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Abstract

Purpose: To develop a joint denoising method that effectively exploits natural
information redundancy in MR diffusion-weighted images (DWIs) via low-rank patch

matrix approximation.

Methods: A denoising method is introduced to jointly reduce noise in DWI dataset by
exploiting non-local self-similarity as well as local anatomical/structural similarity
within multiple 2D DWIs acquired with the same anatomical geometry but different
diffusion directions. Specifically, for each small 3D reference patch sliding within 2D
DWI, non-local but similar patches are searched by matching image contents within
entire DWI dataset, and then structured into a patch matrix. The resulting patch matrices
are denoised by enforcing low-rankness via weighted nuclear norm minimization, and
finally back-distributed to DWI space. The proposed procedure was evaluated with
simulated and in vivo brain diffusion tensor imaging (DTI) datasets, and compared to

existing Marchenko-Pastur principal component analysis (MPPCA) denoising method.

Results: The proposed method achieved significant noise reduction while preserving
structural details in all DWIs for both simulated and in vivo datasets. Quantitative
evaluation of error maps demonstrated it consistently outperformed MPPCA method.
Further, the denoised DWIs led to substantially improved DTI parametric maps,

exhibiting significantly less noise and revealing more microstructural details.

Conclusion: The proposed method denoises DWI dataset by utilizing both non-local
self-similarity and local structural similarity within DWI dataset. This WNNM based
low-rank patch matrix denoising approach is effective and highly applicable to various

diffusion MRI applications including DTT as a post-processing procedure.



Introduction

Diffusion MRI is a powerful imaging modality that provides non-invasive and
quantitative characterization of tissue microstructures beyond image resolution'.
However, diffusion-weighted images (DWIs) inherently suffer from low signal-to-
noise ratio (SNR) due to signal attenuation by diffusion weighting and long echo time.
This low SNR becomes more challenging when spatial resolution or/and diffusion
weighting value (i.e., b-value) are high, which dramatically compromises DWI quality?.
Moreover, such degradation can lead to inaccurate estimations in various types of

diffusion parametric, tractography or connectivity analyses®™.

One approach to increase DWI SNR is through high-field or ultrahigh-field diffusion
MRI°”, which in turn incurs trade-offs such as hardware costs and high-field related
image artifacts’. Alternatively, the SNR can be enhanced by averaging but at the
expenses of prolonged data acquisition time and vulnerability to subject motion®.
Consequently, new diffusion MRI acquisition schemes such as simultaneous multi-slice
protocols”™!? have been developed to improve SNR without increasing data acquisition

time.

On the other hand, denoising can be performed as a post-acquisition processing
procedure to further boost DWI SNR!''"™, For example, MR images including DWIs
generally contain many repetitive or similar image content patterns (i.e., non-local self-
similarity). Such information redundancy has been explored for anatomical image and
DWI denoising in non-local means (NLM) based methods'*"". Specifically, sliding 2D
patch is approximated by the simple weighted averaging of its non-local similar patches,
through which the non-local self-similarity within a single DWI is partly utilized to
reduce noise'*">. However, such NLM methods are often implemented to denoise
individual DWIs'*!¢, Thus the extent of information redundancy utilization is limited.
Further, the quality of searching for similar patches (i.e., patch matching) within
individual 2D DWI can be compromised especially when SNR is low, likely hampering

the denoising performance of NLM methods in terms of blurring or artifacts.

A typical diffusion MRI scan produces a multi-dimensional DWI dataset that consists
of multiple DWIs acquired with the same anatomical geometry but different diffusion

directions or/and diffusion weighting values. Despite the diffusion contrast differences,



the images within one DWI dataset often exhibit strong local image content similarity
due to their shared anatomy and microstructures. From principal component analysis
(PCA) point of view, such similarity allows local DWI contents to be decomposed into
few signal-attributed principal components, whereas the noise is spread over all
components due to its non-sparsity. PCA can therefore be adopted to denoise DWI
dataset by nullifying the noise-only components'®2!. Note that these PCA based
diffusion MRI denoising methods are limited by the extent of local anatomical
similarity, and their performance can be undermined if the DWI dataset does not

provide sufficient redundancy (e.g., due to small number of diffusion directions)?'.

