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Abstract: Several successful approaches to structure determination of hierarchical Archimedean copulas
(HACs) proposed in the literature rely on agglomerative clustering and Kendall’s correlation coefficient. How-
ever, there has not been presented any theoretical proof justifying such approaches. This work fills this gap
and introduces a theorem showing that, given the matrix of the pairwise Kendall correlation coefficients cor-
responding to a HAC, its structure can be recovered by an agglomerative clustering technique.
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1 Introduction

Hierarchical (also called nested) Archimedean copulas (HACs) bring to the popular class of Archimedean
copulas (ACs) the possibility to have different multivariate margins. This possibility is enabled by their con-
struction through nesting of several ACs into each other; see [8, pp. 87]. Such a construction, on the one hand,
allows for constructing copula models outperforming other recently popular multivariate copula models, e.g.,
see [15], where HACs are compared to pair and factor copulas in an empirical study from risk management.
On the other hand, such a construction involves an extra effort when estimating HACs, since the structure of a
HAC, which represents the way the ACs in this HAC are nested into each other, has to be estimated as another
parameter.

We can observe intensive research in this direction, e.g, see [2, 5, 10, 14, 17, 18, 20], which provide an-
swers to the question of how to estimate the structure of a HAC based on a data sample. These answers in-
volve different approaches to the problem. In [17], the authors make use of a possibility to decompose the
structure of a HAC to a set of trivariate structures. In [10], the problem is treated as an amended shortest path
problem. In [18], an approach based on supertrees is presented. The rest of the mentioned articles provides
approaches that share the feature that both an agglomerative clustering technique [19] and the Kendall cor-
relation coefficient (Kendall’s tau) are involved in the estimation process. In the following, we thus refer to
these approaches as to tau-clustering-based. E.g., in [14], the pair of random variables corresponding to the
highest value of Kendall’s tau is clustered and the new cluster is represented by its Kendall transformation.
In [1], the authors suggest to use the diagonal transformation instead of the Kendall’s one. In [10], Kendall’s

*Corresponding Author: J. Gorecki: Department of Informatics, SBA in Karvind, Silesian University in Opava, Univerzitni
nameésti 1934/3, 733 40 Karvina, Czech Republic, E-mail: gorecki@opf.slu.cz

M. Hofert: Department of Statistics and Actuarial Science, University of Waterloo, 200 University Avenue West, Waterloo, ON,
Canada, E-mail: marius.hofert@uwaterloo.ca

M. Holena: Institute of Computer Science, Academy of Sciences of the Czech Republic, Pod vodarenskou vézi 271/2, 182 07
Praha, Czech Republic, E-mail: martin@cs.cas.cz

[COTEETTM| © 2017 ). Gorecki et al., published by De Gruyter Open. This work is licensed under the Creative Commons Attribution-NonCommercial-
NoDerivs 3.0 License.



76 —— ].Goérecki, M. Hofert, and M. HoleRa DE GRUYTER OPEN

tau used in the previous two approaches is replaced by a more general 7-Euclidean metric. Finally in [2, 5],
the authors use an agglomerative clustering technique in which the similarity between two random variables
is directly the corresponding Kendall’s tau and consider the single-, complete- and average-linkage type of
clustering.

A simulation study concerning the efficiency of some of the previously mentioned approaches is provided
in [18]. There, the approach denoted kt_kagg, originally proposed in [2] and merged with an approach to
collapsing of HAC structures from [14], has shown the best results in the ability to estimate the true structure
of a HAC among the 11 estimators considered. Also note that in [3], the kt_kagg approach was improved by
a new approach to collapsing HAC structures and re-estimation of the parameters, which is confirmed in the
simulation study reported therein. In the same article, the authors also show that a structure obtained by this
improved kt_kagg satisfies the sufficient nesting condition, which guarantees that a proper copula results,
under relatively weak conditions provided the families of the Archimedean generators in the structure are all
the same.

However, despite these desirable properties, there has not been presented any theoretical proof show-
ing that if the matrix of Kendall pairwise correlation coefficients (or another measure of concordance) cor-
responding to a HAC is known, then such an approach recovers the true structure of this HAC. This work
attempts to fill this gap and introduces a theorem showing that if such a matrix is known, the structure de-
termination used in the kt_kagg approach leads to the true structure.

This work is structured as follows. Section 2 recalls some basics for ACs and HACs. Section 3 recalls the ap-
proach to structure determination mentioned in the previous paragraph, including an algorithm in a pseudo-
code. In Section 4, the announced theorem is provided. Discussion for the theorem is presented in Section 5
and Section 6 concludes.

