Multiplicities of the Betti map associated to a
section of an elliptic surface from a
differential-geometric perspective
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Abstract

For the study of the Mordell-Weil group of an elliptic curve E over a complex function
field of a projective curve B, the first author introduced the use of differential-geometric
methods arising from Kéahler metrics on H x C invariant under the action of the semi-
direct product SL(2,R) x R2. To a properly chosen geometric model 7 : & — B of
E as an elliptic surface and a non-torsion holomorphic section ¢ : B — & there is an
associated “verticality” 7, of o related to the locally defined Betti map. The first-order
linear differential equation satisfied by 7, expressed in terms of invariant metrics, is made
use of to count the zeros of 7, in the case when the regular locus B C Bof 7 : £ - B
admits a classifying map fy into a modular curve for elliptic curves with level-k structure,
k > 3, explicitly and linearly in terms of the degree of the ramification divisor Ry, of the
classifying map, and the degree of the log-canonical line bundle of BY in B. Our method
highlights deg(Ry,) in the estimates, and recovers the effective estimate obtained by a
different method of Ulmer-Urziia on the multiplicities of the Betti map associated to a
non-torsion section, noting that the finiteness of zeros of 7, was due to Corvaja-Demeio-
Masser-Zannier. The role of Ry, is natural in the subject given that in the case of an
elliptic modular surface there is no non-torsion section by a theorem of Shioda, for which
a differential-geometric proof had been given by the first author. Our approach sheds
light on the study of non-torsion sections of certain abelian schemes.

1 Introduction

For the study of a polarized family of abelian varieties over a quasi-projective manifold
7o : A% — X0 together with a nonsingular projective compactification 7 : A — X,
one of the authors introduced in [Mo2] the use of methods of complex differential
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geometry by making use of Kéhler metrics first introduced by Satake [Sa] on H, x CY,
for the Siegel upper half plane H, of genus g, invariant under the standard action of
the semidirect product Sp(g, R) x R?*. For the case of g = 1, let I' = ['(k) C SL(2,Z)
be a principal congruence subgroup for some k > 3, X2 := H/I', and X2 C Xt be
a smooth projective compactification of Xp. In [Mo2] a differential-geometric proof
of the theorem of Shioda [Sho] was given yielding the finiteness of the Mordell-Weil
group of the universal elliptic curve E over the function field C(Xr). For the study
of the universal elliptic curve one makes use of a geometric model 7 : & — X, an
elliptic modular surface, and realizes the abelian group of rational points of E over
C(Xr) as the group of holomorphic sections of & over Xp. In [Mo2], to any such
section o there was an associated “vertical” part 7, of do which was proven to be
square-integrable with respect to a natural Hermitian metric 8 on K xe®V, where V/
is a square root of the holomorphic tangent bundle T'(X). The tensor 7, was further
proven to satisfy an eigensection equation 7*777(, = —1), for covariant differentiation
V in the (0, 1)-direction on (Kxo®V,0), from which it was concluded that 7, = 0, so
that o is a torsion section, hence the finiteness of the Mordell-Weil group E(C(XT)).

We will call 7, the verticality of ¢ in the current article. For a locally non-
isotrivial elliptic surface 7 : £ — B arising from a classifying map fy : B® — X,
where B C B is a dense Zariski open subset, it was proven also in [Mo2] that
rank(E(C(B))) is bounded by 2 deg(Ry,), where deg(Ry,) stands for the degree of the
ramification divisor Ry, of the classifying map fo : B — XP, again by examining
the verticalities 7, of holomorphic sections of 7 : £ — B. The authors believe that
the invariant Kahler metrics of Satake will be applicable to the study of geometric
and arithmetic problems concerning abelian schemes over quasi-projective varieties in
general, and it was in this context that we found the recent finiteness result of Corvaja-
Demeio-Masser-Zannier [CDMZ] on the number of points of Betti multiplicity > 2
for a non-torsion holomorphic section o of 7 : £€ — B, a good place to examine
the role that can be played by differential-geometric methods. The verticality 7, for
a holomorphic section of m : £ — B turns out to correspond to the differential of
the Betti map studied in [CDMZ]. On the other hand, by [Mo2]| one can derive a
holomorphic tensor & = Vn, from the verticality 7, in view of the identity 0Vn, = 0
on BY outside of the ramification divisor Ry,, and this gives an effective bound on the
sum of multiplicities minus 2 over points at which the Betti map has multiplicities
> 3, linearly in terms of deg(Ry,) and deg(f*(Kx, ® Sx.)2)), where f : B — Xp
is the unique extension of fy and Sy, stands for the divisor Xt \ XP, and this gave
hope that it might be possible to render the aforementioned finiteness result [CDMZ]
effective in terms of deg(Ry,) and deg(f*(Kx,. ®Sx.)2)). Here the difference is that 7,
is not holomorphic. In place of holomorphicity we make use of a first order differential
equation satisfied by 7,, which comes from Mok-To [MT] (p.52 therein), for the general
case of abelian schemes, and which is the source of the elliptic eigensection equations
satisfied by 7, in the special case of non-isotrivial elliptic surfaces.

After the bulk of the work has been finished, we realized that Ulmer-Urzia [UU]
had already obtained an upper bound for the sum in question for any non-torsion



section o of an arbitrary elliptic surface 7 : &€ — B. The estimate obtained in [UU]
can be deduced from our result on elliptic surfaces with classifying maps, while our
result gives structure to the estimates in terms of the ramification divisor in the spirit
of [Mo2]. As our method is quite different from that of [UU], we deem it useful to
present the differential-geometric approach of the current article, in the belief that the
methodology will be applicable to the further research on the Betti map for abelian
schemes, e.g., for those in which the classifying map is a generically finite dominant
map over some modular variety, such as Shimura curves, Hilbert modular varieties or
Siegel modular varieties.

Let k > 3 be a positive integer. By the canonical action of SL(2,Z) x Z* on
H x C, where H is the upper half plane, there is the modular family of elliptic curves
with level-k structure m) : My, = (H x C)/(T(k) x Z%) — Xp,, = H/T(k),
which can be compactified to a relatively minimal elliptic surface 7, : Mpgy — Xp)
over the modular curve Xp() using the toroidal compactification [AMRT]. For the
-1 0
0o —-1)’
the corresponding modular family (Legendre scheme) can be constructed in the same

level-2 structure, although I'(2) contains the negative identity —I :=

way by using the index-2 subgroup I'y C I'(2) generated by the matrices ((1) %)

2 1
[y x {I,=I}. In particular, Xp, := H/T'y = H/I'(2) = Xp@). In the rest of the
article, we will denote this modular family and its compactification by M192 — X192
and My, — Xr, respectively.

and <1 0) (see [CZ] for more detail). Indeed, it can be readily check that I'(2) =

In this article, we say that an elliptic surface 7 : £ — B over a complex projective
curve B has a classifying map if there exists a non-constant holomorphic map f : B —
Xt, where I' = Ty or I'(k) for some k > 3, such that the open dense subset £° C &
consisting of the regular fibers is isomorphic to f[5,Mp, where B® = n(£") C B. Our
main result is an integral formula for the total Betti multiplicity of a given non-torsion
section for an elliptic surface with a classifying map:

Theorem 1.1. Let £ — B be an elliptic surface over a complex projective curve B
with a classifying map f : B — X of degree d, where X = Xp with I' = T'y or I'(k)
for some k > 3. Let o be a non-torsion section of £ and my be the Betti multiplicity

of o at b, then
d
dmy—1)= > (rb—1)+%/xow,

beB beB\S

where X = X and S = f~1(X \ X°); ry is the ramification index of f at b and w is
the Kdhler form on X° descending from the invariant form —i0dlogImt on H.