Specifically, the above PCA based diffusion MRI denoising methods leverage local
anatomical similarity within an entire DWI dataset (i.e., DWIs with various diffusion
directions or/and weightings) by low-rank approximation using rank truncation'¢%!,
However, a target rank that distinguishes signal-attributed from noise-only components
may not be easily obtained in practice when ground truth is not available. Early PCA
based methods'®!? empirically chose the rank truncation threshold with respect to
image characteristics (e.g., spatial resolution and the number of diffusion directions
or/and diffusion weighting values). Recently, Marchenko-Pastur PCA (MPPCA)'®!”
has been developed to estimate the rank truncation threshold by utilizing the fact that

eigenvalues associated with noise-only components follow the universal Marchenko-

Pastur distribution®?.

Intuitively, low-rank approximation approach can be formulated to denoise by
exploiting both non-local and local similarities available in DWI dataset. Further, this
approximation problem can be solved through nuclear norm minimization (NNM)>.
NNM offers a convex relaxation to the low-rank approximation problem**. Compared
to the aforementioned rank truncation based PCA denoising methods!®!®, low-rank
approximation using NNM can lead to a globally optimal solution and meanwhile

avoids the trial-and-error rank selection procedure®*.

In this study, we develop and demonstrate a new approach of jointly denoising DWI
dataset acquired with different diffusion directions as in diffusion tensor imaging (DTTI).
The approach exploits both non-local self-similarity and local anatomical similarity
within the entire DWI dataset through searching of non-local similar 3D patches,

formation of patch matrices, and their low-rank approximations via a weighted NNM



(WNNM) procedure?®. The proposed procedure effectively utilizes the information
redundancy in DWI dataset. It produces significant noise reduction while preserving
structural details for both simulated and in vivo brain DWI datasets. With such
denoising, DWI datasets yield more accurate DTI parametric maps that exhibit less

noise and reveal more microstructural details.

Methods

Joint DWI Denoising via Structured Low-Rank Patch Matrix Approximation

The proposed approach takes advantage of non-local self-similarity as well as local
anatomical similarity within DWI dataset that consists of 2D DWIs acquired with the
same slice geometry but different diffusion directions (including b-value = 0 image) by
constructing low-rank patch matrices from the noisy DWIs, as shown in Figure 1. Joint
denoising of DWIs is formulated as structured low-rank patch matrix denoising

problem that is resolved by a WNNM?’ based procedure.

Formation of low-rank patch matrices: The proposed method exploits the information

redundancy within DWI dataset by structuring patch matrices as follows. First, from
NxxN, sized DWI dataset with N; number of 2D DWIs (including image with b-value
= 0), small 3D reference patches are formed by sliding the nxnxN; window across the
entire 2D image region. For each reference patch Py, as illustrated in Figure 1, non-
local patches P, (m =1, 2, 3, ..., M-1) containing similar image contents are searched
by measuring the pixel-wise difference from the reference patch using Frobenius norm
(i.e., patch matching)'*®. Here M represents the total number of non-local patches
including the reference patch. Note that the similar patches are searched in the entire
2D image region instead of the local neighborhood around the reference patch. Then
each reference patch Py, together with its similar patches Py, are stretched to vectors
(o, y1, y2, ...) in one dimension and then concatenated along the second dimension,

forming a patch matrix Y with a size of n’NyxM.

1314 individual MR image

As demonstrated in NLM based image denoising methods
usually exhibits non-local self-similarity, which refers to the fact that, for a given

reference patch, one can find many similar patches across the entire 2D image region.



This implies that, by stacking non-local similar patches from a single 2D DW image
into a patch matrix, such patch matrix should be inherently low-rank'**’. Furthermore,
given the local anatomical/structural similarity among DWIs, PCA based denoising
methods have demonstrated that an individual local nxnxN, patch extracted from DWI
dataset can be linearly represented with a small number of signal-attributed principal
components!®1#2! From this perspective, the specific patch matrix Y constructed from
multiple 2D DWIs in one DWI dataset (as shown in Figure 1) is expected to be more
rank-deficient when compared to the patch matrix constructed from an individual DWI.
The proposed patch matrix formation effectively promotes low-rankness of the patch
matrices by explicitly exploiting all information redundancy in DWI dataset, including
not only the non-local self-similarity in individual DWI but also the local structural

similarity among all DWIs that correspond to different diffusion directions.