2 Hierarchical Archimedean Copulas

LetT =[0,1]and ¥ = {3 : [0, 0] — T| (0) = 1, Y(o0) = lim;_, P(t) = 0, P is continuous, non-increasing
and strictly decreasing in [0, inf{t € [0, o) | 1(t) = 0}] }. Also, let a real function y be called d-monotone in
(a, b), where a, b € Rand d > 2, if it is differentiable up to order d - 2, the derivatives satisfy

D)%) 20, k=0,1,...,d-2, 1)

for any x € (a, b), and (-1)2y‘42 is non-increasing and convex in (a, b). For d = 1, let y be called 1-
monotone in (a, b) if it is non-negative and non-increasing there. Note that if a function is d-monotone for
all d € N, then it is called completely monotone [9, 13]. As follows from [12], given an Archimedean generator
i € ¥, the function C : I — I such that

Cluy, ..., ug) = P~ uy) + ... + P~ Huy) )

is a d-dimensional Archimedean copula (d-AC, also denoted by Clp) if, and only if, i is d-monotone, where
1 is the general inverse of 1 given by ~1(s) = inf{t € [0, oo] | (f) = s},s € L.

To construct a hierarchical Archimedean copula (HAC), one just need to replace some arguments in an
AC by other HACs [6, 8]. The formal definition of HACs we will recall in this work is taken from [3], which is
mainly motivated by the fact that it explicitly refers to the tree HAC structure through concepts from graph
theory and thus no auxiliary tools to formalize HAC structures are needed. Note that in the following, #s
denotes the number of elements of a set s.

Definition 1. Letd, fe N, d=2, f e {1,...,d -1}, (V, &) be alabeled tree with nodes V = {1, ...,d + f},

edges & C V xV and rooted in the node d + f. Let the nodes {1, ..., d} be the leaves of (V, &) and the nodes

{d +1,...,d + f}, which will be called forks, have at least two children each. In connection with (V, &), the

following notation will be used:

e TForv € V, denote by A(v) the set of children of v; thus the cardinality of A(v) fulfills # A (v) > 2 for
ve{d+1,...,d+f}(i.e., vbeing afork) and # A (v) =0 forv € {1, ..., d} (i.e., for v being a leaf).
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e ForSc Vandx* € I, the simplified notation
Xs = Xy, «ees Xvig), Where S = {vq, ..., Vus}, 3)

will be used with a further simplification xy = x,, forv € V.

Finally,letA : {d+1,...,d +f} — ¥ be alabeling of forks with Archimedean generators such that for each
u € I, there exists x* € 1/ with the following two properties:

() Wweld+1,..,d+f}, xv = Cyp)(X5(,))s
(i) vve{1,..,d}, Xy =uy.

Then:

a) if the function Cven * 14 — 1, defined
vu e 1%, Coy e W) = X4, %)

is a d-variate copula, it is called d-variate hierarchical Archimedean copula (d-HAC) with the (tree) struc-
ture (V, €) and the labeling A;
b) if (V, €) is binary, then C(y ¢ ;) is called binary.

As this definition explicitly employs a tree structure (V, £), we can directly adopt necessary concepts from
graph theory, which employs ancestors and descendants of a node, where the first refers to the set containing
the parent of that node, the parent of this parent, etc., and the latter refers to the set containing the children
of that node, the children of these children, etc. These concepts are shown in Table 1.

Table 1: The concepts adopted from graph theory.

concept meaning
T(v) the parent of v
Tt(v) the set of all ancestors of v
L) the set of all forks that are descendants of v
W) the set of all leaves that are descendants of v, if v is a fork
1) {v},ifvisaleave

For clarity, recall that A(v) c {(v)U | (v) and also that v ¢ || (v) and v ¢ 1 (v).

Let us now illustrate the involved concepts on a simple example. Consider a HAC Cy, y, (u1,uz, u3) =
Cy,(u1, Cy,(uz, u3)) for two generators 1,1, € ¥; its tree structure is depicted in Figure 1(a). For this
representation, one can derive a tree with the same structure such as the one depicted in Figure 1(b)
just by assigning different numbers to all of its nodes. For this tree, we have V = {1,...,5} and & =
{{1,5},{2, 4}, {3, 4}, {4,5}}, which also imply that f = 2, the nodes {1, 2, 3} are leaves and the nodes
{4,5} are forks. Let u € 1. Then x* € T°, x¥ = uy, x4 = up, x4 = u3, x¥ = Cawy XY, 37) = Caay(uz, u3)
and analogously x¥ = C,\(S)(x'{‘l,4}) = Cys5)(u1, Cpegy(uz, uz)). Also note that 1 (1) =1 (4) =f (1) =fr(4) = 5, ©
(2) =1 (3) = 4,1 (2) =1 3) = {4, 5} for such a structure. Finally, | (5) = 4, {4 (4) = 0, | (5) = {1,2,3} and
1@ ={2,3h