Remarks. (i) The right hand side of the formula in Theorem 1.1 is independent of
the section o. (i7) The Betti multiplicities of a section were defined only on the points
of good reduction but we will extend the definition for every b € B (Definition 4.5).



Note that ([Shm], Theorem 2.20 therein):

L[ gy — 1 ), W

21 J o 2

where ¢g(X) is the genus of X; and v (X) is number of cusps on X, which is equal to

k? 1
2 when I' = I'y and equal to 5 H (1 - —2) € 2N" when I = T'(k) for any k > 3. In
p
plk
other words, the integral in Theorem 1.1 is just the degree of the square root of the
log canonical bundle Kx ® Sx of X° in X, where Sy denotes the divisor (or divisor
line bundle) corresponding to the cusps of X. Thus,

S my—1)= > (r,— 1)+ deg(f*(Kx ® Sx)?)) = deg(Ry, ® f*(Kx ® Sy)
beB beB\S

D=

),

where Ry, := @ [b]"*~! is the ramification divisor of the classifying map fo : BY —
beB\S

X As f*(Kx®Sx)® Ry, =2 Kp®S, we can now rewrite the formula in Theorem 1.1
as
1
> (my—1) = 5 deg(Kp ® S @ Ry,). (2)

beB

For the arithmetic aspect, a quantity of concern is the number of points of good
reduction at which the Betti multiplicity is at least 2. Let B, C B\ S be the set of
points at which the Betti multiplicity is at least 2. The finiteness of |®B,| was proven
by Corvaja-Demeio-Masser-Zannier in [CDMZ]. By Eq.(2), we have the following
estimate

S|, deg(Ry,)
<g-—14 204 o)
IB,| < g + 5 + 5

where ¢ is the genus of B. We remark that we have defined S to be f~1(X \ Xj)
and in general S C S’, where S’ is the set of points of bad reduction. However, if we
assume that & is relatively minimal, then by the uniqueness of the relatively minimal
model, we deduce that S = S’. In any case, we can always take |S| to be the number
of singular fibers on £ in the estimate.

An upper bound of |®8,| in terms of the genus and the degree of a certain line
bundle on B has also been obtained by Ulmer-Urzia [UU]. Using our Theorem 1.1,
we will prove another estimate:

Corollary 1.2. Following the setting of Theorem 1.1, then we have
[B,] < 29 — 2 — deg(f*(Kx © Sx)?)) + 5],

where g is the genus of B.

It turns out that our estimate of |B,| is equivalent to that given by Ulmer-Urzia
(see the end of Section 4.3) when &£ has a classifying map. For an arbitrary non-
isotrivial relatively minimal elliptic surface, the equivalence will follow by a reduction
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argument given in Section 4.4 using a finite cover over the base curve B. (Here we
remark that the relative minimality of £ has also been implicitly assumed in [UUJ.)

Besides the integral formula above for the total Betti multiplicity, the invariant
form p can also be used to give an alternative proof of the equality of the canonical
height h(o) of a section o : B — £ and the integral of o*(dS; A dB;) over B\ S.
This equality has been established in [CDMZ]. (Our result differs by a sign due to
a difference choice of the ordering of the Betti coordinates.) Here our proof consists
of proving two things (see Section 2.1): (1) the invariant form g is actually equal to
dBy NdBy on E° = E|p\s; (2) the integral of o*p over B\ S gives the canonical height
h(c). The fact that df; A df; = p will be furthermore used to demonstrate that on
EY the 2-form dB; A dfB, is equal to the restriction of a certain (1,1)-current 7" on &
studied by DeMarco-Mavraki [DM] for problems in Arithmetic Dynamics, a relation
that has been proven in [CDMZ] by different methods.

Now we briefly describe the layout of the article. In Section 2, we will first recall
the construction of the semi-definite Kahler form p on an elliptic surface £ with a
classifying map. Its relationship with the Betti coordinates (or the Betti map) will
then be discussed and applied to further relate it to the canonical height. Next, in
Section 3, we will see that the kernel of the (1, 1)-form p gives a smooth distribution
on the holomorphic tangent bundle of £° (i.e., the regular part of £) transversal to the
relative tangent bundle, from which we get a well-defined projection onto the relative
tangent bundle and this is the basis of our definition and analysis of the verticality
1, of a section o of £. Afterwards, we will show that 7, satisfies a first order PDE,
which has been obtained previously in [MT] in a slightly different form. Using this
PDE we can derive many important properties of 7,, including the discreteness of its
zero set and its local behavior. In Section 4, we will construct a potential function
U on a dense open subset of the projectivized tangent bundle P(M) on an elliptic
modular surface M, such that its pullback by the tautological lifting of a local section
will be just the norm squared of its verticality. With the potential function W, it is
easier to analyze the asymptotic behavior of 7, towards the points of bad reduction
and also in the more general case with ramified classifying maps. We will then be
in the position to prove our integral formula for the Betti multiplicity (Theorem 1.1)
and the effective estimate for the number of points with higher Betti multiplicity in
Corollary 1.2. At the end of Section 4, we will relate our results to those obtained by
Ulmer-Urzia [UU].



2 Betti map and a semi-definite Kahler form on
an elliptic surface

Let H be the upper half plane and consider the action of semidirect product SL(2, R) x
R? on H x C, defined by

(1,2) — artb 2 +a+ 6T
’ cr+d et +d ’

where (7,2) € H x C), (¢ Z € SL(2,R) and (a,3) € R% Consider a principal

congruence subgroup I' := I'(k) C SL(2,Z) for some k > 3 (or I' := I's C I'(2),
see Introduction) and from the discrete subgroup I' x Z? we get a modular family of
elliptic curves 7 : MY — X, where M{ := (H x C)/(T’ x Z?) and X := H/T.

There is a semi-definite Kahler form g on H x C which is invariant under the
aforementioned action of SL(2,R) x R?, given by

2
= 2'85<Imz)

Imr

The invariance and semi-definiteness of i are easy to check and we refer the reader
to [MT] for details. Since pu is invariant, it descends to a semi-definite Ké&hler form
on MY, which will be still denoted by p when there is no danger of confusion. Here
we will explicitly describe the kernel of p (i.e., those vectors v € T(H x C) such that
p(v,v) = 0), which will play an important role in our analysis of the sections of elliptic
surfaces.

Proposition 2.1. Fiz (79, 20) € H X C and write zg = a + brg, where a,b € R. Then
the kernel of u at (70, 20) is spanned by the holomorphic tangent vector of the curve
z=a-+br.

Proof. For z = a + b7, then Imz = bIm7 and hence the restriction of p to the
holomorphic curve v given by z = a + br is u|, = i99(b*Im7) = 0. Hence, the
holomorphic tangent space of the curve =y is the kernel of p at (79, 2¢). O

Let U € MY be a connected open set. If U is sufficiently small, we can find an
open set I C H x C such that 7 : &{ — U is a biholomorphism. Fix such a choice
for 4. Let p € U and 7~ (p) = (7,2) € 4, then there exist unique Sy, 52 € R such
that z = 31 + Bo7. When restricting to the image of a local section of MY, the pair
(B1, B2) is called the Betti coordinates in the literature. Here we regard them as local
real analytic functions on U and still call them Betti coordinates.

Proposition 2.2. In terms of the local coordinates (T, z), we have

dz — 62(17'

2iImT

0P =



Proof. Since z = 1 + fo7, we have folmT = Imz. By differentiation
52d7' + (T - 77')852 =dz

and the result follows. O

Of course, (31, B are only locally defined and more importantly they depend on
our choice of Y (which is sometime called an abelian logarithm), but we have the
following:

Proposition 2.3. The 2-form df; A\ dfs is independent of the choice of abelian loga-
rithm and globally defined on M. Furthermore, we have u = df; A dfs.