Denoising low-rank patch matrices via weighted nuclear norm minimization (WNNM):

Given the low-rankness of patch matrices, joint denoising of DWIs can be formulated

as a low-rank patch matrix approximation problem

minimize rank(X)

subjectto llY — X2 < & (D)

Here, Yis the original noisy patch matrix. X is the approximated noise-free patch matrix.
|I]|2 denotes the Frobenius norm, and & determines the fidelity of the approximated
patch matrix to the original patch matrix. Several early studies?*** have demonstrated
that NNM can provide a convex relaxation to the low-rank approximation problem in
Equation (1) and lead to a globally optimal solution via soft-thresholding the singular
values of Y. However, in NNM, the soft-thresholding treats or shrinks all singular
values equally, neglecting the prior knowledge that larger singular values usually
represents more important signal-attributed components®®. In this study, Equation (1)

is reformulated using a weighted NNM (WNNM) model® as

argmin Iy — X1z + Xl . ()
X

where ||-]|, . denotes weighted nuclear norm and is defined as weighted sum of singular

values with non-negative weight vector w.



Singular value decomposition (SVD) is employed to decompose patch matrix Y by
deriving unitary matrices U and V, and diagonal matrix 2 with diagonal elements

representing the singular values of Y as follows

Yy =U0xvT . 3)

After shrinking the singular values of patch matrix Y, a low-rank approximated patch

matrix X is then obtained by

X =~ US, (VT “4)

where So(+) is the singular value shrinkage operator with the weight vector w

Sw(Zii) = max(0; — w;,0). (5)

Here, o; denotes the i-th diagonal element in 2. e; denotes the i-th weight in »*°, and is

determined by

C

w

i = (6)
Jmax (67 —n?NyM82,0) + €

where 0 is the noise level as determined by the standard deviation in individual DWIs.
C is a positive constant and € is a very small constant to avoid dividing by zero. Note
that, since singular values are always sorted in a descending order, Equation (6) ensures
that the weights assigned to singular values are ascending. On one hand, when the
weights are non-descending, the solution in Equation (4) is a global optimum to the
low-rank patch matrix approximation problem in Equation (2), as shown in previous
WNNM study?. On the other hand, with the ascending weights, the singular value
shrinkage procedure above leads to relatively less shrinkage of large singular values
that represent major signal-attributed components, and causes more shrinkage of small

singular values that correspond to noise-dominated components.

Back-distribution of patch matrices to image space: The above process of patch matrix

formation and low-rank approximation is repeated for all 3D reference patches that

slide across the entire 2D image region. As shown in Figure 1, denoised vectors (xo, x;,



X2, ...) in each denoised patch matrix X are back-distributed into the 3D reference and
similar patches (Py, P, P>, ..) in DWI space. Note that final intensity of each DWI
pixel is normalized by number of back-distributions to that specific pixel throughout

the entire procedure.

Experiments

The proposed denoising method was first evaluated using simulated human brain
datasets. Brain-like phantom created for ISMRM 2015 Tractography challenge® was

used to generate brain DWI dataset®®

with matrix size = 90x108%90, isotropic
resolution = 2 mm, one b-value = 0 image and 30 diffusion directions with b-value =
1000 and 2000 s/mm?. For evaluation, two datasets were synthesized by extracting 6
DWIs from the simulated dataset with b-value = 1000 and 2000 s/mm?, respectively.
The b-value = 0 image was also included in each dataset to form two ground truth DWI
datasets. Each dataset contained a total of 7 images. Noisy DWI datasets were obtained
by adding Rician noise to the ground truth magnitude DWIs. The noise level was
quantified using the percentage ratio of standard deviation of the underlying Gaussian

noise in complex domain to the maximum image intensity in ground truth DWI dataset

(i.e., CSF intensity in b-value = 0 image).