A necessary and sufficient condition for the function given by (4) to be a proper copula is not known.
However, there are known several sufficient conditions. An early one based on complete monotonicity has
been proposed in [11], see Theorem 4.4 therein, which is proven for a subclass of HACs called fully nested
Archimedean copulas. Its generalization to all HACs has been proposed in [7]. A weaker sufficient condition
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Figure 1: (3) A tree-like representation of a 3-HAC given by Cy,, y, (u1, uz, u3) = Cy, (u1, Cy,(uz, u3)). (b) Abinary tree
(v, 8), v={1,...,5}, € ={{1,5},{2, 4}, {3, 4}, {4, 5} } corresponding to the structure of a 3-HAC C(y ¢ 5.

based on d-monotonicity has appeared recently in [16] and is recalled in the following theorem. Note that
y1 o ¥2 denotes the composition of two functions y; and y;.

Theorem 1. [16] Let (V, €) and A be the tree and the labeling from Definition 1, respectively. Also let
hm = {y : [0, 00] = [0, o0] | ¥(0) = 0, y(o0) = oo, y' is m-monotone } (5)
for all m > 2. If A fulfills that

1) A(v) is # (v)-monotone, and
2) A(V)_l o /1(17) € h#i(f/)’ (6)

forallve {d+1,...,d+f}and vV e A(v)Nn{d +1,...,d +f}, then C(y ¢ ;) is a copula.

The condition on A stated in Theorem 1 will be called the sufficient nesting condition (s.n.c.). Also note that
h, D hs3 D ... D hpyforallm > 3.

As has already been mentioned in the introduction, Kendall’s tau is the most popular measure of con-
cordance used in connection to estimation of HACs. In term of copulas, Kendall’s tau of random vector
(U1, Up) ~ C, where C is a bivariate copula, is given by

€)= 4 / Cluy, u)dCuy, uy) — 1. @)
2

Also, given a random vector (Uy, ..., Ug) ~ C, where C is a d-variate copula, the matrix (7;j) € 1%4 sych that
foralli,j € {1, ..., d} either

1) Tij = T(Cij), ifi # j, or
2)7;;=1, otherwise, (8)

where Cj; is the (i, j)-th bivariate margin of C, is called the Kendall correlation matrix of (U, ..., Ug).
If Cy is a 2-AC and 1 is a twice continuously differentiable generator with ¥(t) > 0 for all ¢ € [0, o),
Kendall’s tau can be represented as [8, p. 91], [13, p. 163]

[eS)

() =T(Cy) = 1-4 tl/)(t))zdt—1+4 f(,t) dt. ©)
J W@

0
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Due to this connection of generators and Kendall’s tau, the restrictions on A given by the s.n.c. also induce
restrictions on A in terms of Kendall’s tau, as is stated in the following lemma.

Lemmal. Let Cy ¢ j be a d-HAC satisfying the s.n.c. stated in Theorem 1. Then
T(AW)) < TAW) (10)
forallve {d+1,...,d+f}and v € | (v).

Proof. Letuscallafunctionf : [0, o] — R subadditiveif f(x+y) < f(x)+f(y) forallx, y € [0, o). Letv,V € V
be two forks such that ¥ € A(v). Using Part 2) of the s.n.c. and the consideration that # A (V) > 2, see Definition
1, this implies that (A(v)™! o A(#))’ € h, and thus (A(v) 1 (A@)(1)))" < 0 for all t € (0, o0), i.e., A(v)™ 0 A(¥) is
concave on (0, o). Further A(v)"*(A(#)(0)) = 0. Using Lemma 4.4.3 in [13, p. 136], it follows that A(v)™* o A(¥)
is subadditive. With Theorem 4.4.2, this implies that C;,(u1, uz) < Cy)(u1, uz) for all uy, u, € Tand thus,
as Kendall’s tau reflects this concordance ordering, T(A(v)) < T(A(¥)). The same reasoning can be done for a
child of ¥, a child of a child of ¥, etc. Denoting such a descendant fork by ¥ establishes the proof. O

The condition given by (10) does not generally guarantee that a proper copula results. However, for a HAC
with all generators from the same one-parametric Archimedean family, e.g., Ali-Mikhail-Haq, Clayton, Frank,
Gumbel, Joe or many others, (10) combined with relatively weak assumptions turns to a sufficient nesting
condition, as has been shown in Lemma 4.1 in [3]. In other words, under the assumption of the same family
(e.g., one of the families mentioned above) for all generators in a HAC, one can aim to satisfy (10) instead of
(6) in order to construct a proper copula, which is successfully applied in the construction of HAC estimators
proposed in [3].