Proof. Since p is globally defined on M, we just need to show that locally we have
i = dfy Ndps for any choices of Betti coordinates. As before, take a sufficiently small
open set U C M and choose 4 C H x C such that 7 : 4 — U is biholomorphic.

By definition, for (7, z) € 4, we have z = 51 + (57, hence [y = Imz/Im7. On the
one hand,

(Im2)?
u o= ippdme)
ImT
2
= 30 Zlmzélmz— (Imz) olmr
Im7 (Im7)?
= 2¢0 Irn_z Aélmz—ﬂmza Ini A OlmT
ImT Imr Imt

= 20 (Ini> A <5Imz — Im—za_lmT)
Imr Imr

= (12 o (i (122))
Imr Imr

= 2ilm7 0ﬁ2 VAN 552

On the other hand, as z = 3; + Bo7 = 9B + 70932 = 0, we have

dBi ANdBa = (961 + 9Br) A (082 + 0s)
= OB NP2+ 0B NPy
= —T0By NOBy — TOBsy N OB
= 2ilm(7)9B2 A 0fa.

Therefore, = dp; A dps . ]

2.1 Canonical height and the invariant form

Consider the elliptic curve defined by y? = x(z — 1)(z — A) (in an affine chart) over
the function field C(\) of P'. Let 7y, : £ — P'\ {0, 1,00} be the associated Legendre
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scheme. In [CDMZ], the following relation between the Betti map and the canonical
height for the sections of an elliptic surface given by pulling back by a branched cover
B — P! has been proven:

Theorem 2.4 ([CDMZ], Theorem 3.2 and Corollary 3.4 therein). Let r : B — P!
be a finite morphism and B° := B\ r~*({0,1,00}). Let £Y = E) X(x, ) B and
mpo : Ege — BY be the projection. Then, for an algebraic section o : B® — £,

h(o) = /B o*(dBy A dBs),

where h is the canomical height of Eg. In particular, the integral above is a rational
value.

Remark. In the published version of [CDMZ], the integrand in the theorem above is
o*(dpy A dpy), differs by a factor of —1. This comes from whether one takes (1,7) or
(7,1) to be the ordered basis for the lattice.

By Proposition 2.3, we see that the canonical height of ¢ is also equal to the
integral of 1 on the image of 0. We are going to give a direct proof of this for elliptic
surfaces given by classifying maps. The general case can then follow by a reduction
procedure similar to that in Section 4.4.

Lemma 2.5. Let n € NT and define [n] : H x C — H x C by [n|(r,2) = (1,nz2).
Then [n]*n = n’u.

(Imz)?

Im7

Proof. The lemma follows directly from the definition pu = 90 [

Theorem 2.6. Let 7 : £ — B be an elliptic surface given by some classifying map
f B — Xr for a modular curve Xr and o : B — £ be a section. Then,

where S = f~1( Xt \ XP).

Proof. By the uniqueness of the canonical height ([Si2], p.218, p.250), it suffices to
verify two things:

(1) / o*u — (o,0) is bounded, where (-,-) denotes the intersection pairing on
B\S

& and O is the zero section; and

@ [ Jnoyn =t / o

(Note that with an abuse of notation, we use o to both denote the section as a
map and its graph.)



We first verify (2), which is easy. Let f : B — X be the classifying map and
141 &% — MY be the associated map such that 7 o f* = f o 7. To avoid confusion,
we denote the semi-definite Kéhler forms on & and M by u and ur respectively. We

then have
/ h :/ (ffoo) pr.
B\S B\S

Therefore, for n € N,

/B\S(ncr)*u = /B\s(ﬂ o (no))* pur = /B\S([n] o ff o o) ur
= [ poortim =t [ (Fooym=n[ ou

We have thus proven that / o is quadratic.
B\S

For (1), we first recall some classical facts about the theta function on H x C

defined by
Dia(r,2) = 7 (n+ 2+2' 41 41
T, Z) = exp | mit (n+ = mi|z+ = n—+ — .
1,1\7, p 5 5 5

nez

(For the relevant details, the reader may see [BKK].) It is known that ¥, transforms
under the action of SL(2,Z) x Z? of H x C in such a way that it defines a holomorphic
section of some line bundle L, called Jacobi line bundle, on M(l)“(k)' Moreover, the
function A(7,2) := (Im7)* exp(—167(Imz)?/Im7) descends to a Hermitian metric for
L (see [BKK], Lemma 2.11 therein). Thus,

c1(L) = =2¢1 (7" T (Xpy)) + 8p.

On the other hand, note that, while originally only defined on the set of regular
fibers £2, the (1,1)-form p extends as a positive (1,1)-current 7" on &, which implies
in particular that the integral [ B\S o*p is finite. The extension was first established
in the case of elliptic modular surfaces by [MT] (Proposition 2, p.38, therein, which
made use of the theory of extension of closed positive currents especially Skoda [Sk],
and arguments of [Mol], Chapter 8, §2 therein), and the general case follows by
pulling back by the classifying map. Alternatively, the extension is a consequence of
Theorem 2.7 and the result of DeMarco-Mavraki [DM] mentioned before the theorem.
(The extension can also be done on the compactified elliptic modular surfaces using
the toroidal compactification, like in [BKK] or [Ch].) Whenever a current extension of
p on & exists (which is in general not unique), there is the trivial extension, denoted
by 7). Using the asymptotic behavior of p (which is of log-log growth) towards the
regular points on the singular fibers (see [BKK], Proposition 4.9 therein for example),

we then deduce that the (1, 1)-current 7), satisfies the property that ([1,],v) = fwﬂgo o



for every algebraic curve v C £ that does not pass through any singular points on
the singular fibers, where [T,] € Hy(E,R) is the Poincaré dual of 7. In particular,
([Tu],0) = [pp\g 0" 1 for every section o.

The divisor of L is precisely 8 times the zero section on M%(k) since the zero set of
Vi1 is {(r,m+n7) € HXxC:7 € H and m,n € Z} and its zeros are of order 1. Using
the toroidal compactification, L extends as a Q-line bundle L* (which is also called
a Mumford-Lear extension) on Mr. The divisor for L* is 80 + F, where O is the
zero section and F' is some fibral divisor supported on the singular fibers (see [BKK],
Proposition 4.9 therein). Since the divisor of a line bundle is Poincaré dual to the
first Chern form, by comparing with the expression of ¢;(L) above, we thus deduce
that 8[7),] — 80 is a fibral divisor and hence ([T,,] — O, ¢) is bounded when o varies.
This completes the proof for elliptic modular surfaces. In the case where the elliptic
surface & — B is given by a classifying map f : B — X, we can simply pullback the
extensions L?, T and obtain the desired results. O

The 2-form d 5 Ads is also related to the study of canonical heights with equidistri-
bution theory. For an elliptic surface £ — B defined over Q, DeMarco-Mavraki [DM]
showed that there is a positive closed (1,1)-current 7" on £(C) such that

(1) the restriction of T to each regular fiber is the normalized Haar measure; and

(2) for a non-torsion section ¢ : B — & and a non-repeating sequence t, € B(Q)

Z d; converge
t€Gal(Q/Q)tn

such that h g, (0(t,)) — 0, the discrete measures

#Gal(Q/Q)t,,
weakly on B(C) to o*T.

In addition, on £°\ O, where O is the image of the zero section, it was proven
in [DM] that T is up to a constant multiple equal to dd“Hy, where Hy is the Néron
local Archimedean height function. It was then proven in [CDMZ| that T is in fact
equal to df5; Adps. Using the semi-definite Kahler form p, we can give a simpler proof
of this equality.