The proposed method was also evaluated with in vivo human brain DWI datasets
acquired on a 3T Philips scanner (Achieva, Philips Medical Systems, Best, The
Netherlands). All experiments involving human subjects were approved by the local
institutional board and written information consents were obtained. Specifically, two
brain DWI/DTI datasets were acquired using an 8-channel head coil and 4-shot
interleaved 2D EPI DWI protocol with matrix size = 220x220, in-plane resolution =
1x1 mm? slice number = 10 and slice thickness = 4 mm. The scan parameters for the
first dataset were TR/TE = 2500/123 ms, one b-value = 0 image with NEX = 1, and 6
diffusion directions with b-value = 1000/2000/3000 s/mm? and each with NEX = 4. The
scan parameters for the second dataset were TR/TE = 2400/118 ms, one b-value = 0
image with NEX = 1, and 6 diffusion directions with b-value = 2000 s/mm? and each
with NEX = 10. POCSMUSE?! reconstruction method was applied for both datasets.
The reconstructed single-average datasets were used as noisy datasets for evaluating

the denoising method. Meanwhile, in vivo datasets with NEX of 10 or 4 were employed



as references for comparison.

The proposed denoising method was applied to the multi-slice 2D DWI datasets in a
slice-by-slice manner. Several denoising parameters were adjusted for simulated and in
vivo datasets. Specifically, the patch window size of the reference patches was chosen
to be nxn =3x%3 and 6x6 for simulated and in vivo brain datasets, respectively, with Ny
= 7 unless specified otherwise. This difference was due to their different image
resolutions. The reference patch sliding step and patching search step were set to 2 and
3 in both directions for simulated and in vivo datasets, respectively, for simplicity as
well as for lessening the computational burden. The number of similar patches
(including the reference patch itself) was set to M = 60 and 140 for simulated and in
vivo brain datasets, respectively. Constants C and € in Equation (6) were fixed to 2.8

and 107'6, respectively.

For comparison, the denoising was also performed using the widely adopted

MPPCA %17 (https:/github.com/NYU-DiffusionMRI/mppca_denoise), which has been

shown to be highly effective in denoising DWI dataset. MPPCA was implemented
using a sliding window of nxnxnxNy voxels, with the 3™ dimension corresponding to
samples from all neighboring slices (since MPPCA is a 3D denoising method). Here
nxnxn was set to 3x3x3 and 6x6x6 for simulated and in vivo datasets, respectively.
Given that MPPCA denoising requires sufficient local anatomical redundancy (e.g.,
from a large number of diffusion directions), adaptive NLM (ANLM)!® was also
implemented for comparison when denoising DWI datasets with relatively few
diffusion directions. Unlike MPPCA and the proposed method, ANLM was applied on

individual DWIs with default 3x3x3 sliding window and 7x7x7 searching volume.

FSL DTIFit Toolbox* was employed to derive DTI parametric maps, i.c., mean
diffusivity (MD), fractional anisotropy (FA) and mean kurtosis (MK). The color-
encoded FA maps were also computed to indicate the orientation of the principal
eigenvector, with red corresponding to right-left, green corresponding to anterior-
posterior and blue corresponding to superior-inferior. The error or difference maps were
calculated by subtracting denoised images from ground truth images or reference
images (with NEX = 4 or 10) for simulated or in vivo results, respectively. Relative
bias and normalized root-mean-square errors (NRMSEs) within brain region were

measured to assess the denoising performance. For color-encoded FA maps, the bias
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and NRMSEs were calculated from error or difference vectors.

Our proposed denoising algorithm and evaluation above were implemented using
MatLab (MathWorks, Natick, MA). All source code can be obtained online
(https://github.com/joey024/DWIdenoising) or from the authors upon request.

Results

The typical denoising results of simulated brain DWI/DTI dataset with 2% noise level
are shown in Figure 2. One b-value = 0 and 6 b-value = 1000 s/mm? images were
jointly denoised. The proposed method achieved effective noise reduction. Compared
to MPPCA results, about 30% more NRMSE reduction was obtained. Supporting
Information Figure S1 presents the influence of patch window size 7 on the proposed
method and MPPCA when denoising the results in Figure 2. Although the performance
of both methods could be degraded with increasing window sizes, the proposed method
yielded smaller NRMSEs than MPPCA. The improved denoising results using the
proposed method led to more accurate diffusion parametric maps, exhibiting less noise
and revealing more microstructural details in both FA intensity maps and color-encoded
FA maps (Figure 2). Quantitative evaluation further demonstrated that the proposed
denoising results achieved higher levels of agreement with ground truth for various

parametric maps in terms of smaller bias and NRMSEs.