3 Structure determination

This section recalls the approach underlying the structure determination in kt_kagg. As has already been
outlined in the introduction, kt_kagg merges the structure estimator from [2], which delivers a binary struc-
ture, with a collapsing procedure from [14], which, if needed, turns the binary structure to a non-binary one.
The binary structure estimator from [2] stems from the approach introduced in [4], see Algorithm 2 therein,
which, given a Kendall correlation matrix!, applies agglomerative clustering in order to recover the underly-
ing structure. Here, this approach is recalled in Algorithm 1. Note that a binary HAC C(y ¢ ,) has always d - 1
forks, which implies that V = {1, ..., 2d — 1}. Also note that Algorithm 1 uses the following definition.
Definition 2. Let either r = [0, o0), or r = [0, a], where a > 0. Any function g : r* — r, k € N, satisfying 1)
g(x,...,x) = xfor all x € rand 2) g is exchangeable (i.e., g(xp,, ..., Xp,) = 8(x1, ..., x3) forall xq, ..., x; € r
and all permutations (p, ..., pi) of (1, ..., k)) is called an r-aggregation function.

For example, the maximum, minimum or average restricted to I are I-aggregation functions.

The goal of the algorithm is to build a HAC such that (10) is satisfied. L.e., the algorithm assigns forks
corresponding to the highest values of T (through 7(A(-))) to the lowest levels of the branches in the structure.
Ascending higher up in the tree, forks with lower values of T are assigned.

1 Note that Algorithm 2 in [4] is stated more generally, i.e., it is possible to use it also with other concordance measures, not only
with Kendall’s tau.
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Algorithm 1. Structure determination of a HAC based on Kendall’s tau
Input:

1) (73) ... a Kendall correlation matrix

2) g ... an [-aggregation function

The structure determination:
1.V={1,...,2d-1}, €=
2.7 ={k}, k=1,...,d
3.9={1,...,d},
fork=1,...,d-1do
4, find the pair of clusters (leaves) with the highest similarity according to 7, i.e.,
(@) = k?f?;f?éj 8 neima’
5. join these two clusters, i.e.,
Wd+k) =T U ()
6. remove the clusters i and j from the next considerations and substitute them by the cluster d + k, i.e.,
J:=Ju{d+k}\{i,j}
7. create a part of the output structure by connecting the node d + k with the nodes i and j, i.e.,
E=8u{{i,d+k}, {j,d+k}}....ie, A(d+K) :={i,j}
end for

Output:
the binary tree (V, &)

4 Justification of a tau-clustering-based approach

In [4], the approach recalled in the previous section was theoretically justified only for d = 4. In this sec-
tion, as the main result of this work, a theorem that generalizes this justification to an arbitrary dimension
is proposed. Before its statement, three auxiliary lemmas are provided. Note that, as Algorithm 1 serves for
delivering binary structures, the considerations below are also mostly restricted to such structures. However,
the consequences of the main theorem are discussed also for the non-binary case.

Definition 3. [2] Let C(y ¢ ;) be a d-HAC and i, j two different leaves in 'V such that neither i nor j is the root.
We call youngest common ancestor of i, j (denoted by 1y (i, j)) the fork m € V for which m € ¢+ (i) n 1 (j) and

TONAG N 4(m) = 0.

Remark 1. Given a d-HAC Cv,e ), @S (V, &) is a tree, if i,j € 'V are two different nodes such that neither i
nor j is the root, it follows that the set (i) N 1} (j) always contains the root. This thus implies the existence of
1ty (i, j) for such a pair of nodes.

Remark 2. Observe that if C(y ¢ , is a binary d-HAC, m is a fork in V, A(m) = {I,r},i € | () U | () and
j €L U L{), theny (@, j) = m.

Lemma 2. Let C(y ¢ ;) be abinary d-HAC and {iy, ..., iy} C V, k > 2 be such that the sets | (i), ..., | (i)) are
a disjoint decomposition of {1, ..., d}. Then for each fork m €1 (iy) U ...U 1 (i), there exists a pair (i, j),
i<j,i,je{i,..., i} such that fty (i, j) = m.