Theorem 2.7. Let £ be an elliptic surface obtained through some classifying map into
a modular curve. On E°, we have T = . Consequently, we also have T = df3; A df3,
on E°.

Proof. By pulling back through the classifying maps it suffices to prove the equality
for an elliptic modular surface M. For a sufficiently small open set U C MO, we
idenify it with a branch of its elliptic logarithm 4 C H x C.

By [Si2] (p.468), for (7,2) € U = 4,
1 Imz\? Imz 1
HN:—§ ((E) —E—f—é) (—27TIII1T)+CI),
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for certain pluriharmonic function ®. Since Im7 and Imz are harmonic, we have

. 2
dd°Hy — %85]1]\; _ g _

Im7

Finally, it is immediate to verify that the integral of u on each regular fiber is equal
to 1 and hence T = u. By Proposition 2.3, we then also have T' = dfp; A dfs. ]

3 Verticality of a section of an elliptic surface

3.1 Decomposition of the tangent bundles on elliptic surfaces

Let T := T(M?Y) be the (holomorphic) tangent bundle of MX and V' C T be the
relative tangent bundle associated to the canonical projection 7 : MY — X2 We
will also call V' the vertical part of T'. From Proposition 2.1, we see that the kernel of
w1 is always transversal to V' and we call it the horizontal part of T" and denote it by
H. Thus, T'=V & H. Note that H is only a real-analytic complex line subbundle.

Consider the projection map Il : T" — V associated to the decomposition de-
scribed above. As before, for a sufficiently small open set in U C M2, by identifying
U with one of its lifting to the universal cover, we will use (7,z) € H x C as local
coordinates on U. Let (1,2) € U € MY Write z = 31 + o7, where (81, 52) are
the Betti coordinates. For v € 1{;.), where T(;.) denotes the holomorphic tangent

space at (7,z), we write v = v,— + v,—, for some v,,v, € C. Then, the verti-

or 0z
cal part Vi; .y C T, .) is spanned by g and by Proposition 2.1 the horizonal part
z

0 0

H; .y C 1) is spanned by 9 + 628—. Then, the decomposition of v with respect
T z

toT'=V & H is

0 0 0 0 0
v = UTE + Uza = <<UZ — /827]7)&) + v, (E + 52@) .

Thus, in terms of the coordinates (7, z,v,,v,) on T, the projection IIy, : T"— V| as
an endomorphism of 7', is given by

v=(1,2,0.,0,) — ly(v) = (7,2,0,v, — Bov,).

Equivalently, as a section on 7" @ V,

0
Iy (v) = (dz — fad7) ® ER (3)
Consequently,
- - 0
Iy = — —. 4
Oy = =08, @ dT ® (4)
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For an elliptic surface 7 : &€ — B obtained through a classifying map f: B — Xr,
there is a holomorphic map f* : £2 — MY such that 7o f* = for. We can use f* to
pull back the Betti coordinate functions and the semi-definite Kahler form p to £°.
The pullback (f*)*u remains semi-definite and everywhere non-zero on £° since the
restriction of f* on each regular fiber is an isomorphism. Consequently, on the dense
open subset £°, there is a similar decomposition for the holomorphic tangent bundle,
as described above.

3.2 Verticality of a section of an elliptic surface

In this section, for the simplicity of notation and arguments, we will work on the
sections of an elliptic modular surface mp : My — Xr, even though it is known by
Shioda’s theorem that there are only torsion sections. It will be evident that by
pulling back the relevant objects, the definitions in this section can be carried over
to an elliptic surface & — B given by a classifying map, and the related results
obtained here for sections of M will hold correspondingly for the sections of £. (As
an illustration, at the end of Section 3.2 we will generalize the following definition of
verticality for £.)

Definition 3.1. Let o : Xr — Mr be a holomorphic section and do : TXr —
o*T'(Mr) be its differential. Define the verticality of o as

Ne := 11y o dofpx) : T(X}) — o*V.

Thus, 7, is a real-analytic section of the holomorphic line bundle T*(X2) ®¢*V on
X2, A general version of it for families of abelian varieties has been used by Mok [Mo2]
and Mok-To [MT] to prove the finiteness of the Mordell-Weil groups of the Kuga’s
families of abelian varieties. Geometrically, 1, measures how far o deviates from a
torsion section. In fact, we have

Proposition 3.2. 1, = 0 if and only if o is a torsion section.

Proof. Since the horizontal part H C T consists of the kernels of u, we deduce from
Proposition 2.3 that 7, = 0 precisely when o*(df; A dfy) = 0 and thus the Betti
coordinates are locally constant on the image of 0. Then the theorem of Manin [Ma]
implies that o is a torsion section. [

For a holomorphic section o : X — My, the local pullback g := (0*f1,0%52)
is called the Betti map of o. Since the construction of (81, 52) involves a choice of
abelian logarithm on MY, so does the Betti map 3, but the vanishing order of 3 at
any point b € BY is independent of such choice and is intrinsic to the section o.

Definition 3.3 ([CDMZ]). The multiplicity of a Betti map B at b is defined to be
the smallest positive integer m(b) such that the partial derivatives of o[y, 0* By at b
vanish up to order m(b) — 1. We will also call m(b) the Betti multiplicity of o at b.
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If n, is not identically equal to zero, then its zeros are precisely the points at which
the Betti multiplicity of ¢ is at least 2, which can be seen by the following relationship
between 7, and the Betti map (0%, 0" ).

Proposition 3.4. Let 7 be a local coordinate near a point p € X2 coming from H
and (7, z) be local coordinates near o(p) € MY coming from H x C. Let (57,03) :=
(0*B1,0*Pa), where By, Po are the Betti coordinates such that z = By + Bo7. Then,

, o 0\ 2ImT_ . e,
Ne = 2ilm7T06] ® o (%) = op;y @ o (82)'

Proof. The first equation follows directly from Proposition 2.2 and Eq.(3) (Section 3.1).
Since o is holomorphic, we have 9(57 + 57) = 0, which gives 087 = —7937 and the
second equation follows. ]

From how the group SL(2,Z) x Z?* acts on H x C, it is evident that the relative
tangent bundle V on M% = (H x C) /(T x Z?) is just the quotient of H x C x C under
the following action of I' x Z2:

(T,2,0) — (

ar +b z batp v
) a 7—7 )
ct+d er+d ct +d

b : . .
where ((CZ d) € I' and (a, 3) € Z?. In particular, we see that the transition functions

of the holomorphic tangent bundle T'(Xp) of X2 = H /T are precisely the squares of
those of the pullback bundle o*V. That is, T(X?) = (6*V)? as holomorphic line
bundles on X2. Let p € X2, we make the following explicit identification, locally

o 0 0
given by 0* | — ® — | = —, where — and — are vector fields near o(p) and

0z 0z or’ 0z or

p respectively given by local liftings to the universal covers. It is evident that this
identification is independent of the liftings and hence global. To simplify the notations,

3
we write (2) =0 <£> and similarly for the dual (dr)

N

= o*dz.

or 0z
Let K = T*(X{) be the canonical line bundle of X?. In particular, K & (¢*V)~?
and we will thus write (0*V)™ = K2 and T*(X2)®c*V = K&K 2 = K2. Therefore,
we can now regard 7, as a real-analytic section of K 2 on XP.

Consider the metric g on X{ given by the invariant Kahler form on H

idr N\ dT

Denote the conjugate bundle of K by K. The reciprocal of ¢ is then a Hermitian
metric, denoted by g,, on the canonical line bundle K. We will regard g, as a section

of K@K . Similarly, we have the sections ¢,2 of K~2 ® K 2, for each m € Z.