Figure 3 shows the denoising results of simulated brain DWI dataset that consisted of
one b-value = 0 and 6 b-value = 2000 s/mm? images with 2% noise level. Note that, in
presence of low SNR, FA estimation directly from noise-added DWIs completely failed.
With MPPCA denoising, improved FA maps could be obtained. However, with the
proposed method, the noise in DWIs was more effectively reduced, leading to
significantly improved diffusion parametric maps with considerably smaller bias and

NRMSE:s.

As shown in Supporting Information Figure S2, for simulated brain DWI datasets
with an increased number of diffusion directions, both MPPCA and the proposed
denoising results were improved when compared to those with only 6 diffusion

directions (Figures 2 and 3). Nevertheless, the proposed method could still achieve


https://github.com/joey024/DWIdenoising

higher noise reduction than MPPCA, even in presence of Gaussian distributed noise
(i.e., when the noise assumption of MPPCA was satisfied; see Supporting
Information Figure S3). These simulated results demonstrated that the proposed

denoising method was highly effective and robust.

Figure 4 presents the typical denoising results of in vivo brain DWI dataset. One b-
value = 0 and 6 b-value = 1000 s/mm? images (in 6 directions) were jointly denoised.
The proposed method yielded an approximately 25% NRMSE reduction in denoised
DWIs compared to MPPCA. No apparent anatomical structure was observed in the
difference images, suggesting that the structural details were largely preserved in the
proposed denoising. Consistent with the simulation experiments, the more effective
DWI noise reduction using the proposed method yielded improved diffusion parametric
maps. As shown in Figure 5, with MPPCA denoising, microstructural detail loss could
be clearly observed in the FA and color-encoded FA maps as indicated by red and white
arrows, respectively. In contrast, with the proposed denoising, more microstructural

details were revealed.

Figure 6 compares the proposed and MPPCA denoising of in vivo brain DWI dataset
that consisted of one b-value = 0 and 6 b-value = 2000 s/mm” images. Again, the
proposed method outperformed MPPCA in terms of smaller NRMSEs for denoised
DWIs and diffusion parametric maps. As shown in the zoomed view (Figure 7), distinct
noise was still present in MPPCA denoised DWI, but largely absent in DWI denoised
using our proposed method. With the proposed denoising, the FA and color-encoded
FA maps revealed more microstructural details (indicated by arrows), and their quality
was comparable to NEX = 4 reference results. Note that both MPPCA and the proposed
method resulted in better preservation of structural details when compared to single-
DWI denoising using ANLM (see Supporting Information Figures S4 and S5).
Supporting Information Figures S6 and S7 present denoising results of the same
dataset at two other slice locations. These results demonstrated that, at low SNR, the

proposed method was consistently more effective than MPPCA.

The denoising results of in vivo brain multi-shell DWI dataset are shown in Figure 8.
The dataset consisted of one b-value = 0 image, and 6 diffusion directions with b-value
= 1000/2000/3000 s/mm? (i.e., a total of 19 images). With MPPCA denoising, noise in

the b-value = 1000 s/mm? images were significantly reduced, whereas distinct residual



noise were still present in the b-value = 2000/3000 s/mm? images (including the DWIs
averaged from 6 diffusion directions per b-value). In contrast, the proposed method
achieved more effective noise reduction in all DWIs, with approximately zero bias and
20% more NRMSE reduction when compared to MPPCA. The denoised DWIs using
the proposed method led to more accurate diffusion parametric maps, exhibiting less
noise and becoming more comparable to the NEX = 4 reference (Supporting

Information Figure S8).

