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Non-Abelian generalizations of the Hofstadter
model: spin–orbit-coupled butterfly pairs
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Abstract
The Hofstadter model, well known for its fractal butterfly spectrum, describes two-dimensional electrons under a
perpendicular magnetic field, which gives rise to the integer quantum Hall effect. Inspired by the real-space building
blocks of non-Abelian gauge fields from a recent experiment, we introduce and theoretically study two non-Abelian
generalizations of the Hofstadter model. Each model describes two pairs of Hofstadter butterflies that are spin–orbit
coupled. In contrast to the original Hofstadter model that can be equivalently studied in the Landau and symmetric
gauges, the corresponding non-Abelian generalizations exhibit distinct spectra due to the non-commutativity of the
gauge fields. We derive the genuine (necessary and sufficient) non-Abelian condition for the two models from the
commutativity of their arbitrary loop operators. At zero energy, the models are gapless and host Weyl and Dirac points
protected by internal and crystalline symmetries. Double (8-fold), triple (12-fold), and quadrupole (16-fold) Dirac points
also emerge, especially under equal hopping phases of the non-Abelian potentials. At other fillings, the gapped
phases of the models give rise to topological insulators. We conclude by discussing possible schemes for experimental
realization of the models on photonic platforms.

Introduction
Synthetic gauge fields1 provide a versatile toolbox to

manipulate geometric phases in engineered physical sys-
tems. These gauge fields can be classified into Abelian
(commutative) and non-Abelian (non-commutative)
depending on the commutativity of the underlying group.
Much success has been achieved in synthesizing Abelian
gauge fields on different platforms, including cold
atoms2–10, photons11–22, phonons23–25, polaritons26, and
superconducting qubits27–29. It is more demanding to
synthesize non-Abelian gauge fields because they require
internal degrees of freedom and non-commutative
matrix-valued gauge potentials. Nevertheless, remarkable
progress has recently been made. In momentum space,
non-Abelian gauge fields manifest as high-dimensional
spin–orbit coupling30,31 in atoms32,33, liquid crystals34 and

exciton–polaritons35,36. They also affect the wavepacket
evolution in the momentum space of mechanical lattices37.
In addition, non-Abelian topology can also manifest in
interconnected nodal lines38,39 and multiband charges38,40.
In synthetic spaces, the spin evolution of nuclear magnetic
resonances41–44 is an early example exhibiting non-
Abelian geometric phases45,46. Such phases have been
utilized for implementing non-Abelian holonomic quan-
tum gates47 and non-Abelian Yang monopoles48,49. In real
space, the non-Abelian Aharonov–Bohm effect50–52 has
recently been observed in a minimal-scheme interference
measurement53, where temporal modulation and the
Faraday effect provide artificial magnetic fields for the
pseudospin of light of different orientations. It is natural to
ask what physics could be enabled by the recently
demonstrated real-space non-Abelian gauge fields in lar-
ger systems such as lattices.
A widely celebrated lattice model, featuring gauge

fields, is the Hofstadter butterfly54. This model depicts
particles on a two-dimensional square lattice threaded
by a uniform magnetic field, which is described by a
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U(1) Abelian gauge field. This Abelian model has been
widely studied theoretically and realized experimentally
with atoms4,6, photons55, and superconducting qubits56

in real space. More recently, edge features of this model
have also been implemented in a synthetic frequency
ladder of an optical ring resonator57. To generalize the
Hofstadter model to non-Abelian versions, one needs to
substitute its scalar hopping phase with matrix-valued
gauge potentials. Studies along this direction have
yielded interesting phenomena, such as the non-Abelian
Hofstadter moth spectrum51, the integer quantum Hall
effect under constant lattice Wilson loops58, the quan-
tum spin Hall effect59, and the associated non-
Hermitian generalizations60.
Inspired by the recent experiment53 demonstrating

building blocks of real-space non-Abelian gauge fields θσy
and ϕσz, here, we introduce and systematically study two
distinct non-Abelian Hofstadter models in the Landau [HL,
Eq. (4)] and symmetric [Hs, Eq. (6)] gauges. Different from
previous non-Abelian generalizations51,58–62, our models
describe two pairs of Hofstadter butterflies that are
spin–orbit coupled. We analytically derive the genuine
(necessary and sufficient) non-Abelian condition shared by
our two models by examining the commutativity of arbi-
trary loop operators. The spectra of our models reduce to
multiple copies of the Hofstadter butterfly when the Abe-
lian condition is met; otherwise, they change substantially
—they inherit the fractal nature but exhibit modified but-
terfly features. When chiral symmetry is present, our non-
Abelian models host Dirac and Weyl points at zero energy
that are stabilized by internal and spatial symmetries.
When the non-Abelian hopping phases become equal (i.e.,
θ= ϕ), high-degeneracy points appear, such as double (8-
fold), triple (12-fold), and quadruple (16-fold) Dirac points.
In addition, we observe a dependence between the
appearance of Dirac points at the time-reversal-invariant
momenta (TRIMs) and the hopping phases of the non-
Abelian gauge fields [see Eq. (16)]. At other fillings, the
bulk gaps of the models exhibit topological insulating
phases with helical edge states. Finally, we discuss possible
experimental realizations of the models on photonic plat-
forms and their generalization to higher dimensions.

Results
Models
We start by reviewing the Abelian Hofstadter model54,

as illustrated in Fig. 1a. This model describes two-
dimensional spinless particles in a uniform perpendi-
cular magnetic field. Therefore, it is a hallmark of quan-
tum Hall physics. Its bulk gaps possess non-zero Chern
numbers and host chiral edge states. Its Abelian version
can be described by the Hofstadter–Harper Hamiltonian

H0ðϕÞ ¼ �
X
m;n

txc
y
mþ1;ncm;n þ tyc

y
m;nþ1e

imϕcm;n þH:c:

ð1Þ

where its Abelian gauge potential reads

A ¼ ð0;mϕ; 0Þ ð2Þ

Here, tx,y are the real hopping terms in the x and y
directions, and we restrict ourselves to the case of tx= ty
= t throughout the paper (including for the non-Abelian
models below). cm,n and cym;n are the annihilation and
creation operators of site (m,n). ϕ ¼ 2πφ=φ0 is the Peierls
hopping phase, where φ ¼ RR