As mentioned above, 7, can be naturally regarded as a real analytic section of
1 =~ - 1
Kz. It follows that On, is a real analytic section of K ® K2. We have
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Proposition 3.5. 0n, = —i7, ® g, °.

Proof. Using the notations above and in terms of the standard local coordinate 7,
0

3
—) . On the other hand, using
or

by Proposition 3.4, we have 71, = 2ilm708] ® (

1 1
1 d 2 d_ 2
s 2 = % and pulling back Eq.(4) of Section 3.1 by o,
-

6770' = 6<HV0dO—):(5HV)OdO—:_5B20®dT® (82)2
T

= 0B ®(dr)2 = —iTy ® gy 2.
0

The first order PDE above satisfied by 7, has already been established by Mok-
To [MT]. Although the PDE stated in [MT] was formulated and stated in a slightly
different form, one can readily check that it is equivalent to the one here. This is a first
order real-linear PDE of 7, and was used to show that 7, satisfies an eigenequation
of the Laplace operator, which is the crux of Mok-To’s proof of the finiteness of the
Mordell-Weil group for Mp. It turns out that this first order PDE is also important
for the study of Betti multiplicity and we will make use of it to prove that the zero
set of a non-trivial 7, is discrete and derive an integral formula which counts the total
Betti multiplicity of o.

We know by Proposition 3.2 that 1, = 0 implies that o is a torsion section. Given
a non-torsion o, then we are primarily interested in the zeros of n,. From how 7, is
constructed from the section o : Xp — Mp, we see that 7, is zero precisely at the
points at which ¢ is tangent to a local horizontal section, i.e., a local section given
T+ (1,0 + br), where a,b € R.

Proposition 3.6. The zero set of a non-trivial n, is a discrete set in X2.

Proof. Suppose w = 0 is a zero of 1, with respect to a local coordinate w on X2. By
choosing local holomorphic bases for the bundles K sand K ® K2, we regard 7, as a
complex-valued real-analytic function near w = 0 and identify 9, with dn,/0w. By
splitting the power series expansion of 7,, we write

no(w) = f(w) + h(w) + ¢ (w, W),
where f, h are holomorphic and v is real-analytic in a neighborhood of w = 0, such
that v does not contain any pure terms w* nor w*, k € N*. That is, f(w) (resp.
h(w)) only contains the powers of w (resp. w), and ¥ (w,w) contains mixed terms
only. Now by Proposition 3.5, there is a non-vanishing local real-analytic function
G(w,w) such that dn, /0w = G7,, thus

oh oy - _
5ot oo = G(f +h+v).
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By comparing the terms of the lowest power in w that do not contain powers of w,
we deduce that the vanishing order of 1 is one greater than that of h. (In the case
where h = 0, we then have ¢ = f = 0.) Similarly, by comparing the terms of the
lowest power in w that do not contain powers of w, we get that the vanishing order
of h is one greater than that of f. Therefore, if £ > 1 is the vanishing order of f, then
we can write 1, = w'n* for some non-vanishing local continuous function n*. Hence,
if 1, is not identically zero, then w = 0 is an isolated zero for 7,. [

Let V be the (1,0)-part of the Hermitian connection associated to g,z on Kz.
Then V1, is a section of K.

Proposition 3.7. V), is holomorphic.

Proof. This can be obtained by directly calculating the covariant derivative Vrn,,
which has been done in [MT]. O

We mentioned that the definitions and results in this section can be carried over to
any elliptic surface with a classifying map. As an example, we generalize the definition
of verticality, as follows. Suppose 7w : £ — B is an elliptic surface over a complex
projective curve B given by a classifying map f : B — Xp. Then, given a holomorphic
section o : B — &, there exists a unique a holomorphic map ¥ : B — My such that
mr o X = f, where 7p : Mpr — Xr is the canonical projection. We define

Mo = (S'TIy) © (dS|7(po)) : T(B) = XV | = £7(K|xp) 2,

where B = B\ S and S = f~}(Xr \ XD).

3.3 Verticality and Betti multiplicity

Now we are going to discuss how one can study the Betti multiplicity of ¢ using 7,.
For a heuristic purpose, we will again work on an elliptic modular surface Mr even
though it is already known that there are no non-torsion sections for Mr. In the next
section, we will count the Betti multiplicity for the general case with a somewhat
different formulation. However, we will be able to see that the analysis there is hinted
by the study of verticality in the case of elliptic modular surfaces.

Suppose ¢ is a hypothetical non-torsion holomorphic section for Mrp. In what
follows, we will write n instead of 7, to simplify the notation. Denote by ||5||* the
norm squared with respect to p (which can be regarded as a Hermitian metric on
V' since the null space of y is transversal to V). Let w = 0 be a zero of n in a
local coordinate w on XP. By Proposition 3.6, the zero(s) of n are isolated on X2.
In addition, the vanishing order of 1 should be the Betti multiplicity minus 1 by
Proposition 3.4 and from the proof of Proposition 3.6, we know that ||n]|? = |w|*™ 2
locally, where m > 2 is the Betti-multiplicity and ¢ is a non-vanishing local continuous
function.

15



Recall that on X2, we have o*V = K ~2 and 1 can be regarded as a real-analytic
section of K2. In what follows, we will use the same symbols V and V to respectively
denote the (1,0)-part and (0, 1)-part of the Hermitian connection associated to g, =

on K2 for each m € Z and also for the conjugate connection on K *>. Here the
Hermitian metric g, on K is regarded as a section of K ! ®K . Then, we can write
_ 7
Inl*=nen® g.:.
At a point where ||||*> # 0, we have

2

Qi

5 1l
dlog [|In> = T
 nen®geitneVn®g.:
In[?
Y Vi
= _77+T77
n n

Moreover, using Proposition 3.5,

n Ui

_1 _1
—iVi®g."  iVI®iSg.”

n Us
—_— _1 —
EACL VIV
n n n
Vn VWV
— :1__77@_77
n n

and by Proposition 3.7,

v\ = /(V v vVn WV
V(éQ:V<JQ:—W@H§:~ﬁ®—Q
7 n 0 n oo

Therefore, if we regard dlog ||||? as a section on K, then at a point where ||n||? # 0,

we have o _

V(Olog o) =g ~ Tl - Vg V1

n n n n
as sections of K ® K. For a section of o of K ® K, and a(7) = ap(7)dT @ dT in terms
of local coordinates, we use a” to denote the (1,1)-form ag(7)dT A d7, which is well
defined (independent of coordinates). Then, we have i(V (0 log ||n]|?))" = 00 log ||n]|?
and (ig;')" = w, where w is the Kéhler form descending from the invariant form

. - = \A
M on H. If we also let y := (ZE ® m) , then
4(Imr) n Ui
S-0010g [l = 5 (w—x ~ %) )
27T g T] - 27‘[‘ X X))
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which is a real-analytic (1, 1)-form on X\ 9B, where 8 C X is the zero set of 1, or
equivalently, the set of points at which the Betti multiplicity is at least 2.