Proof. Assume that m €} (i1) U ...U (i), {I, 7} = A(m), 7 € () and j € | (), i.e, according to Remark 2,
1y (i,j) = m. Since (V, &) is a binary tree and the sets | (i1), ..., | (i) are a disjoint decomposition of {1, ..., d},
there exists either a fork i € {iy, ..., i} } such thati e L@ oraleafi e {iy, ..., i} such thati = i. Analogously,
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there exists either a fork j € {iy, ..., iy} such that j € | (j) or aleafj € {i1, ..., i;} such that j = j. Also, as
i el (D), itimplies thati € | (I) U 4. (). Analogously, j € | (r) U |.(r). Using Remark 2, the proof is established.
O

Lemma 3. [2] Let C(y ¢ ;) be abinary d-HAC. Then
C(V,S,}l)(lf e 1, uj, 1,...,1, u]-, 1,..., 1) = CA(MI-,]-))(ui, uj), 1<i< ] <d (11)
for all (u;, u;) € I°.

Hence forall i,j € {1, ..., d} such that i # j, the random vector (U;, U;) is distributed according to the 2-AC
C A0L) where (Uy, ..., Uy) ~ C(v,e y- Note that Lemma 3 is actually Proposition 3 introduced in [2].

Lemma 4. Let C(y ¢ ; beabinary d-HAC, (Ui, ..., Ug) ~ C(y ¢ 2 and (7;;) be the Kendall correlation matrix
Of(Ul, ceey Ud)- Then

735 = T(Alfy (3, ) (12)

for all leaves i and j such that i # j.

Proof. This directly follows from Lemma 3, i.e., as (U;, Uj) ~ Cy(4 (i) itis Ty = T(Cagqy }(l—,)-))) = T(Alfy
() O

Now follows the main theorem of this work.

Theorem 2. Let C(y ¢ ) be a binary d-HAC satisfying the s.n.c. given by (6) and
T(A(2d - 1)) < T(A2d - 2)) < ... < T(A(d + 1)), (13)

(U1, ey Ug) ~ Cy, ¢ 1> and (1) be the Kendall correlation matrix of (U, ..., Uy). Then, given the input (7;;)
and any I-aggregation fuction g, Algorithm 1 returns (V, &).

Proof. First consider that, if one knows the children of all forks in a HAC structure (in a tree (V, £)), then one
knows the whole HAC structure, i.e., the sets A(d + 1), ..., A(2d - 1) determine (V, €). Hence, in the proof,
instead of showing directly that (V, &) = (V, &), we show that A(k) = A(k) forall k € {d+1,...,2d -1}, where
A(k) denotes the children of a fork k in the structure (V, ).

The proof is performed by induction according to k. Let k = 1. Also, let J = {1, ..., d} and

(i,j) = argmax g((t=) ). (14)

W4, 9, jes i’ GHeldIG)
AsJ = {1,...,d}, it is (by the definition, see Section 2) | (i) = {i} and | (j) = {j} for all i, € J. Hence, given
i,j e 7, it follows that g((T;:}.) Chelin Jﬁ)) = g(t53) = 1y; for the latter equality, see Definition 2. Hence, (14)
simplifies to

(i,j) = argmax 5 (15)
i<, i€J, jeI
Note that the argument corresponding to the maximum is unique, which is addressed at the end of this in-
duction step. Now, rewrite (15) to

Tj=_ Mmax Tz (16)
i, ied, jes

As, according to Lemma 4, T = T(A(fly G,7), <], i,j €9, (16) turns to

_omax tp=_ max Ty (G, )). 17)
i<j, i€d, jed i<j, i€7, jed
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According to Remark 1, for each pair (i, ), i < j, 1,j € J there exists a fork v € {d + 1, ..., 2d - 1} such that
1y @, f) = v and, vice versa, according to Lemma 2, for each fork v € {d + 1, ..., 2d - 1}, there exists a pair
(i,j) such thati <j, i,j € Jand 1y (i, j) = v. This in turn implies that

Comax Ty @ )))=  max  1(AW)). (18)
i<j, i€J, jeJ ve{d+1,...,2d-1}
According to (13),
T(A(v)) = 7(A(d + 1)), (19)

max
ve{d+1,...,2d-1}

and thus 7;; = 7(A(d + 1)). But also, as follows from Lemma 4, 7;; = T(A(ly (i, j))). Considering (13), it implies
that T(A(m)) < T(A(d + 1)) for any fork m such that m # d + 1. It is thus clear that d + 1 = 1y (i, j).
However, it is still not clear if d + 1 =1 (i) =1 (j), i.e., if

{i,j} = Ad+1). (20)

But, if (20) would not hold, then it would exista fork m € {d+2, ..., 2d-1}, such that 1 (i) = m (or analogously
for 1 (j) = m). This would imply that m € | (d + 1) and thus, according to Lemma 1, 7(A(d + 1)) < T(A(m)).
However, this contradicts (13).