The influence of reducing diffusion direction number (i.e., reduced extent of local
anatomical similarity) on joint DWI denoising is shown in Figure 9. One b-value = 0
and 3 b-value = 2000 s/mm? images (in 3 orthogonal directions) were extracted from
the DWI dataset used for Figure 6 and jointly denoised. This evaluation is relevant to
some simple clinical DWI scenarios where, for example, single DWI with isotropic
diffusion weighting is formed from three DWIs acquired in three orthogonal diffusion
directions. Here the proposed method was compared with ANLM because MPPCA was
expected to become less effective due to the relatively small diffusion direction number.
For ANLM denoising, when SNR was low, the results would exhibit pronounced
blurring. Such blurring caused structural detail loss, and presented as anatomical
structure in difference maps, leading to a large bias in denoised DWIs and MD maps.
However, with the proposed denoising, the noise was effectively reduced while the
structural details were well preserved, yielding a substantial reduction in both bias and

NRMSE:s.

Supporting Information Figure S9 illustrates the tolerance of our proposed method
to the minor spatial misalignments among DWIs. Simulated misalignments were
introduced to the in vivo DWI dataset by manually shifting the b-value = 2000 s/mm?
DWI shown in Figure 6 by 1, 3 or 5 pixels (corresponding to 1 mm, 3 mm or 5 mm) in
right-left direction. With 1-pixel displacement, MPPCA exhibited slightly degraded
denoising performance compared to that without any displacement. For the proposed
method, the degradation was negligible. With relatively larger displacement (3-pixel or
5-pixel), the degradation of MPPCA denoising became more pronounced and led to
more residual noise with NRMSE increased by ~10% compared to that without any
displacement. Such performance degradation was largely expected because MPPCA

denoising solely relies on the local structural similarity among DWIs, which can



severely deteriorate in presence of large spatial misalignment. Meanwhile, the
denoising using the proposed method exhibited relatively little changes as evident from
both image details and NRMSEs, indicating that it was less sensitive to such spatial

misalignments among DWIs.

Discussion

This study presents a new approach for jointly denoising DWI dataset acquired with
different diffusion directions through a WNNM based low-rank patch matrix denoising
procedure. We have demonstrated that the proposed method produces significant and
robust noise reduction while preserving structural details. The proposed denoising also
leads to more accurate DTI parametric maps that exhibit less noise and reveal more

microstructural details.

Existing PCA based denoising methods such as MPPCA!®182! ygually utilize local
anatomical similarity or redundancy within one DWI dataset only. Our proposed
method exploits both local structural similarity and non-local self-similarity within the
DWI dataset. In this regard, it enables more effective exploitation of the information
redundancy. It outperforms existing MPPCA method as demonstrated in the present
study (despite MPPCA exploits the local structural similarity directly in a 3D manner;
see Figure 8, and Supporting Information Figures S2 and S3). More importantly,
the proposed method works effectively and robustly for DWI datasets with a small
number of diffusion directions, where many existing PCA based methods would exhibit
degraded denoising performance due to the insufficient local anatomical redundancy
(see Figures 2, 3, 4, and 6). Therefore, it is highly applicable to clinical diffusion MRI
applications in which a large number of diffusion directions and/or b-values are often

unavailable due to the acquisition time consideration.

The proposed approach jointly reduces noise in DWI dataset by low-rank patch matrix
approximation via the WNNM procedure. Previous study has revealed that WNNM has
a globally optimal solution to the low-rank matrix approximation problem if the weights
assigned to singular values are in a non-descending order”. In this study, the weights
were imposed to be inversely proportional to singular values by Equation (4), thus an

optimal solution to the low-rank patch matrix approximation was guaranteed, in



contrast to the largely ad hoc approximations in previous methods where simple rank
truncation is adopted'®'. Additionally, the non-descending weights allow larger
singular values (i.e., represent major signal-attributed components) to be less shrunk
during the matrix approximation®, indicating that more reliable denoising can be

achieved.

In practice, the performance of our proposed method can be influenced by the patch
searching parameters (i.e., patch window size and patch sliding step). As shown in
Supporting Information Figure S1, despite that the overall image quality of the
proposed denoising results was better than that of MPPCA results, it could be degraded
when a large patch window size was employed. This was because the patch with large
window size may capture more specific structural details (i.e., increased complexity or
diversity of image contents’®) but less non-local self-similarity details, thus
undermining the overall 3D patch matching quality. In addition, a larger patch sliding
step could result in non-overlapping reference patches and cause residual noise around
the patch boundaries®’. Note that large patch window size or/and small patch sliding
step will greatly increase computation load. In this study, these two parameters were

empirically chosen based on the image resolutions.