Let S = Xt \ X2. For every point z € S U B, choose a local coordinate chart
w € A= {w € C : |w| < 1} such that w(z) = 0. Regard Vn/n as a (0,1)-form
on Xr \ (S UDB), then by Proposition 3.5 it is of constant norm with respect to w.
In particular, if € B, the integral [ 9. Vn/n will tend to zero when ¢ — 0, where
A, = {w € A : |w| < €}. On the other hand, using the standard compactifying
coordinate ¢ = e2™7/* (c.f. Section 4.2) near the cusp 2., corresponding to ico, where
k is that in T'(k) = T', and using Proposition 3.5 again, we get

/ V| _ [

on. M |~ Jaa. 2[qlog|ql|

It then follows readily that |, 9. Vn/n also goes to zero as € — 0. For other cusps, it
suffices to exploit the SL(2,7Z) action to conclude that the same holds true for every

point z € S. Consequently, if we let Xt := X\ U Ac(z), where A () is the A,

zESUDB
defined above for each x, then by Stokes’ theorem, we get

0 = lim id (@) = lim i0 (E) = lim (w—x)-
e—0 Xr.c n e—0 Xr.c n e—0 Xr.c

In particular, we get

/ w = lim W= lim/ x = lim X (6)
X e—0 Xp.. e—0 Xp.c e—0 Xr ..

0
r

as the integral of w is a real number. In addition, as shown in the proof of Propo-
sition 3.6, if w = 0 is a zero of 7 in terms of a local coordinate w, we have ||n||* =
|w|?™ 2 for some non-vanishing local continuous function, where m is the Betti mul-
tiplicity of o at w = 0. Then, for w # 0,

i = ilm—1)dw i Op
—0l i T i Rt
27 og |7 2m w + 2

and thus

—alognzzm—l—l—/ —— 7
/BAE - 1og ] s (7)

for sufficiently small €, where 0A. is given with the anti-clockwise orientation. In next
section, which deals with a general elliptic surface given by a classifying map, we will
show that the last integral will go to zero when ¢ — 0. Now together with Eq.(5) and

Eq.(6), by applying Stokes’ theorem on %85 log ||n]|* = 2Ld5 log ||n]|?, we have
m m

1 1 =
— w= Y (my—1)+lim / —0log ||n||>.

beB
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Also in the next section, we will study the last term in the equation above, which
is related to the asymptotic behavior of ||n||? near the points of bad reduction. We will
do this by using a potential function defined on the projectivized tangent bundle of
MY, with which it is easier to deal with the more general situation of elliptic surfaces
given by possibly ramified classifying maps into the modular curves. In any case, the
analysis above suggests that the integral of the invariant metric over the points of
good reduction on the base curve is related to the total Betti multiplicity.

4 Counting the Betti multiplicity of a section

We will now construct an invariant function ¥ on the projectivized tangent bundle
PT(H xC), which thus descends to the PT'(MY). It will then be shown that 6*W is just
Inl|?, where 6 : X2 — PT(M?Y) is the tautological lifting of a section ¢ : Xp — Mr.
Using ¥, we can efficiently study the Betti multiplicities of the sections of a general
elliptic surface given by a classifying into Xr.

4.1 The invariant function ¥ on PT(H x C)

To simplify the notation, we will let T := T'(H x C) be the holomorphic tangent bundle
of H x C. Let (7,2) € H x C and v € 1{;), where T\, .y denotes the holomorphic

tangent space at (7, z). We can write v = UTE—FUZ , for some v, v, € C. Write also

Dz
z = P14+ Po7, where 31, B2 € R are the Betti coordinates. In particular, o = Imz/Imr.
In terms of the above coordinates on 7', the matrix representing the semi-definite

g 0
Kéhler form g with respect to the basis | —, — | is
ot 0z

_ 1 B =Py
In = 2lmr \—f2 1

Thus, the norm squared of v € T measured against g, is

2 |Uz _62U7'|2
=5

HU 2ImT

)

which will be regarded as a function on 7. Since p is invariant under the action of
SL(2,R) x R?, it follows that ||v||? is an invariant function on T'. Similarly, the norm
squared

where v is the pullback of the Poincaré metric on H to H x C, is also invariant on 7.

By take the quotient of these two functions, we can now define an invariant function
U : PT — [0, +oc] by

B HvHi v = Bov PIm7 JuImT — UTImZ|2

v = = =
et e = e or Pl



Note that ¥ is well defined as a value in [0, 4+00] since Im7 > 0 and v,, v, cannot be
both zero on PT".

Proposition 4.1. Let o be a holomorphic section of Mr and ¢ : Xp — PT(Mr) be
the tautological lift of o. Then, 6*¥ = ||n,||* on X}.

Proof. Let p € X and 0 # v € T,(X}), then

ldo ()1}, = o)1 = lIne*®)lvllg = [Ine[*(p)llde (v)1]5,

where g is the Poincaré metric on X descending from #H. Thus,

sy N @IE
HHO'H (p) - HdU(U”B ( \Ij) (p)
O]

Proposition 4.2. Let h : A — H x C be a local holomorphic curve such that h*[s
and h*T are non-constant, where A = {w € C : |w| < 1}. Denote by h : A — PT
the tautological lifting of h. Let r and m be the vanishing order of h*t — h*1(0) and
h*By — h*P(0) at w = 0 respectively, then

W (w) = [wP" Y (w)

in a neighborhood of w =0, where ¥ is a non-vanishing local continuous function. In
particular, the zeros and poles of h*U are isolated.

Proof. Write the local holomorphic curve as h(w) = (7(w), z(w)), w € A. For sim-
plicity, we write [a(w) := h*fa(w). Since

Pa(w) = F2(0) = ———===—f(0)

vanishes to the order m and 7(w) — 7(w) is always non-zero, it follows that
z(w) — B2(0)7(w) = b+ w™p(w)

for some b € R and some holomorphic function p such that p(0) # 0. (In fact, b is
just £1(0) := £1(h(0)).) Then,

2 (w) = Ba(0)7' (w) + ™" p(w)

for some holomorphic pf such that p*(0) # 0. Now, in a punctured neighborhood of
w =0,

|2/ (w) — 7' (w)fs(w)[* I (w)

‘I’(]A@(w)) = |7/ (w)]?
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|7 () (B2(0) — Ba(w)) + w1 pF(w)|* T (w)
|7/ (w)?
|7/ (w)Tm (w™ p(w)) /T (w) + w™ " p(w) |* T (w)
|7/ (w)[?
|7/ (w) I (w™ p(w)) + w™ ' pf (w) I (w) |
|77 (w)|?Im7 (w)

2

/ —m—= 2
- jw[>m2 Tgf) <wp(w) - —ww,fi(_lf)> + p*(w)Im7(w)
N |7/ (w) |2Im7 (w)
Thus,
2 [w™2x(w)  |w[P? 2m—2
(hw)) = M = g ) = ™),
where Y, ¥ are some non-vanishing local continuous functions near w = 0. [

Corollary 4.3. Let 0 : B — & be a non-torsion section of an elliptic surface given by
some classifying map f from B to some modular curve Xr. Let S:B - PT(Mr) be
the tautological lifting of the induced map ¥ : B — Myp. Let S C B be the points of
bad reduction. Then, for every b € B\ S, there exist a coordinate chart w € A near
b with w(b) = 0 and a non-vanishing continuous function ¥ on A, such that

210 (w) = w0y (w),

where my, is the Betti multiplicity of o at b and ry, is the ramification index of f at b.
In particular, the points on B\ S at which the Betti multiplicity of o is at least 2 are
1solated.

4.2 Betti multiplicity on the toroidal compactification

Being invariant, ¥ thus descends to a function, which we will still denoted by ¥, on
any PT(MY), where MY = (H x C)/(T x Z?*). We will now extend it to the com-
pactification PT(Mr). We first recall some basics of the toroidal compactification
e+ My — Xrpgy for & > 3, which can be found in [AMRT]. (Similar compactifica-
tion can be done for M{,, — Xp .) At any point on the singular fiber over the cusp
¢ € Xr) corresponding to ico, there exists a coordinate charts (¢, ¢) € C* such that
the singular fiber is defined by {£¢ = 0} C C?. In addition, for a point in the regular
part C?\ {£¢ = 0}, the coordinate transformation from (&, ¢) to the local coordinates
(1, z) descends from H x C is as follows: there exists an integer n, unique modulo k,
such that
5( _ 627r7,’7'/k and gncn—&—l _ 627riz.

