCP, one can see that like
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FIG. 1. (a) Energy spectrum of the 2D Dirac model along k, and
ky axes. The solid (dashed) lines are for the case without (with) the tilt
term. (b)—(d) Distribution of BCP tensor components for the valence
band. (e) and (f) show the field-induced Berry curvature (" when
the electric field (denoted by the green arrow) is along (e) x and (f) y.
In the calculation, we take v, = 1 x 10°m/s, vy =0.7v,, w = 0.2v,,
and A = 40 meV.

the Berry curvature, the BCP is generally peaked around small
band gaps.

Under an in-plane electric field E, there will be a field-

induced Berry curvature V. According to Egs. (9)—(12), we
find that
v2v?
QD k) = Z—A;k x E. (22)
One notes that although the direction of " is constrained to
be out-of-plane due to the 2D character, the induced Berry cur-
vature Q1 ~ k, exhibiting a dipole-like structure, as shown
in Figs. 1(e) and 1(f). This is in contrast to the original Berry
curvature, which takes a monopole structure. In addition, the
dipole’s direction depends on the applied E field, and it can be
rotated by rotating the E field, as illustrated in Figs. 1(e) and
1(D).

With the knowledge of the BCP tensor, we evaluate the
third-order conductivity tensor according to Eq. (17). For sim-
plicity, we take the gap term A = 0 [see Figs. 2(a) and 2(b)].
In this case, we have a Dirac point located on a mirror line
with My = o, such that MyH (ky, k,)M; " = H (k., —k,). The
mirror symmetry dictates that the tensor elements like )y
and Xy, must vanish. In other words, there is no third-order
Hall response when the applied E field is along or perpendic-
ular to a mirror line. Nevertheless, the Hall response can still
exist for other field orientations.

In nonlinear transport experiments, such as in
Refs. [12,18], the standard practice is to fabricate multiple
leads to a disk-shaped sample and do angle-resolved
measurement, where the applied E field rotates in the
plane and one measures the current response transverse
to the applied field. For such a case, it is convenient to
calculate the nonlinear conductivity tensor in the fixed
coordinate frame of the crystal, and then express the
transverse conductivity by these tensor components and
the rotation angle.

“ NN\ N
| 5 " xi8_2vx\/\/v/\/xzo.7

@ 2 Vy/ V=1
=0
[
-2
=20 /\ /\\/.\,/VX:W 5
O I
. \_ \"
. 0 71/2 T 3/2 2m
ky «<— 0 — Kk 2

FIG. 2. Band structure of the 2D Dirac model with A = 0.
(b) shows the spectrum along the k, and k, axes. The solid (dashed)
lines are for the case without (with) the tilt term. (c) Calculated third-
order transverse conductivity x, versus the angle 6 (6 is the angle
between the E field and the x direction). In (b), we take v, = 1 x 10°
m/s and vy = 0.7v,. In (c), we take v, = 1 x 10° m/s and chemical
potential © = 0.1eV.

For example, consider a 2D setup, with the E field along an
in-plane direction specified by the polar angle 6 in the fixed
crystal frame. Then, E = E(cos#@, sinf, 0), and the third-
order transverse current is

iPe)=j% ¢ xE), (23)

which is characterized by the third-order transverse conduc-
tivity defined as

j(3)
x0) = 7= (24)

As we have mentioned, this x, (9) is what is actually mea-
sured in experiment, so it is of our primary interest. For a 2D
system with a mirror line along x, as for our model with a
Dirac point, we have

x1(0) =(—x11 + 3x21) cos® 6 sin O
+ (x22 — 3x12) cos 6 sin’ 6, (25)

where 6 is measured from the mirror line, and we de-
fine the shorthand notations that xi1 = X, X22 = Xyyyys
X12 = (Xxxyy + Xxyxy + Xxyyx)/3’ and X221 = (nyxx + Xyxyx +
nyxy)/ 3.

We numerically evaluate x, (6) for our 2D Dirac model,
and the obtained results are plotted in Fig. 2(c). One observes
that x, varies with the direction of the applied electric field in
the period of 7. The response vanishes when 6 equals multi-
ples of 7 /2, i.e., when the transport is along or perpendicular
to the mirror line, consistent with our previous analysis. Com-
paring the top and bottom panels of Fig. 2(c), we see that for
this model, the sign of x; depends on the ratio of v,/v,. For
the special case with v, = v, and w = 0, the model becomes
isotropic and third-order transverse conductivity vanishes for
all angles, as shown in the middle panel of Fig. 2(c).

Here, we have adopted the 2D Dirac model to demonstrate
some typical features of the effect. The obtained result may
also help to understand the effect in systems with multiple
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PDOS

X M r

FIG. 3. (a) Top and (b) side view of monolayer FeSe. Brown
(green) balls stand for Fe (Se) atoms. Black lines in (a) indicate
the unit cell. (c) Calculated band structure and PDOS of monolayer
FeSe in the nonmagnetic phase. The red (blue) color indicates the
Fe-3d and Se-4p orbital components. The lower panel in (c) shows
the enlarged view of the band structure around the Fermi level.