Now discuss the uniqueness of the maximum in (15). Assume that there exists a pair {ig, jo} C J such
thatip ¢ {i,j}and

(ig, jo) = argmax 5. (21)
i<, ied, jed
With the same argument as above, it would imply that 1(ip) = d + 1 (or analogously 1 (jo) = d + 1 in the case
that the assumption would be jo ¢ {i, j}). However, this contradicts the fact that (V, &) is binary.
Finally, considering that (14) is Step 4 of Algorithm 1, this implies that

Ald+1)=nd+1), (22)

see also Step 7. Now, update J := JU{d+ 1}\{i, j}, define that {i1, ..., iz} = J, and observe that | (i;)U...U |
(i4-1) = {1, ...,d}and {t(i)U...U ¢t (i4_1) = {d+2, ..., 2d -1}, where the latter follows from the consideration
that f (1) U...u 1(d) = {d + 1, ..., 2d - 1} and the fact that d + 1 is the parent of the leaves i and j and thus
cannot be an ancestor of any node from J. Also observe that the sets | (1), ..., | (i;_,) are disjoint and thus
they are a disjoint decomposition of {1, ..., d}.

Now the induction step for k € {2, ..., d-1}. Assume that A(d+m) = A(d+m) forallm € {1, ..., k—1} and
thatJ = {iq, ..., ig_gs1 F Suchthatiy, ..., iz_geq < d+k, thesets | (i1), ..., | (i_x+1) are a disjoint decomposition
of {1,...,d}and (i) U ...U 1 ({gis1) = {d + k, ..., 2d — 1}. Again, let

(i,j) = argmax g((7z): ). (23)

;(} ;GJ }Ej (l J)GKI)XJ())

Since the sets | (i) and | (]) are dls]omt for any pair (i, )) in the domain of maximization and thus neither
iell()norjel (i), giveni,j e J, i <j,itholds that 1y (i, j) = 1ty (i, j) for all (l ]) € L ()x L (j), which follows
from the consideration that (V, &) is a binary tree. Hence, it follows that, using Lemma 4, == T(Alfy (1, ]))) =

Tty () for all ,j) € | (< | () and thus g((r5); Hesiay) = STALy @D, ... TACtty 0.1))). Using
Part 1) of Definition 2, we get g(T(A(fty (i, 1)), ..., TA(y (0, 1)) = T(A(1ty (0, 7))). Hence, (23) turns to

(i,j) = argmax Aty @, 7). (24)

i<j, i€J, jeg
Note that the argument corresponding to the maximum is unique for the same reason as in the induction step
k = 1. Again, rewrite (24) to

Ay (G, ) = _max_ T(A(fy @, ). (25)

i<j, i€, jed
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Using the assumption that | (i), ..., J (i_x,1) are a disjoint decomposition of {1, ..., d}, Remark 1implies that
for each pair (i, j) such that i < jand i, j € J there exist a fork v € {}(i1) U ... U 1 (ig_xs1) such that v = 1y (i, j)
and, vice versa, according to Lemma 2, for each fork v e+ (i1) U ... U 1 (iz_rs1), there exists a pair (i, j) such
thati <, i,j € Jand iy (i, j) = v. Using the assumption that 1 (i1) U ...U 1 (ig_gs1) = {d + k, ..., 2d — 1}, it
follows that

C.omax_ 1Ay (L)) = T(A(v)), (26)
i<j, ied, jeJ ve{d+k,...,2d-1}
and in turn, using (13),
max T(AW)) = T(A(d + K)). 27
ve{d+k,...,2d-1}

As the maximum is unique, it holds that d + k =1y (i, j). But also 1 (i) = 1(j) = d + k, because, if that would not
hold, then it would exist a fork m € {d + k+ 1, ..., 2d - 1} such that 1 (i) = m (or analogously for 1 (j) = m).
This would imply that m € | (d + k) and thus 7(A(d + k)) < 7(A(m)) according to Lemma 1. However, this
contradicts (13).