Furthermore, there is a local coordinate ¢ near the cusp ¢ such that ¢(¢) = 0 and
if 7, © Mpg) — Xray is the projection map, then ¢(7m(§,¢)) = £¢. In particular,
g = €>™/% in a punctured neighborhood of ¢.
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On the tangent bundle T(Mg(k)) near the singular fiber 7, *(c), by computing the
coordinate transformation between (£, ¢, ve,v¢) and (7, 2, v,,v,) we get

(Imr) _—_1< klog |£C] ) 1 (v> 1 < k(Cve + €ve) )
mz) = 27 \loglen¢™|) ™ v.) ~ 2mie¢ \n(Cue + €ve) +€vc)

Consequently,

1

o-Tmr —vrmal® = e |(0(Cue + €vc) + vk log €] = k(Cue +€ve) log €¢I
1
= Tgrilec U108 16C] = k(Cue + €v) log [¢]
k> 9
= ToriecP |ve€ log €] — veClog [¢]
and
o, = FICe + Suc”

Am2(€C)?

In a neighborhood of a point on the singular fiber over a cusp of Xr(), the function
U on PT(Myp)) can be then expressed as

v ImT — vTImz|2 _ Jue€log €] — veClog |C||2

(&, ¢, [ve,v¢]) = v, [2ImT =21k Cve + Euc|? log |€C]

Proposition 4.4. Let h : A — My, be a local holomorphic curve, where A := {w €
C: [w| < 1}, such that h(0) is a regular point of a singular fiber and for every w # 0,
h(w) lies in M(I]‘(k)' Let h : A — PT(Mrpg,) be the tautological lifting of h, then either
U(h(w)) =0 or there exist some integer m > 1 and a non-vanishing local continuous
function ¢(w) such that in a neighborhood of w = 0,

0 (w) = [w]* Y (log |w])* $(w).

Proof. Since h(0) lies on a singular fiber, we can assume that the image of A lies in
a coordinate chart (£,¢) € C? for the toroidal compactification described above and
write h(w) = ({(w),(w)), w € A. In the coordinate chart (&, (), the singular fiber
is defined by the equation £ = 0. Since h(0) is a regular point of the singular point
and U is symmetric in &, ¢, if we let h(0) = (&, (o), we may assume that & # 0 and
Co = 0. In addition, ((w) # 0 as the image of h only intersects the singular fiber at
one point.

We first handle the case where {(w) # &. Then, there exist positive integers j, ¢
such that

fw) =G+ wiw) and  ((w) = w(w).
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for some holomorphic functions &, ¢ such that £(0) # 0, {(0) # 0. In particular, we
also have

f(w)=w"'¢(w) and  ((w)=w""'F(w).
for some holomorphic functions § 8 ¢ such that €4(0) # 0, ¢*(0) # 0. The tautological
lifting of h can be written as h(w) = ({(w), {(w), [§'(w), ' (w)]). Hence, for w # 0,

_|¢€log €] — €¢log ¢

U(h(w)) = . 8
() = Zorkice T e Plogeq ®)
For the numerator,
. - ~ 12
C€loglé] - €ClogCI* = [w ¢ log |¢] — wi 1€ log |l
= w | logle] — wielog wi|

If |€o| # 1, we see that for w close to 0,

'€ log |€] — €'¢Clog |¢|I* = w[* Dy (w),

where 9, is a non-vanishing local continuous function. Suppose now |§| = 1 and

write )
2 2(j+—1

[¢'€log €] — E'¢log [¢I* = Juwl*H7Y .

When w — 0, we have

1 N N
e Bl eriog g

10g|1+§_owjf|

w7 wJ w

log €]
wi |

log &, +wﬂ'é|‘ _

<

log(1 + &ui€) ‘

which is bounded and it follows that for w close to 0,

C€log |€] — €'¢Clog |C|I* = |w]*T Y (log |w])*a(w)

for some non-vanishing local continuous function 1. Now let us handle the case where

&(w) = &. The numerator of ¥(h(w)) in Eq.(8) in this case will be either constantly
zero (when [&] = 1) or equal to a|w|?“~Y|¢??, for some a > 0 (when |&] # 1).

‘On the other hand, it is easy to see that when w is close to 0, the denominator of
U(h(w)) in Eq.(8) is equal to |w|*“~Y log |w|ts(w) for some non-vanishing local con-

tinuous function 3. Combining with the numerator, we conclude that if ¥(h(w)) # 0,
then for in a neighborhood of w = 0, we have

jw2U0=Y log [w]pa(w) when [ = 1;

U(h(w)) =
21 when |&| # 1,
log [uw]
where @1, @2 are non-vanishing local continuous functions. [
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The Betti multiplicities of a section are originally only defined on the points of
good reduction, i.e., those points over which the fibers are regular. The proof of the
previous proposition has suggested the following way to define the Betti multiplicity
of a section at a point of bad reduction, in the case where the elliptic surface is given
by some classifying map into a modular curve Xp ).

Let 7 : &€ — B be an elliptic surface given by some classifying map from B to
Xry and 0 : B — & be a non-torsion holomorphic section and ¥ : B — My,
be the associated holomorphic map such that 7, o X : B — Xp is the classifying
map. Let w € A C B be a local coordinate chart such that w = 0 is the only point
of bad reduction in A. Choose a coordinate chart (£,¢) € C? near £(0) provided
by the toroidal compactification as described at the beginning of this section. Write
Y(w) = (£(w),((w)). Recall that the singular fiber containing 3(0) can be defined
by £ = 0 in the coordinate chart and we may assume that ((0) = 0. Since o is a
section, i.e., moo(w) = w, it follows that 3(0) is a regular point on the singular fiber
containing 3(0) and thus we have £(0) # 0. Moreover, as ¢ is a non-torsion section,
the proof of Proposition 4.4 shows that if |£(0)| = 1, then £(w) is not constant.

Definition 4.5. If |£(0)| = 1, then we define the Betti multiplicity m. of o at ¢ to be
the vanishing order of £&(w) — £(0) at w = 0. Otherwise, we define m,. = 1.

Remarks. (i) One can check that the number m, does not depend on the choice of
the integer n that appears in the compactifying coordinate charts. (i7) A local curve
on My defined by £ = & with || = 1 is actually the compactification of a local
CUIve 7Yqp ON ./\/l%(k) defined by z = ar + b for some a,b € R, where (7, 2) are the
coordinates descending from H x C. Thus, if ¥ is unramified at w = 0, the vanishing
order of {(w)—£(0) at w = 0 is just the order of contact of ¥ and the compactification
Yap at ¢, which reconciles with the definition of the Betti multiplicity of o at a point
of good reduction.

Now by Proposition 4.4 and the definition above, we have

Corollary 4.6. Let 0 : B — £ be a non-torsion section of an elliptic surface £ given
by some classifying map from B to a modular curve Xpy. Let S:B— PT (M)
be the tautological lifting of the induced map ¥ : B — Mypwy. Then at a point of bad
reduction b € B and for a coordinate chart w € A near b with w(b) = 0,

50 (w) = [ (log [w]) ! ¢ w),
where my, is the Betti multiplicity of o at b and ¢(w) is a non-vanishing local contin-
uous function.
We then have the finiteness for the set of points with higher Betti multiplicity,
which has been obtained by Corvaja-Demeio-Masser-Zannier [CDMZ].