Dirac points. In graphene, the effect vanishes identically, as
it is suppressed by the Cz, symmetry. Explicitly, under Cs,
we must have i1 = x22 = 3x12 = 3x21 in Eq. (25) [27], so
x1 vanishes identically. When C; is broken, e.g., by applied
strain, the effect can become nonzero. Then, the contribution
from each valley can be described by our model, and the two
valleys will add up.

The symmetry properties of x, can be analyzed in the
standard way. For a 2D system, we find that C; and Cg symme-
tries would make x, isotropic. Furthermore, the third-order
transverse current is suppressed for 2D systems with point
groups of C3u, Cﬁv, D3, D3h: D3d, D6, or D6h'

IV. A MATERIAL EXAMPLE

In the following section, we study the THE in a concrete
material, monolayer FeSe, using first-principles calculations.

FeSe is a well known member of the iron-based supercon-
ductor material family [28]. It has a layered structure and
its bulk superconducting 7. is about 9 K [29]. Bulk FeSe
undergoes a tetragonal-to-orthorhombic structural transition
at about 90 K [29]. Monolayer FeSe has been success-
fully fabricated, and studied on different substrates such as
SiC [30] and SrTiO;3 [31,32]. We shall consider monolayer
FeSe in the high-temperature nonmagnetic phase. The crys-
tal structure of monolayer FeSe is shown in Figs. 3(a) and
3(b). It has a square lattice with space group P4/nmm (No.
129). The system possesses the inversion symmetry, the four-
fold rotation Cy,, and four mirror lines in the 2D plane
along the [10], [01], [11], and [11] directions. Clearly, for
this system, the linear and second Hall responses are re-
spectively forbidden by the time-reversal symmetry and the
inversion symmetry. The leading Hall response is of the third
order.

We perform first-principles calculations based on the den-
sity functional theory (DFT), as implemented in the Quantum
ESPRESSO package [33,34]. The exchange-correlation func-
tional is treated with the generalized gradient approximation
using the Perdew-Burke-Ernzerhof (PBE) realization [35].
The projector augmented wave pseudopotentials are adopted

@ G 0

.
k,x @ jg*x
L 9 flﬂgﬁ
M Y M
(d)

o
[

X1/T (cm?Vv2Q'sT)
o

== X1
1"
1 — 3Xi7 X
-03-02-01 0 010203 Q 0 n/2 m 3n/2 2n
uev) 0

FIG. 4. (a)—(c) Distribution of BCP tensor elements in the Bril-
louin zone for monolayer FeSe. Here, the units are A2 V=", The black
lines depict the Fermi surface. (d) Variation of third-order conduc-
tivity tensor elements with the chemical potential. (¢) Third-order
transverse conductivity x, versus the angle 6 (0 is the angle between
the E field and the [10] direction).

[36]. We take 16 electrons for Fe (3s23p63d64sz) and 16
electrons for Se (3d'%4s24p*) as valence electrons. Spin-orbit
coupling effects are included in the calculation. The kinetic
energy cutoff for wave functions is set to 80 Ry, and the kinetic
energy cutoff for charge density is fixed to 600 Ry. For the
self-consistent calculations, the Brillouin zone integration is
performed on a Monkhorst-Pack grid mesh of 20 x 20 x 1 k
points. The energy convergence criterion is set to be 107%eV.
An experimental lattice parameter with a = 3.90 A was used
in our calculation [37]. To calculate band geometric quanti-
ties, a Wannier tight-binding Hamiltonian consisting of Fe-3d
and Se-4p orbitals is constructed using the Wannier90 pack-
age [38].

The calculated electronic band structure is shown in
Fig. 3(c), along with the projected density of states (PDOS).
One can see that the system is metallic. The low-energy states
are mainly from Fe-3d orbitals. The Fermi surface consists
of an electron pocket at M and a hole pocket at the I point.
These results are consistent with the previous works [37,39].

Based on the band structure results, we further evaluate
the BCP tensor for monolayer FeSe. In Figs. 4(a)—4(c), we
plot the results of G,,(k) for all occupied states below the
Fermi level. One observes that the tensor elements are mostly
concentrated around the I' and M points, because in these
regions, there are band near-degeneracies slightly below the
Fermi level that give the dominant contributions. G, and
G,, are connected with the Cy, rotation. G,, manifests a
quadrupole-like structure similar to that in the simple Dirac
model. These are consistent with the crystal symmetry of the
system.