Finally, considering that (14) is Step 4 of Algorithm 1, this implies that

Ald + k) = A(d + k), (28)

see also Step 7. Now, perform the update J := J U {d + k}\{i, j}, define that {i1, ..., 14_x} = J, and observe
that | (i1) U ...U | (izt) = {1,...,d} and that the sets | (i1), ..., | (i;_x) are disjoint and thus they are a
disjoint decomposition of {1, ..., d}. Also observe that iy, ..., 14 < d + k+ 1 and #t (i;) U ...U 1t (iz_s) =
{d+k+1, ..., 2d-1}, where the latter follows from the assumption that  (iy)U...U 0 (ig_gs1) = {d+k, ..., 2d-1}
and the fact that d + k is the parent of the nodes i and j and thus cannot be an ancestor of any node from J,
which follows from the assumption that the sets | (i1), ..., J. (iz_r+1) are a disjoint decomposition of {1, ..., d}.
O

5 Discussion

It follows from Theorem 2 that the choice of the I-aggregation function g does not influence the output of
Algorithm 1. However note that if Algorithm 1 is transformed to an algorithm for HAC estimation, as, e.g, has
been shown in [2], see Section 4 therein, the choice of g becomes essential for the fit of the HAC estimates, as
is also experimentally shown in the cited article.

To recover the structure of a HAC, Algorithm 1 relies on the Kendall’s correlation coefficient, which reflects
the popularity of this coefficient in practical applications concerning ACs and HACs. However, it is clear from
the proof of Theorem 2 that any other measure of concordance, e.g, Spearman’s Rho, can be used instead
provided an analogue of Lemma 1 for such a measure is available.

Now, let us consider the assumption given by (13). Assume that Cy ¢, 1,)and Cy ¢, 3,) depicted in Figure
2 are 4-HACs. Observe that Cv,e,0) results from Cy ¢, ,,) if the forks 5and 6 in (V, &1, A1) are permuted in
(V, 82, /\2), i.e.,

A2(5) = A1(6) and A,(6) = A1(5), (29)

and for the rest of the forks the labeling is the same (i.e., A5(7) = A4(7)), and the structure
(V2, €,) relates to (V1, &1) as depicted in Figure 2. This can be seen from the fact that Cy ¢, 1)) =
CA1(7)(M1, CA1(6)(u2’ C,h(s)(ug, u4))) = CA2(7)(M1, CAZ(S)(uZ’ C/\2(6) (u3, u4))) = C(V,SMZ)(M) holds for all u ¢ Hq,
where the second equality follows from (29).

As follows from Lemma 1, (13) cannot be satisfied for C(y ¢, »,). However, one can use instead of it the
same copula function Cy ¢, ,,) constructed in the way described above. Generally, given a d-HAC C(y ¢, 1,)
satisfying the s.n.c. but violating (13), one can in the same way as described above constructa d-HAC C(y ¢, 1,
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A(7) A2(7)
AN

1(6) Ao(5)

N\ @/ N\
A1(5) A2(6)

Figure 2: Two 4-HACs C(y ¢, 1,) and C(y ¢, 1,) Such that (V, €5, Ay) results from (V, €1, Aq), ifthe forks 5and 6 in (V, €1, A1) are
permuted, i.e, A2(5) = A1(6), A2(6) = A1(5) and A2(7) = A1(7)),and &1 = {{7,1},{7,6},{6,2},{6,5},{5,3},{5,4}}and
& ={{7,1},{7,5}, {5, 2}, {5, 6}, {6,3}, {6, 4}}

such that (13) is satisfied. This can be done just by assigning the fork d + 1 to the generator corresponding to
the highest Kendall’s tau, d + 2 to the generator corresponding to the second highest Kendall’s tau, etc. This
implies that the assumption (13) can be weakened to

T(A@) # T(AG)) foralli #j, i,je {d+1,...,2d - 1}. (30)

Finally note that, if C(y . ) satisfies both the s.n.c. and (30), it holds that 7(A(2d - 1)) < 7(A(k)) for all k €
{d+1,...,2d - 2}, i.e., it is never necessary to permute the root with some other fork in order to construct a
HAC satisfying (13) in the sense described above. This follows from the fact that, assuming {/, r} = A(2d - 1),
according to Lemma 1, T(A(2d-1)) < 7(A,(1)) and T(A(2d-1)) < T(A(r)), and using (30), it turns to T(A(2d-1)) <
T(A(D) and 1(A(2d - 1)) < 7(A(r)). The inequality for the rest of the forks follows again from Lemma 1 and the
previous consideration.