B � dS is the magnetic flux
per unit cell and φ0= h/e is the flux quanta. When ϕ/2π is
a rational number, i.e., ϕ ¼ 2πpϕ=qϕ, where pϕ and qϕ are
integers, the system is translationally invariant in a qϕ × 1
magnetic unit cell, defined as qϕ units along x and 1 unit
along y. Accordingly, the associated band structure is
defined in the magnetic Brillouin zone (MBZ) where kx 2
0; 2π=qϕ
� �

and ky 2 0; 2π½ Þ. The eigenspectrum of this
Hamiltonian is the Hofstadter butterfly, a famous example
of quantum fractals.
The original Abelian Hamiltonian [Eq. (1)] is written in

the Landau-gauge. Still within this Landau-gauge, we
revise the U(1) gauge potential Eq. (2) into an SU(2) gauge
potential that reads

A ¼ ð0; log½expðimθσyÞ expðimϕσzÞ�; 0Þ ð3Þ

where σy and σz are Pauli matrices and θ;ϕ 2 ½0; 2πÞ are
again hopping phases. The associated Hamiltonian for

(m+1)φmφ

b c

(m+1)φmφ

a

(m+1)φmφ

mθ (m+1)θ

σz σz

σy σy

–(n+1)θσy

–nθσy

σz σz

Fig. 1 Hofstadter model and its two non-Abelian generalizations. a Original Abelian Hofstadter model in the Landau-gauge. b Non-Abelian
generalization in the Landau-gauge [HL in Eq. (4)]. c Non-Abelian generalization in the symmetric gauge [HS in Eq. (6)]. HL and Hs are physically distinct
models because of the non-commutativity of the gauge fields.
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spinful particles is thus given by

HL θ;ϕð Þ ¼ �P
m;n

txc
y
mþ1;ncm;n þ tyc

y
m;nþ1e

imθσyeimϕσz cm;n þH:c:

¼ �P
m;n

tx cy";mþ1;n; c
y
#;mþ1;n

� � c";m;n

c#;m;n

� �

þty cy";m;nþ1; c
y
#;m;nþ1

� � cosmθ sinmθ

� sinmθ cosmθ

� �

exp imϕ 0

0 exp�imϕ

� �
c";m;n

c#;m;n

� �
þH:c:

ð4Þ

where we show both spin-index implicit and explicit
expressions. The schematic of this model is shown in Fig.
1b, which we refer to as the Landau-gauge model
hereafter. If θ/2π and ϕ/2π are both rational, i.e., they
can be written as θ ¼ 2πpθ=qθ and ϕ ¼ 2πpϕ=qϕ, where
pθ, qθ, pϕ, and qϕ are integers, then Eq. (4) can be solved
numerically in the MBZ kx 2 0; 2π=q½ Þ and ky 2 0; 2π½ Þ,
where q ¼ lcmðqθ; qϕÞ is the least common multiple of
qθ and qϕ.
Alternatively, we can adopt the symmetric gauge and set

the non-Abelian phases in different directions, as shown
in Fig. 1c. The associated gauge potential reads

A ¼ ð�nθσy;mϕσz; 0Þ ð5Þ

The associated Hamiltonian is given by

H s θ;ϕð Þ ¼ �P
m;n

txc
y
mþ1;ne

�inθσy cm;n þ tyc
y
m;nþ1e

imϕσz cm;n þH:c:

¼ �P
m;n

tx cy";mþ1;n; c
y
#;mþ1;n

� � cos nθ � sin nθ

sin nθ cos nθ

� �
c";m;n

c#;m;n

� �

þty cy";m;nþ1; c
y
#;m;nþ1

� � exp imϕ 0

0 exp�imϕ

� �
c";m;n

c#;m;n

� �
þH:c:

ð6Þ

where spin-index implicit and explicit expressions are also
shown. We refer to this model as the symmetric-gauge
model hereafter. Still adopting the rationality assumption,
the Hamiltonian can be solved in the qϕ × qθ supercell
with the MBZ defined by kx 2 0; 2π=qϕ

� �
and

ky 2 0; 2π=qθ½ Þ.
We emphasize that although we label the two models as

‘Landau-gauge’ and ‘symmetric-gauge’ according to the
arrangement of their link variables, the two models HL

and Hs are physically distinct because of the non-
commutativity of the gauge potentials. This is different
from the Abelian Hofstadter model H0 that is equivalent
in the Landau and symmetric gauges. In addition, for
either HL or Hs, its spectra and the associated topological
phenomena still hold if θ and ϕ are interchanged.

Genuine non-Abelian conditions
In this section, we derive the genuine non-Abelian

conditions for the two models. Furthermore, we show that
if the models reduce to Abelian, then equivalently, their
spectra also reduce to the original Hofstadter butterfly.
Precisely defining non-Abelian gauge fields can be

complex, as several criteria exist in the literature, which
are not equivalent to each other. For example, the non-
commutativity of the gauge potentials [Aμ, Aν] ≠ 0, or that
of their link variables [Uμ, Uν] ≠ 0, where Uμ � eiAμ , is
sometimes referred to as the criterion for non-Abelian
gauge fields63,64. A different criterion concerns the
gauge-invariant Wilson loop, i.e., the trace of the loop
operator W. Such a loop operator W is defined as
W ¼ expðiHA � dlÞ. In a square lattice, the loop operator
W(r) for a unit plaquette, with site r= (m, n) at the bot-
tom left corner, is explicitly given by

W ðrÞ ¼ Uy
y ðrÞUy

xðr þ êyÞUyðr þ êxÞUxðrÞ ð7Þ

where êμ is the unit vector in the μ direction, and we
adopt the counterclockwise convention. The phase of
W(r) is the real-space non-Abelian Berry curvature
(magnetic field) Fxy(r). While W(r) and Fxy(r) are
generally not gauge invariant, the Wilson loop W(r)≡
Tr W(r) is. Accordingly, non-Abelian gauge fields can be
defined as |W| ≠N for N-fold degenerate systems.
Nevertheless, the aforementioned three criteria, namely,
[Aμ, Aν] ≠ 0, [Uμ, Uν] ≠ 0, and |W| ≠N, are all necessary
but insufficient conditions for non-Abelian gauge fields64.
It has been established that the necessary and sufficient

condition for non-Abelian gauge fields is that two spa-
tially connected loop operators W1 and W2 are not
commutative (alternatively, non-commutative Berry cur-
vatures [Fμν(r), Fμν(r)] ≠ 0)64. Based on this, we examine
the commutativity of arbitrary loop operators of unit
plaquettes to derive the genuine non-Abelian conditions
for our lattice models (see “Genuine non-Abelian condi-
tions” in materials and methods).
For compact notation, we define Θm � expðimθσyÞ and

Φm � expðimϕσzÞ for the link variables. We also set Θ≡
Θ1 and Φ≡Φ1. For our non-Abelian models HL and Hs,
we rigorously prove that they share the same necessary
and sufficient non-Abelian condition