Then, using the obtained BCP, the third-order conductivity
tensor elements lezbc 4 can be evaluated. The crystal symme-
try of monolayer FeSe ensures that there are eight nonzero
in-plane elements and four of them are independent, which
are Xxxxx = Xyyyy> Xxxyy = Xyyxxs Xxyxy = Xyxyxs and Xxyyx =
Xyxry- Repeating the similar analysis as in the last section,
for an applied in-plane electric field E = E(cos 6, sin6), the
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third-order transverse conductivity is obtained as
xL(0) = —3(x11 — 3x12)sin 40, (26)

where 0 is measured from the [10] direction, xi; = Xurxx»
and x12 = (Xxxyy + Xayxy + Xayyx)/3. The calculation results
are shown in Fig. 4(d). One observes that the x’s exhibit
peak features at around —0.2 eV, which is mainly from the
degeneracy point at M. At Fermi level, i.e., when u = 0eV,
x1/7T reaches a value about —0.048 cm®>V2Q !s™!. In
the Drude theory, the longitudinal conductivity o = ne’t /m*,
with n the carrier density and m* the effective mass, the
ratio x, /o is independent of the scattering time. Estimated
from the experiments of monolayer FeSe [40], we take n ~
10'?2 cm~2 and m* ~ 1.5mq with my the free electron mass.
Then, we obtain x, /o ~ —1 x 1072 um? V=2, This value
is much larger than the recent experimental result on mul-
tilayer WTe, (~2 x 107* um?V~2), so the effect should
be observable in experiment. xj /o will change when the
chemical potential of monolayer FeSe is adjusted by doping
or gating, and its magnitude can be enhanced at least by a
factor of 4 when u ~ —0.2 eV. Figure 4(e) shows the angular
dependence of x,. Due to the additional mirror lines, the
variation of x; with 6 shows a period of 7 /2. The max-
imal values of x, are achieved when 6 = +% + = with
n € Z. Such angular variation behavior can be directly tested
in experiment with the angle-resolved measurement, as in
Refs. [12,18].

V. DISCUSSION AND CONCLUSION

Through this study, we now have a nice correspondence
between the band geometric quantities and the Hall effects.
The Berry curvature, Berry curvature dipole, and BCP play
important roles in the first-, second-, and third-order Hall
effects, respectively. We have demonstrated the possibility to
theoretically evaluate the THE with first-principles calcula-
tions. It also follows that the THE offers a way to probe the
BCP.

The THE also provides a new characterization tool for
materials with preserved time-reversal and inversion symme-
tries, which actually include a large class of materials. In
these materials, both linear and second-order Hall effects are
suppressed by symmetry, so the third order gives the leading
order Hall response. It should also be noted that our theory
is not limited to this class of materials. For materials with
nonvanishing linear or second-order Hall response, the THE
can still be detected in experiment by the lock-in technique
and compared with our theory.

Here, we wish to comment on the limitation of this work
and possible future directions. First, in this study, we have
focused on the THE linear in the relaxation time, i.e., the XI
term, which is closely connected with the BCP. In comparison,
the x term does not involve the BCP and it is proportional
to 7. Hence, the relative importance of x! and x" would
depend on extrinsic factors such as sample quality and mea-
surement conditions. Nevertheless, this term can in principle
also be measured in experiment and evaluated with first-
principles calculations. Such studies shall be done in future
works.

Second, the derived formulas for the third-order conduc-
tivity also contains the longitudinal transport component. Of
course, for longitudinal transport, the lower-order responses
would also exist (the second-order one may be suppressed in
centrosymmetric materials). Nevertheless, it should be possi-
ble to separate out the third-harmonic signal and compare with
our theory.

Third, our theory here is within the simplest relaxation time
approximation. There could exist additional contributions
when going beyond this approximation. For example, the re-
laxation time may have variations for different states on the
Fermi surface and may have corrections from the applied
field. Particularly, different relaxation processes (such as for
momentum, spin, energy, etc.) typically have different relax-
ation times, and the difference may have important effects on
nonlinear transport. For example, energy relaxation could be
closely connected to E? terms. In addition, more sophisticated
treatment of the collision integral may result in contributions
analogous to side jump and skew scattering in the linear
anomalous Hall response [7]. All these possible effects are
beyond our current treatment. How good the relaxation time
approximation is for describing nonlinear transport is still
an open problem. In this regard, our current theory has the
advantage to be readily implemented in first-principles calcu-
lations for real materials. The obtained result can be directly
compared with experiment, which would help us to assess the
accuracy of the approach. We note that previous calculations
within the relaxation time approximation for second-order
response and our recent work on third-order response have
found good agreement with experiments on 2D WTe, and
MoTe, [11,12,18]. Nevertheless, more systematic studies are
needed for future research, and the current work offers a good
starting point for developing a more comprehensive theory for
third-order transport effects.

Finally, the study may be extended to magnetic materials.
Since magnetism directly breaks the time-reversal symmetry,
we expect there will be more terms contributing to the nonlin-
ear conductivity. Particularly, terms with even powers of t will
be allowed by symmetry, and there should exist an “intrinsic”
contribution that is independent of scattering. Such nonlinear
responses in magnetic materials would be an interesting topic
to explore in subsequent studies.

In conclusion, in this work, we have developed a theory for
the third-order current transport based on the extended semi-
classical formalism. We demonstrate that the BCP plays a key
role in the third-order conductivity. We apply the theory to the
2D Dirac model and exhibit the important features of the BCP
and the third-order current. We further demonstrate the com-
bination of our theory with first-principles calculations in
studying concrete material systems, which predicts a sizable
effect in monolayer FeSe. Our work highlights the signifi-
cance of the BCP, establishes the foundation for the study
of third-order responses, and suggests the THE as a new
characterization tool for a large class of materials.
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