Subject involuntary motion, as well as hardware imperfections (e.g., eddy current
induced image distortions®*), can often introduce small but non-negligible rigid and
non-rigid spatial misalignments among DWIs. Such misalignments can complicate or
degrade the performance of the joint denoising strategies such as MPPCA and our
proposed method. Various approaches have been developed and adopted in practical

diffusion MRI to mitigate this misalignment problem?®*3°

, and they can be performed
before the joint DWI dataset denoising. Importantly, the present study has demonstrated
that, without realignment, the proposed method could still achieve promising noise
reduction and outperform MPPCA in presence of minor misalignments among DWIs
(Supporting Information Figure S9). This observation indicates the lesser degree of
vulnerability of the proposed method to spatial misalignments. This is expected because
the method utilizes both non-local and local similarities while extent of non-local
similarity within DWIs should preserve despite the misalignments. In advanced

diffusion MRI applications beyond 6-direction DTI demonstrated in the present study,

individual DWIs may have different overall noise levels (e.g., due to different averages).



In such scenarios, additional weighting matrix®” determined by the noise levels can be
assigned to the patch matrix. By this means, the noise level differences are balanced
and DWIs with lower noise levels will make more contribution during the patch matrix

approximation via WNNM?’,

In this study, multi-slice 2D DWIs were denoised jointly for different diffusion
directions, but in a slice-by-slice manner. Intuitively, multi-slice DWI dataset can
exhibit higher level of non-local 3D self-similarity especially when voxel resolution is
isotropic. In this regard, the proposed method could be potentially extended to jointly
denoising the entire 3D DWIs by adopting a strategy of 4D patch searching across 3D
DWI space, appropriate low-rank patch matrix formation, and patch matrix denoising
through low-rank approximation. This strategy would incur much higher computational
cost, yet we would expect that it can exploit the non-local and local 3D information
redundancy with the entire 3D DWI dataset, and lead to further improved denoising

performance. This will be a direction to pursue in future studies.

It is noteworthy to mention the potentially broad applicability of the proposed denoising
method. The present study demonstrated that the superior performance of our method
does not heavily rely on large number of DWIs (Figure 9), or presence of any high
SNR DWI (such as b-value = 0 image; see Supporting Information Figure S10). This
suggests that the method can be applied to other clinical MRI protocols besides
diffusion MRI. In our earlier preliminary study, we suggested that the proposed low-
rank patch matrix approximation approach could jointly denoise multi-contrast MRI
images while preserving structural details even in presence of brain pathology>®. Future
studies can further evaluate such framework for other MRI applications beyond DTI,

such as multi-echo T2 or T2* mapping or dynamic imaging.

The proposed method was implemented on a personal desktop computer equipped with
4-core 15-6500 CPU and 16-GB RAM. For in vivo brain DWI dataset with matrix size
=220%220 and one b-value = 0 and 6 b-value = 2000 s/mm? images, the denoising with
patch window size 6x6 took about 4 minutes per slice. To accelerate the computation,

the denoising can be implemented with high-performance GPU-based computing™.



Conclusion

This study presents a novel approach for jointly denoising DWI dataset acquired with
different diffusion directions. It explicitly exploits both non-local self-similarity and
local anatomical similarity within the DWI dataset, yielding significant noise reduction
while preserving structural details. With the proposed denoising, DWI datasets also
lead to more accurate DTI parametric maps, exhibiting significantly less noise and
revealing more microstructural details. This WNNM based low-rank patch matrix
denoising approach is effective and highly applicable to various diffusion MRI

applications including DTI as a post-processing procedure.
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Figure Captions

Figure 1. The proposed joint DWI dataset denoising consists of following steps: (1) for
each 3D reference patch Py sliding across the 2D image region, searching similar
patches (P, P2, ..) through patch matching; stretching each reference patch together
with its similar patches to vectors (3o, y1, y2, ...) and concatenating them to form a patch
matrix Y; (2) denoising the low-rank patch matrix via weighted nuclear norm
minimization (WNNM), including singular value decomposition (SVD) to derive a
diagonal matrix 2, shrinking the singular values in 2, and forming a denoised patch
matrix X; (3) back-distributing each denoised patch matrix X into the 3D reference and
similar patches (Py . P; . P> ..) in DWI space. Above three processes are repeated to all
3D reference patches. The final intensity of each DWI pixel is normalized by number

of back-distributions to that specific pixel throughout the entire procedure.