½ΘΦ;ΦΘ�≠ 0 ð8Þ

The detailed proof is contained in “Material and
methods”. Below, we only summarize the key steps.
The link variables at site (m, n) of HL in the y direction

are given by LLm;n ¼ ΘmΦm: Lemma 1 proves that LLm;n
forms an Abelian group if and only if ΘΦ;ΦΘ½ � ¼ 0. The
loop operators for a unit plaquette [bottom left corner at
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coordinates (m, n)] in HL and Hs can be obtained as

W L
m;n ¼ Φ�mΘΦmþ1 ð9Þ

W s
m;n ¼ Φ�mΘnþ1Φmþ1Θ�n ð10Þ

We prove that W L
m;n and W s

m;n both become Abelian
groups if and only if LLm;n is an Abelian group, which is
equivalent to ΘΦ;ΦΘ½ � ¼ 0 (shown in Lemma 1).
Simple algebra yields

ΘΦ;ΦΘ½ � ¼ 2i sin2 θ sin 2ϕ

2 sin 2θ sin2 ϕ

�2 sin 2θ sin2 ϕ

�2i sin2 θ sin 2ϕ

� �

ð11Þ

We can therefore find that the conditions for the systems
to reduce to Abelian are θ∈ {0, π}, ϕ∈ {0, π}, or
fθ;ϕg 2 fπ=2; 3π=2g. For comparison, we recall that in a
recent non-Abelian Aharonov–Bohm experiment53, the
Abelian condition is that either θ or ϕ is a multiple integer of
π/2. The difference between the two conditions arises from
the fact that ref. 53 only examines the commutativity between
time-reversal pairs of the loop operators, while here, the
lattice models involve many more loop operators of all the
plaquettes. As a result, a larger part of the parameter space
(θ, ϕ) falls into the non-Abelian regime for the lattice models.

Being Abelian is also the necessary and sufficient condi-
tion for two decoupled Hofstadter butterflies to emerge in
the eigenspectra (see the bulk spectra in the Supplementary
videos). We first consider HL, which has matrix elements
given by HL

m;m ¼ eikyΘmΦm þH:c: and HL
m;m�1 ¼ eikxσ0,

where σ0 is the identity matrix. We want to diagonalize
HL with a set of local gauge transformations U ¼
diag½U1;U2; ¼ ;Uq� such that UHLUy ¼ HLðθ ¼ 0;ϕÞ,
which obviously enables a pair of decoupled butterflies to be
generated by opposite magnetic fields. To diagonalize HL

m;m,
Um should be eigenvectors of HL

m;m. On the other hand, the
off-diagonal term HL

m;m�1 needs to remain invariant, which

requires U1U
y
2 ¼ � � � ¼ Uq�1Uy

q ¼ UqU
y
1 ¼ σ0. Thus, we

have U1 ¼ U2 ¼ � � � ¼ Uq. Therefore, to have a pair of
decoupled butterflies in the spectrum of HL, there should
exist a global unitary transformation U that simultaneously
diagonalizes all block diagonal elements HL

m;m. This is

equivalent to the requirement that all HL
m;m commute, i.e.,

½eikyΘmΦm þH:c:; eikyΘm0Φm0 þH:c:� ¼ 0 for an arbitrary
choice ofm,m′, and ky. In “Genuine non-Abelian conditions
and the re-emergence of the Hofstadter butterfly”, we fur-
ther show that this requirement is equivalent to the genuine
Abelian condition ΘΦ;ΦΘ½ � ¼ 0.

For the symmetric-gauge model Hs, a local gauge
transformation Um;n ¼ Θ�mn can be applied, which
eliminates the link variables in the x direction and
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Fig. 2 Bulk spectra E(θ, ϕ) of the Landau-gauge [Eq. (4); (a–d)] and symmetric-gauge [Eq. (6); (e–h)] non-Abelian models. Examples for
θ=2π 2 f0; 1=4; 1=3; 1=2g are shown, and we choose qϕ= 1023 to achieve high resolution. Eigenenergies for all momenta overlaid at a given (θ, ϕ).
For θ=2π 2 f0; 1=2g, the models are Abelian, and the spectra reduce to two independent copies of the Hofstadter butterfly (a, d, e, and h). Among
all cases, the spectra have a periodicity of 2π in the ϕ direction. The spectra are symmetric with respect to E= 0.
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transforms the link variables in the y direction between
sites (m, n) and (m, n+ 1) as Lsm;n ¼ Θ�mnΦmΘmðnþ1Þ: For
the transformed Hamiltonian, the argument for HL in the
previous paragraph can similarly prove that the spectral
re-emergence of the Hofstadter butterfly is equivalent
to the condition that Lsm;n forms an Abelian group. In
“Genuine non-Abelian conditions and the re-emergence
of the Hofstadter butterfly”, we prove that this require-
ment is also equivalent to the genuine Abelian condition
ΘΦ;ΦΘ½ � ¼ 0.

Bulk spectra, gapless zero modes, and gapped phases
Since both models HL and Hs are invariant under the

interchange of θ and ϕ, we show the bulk spectra E(θ, ϕ)
of the two models for different surface cuts along the θ
direction in Fig. 2 (also see the bulk spectra in the Sup-
plementary videos). For θ=2π 2 f0; 1=2g (Fig. 2a, d, e, h),
both HL and Hs are Abelian, and the spectra restore the
Hofstadter butterfly with twofold degeneracy. For θ= π,
the butterfly simply translates by π in the ϕ axis direction.
For θ=2π 2 f1=4; 1=3g (Fig. 2b, c, f, g), both HL and Hs are
non-Abelian but exhibit distinct spectra. Similar to the

Abelian case, repetitions of similar structures at various
scales still appear. A variety of ‘butterfly-like’ structures
exhibit either large gaps or small gaps.
We now address the internal symmetries of the non-

Abelian models. Different from the Abelian Hofstadter
model H0, which breaks the spinless time-reversal sym-
metry K, the two Hamiltonians HL and Hs both obey
the fermionic spinful time-reversal symmetry iσyK . In
momentum space, the Abelian model H0 has a ’transla-
tional’ symmetry Eðkx; kyÞ ! �Eðkx þ π; ky þ πÞ7, which
is inherited by HL and Hs regardless of the choice of (θ, ϕ).
We show this in the section “Chiral symmetry” from the
associated Harper equations of the two non-Abelian
models. For chiral symmetry, we recall that the Abelian
Hofstadter model H0 obeys chiral symmetry when qϕ is
even65. The chiral operator S0 for H0 is given explicitly by
ðS0ΨÞm ¼ ð�1ÞmðiÞq=2Ψmþq=2