Now, let us concern how Algorithm 1 behaves when (30) is not satisfied. The two following cases can be
distinguished:

1. There is a parent-child pair of forks such that their corresponding values of Kendall’s tau are equal. E.g.,
let C(y ¢ ) depicted in Figure 3(a) be a 4-HAC such the s.n.c. is satisfied and 75 = 74 > 77. As addressed
in the proof of Theorem 2, for k = 1, in Step 4, the algorithm searches for the pair of leaves correspond-
ing to the largest tau. Under our assumptions here, however, there are three pairs corresponding to the
maximum, see the Kendall correlation matrix in Figure 3(d). Also consider that the algorithm does not
explicitly state any specific procedure for choosing the pair (i, j) in such a case. Hence, a common ap-
proach is to take one of the pairs arbitrarily, which of course generally does not lead to the true structure.
But, consider the implications of our assumptions.

Assuming A(5) and A(6) to belong to a one-parametric family of generators (or possibly to two different
one-parametric families of generators), which is a common assumption in many applications of HACs,
for a lot of families, it follows that 75 = ¢ implies that C A5) = Cage)s €8+ cf. Tables 1, 2 and 3 in [3]. Hence,
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Figure 3: Three 4-HACs and their corresponding Kendall correlation matrices.

applying this assumption, it follows that

Cov,e (U1, uz, us, uy) =

Cay (U1, Cr) (U2, Cys)(us, ug))) =

Cany(ur, Cysy(u2, Cys5y(u3, ug))) =

Caery (U1, Cagsy(u2, AG)YABG) H(u3) + A(5)H (ua)))) =

Cany (U1, AGG)AG) ™ (u2) + AG) T AG)AG) ™ (u3) + AG) H(ua))))) =

Cary (U1, AGG)AG) ™ (u2) + (A(5) " (uz) + AG5) ™ (ua))) =

Cay (U1, Cysy (U2, us, ug)). (€3))

But also

Caony(ur, Cysy (U2, us, ug)) = Cp)(u, Ces)(us, Ces)(Uz, ug))) = Cy7y(ur, Cygsy (s, Cygs)(uz, uz))), (32)

which follows from the consideration that C,(s) is an AC. Looking at Definition 1, one can thus easily
see that if A(5) = A(6), one can use three different binary structures to get the same copula function
(with {3, 4}, {2, 4} or {2, 3} at the lowest level, respectively). In other words, these three structures are
unidentifiable based on such a copula function.

However, denoting A(7) by A(6) and A(5) by A(5), one obtains the same copula function but with a dif-
ferent structure that is depicted in Figure 3(b), i.e., if there is a parent-child pair of forks such that their
corresponding values of Kendall’s tau are equal, one can derive the same copula function but with a
non-binary structure in the way mentioned above. What about determining this structure instead of the
unidentifiable binary one?

Let us get back to the binary 4-HAC Cy ¢ ;) in Figure 3(a) and to the idea where (for k = 1) one chooses
arbitrarily the pair of nodes that will be assigned to the lowest level. It follows from Algorithm 1 that, for
k = 2, the chosen pair in Step 4 will be (m, 5), where m is the leaf that was not chosen in the loop for k = 1
out of {2, 3, 4}. Just to be complete, for k = 3, the chosen pair will be (1, 6). Now, if we apply a collapsing
strategy that collapses two parent-child nodes into one if the corresponding values of Kendall’s tau are
equal, the nodes 6 and 5 collapse to a new node, resulting in a non-binary structure described above,
which is depicted in Figure 3(b). In other words, such an approach leads in this case to the true non-
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binary structure. Proving that Algorithm 1 together with such a collapsing strategy leads generally to the
true non-binary structure remains still an open problem.

2. There is a pair of forks such that their corresponding values of Kendall’s tau are equal but these forks
appear at different branches. E.g., let C(y ¢ ;) depicted in Figure 3(c) be a 4-HAC such the s.n.c. is satisfied
and 75 = 7. In this case, again, for k = 1, one can arbitrarily choose (i, j) = (1, 2) or (i, j) = (3, 4) in Step
4, see the Kendall correlation matrix in Figure 3(f). Let choose the first possibility. For k = 2, it is easy to
see that (i, j) = (3, 4), and for k = 3, (i, j) = (5, 6), i.e., the true structure has been obtained. One can also
easily see that if (i, j) = (3, 4) is chosen for k = 1 in Step 4, the result is the same. Proving that Algorithm 1
leads generally to the true structure for this case remains still an open problem.

6 Conclusion

This work considered an existing approach to structure determination of HACs based on agglomerative clus-
tering and the Kendall correlation matrix. The approach was first recalled including a detailed example, and
then, as the main results of this work, a theorem showing that it leads to the true structure was proven. The
assumptions of the theorem were discussed and two open problems for further research were identified.
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