Figure 2. Denoising results of the proposed method with simulated brain DWI/DTI
dataset with 2% noise level. The dataset contained one b-value = 0 and 6 b-value =
1000 s/mm? images (for 6 directions). For simplicity, only one b-value = 1000 s/mm?
image is shown. Denoising performance quantified in relative bias and NRMSE are
shown in percentages. Noisy images were obtained by adding Rician noise to ground
truth DWI images. The proposed method achieved more effective noise reduction than
MPPCA method. The improved denoising results led to more accurate diffusion

parametric maps.

Figure 3. Denoising results of our proposed method with simulated brain DWI dataset
with 2% noise level. The dataset contained one b-value = 0 and 6 b-value = 2000 s/mm?
images (for 6 directions). For simplicity, only one b-value = 2000 s/mm? image is
shown. For these low SNR DWTIs, the proposed method could achieve effective noise
reduction while preserving structural details and produce more accurate diffusion

parametric maps.

Figure 4. Denoising results with in vivo brain DWI dataset that consisted of one b-
value = 0 and 6 b-value = 1000 s/mm?” images in 6 directions. Only one DWI with b-
value = 1000 s/mm? is shown. The dataset of NEX = 1 was used for denoising, while
the dataset of NEX = 4 was used as a high SNR reference. The difference images were
obtained by subtracting the denoised images from NEX = 4 reference images. The MD



and FA maps are displayed using the same scaling as in Figure 2. The proposed method
achieved smaller NRMSEs in denoised DWIs as well as diffusion parametric maps (i.e.,

MD, FA and color-encoded FA).

Figure 5. Zoomed view of the denoising results in Figure 4. The proposed denoising
results exhibited less residual noise than those using MPPCA. Note that apparent
microstructural detail loss was observed in FA and color-encoded FA maps derived
from the MPPCA denoised results as indicated by red and white arrows, respectively.
In contrast, the proposed denoising led to more accurate FA and color-encoded FA
maps, revealing more microstructural details that were comparable to those from NEX

= 4 results.

Figure 6. Denoising results with in vivo brain DWI dataset that consisted of one b-
value = 0 and 6 b-value = 2000 s/mm? images in 6 directions. Only one image with b-
value = 2000 s/mm? is shown. The dataset of NEX = 1 was used for denoising, while
the dataset of NEX = 10 was used as a high SNR reference. The difference images from
NEX = 10 reference results are shown. The MD and FA maps are displayed using the
same scaling as in Figure 2. At low SNR, the proposed method consistently
outperformed MPPCA in terms of reducing noise while preserving structural details. It

yielded diffusion parametric maps comparable to those from NEX = 4 results.

Figure 7. Zoomed view of the denoising results in Figure 6. Distinct noise was still
present in MPPCA denoised DWI but largely absent in DWI denoised using the
proposed method. The diffusion parametric maps derived from DWIs denoised using
the proposed method again exhibited less noise and revealed more microstructural

details (indicated by arrows).

Figure 8. Denoising results with in vivo brain multi-shell DWI dataset. The dataset
consisted of one b-value = 0 image, and 6 diffusion directions with b-value =
1000/2000/3000 s/mm? (i.e., 19 images in total). Only one image per b-value is shown.
The dataset of NEX = 1 was used for denoising, while the dataset of NEX =4 was used
as a high SNR reference. The difference images from NEX = 4 reference results are
shown. The proposed method achieved more effective noise reduction in all DWIs
(including the DWIs averaged from 6 diffusion directions per b-value), yielding
approximately zero bias and 20% more NRMSE reduction compared to MPPCA.



Figure 9. Denoising results with reduced number of diffusion directions. Only one b-
value = 0 and 3 b-value = 2000 s/mm? images (in 3 orthogonal diffusion directions)
were extracted from the in vivo brain DWI dataset in Figure 6, and then denoised using
ANLM and the proposed method. The ANLM results exhibited apparent blurring. In
contrast, the proposed method achieved effective noise reduction while preserving

structural details.
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