58, where Ψm is the mth
component of the wavefunction. In the non-Abelian
models HL and Hs, the condition for chiral symmetry is
modified. Specifically, HL obeys chiral symmetry when
qθqϕ is even and pθ~qϕ þ pϕ~qθ is odd, where ~qθðϕÞ �
qθðϕÞ=gcdðqθ; qϕÞ and gcd is the greatest common divisor
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(see “Chiral symmetry”); Hs obeys chiral symmetry when
qθqϕ is even (see “Chiral symmetry”). Therefore, the
condition for chiral symmetry is relatively weak for the
symmetric-gauge model Hs. The original chiral symmetry
operator S0 is also inherited by HL and Hs with slight
modifications. The explicit, modified chiral operators
SL and Ss are given by

ðSLΨÞm ¼ ð�1ÞmðiÞq=2σ0Ψmþq=2 ð12Þ

ðSsΨÞm;n ¼ ð�1ÞmðiÞ
qϕ
2 σ0Ψmþqϕ

2 ;n
ð13Þ

In Eq. (13), we assume that qϕ is even without loss of
generality. This chiral symmetry plays a pivotal role in the
gapless zero modes of the models. Throughout the paper,
we refer to two- and fourfold linear band crossings as
Weyl and Dirac points, respectively, although our models
are two-dimensional.
We review the Weyl points in the Abelian Hofstadter

model H0. It is established that when qϕ is even, H0 has
chiral symmetry, which results in qϕ numbers of Weyl
points at zero energy (Fig. 3a, b). In a basis where the
chiral operator is diagonal, the Hamiltonian is block off-
diagonal, H ¼ ð0; h; hy; 0Þ. The determinant D � det h of
the ‘reduced’ Hamiltonian h enables the definition of a Z2

winding number

νk � 1
2πi

I
C

1
D
dDmod 2 ð14Þ

where C is an infinitesimal loop around momentum k. νk
dictates the Weyl point momenta. Specifically, Weyl
points emerge at k where νk= 1, i.e., Re D= 0 and Im D
= 0 are simultaneously satisfied58. For the Abelian
Hofstadter model, H0, Re D0, and Im D0 are simple sine
or cosine functions of kx or ky, as shown in Fig. 3a2, a3, b2,
b3. Moreover, νπ=2;π=2 ¼ 1 is guaranteed, which leads to
qϕ numbers of Weyl points in total, including the
translational invariance. Two scenarios can be classified
by the winding number at the Γ point. In particular, for
qϕ ¼ 4Z, νΓ ¼ 1, and the Weyl points are located at the
edges of the MBZ (Fig. 3a2, a3). For qϕ ¼ 4Zþ 2, νΓ ¼ 0,
and the Weyl points are located inside the MBZ (Fig. 3b2,
b3). These degeneracies have a Z classification, as H0

belongs to the symmetric class AIII66.
The above analysis, based on the winding number, can

be similarly applied to the non-Abelian models HL and Hs,
as shown in Fig. 3c–f. In the presence of spin–orbit
coupling, the two models are both gapless at zero energy
and host even numbers of Weyl and/or Dirac points when
chiral symmetry is present. For HL, aside from the Dirac
points at TRIMs, two pairs of Weyl points (solid circles in
Fig. 3c2, c3) appear at non-TRIM points inside the MBZ.
These Weyl nodes appear because of the presence of

time-reversal symmetry and the lack of inversion sym-
metry in HL, which, taken together, requires 4Z numbers
of Weyl degeneracies67 for a zero Chern number in total.
This simultaneous appearance of Dirac and Weyl
points provides a simple tight-binding realization of a
Dirac–Weyl semimetal68 in two dimensions. On the other
hand, Hs has both time-reversal and inversion symmetries
and is therefore Kramer partnered over the entire MBZ.
As a result, all the linear nodes are Dirac points, whether
at the edge (Fig. 3e) or inside (Fig. 3f) the MBZ.
HLð2π=3;π=2Þ (Fig. 3c) belongs to class CII. Its Weyl

nodes, located at non-TRIM points (solid circles in Fig.
3c3), have a 2Z classification. Its Dirac points, located at
TRIM points (open circles in Fig. 3c3), have a Z2 classifi-
cation. These Weyl nodes are locally stable against pertur-
bations that preserve the internal symmetries, while the
Dirac points are not. For example, an on-site potential
perturbation ΔλLm ¼ ð�1Þm<¼q=2Δ [where q ¼ lcmðqθ; qϕÞ],
which respects all internal symmetries, splits the two Dirac
points in Fig. 3c into four Weyl nodes toward non-TRIM
points. The original 4 Weyl nodes in Fig. 3c are locally
robust against such a perturbation. Indeed, the Dirac points
of HL are stabilized by inversion symmetry only at TRIMs.
This inversion operator commutes with both HL and
the chiral operator SL. Therefore, both HL and SL can be
simultaneously block diagonalized and labeled by the
inversion eigenvalues69. The degeneracy of such chiral zero
modes at an inversion-invariant momentum k is at least

NL
k θ;ϕð Þ ¼ trSLk þ; θ;ϕð Þ�� ��þ trSLk �; θ;ϕð Þ�� �� ð15Þ

where the superscript labels the Hamiltonian (HL or Hs)
and ± labels the inversion eigenvalues. We find that
NL

Γ;Y ð2π=3;π=2Þ ¼ 4, which corresponds to the Dirac
points in Fig. 3c. We verify the protection with a site-
dependent perturbation ΔtLm ¼ ð�1ÞmΔσz on the tunnel-
ing amplitude t, which breaks the time-reversal T,
particle-hole P, and reflection Mx symmetries while
respecting the chiral S and inversion I symmetries at
TRIMs. Under this perturbation, the Dirac points of HL

remain pinned at TRIMs, indicating their protection by
chiral and inversion symmetries.
Different from HL, Hs has inversion symmetry. The

inversion operator I of Hs commutes with both the time-
reversal T and particle-hole P symmetries. It also has
reflection symmetry Mx (chosen to be σx to meet the Her-
mitian requirement70) that anticommutes with T and P.
When qθ and qϕ are both even [e.g.,ðθ;ϕÞ=2π ¼ ð1=4; 1=6Þ
in Fig. 3e], Hs has two chiral symmetry operators Ssx and Ssy

because Eq. (13) now applies to both the x and y directions.
Again, using Eq. (15), we find that N sx

Γ;Xð2π=3;π=2Þ ¼ 0 and
N sy

Γ;Xð2π=3;π=2Þ ¼ 8. We confirm the protection by Ssy

based on the gapping of the double Dirac points with two
on-site potential perturbations Δλs1m;n ¼ ð�1ÞmþnΔ and
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Δλs2m;n ¼ ð�1Þmþðn�1ÞqϕΔ, which both preserve Ssx and
spatial symmetries but break Ssy for H sðπ=2;π=3Þ (Fig. 3e).
We note that inversion and chiral symmetries enable the
appearance of double Dirac points (8-fold degenerate) in this
study, different from the previously proposed double Dirac
semimetals enforced by non-symmorphic symmetries71,72.
Dirac points also appear at the off-TRIM points inside

the MBZ of Hs. In Fig. 3f with Hsð2π=3;π=3Þ, two Dirac
points appear at k ¼ ðπ=2;π=2Þ and k ¼ ð�π=2;�π=2Þ.
They transform pairwise into each other in four ways, i.e.,
time-reversal, particle-hole, inversion, and joint (magnetic
translation kx ! kx þ 2π=qϕ with Cx

2 ¼ IMx rotation)
operations. We test the stability of the off-TRIM Dirac
points with various perturbations. Δλs1m;n, which breaks I
but respects the other internal and reflection symmetries
for H sð2π=3;π=3Þ, gaps the Dirac degeneracy. For
another perturbation Δλs3m;n ¼ ð�1Þm<¼q=2Δ that breaks I

and Mx but preserves their product Cx
2 , as well as all

internal symmetries, the two Dirac points split into four
Weyl nodes along the kx= π/6 line. In contrast, for Δλs2m;n,
which respects all symmetries, the Dirac points are locally
stable at momenta k ¼ ðπ=6; ± kyÞ.
It is interesting to investigate the conditions under

which Dirac points disappear from the MBZ edge, as in
Fig. 3d, f. We conjecture that the conditions are

qϕ θð Þ
qθ ϕð Þ

¼ 2 and qθðϕÞ is odd ð16Þ

for both HL and Hs. Equation (16) also guarantees the
presence of chiral symmetry. This conjecture, which still
calls for a rigorous proof, has supporting evidence from
numerical tests, e.g., compare Fig. 3c with d and Fig. 3e
with f. One special case of Eq. (16) worth mentioning is
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Fig. 4 Edge spectra and 1D Wannier spectra for the Landau-gauge (a) and symmetric-gauge models (b). For HL, we keep the periodicity in the
y direction (4a1). For Hs, we keep the periodicity in either the x (b1) or y (b2) direction. The topological phases associated with the bulk gaps are
labeled as Z2-odd quantum spin Hall (QSH) insulators and normal band insulators (NI). We only label half of the gaps because chiral symmetry is
present for ðθ;ϕÞ=2π ¼ ð1=3; 1=6Þ. The QSH phases are confirmed by the winding of the 1D Wannier spectra (a2, b3, and b4) for different gaps
(labeled by the number of filled bands NF).
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when θ+ϕ= π (Fig. 3d, f). In this case, Im DL (Fig. 3d3), Re
Ds (Fig. 3f2), and Im Ds (Fig. 3f3) permit simple analytical
expressions. For example, in Fig. 3f2, f3, ReDs / sin2qθkx �
sin2qθky and ImDs / �cosqθkxcosqθky, respectively.
The symmetric-gauge model Hs becomes a square lattice

if θ=ϕ. This special case enables richer degeneracies, which
we briefly enumerate below. For ðθ;ϕÞ=2π ¼ ð1=4; 1=4Þ, a
double Dirac point with 8-fold degeneracy appears at the Γ
point, which is again protected by chiral and inversion
symmetries with N s

Γðπ=2;π=2Þ ¼ 8 [cf. Eq. (15)]. For
ðθ;ϕÞ=2π ¼ ð1=6; 1=6Þ, a bulk Dirac nodal line connects
multiple Γ points along the Γ−M direction in the MBZ. The
nodal line, 4-fold degenerate at general momenta, becomes
a triple Dirac point with 12-fold degeneracy at Γ and a
double Dirac point at M. For ðθ;ϕÞ=2π ¼ ð1=8; 1=8Þ or (3/
8, 3/8), a quadruple Dirac point with 16-fold degeneracy
appears at Γ. We are not aware of the construction of triple
and quadruple Dirac points in the literature. We will
investigate these aspects in future works.
After examining the degeneracies at half-filling, we

discuss the gapped phases of the models. As an
example, we choose ðθ;ϕÞ=2π ¼ ð1=3; 1=6Þ for HL and
Hs and calculate their edge spectra (Fig. 4) by trun-
cating one direction while maintaining periodicity in
the other direction. Multiple bulk gaps emerge and can
be categorized as the quantum spin Hall (QSH,
Z2-odd) and normal band insulating (NI, Z2-even; we
do not differentiate trivial and obstructed atomic
insulators here) phases, as evident from the counting of
the intersections between the edge modes and a given
in-gap Fermi level within half of the MBZ. Recalling the
bulk-edge correspondence, we confirm the QSH phases
by calculating the 1D Wannier spectra (Fig. 4a2, b3,
b4)73 of the bulk, which exhibit the typical winding of
the Berry phases.

Discussion
We have introduced and studied two distinct non-

Abelian generalizations of the Hofstadter model in the
Landau and symmetric gauges. We have analytically
obtained the genuine non-Abelian condition, ½ΘΦ;ΦΘ�≠0,
shared by the two non-Abelian models by examining the
commutativity of their arbitrary loop operators. This
condition also dictates whether the bulk spectra reduce to
the original Hofstadter butterfly. Protected by internal and
spatial symmetries, a wide variety of Weyl and Dirac
(single, double, triple, and quadruple) degeneracies occur
at zero energy. Under nearest-neighbor coupling only,
these models realize Z2 topological insulators in their
bulk gaps.
Theoretically, the non-Abelian generalizations of the

Hofstadter model can be extended to three dimensions
(e.g., see ref. 74). We introduce a gauge potential
ð l ± nð Þθσx; ðm± lÞϕσy; ðn±mÞψσzÞ in a cubic lattice

(m, n, l). This gauge potential gives rise to a Hamiltonian

H3D θ;ϕ;ψð Þ ¼ � P
m;n;l

txc
y
mþ1;n;le

iðl ± nÞθσx cm;n;l

þtyc
y
m;nþ1;le

iðm± lÞϕσy cm;n;l

þtzc
y
m;n;lþ1e

iðn±mÞψσz cm;n;l þH:c:

ð17Þ

This three-dimensional system describes three pairs of
Hofstadter butterflies that are spin–orbit coupled. In fact,
every 2D surface (xy, xz, or yz) corresponds to the 2D
non-Abelian model Hs. Aside from the first-order topo-
logical phases in two and three dimensions, it would be
interesting to consider how these non-Abelian ingredients
can be utilized to construct high-order topological pha-
ses75 therein.
There are several directions for experimental demon-

stration of these models with photonics. First, established
platforms, such as coupled laser-written waveguide arrays
and integrated coupled resonators, could enable direct
real-space realization (e.g., the possible scheme in Fig. S2).
This requires an expansion of the internal degrees of
freedom, such as exploiting a mode degeneracy, in these
optical systems. Synthetic gauge fields that break time-
reversal symmetry could also be created therein, such as by
using integrated phase modulators and polarization/mode
converters with lithium niobates and/or magnetic-optic
materials. In addition, to achieve some time-reversal-
invariant phases, it could be sufficient to engineer reci-
procal phases, such as through a propagating phase delay13

in different bases. Second, it is possible to realize the
models in synthetic dimensions76. A synthetic dimension,
such as frequency, can play the role of lattice sites and
maintain the internal degrees of freedom. The dimen-
sionality of the models can be encoded by driving the
system with multiple frequencies. Alternatively, both non-
Abelian models could be studied in a pumping experi-
ment. Analogous to the Abelian Hofstadter model, HL and
Hs (after a gauge transformation) allow the replacement of
one of the momenta with pumping77. These dimension-
reduced approaches could help realize the models with
relative ease in future experiments.

Materials and methods
Genuine non-Abelian conditions
In this section, we prove the genuine non-Abelian

condition Eq. (8) for both HL and Hs.
In our proposed models HL and Hs, the commutativity

of arbitrary real-space Berry curvatures is equivalent to
that of arbitrary loop operators of unit plaquettes, except
for some possible trivial counterexamples. Although it is
straightforward that for matrices A and B, AB= BA
implies eAeB= eBeA, the converse is not always true. It has
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been proven78 that for bounded operators A and B on a
Banach space with 2πi-congruence-free spectra, eAeB=
eBeA if and only if AB= BA. Here, 2πi-congruence-free
spectra refer to a set of eigenvalues Λ where there are
no two different elements fλ1; λ2g 2 Λ such that
λ1 ¼ λ2 mod 2πi. For our models HL and Hs, their loop
operators are always SU(2) rotations. Therefore, the
eigenvalues of real-space Berry curvatures are always
angles ±γ. As a result, ±γ are guaranteed to be 0 or ±π if
they are 2π-congruent. In both cases, the associated loop
operator is the identity matrix. Therefore, for the
equivalence between the commutativity of loop operators
and Berry curvatures in our models, the counterexamples
(i.e., commutative loop operators but non-commutative
Berry curvatures) are trivial because there is no net
rotation. These trivial counterexamples are a result of
the non-uniqueness of the matrix logarithm (e.g.,
eiπσ0;x;y;z ¼ �σ0).
After ruling out the possible trivial counterexamples, we

next examine the commutativity of arbitrary loop opera-
tors of unit plaquettes to derive the genuine non-Abelian
conditions for our lattice models. We reiterate our com-
pact notations introduced in the main text. We define
Θm � expðimθσyÞ and Φm � expðimϕσzÞ for the link
variables. We also set Θ≡Θ1 and Φ≡Φ1. We first
introduce a useful lemma.

Lemma 1. 8m; n 2 Z; ½ΘmΦm;ΘnΦn� ¼ 0 if and only if
½ΘΦ;ΦΘ� ¼ 0.

Proof:
Necessity: ½ΘmΦm;ΘnΦn� ¼ 0 ) ½Θ1Φ1;Φ1Θ1� ¼ 0
By choosing m= 1, n=−1 ½Θ1Φ1;Θ�1Φ�1� ¼ 0. For

unitary matrices A and B, ½A;B� ¼ 0 $ ½A;By� ¼ 0
because

ABy ¼ ByBABy ¼ ByABBy ¼ ByA ð18Þ

Therefore, ½Θ1Φ1;Φ1Θ1� ¼ 0. In addition, it can be
readily shown from Eq. (18) that

½ΘmΦm;ΘnΦn� ¼ 0 $ ΘmΦmþnΘn ¼ ΦnΘmþnΦm

ð19Þ

which will also be used frequently in the following.
Sufficiency: ½Θ1Φ1;Φ1Θ1� ¼ 0 ! ½ΘmΦm;ΘnΦn� ¼ 0
Use mathematical induction. We know that

½Θ1Φ1;Θ�1Φ�1� ¼ 0, ½Θ1Φ1;Θ0Φ0� ¼ 0, and ½Θ�1Φ�1;
Θ0Φ0� ¼ 0. We next prove that if ½ΘmΦm;ΘnΦn� ¼ 0
holds for any (m′, n′) that satisfies |m′| ≤m and |n′| ≤ n,
then ½Θmþ1Φmþ1;ΘnΦn� ¼ 0 and ½ΘmΦm;Θnþ1Φnþ1� ¼ 0

also hold.

Θmþ1Φmþ1;ΘnΦn½ �
¼ ½Θ1ΘmΦmΦ1;ΘnΦn�
¼ Θ1;ΘnΦn½ �ΘmΦmþ1 þΘmþ1Φm Φ1;ΘnΦn½ �
¼ Θn½Θ1;Φn�ΘmΦmþ1 þΘmþ1Φm½Φ1;Θn�Φn

ð20Þ

We have used the condition that ½ΘmΦm;ΘnΦn� ¼ 0.
Now, we need to prove that Θn½Θ1;Φn�ΘmΦmþ1 ¼
Θmþ1Φm½Θn;Φ1�Φn, i.e., ½Θ1;Φn�ΘmΦmΦ1�n ¼
Θ1�nΘmΦm½Θn;Φ1�.

LHS ¼ Θ1Φn �ΦnΘ1ð ÞΘmΦmΦ1�n

¼ Θ1�n ΘnΦn �Θn�1ΦnΘ1ð ÞΘmΦmΦ1�n

¼ Θ1�nðΘnΦnΘmΦmΦ1�n �Θn�1ΦnΘ1ΘmΦmΦ1�nÞ
ΘmΦm;ΘnΦn½ � ¼ 0; ½Θ1Φ1;ΘnΦn� ¼ 0

¼ Θ1�nðΘmΦmΘnΦnΦ1�n �Φ1ΘnΦn�1ΘmΦmΦ1�nÞ
¼ Θ1�nðΘmΦmΘnΦ1 �Φ1ΘnΦn�1ΘmΦmþ1�nÞ

½ΘmΦm;Θn�1Φn�1� ¼ 0

¼ Θ1�nðΘmΦmΘnΦ1 �Φ1ΘnΘmþ1�nΦmΘn�1Þ
¼ Θ1�nðΘmΦmΘnΦ1 �Φ1Θmþ1ΦmΘn�1Þ
¼ Θ1�nðΘmΦmΘnΦ1 �Φ1Θmþ1ΦmΘn�1Þ

½ΘmΦm;Θ1Φ1� ¼ 0

¼ Θ1�nðΘmΦmΘnΦ1 �ΘmΦmþ1Θ1Θn�1Þ
¼ Θ1�n ΘmΦmΘnΦ1 �ΘmΦmΦ1Θnð Þ
¼ Θ1�nΘmΦm ΘnΦ1 �Φ1Θnð Þ
¼ Θ1�nΘmΦm½Θn;Φ1� ¼ RHS

ð21Þ

Theorem 1. The non-Abelian Hofstadter model HL becomes
genuinely Abelian if and only if ½ΘΦ;ΦΘ� ¼ 0.

Proof:
The unit plaquette loop operators in the Landau-gauge

model are

W L
m;n ¼ Φ�mΘΦmþ1 ð22Þ

Necessity: We can simply choose two unit plaquettes
W L

0;n ¼ ΘΦ and W L
�1;n ¼ ΦΘ. Therefore, ½W L

m;n;W
L
m0;n0 �

¼ 0 ! ½ΘΦ;ΦΘ� ¼ 0.

Sufficiency: The loop operator can be rewritten as

W L
m;n ¼ Φ�mΘ�m �Θmþ1Φmþ1 ð23Þ

Recalling Lemma 1 and Eq. (18), it is evident that
½W L

m;n;W
L
m0;n0� ¼ 0.
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Theorem 2. The non-Abelian Hofstadter model Hs becomes
genuinely Abelian if and only if ½ΘΦ;ΦΘ� ¼ 0.

Proof:
The loop operator for the symmetric-gauge model is

W s
m;n ¼ Φ�mΘnþ1Φmþ1Θ�n ð24Þ

Necessity: We can simply choose unit plaquettes
W s

m;�1 ¼ W s
�1;n ¼ ΦΘ. Therefore, ½W s

m;n;W
s
m0;n0 � ¼

0 ) ½ΘΦ;ΦΘ� ¼ 0.

Sufficiency: We rewrite the loop operator Eq. (24) as

W s
m;n ¼ Φ�mΘ�m �Θmþnþ1Φmþnþ1 �Φ�nΘ�n ð25Þ

Recalling Lemma 1 and Eq. (18), it is evident that
½W s

m;n;W
s
m0;n0 � ¼ 0.

Genuine non-Abelian conditions and the re-emergence of
the Hofstadter butterfly
We next establish the equivalence between the spectral

re-emergence of the Hofstadter butterfly and the genuine
Abelian condition [cf. Eq. (8)].
For this, we first consider the simplest case when θ= 0

for both HL and Hs. There is a permutation matrix P
that can block diagonalize the Hamiltonian as
PHPy ¼ H"

0 ϕð Þ � H#
0 �ϕð Þ, where H";# are the Abelian

Hofstadter Hamiltonians [Eq. (1)] for up and down spins,
respectively. When ϕ= 0, the same argument applies after
a basis change of σy ! σz.

Landau-gauge model HL

We have shown in the main text that the necessary and
sufficient condition for a pair of decoupled butterflies is
that there exists a global unitary transformation U that
can simultaneously diagonalize all 2 × 2 block diagonal
terms HL

m;m of the Hamiltonian. This is equivalent to the
requirement that all HL

m;m commute, i.e., the commutator

½eikyΘmΦm þH:c:; eikyΘnΦn þH:c:� ¼ 0 ð26Þ

for an arbitrary choice of m, n, and ky. Equation (26) can
be rearranged as

½eikyΘmΦm; eikyΘnΦn� þ ½eikyΘmΦm; e�ikyΦ�nΘ�n� �H:c: ¼ 0

e2iky ½ΘmΦm;ΘnΦn� þ ½ΘmΦm;Φ�nΘ�n� �H:c: ¼ 0

ð27Þ
Therefore, both e2iky ½ΘmΦm;ΘnΦn� and ½ΘmΦm;Φ�nΘ�n�
must be real and symmetric. Equation (18) shows that
½ΘmΦm;ΘnΦn� and ½ΘmΦm;Φ�nΘ�n� are equivalent.
Since Eq. (26) applies to an arbitrary ky, we must have
ΘmΦm;ΘnΦn½ � ¼ 0:

As such, HL reduces to a direct sum of two Abelian
Hofstadter Hamiltonians if and only if all links commute,
i.e., ΘmΦm;ΘnΦn½ � ¼ 0, which is equivalent to the genu-
ine non-Abelian condition ½ΘΦ;ΦΘ� ¼ 0 (see Lemma 1).

Symmetric-gauge model Hs

A local gauge transformation Um;n ¼ Θ�mn can trans-
form the symmetric-gauge model Hs into the Landau-
gauge, where the complex link variables in the x direction
become real hopping. Now, the transformed link variable
in the y direction between (m, n) and (m, n+ 1) is

Lsm;n ¼ Θ�mnΦmΘm nþ1ð Þ
¼ Θ�mnΦ�mn �Φm nþ1ð ÞΘm nþ1ð Þ

ð28Þ

Again, we drop the notation for the non-trivial hopping
y direction, and we emphasize that Lsm;n and LLm;n ¼
ΘmΦm are different. After the transformation, the
Hamiltonian can be written in a basis where the complex
non-Abelian hoppings all appear in the 2 × 2 block diag-
onal matrices. We first examine the commutativity of the
transformed link variables [Eq. (28)] and introduce a
theorem.

Theorem 3. ½Lsm;n; L
s
m0;n0 � ¼ 0 if and only if ½ΘΦ;ΦΘ� ¼ 0.

Proof:
Necessity: We have

Ls1;�1 ¼ ΘΦ ð29Þ

Ls1;�1 ¼ Θ�1Φ�1 ð30Þ

Therefore,

½Lsm;n; L
s
m0;n0 � ¼ 0 ! ½ΘΦ;Θ�1Φ�1� ¼ 0 $ ½ΘΦ;ΦΘ� ¼ 0

ð31Þ

The sufficiency is also evident based on Lemma 1 and
Eqs. (18) and (28).
Using the same argument as in the previous section for

the Landau-gauge model HL, the spectral re-emergence of
the Hofstadter butterfly is equivalent to the condition that
all the link variables [Eq. (28)] are commutative. Theorem
3 shows that such a condition is also equivalent to the
genuine Abelian condition ½ΘΦ;ΦΘ� ¼ 0.

Chiral symmetry
Landau-gauge model HL

We next show that the Landau-gauge model has chiral
symmetry when qθqϕ is even and pθ~qϕ þ pϕ~qθ is odd,
where ~qθðϕÞ � qθðϕÞ=gcdðqθ; qϕÞ and gcd is the greatest
common divisor.
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Rather than discussing E kx; ky
	 � ! �Eðkx; kyÞ directly,

we examine the chiral symmetry via the conditions
for E kx; ky

	 � ! �Eðkx þ π; ky þ πÞ and E kx; ky
	 � !

Eðkx þ π; ky þ πÞ. The Landau-gauge model has a Harper
equation given by

EΨm;n ¼ �tx Ψmþ1;n þΨm�1;n
	 �� tyðΘmΦmΨm;nþ1

þΦ�mΘ�mΨm;n�1Þ
ð32Þ

Under Bloch’s theorem, Ψm;n ¼ eikxmeikynum and
um ¼ umþq , where q ¼ lcmðqθ; qϕÞ. Equation (32)
becomes

Eum ¼ �t½umþ1e
ikx þ um�1e

�ikx þ ðeikyΘmΦm þH:c:Þum�
ð33Þ

We adopt a trial wavefunction ~Ψm;n ¼
eiðkxþπÞmeiðkyþπÞnum and obtain

�Eum ¼ �t umþ1e
i kxþπð Þ þ um�1e

�i kxþπð Þ
n

þ ei kyþπð ÞΘmΦm þH:c:
h i

um
o

ð34Þ

which is exactly equivalent to Eq. (32). Therefore, we have
symmetry E kx; ky

	 � ! �Eðkx þ π; ky þ πÞ regardless of
the choice of θ and ϕ. This property is the same as that of
the Abelian model H0.
Next, we discuss the conditions for Eðkx; kyÞ !

Eðkx þ π; ky þ πÞ. In the kx direction, kx and kx þ 2π=q
are equivalent. If q is even (i.e., at least one of qθ and qϕ is
even), kx and kx+ π become equivalent, and therefore,
Eðkx; kyÞ ! Eðkx þ π; kyÞ.
For ky, we consider the lattice site q/2+ 1. The

associated links are eiðq=2þ1Þθσyeiðq=2þ1Þϕσz ¼
eiθσyeiϕσzeiπðpθ~qϕþpϕ~qθÞ, where ~qθðϕÞ � qθðϕÞ=gcdðqθ; qϕÞ and
gcd is the greatest common divisor. We also use the fact
that eiπσz ¼ eiπσy ¼ eiπσ0. Therefore, if qθqϕ is even and
pθ~qϕ þ pϕ~qθ is odd, then the link at site q/2+ 1 becomes
eiπeiθσyeiϕσz . This implies that Eðkx; kyÞ ! Eðkx; ky þ πÞ by
the transformation um ! umþq=2.
Taking together the conditions for E kx; ky

	 � ! �Eðkx þ
π; ky þ πÞ and Eðkx; kyÞ ! Eðkx þ π; ky þ πÞ, the condi-
tion for HL to have chiral symmetry is that qθqϕ is even
and pθ~qϕ þ pϕ~qθ is odd. For example, when qθ= qϕ (and
they are both even), pθ~qϕ þ pϕ~qθ ¼ pθ þ pϕ, which is
guaranteed to be even (recall the incommensurability
requirement). In another example, ðθ;ϕÞ=2π ¼
ð1=4; 1=12Þ; where pθ~qϕ þ pϕ~qθ ¼ 4 is again even. In both
examples, HL does not have chiral symmetry.

Symmetric-gauge model Hs

Next, we show that the symmetric-gauge model Hs has
chiral symmetry when qθqϕ is even. This requirement is
weaker than that of the Landau-gauge model HL. Again,

we examine the chiral symmetry via the conditions for
E kx; ky
	 � ! �Eðkx þ π; ky þ πÞ and Eðkx; kyÞ ! Eðkxþ

π; ky þ πÞ. The Harper equation for Hs is

EΨm;n ¼ �txðΘ�nΨmþ1;n þΘnΨm�1;nÞ � tyðΦmΨm;nþ1

þΦ�mΨm;n�1Þ ð35Þ

Under Bloch’s theorem, Ψm;n ¼ eikxmeikynum;n; um;n ¼
umþqθ ;n, and um;n ¼ um;nþqϕ . Thus, the magnetic Brillouin
zone is kx 2 ½0; 2π=qϕÞ and ky 2 ½0; 2π=qθÞ. Then, Eq. (35)
becomes

Eum;n ¼ �tx eikxΘ�numþ1;n þ e�ikxΘnum�1;n
	 �

�tyðeikyΦmum;nþ1 þ e�ikyΦ�mum;n�1Þ
ð36Þ

We can examine the same transformed wavefunction
~Ψm;n ¼ eiðkxþπÞmeiðkyþπÞnum;n, which also satisfies the Har-
per equation at energy −E. Therefore, Hs also inherits the
symmetry E kx; ky

	 � ! �Eðkx þ π; ky þ πÞ, regardless of
the choice of qθ and qϕ, from the Abelian Hofstadter
model H0.
We next show that qθqϕ being even enables

Eðkx; kyÞ ! Eðkx þ π; ky þ πÞ. Without loss of generality,
we assume that qθ (associated with the links in the
x direction) is even. Because ky 2 ½0; 2π=qθÞ; ky= 0
and ky= π become equivalent, which renders
Eðkx; kyÞ ! Eðkx; ky þ πÞ. For kx, since qθ is even, the x-
direction link at site ðm; qθ=2þ nÞ becomes equivalent
to exp iðnθσy þ πÞ. Therefore, for an energy E with
eigenstate Ψm;nðkx; kyÞ, we have another state
Ψm;nþqθ=2ðkx þ π; kyÞ. Taken together, the Hamiltonian
Hs has chiral symmetry when qθqϕ is even.

General properties of non-Abelian Hofstadter models
As we have noted in this paper, a key distinction

between our proposed models and other non-Abelian
genearlizations51,58–62 is that our models describe two
pairs of Hofstadter butterflies that are spin–orbit coupled.
Below, we elaborate on a few other similarities and
differences.

Lattice configuration
These non-Abelian Hofstadter models are all square

lattice models with nearest-neighbor coupling and net
Abelian and/or non-Abelian magnetic fluxes.

Gapless zero modes
The Abelian Hofstadter model H0 is gapless at zero

energy (see Fig. 3a, b). This property is also inherited by
non-Abelian Hofstadter models (e.g., see Fig. 3c–f of our
models and refs. 58).

Yang et al. Light: Science & Applications           (2020) 9:177 Page 110 of 112



Gapped topological phases
Depending on whether a non-Abelian Hofstadter model

contains U(1) magnetic fluxes or not, the gapped topo-
logical phases can be categorized as quantum Hall51,58 or
quantum spin Hall59 phases, respectively. Our proposed
models contain no U(1) links and therefore give rise to Z2

topological insulators.
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