Corollary 4.7 (c.f. [CDMZ]). Let o be a non-torsion holomorphic section of an el-
liptic surface & — B, then there are finitely many points on B at which the Bett
multiplicity is at least 2.
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Proof. When £ is an elliptic surface given by a classifying map from B to a modular
curve X, or Xp,) for & > 3, the corollary follows from Corollary 4.3 and Corollary 4.6.
The general case can then be deduced by a reduction argument similar to that in
Section 4.4. O

4.3 Counting the total Betti multiplicity for elliptic surfaces
with classifying maps

In what follows, we will fix an elliptic modular surface 7x : M := Mpr — X = Xr,
where I' = T'y or I'(k) for some k > 3.

Let m : £ — B be an elliptic surface over a complex projective curve B, given
by a classifying map f : B — X. Let o be a non-torsion holomorphic section of &€
and X : B — M be the induced holomorphic map such that 7x o 3 = f. Denote by
5 : B — PT(M) the tautological lifting of ¥.

Let S := f~}(X \ X°) C B be the set of points of bad reduction on B and R C B
be the ramification locus of f. Let also B, C B\ S be the finite subset of the points
of good reduction consisting of points at which the Betti multiplicity of o is at least
2. Then i99 log ©*¥ is a real-analytic (1, 1)-form on B\ (B, URUS) by Corollary 4.3
and 4.6. As in Section 3.3, we are going to apply Stokes’ theorem with i99 log 2.
The limits of the boundary integrals involved are as follows.

Lemma 4.8. For every b € B,URUS, there exists a local coordinate chart on w € A
on B with w(b) =0, such that

: U oA Swr
113% N %610g2 U=

my — 1, when b ¢ S;
my —1 when beS,

where my, 1, are the Betti multiplicity and the ramification index at b respectively,
and 0A. = {w € A : |w| = €} is given the anti-clockwise orientation.

Proof. 1t b € (B, U R) \ S, by Corollary 4.3, we can choose the coordinate chart w
such that Y*W(w) = |w|?™~")¢)(w) for some non-vanishing continuous function on
A. Thus, the situation is similar to that in Eq.(7) of Section 3.3 and it suffices to

check that 5
lim Jlog ) = lim _¢ =
e—0 OA. e—0 OA. w

By the proof of Proposition 4.2,

0.

) - |
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for some holomorphic function p and real-analytic functions A, a on A such that p,
A, a are non-vanishing in a neighborhood of w = 0. Therefore, we just need to verify
that lir% wy’ (w) = 0, where

w—

— 2
W ——

V() = |\w) ~ = pw)

Since 01’ is easily seen to be bounded in a punctured neighborhood of w = 0, the
desired limit is indeed zero.

If b € S, by Corollary 4.6, we can choose a coordinate chart w such that $*0(w) =
[w[2me =) (log |w|)*!¢(w) for some non-vanishing continuous function ¢(w). As above,
it suffices to verify that

_ )
lim Jloglog |w| = lim Olog | =
=0 Jaa, =0 Joa, log|wl
and 5
lim dlog ¢ = lim 99 _ 0.
e—0 A, e—0 OA.

The first limit is trivial. For the second one, from the proof of Proposition 4.4,
there are two possibilities for ¢. We will verify for one of them and the other is
similar and therefore the detail will be omitted. Using the notations in the proof of
Proposition 4.4, in the case where |£y| # 1, we have

[v(w) — wihi (w) log |w|’
| o (w)[?

$(w) =

for some integer j > 1, holomorphic functions Ay, hy and complex-valued real-analytic
functions v on A such that hy, hy,v are non-vanishing in a neighborhood of w = 0.
Consequently, it suffices to check that lir% wdP’ (w) = 0, where

w—

¢ (w) = [v(w) = whi (w) log wl]|*.

Since the worst possible singularity in d¢” is of order log |w| (when j = 1), so the
desired limit is also zero. [

We are now in the position to prove our integral formula for the Betti-multiplicities.

Proof of Theorem 1.1. Asin Section 3.3, we will apply Stokes’ theorem with 190 log IV

on B, := B\ U Ac(b), where A(b) is a disk of radius € in a local coordinate

bEB,URUS
chart w near b such that w(b) = 0. By Lemma 4.8,

—lim 2185 logS*0 = Z (my —1p) + Z(mb —1)

e—0 T
Be be(B,UR)\S besS
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= > (mp—m)+ > (I=r)+> (my—1)

beB, beR\(SUB,) besS
= 2 (m=1+ 3 (=m)+ (m—1)
bEB, bER\S besS
= ) (mpy—1)— ) _ (r,—1).
beB beB\S

On the other hand, since the restriction of the classifying map f : B — f(B.) C
XY is an unramified cover, by pulling back the bundles, metrics and connections, etc.
from X° to B,, we deduce from Proposition 4.1 and Eq.(5), Eq.(6) of Section 3.3 that

- . 1 1 d
li —00log ¥ = —1i —ffw=— —ffw=——
61—1)1(1) B. 27T Og 77Z} 61_1)18 B. 27Tf w /B\S 27Tf w 27T X0 ’
where d = deg(f). The proof is now complete. O

Proof of Corollary 1.2. Since my > 1 for every b € B, by Theorem 1.1 and Eq.(1) in
the Introduction, we have

B, < §\< 1)+ d(g(x) - 1) + 2=
= bi;m —1) +d(29(X) —2) + dreo(X) _ ;;(Tb —1) —d(g(X) = 1)
= 2€g — 24 dveo(X) — Z(rb — 1) — d(g(X) _e 1) — dVoo (X)
besS
= 29—2+!5!—d(9(X)—1+@)

— 29— 2—deg(f*(Kx ® Sx)?)) + |9
O

In [UU], Ulmer-Urzia obtained the following inequality (after incorporating some
of our notations)

|£BO" < 29 —-2- deg(O*(Q})/B)) + |S‘>

where O is the zero section of £. This inequality is in fact equivalent to Corollary 1.2,
as we have

Proposition 4.9. f*(Ky ® Sx)2 = O*(Q )

Proof. Since £ is obtained by the classifying map f : B — X and £, M are relatively
minimal, it follows that O*(Qg /) = f*(O*(y,x)), Where we use the same symbol
O to denote the zero section of M. Hence, it suffices to prove that

(Kx ® Sx)2 = O" (U x)-
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Let ¢, € X be the cusp corresponding to ioco. Denote a point on H x C by (7, 2).
Recall that there exists a positive number M such that for any 7,7 € H with Im7 > M
and Im7’ > M, the two points 7 and 7’ can be SL(2, Z)-equivalent only if 7/ = 7+ m
for some m € Z. Consequently, there exists some neighborhood & C X containing

O(cs) such that the vector field 5, " H x C descend to UNX". Now using the explicit

z

coordinate charts on the toroidal compactification X given in Section 4.2, it can be
0 0 0

easily checked that — = 27i | —={ == + (== | and so it extends to a non-vanishing
0z o€ ¢

section of QE /X if U is sufficiently small. Thus, we get a non-vanishing section

0
o* (£> of O*(Qﬁ/X) in a neighborhood of ¢,, on X. Moreover, by how SL(2, Z) x Z?

acts on ‘H x C, we deduce that once we have fixed an isomorphism O*(Qﬁo / o) =

T(X%) (c.f. Section 3.2), we have O* (2 ® 0 ) = a2 as local sections near c.,

9z = 0z ar
where a € C is a non-zero constant. Now in terms of the compactifying coordinate
. 0 2w 0
g = e*™/* on a neighborhood U of ¢o € X, we have 7= 1 9%, and so we get a
T q

sheaf isomorphism from O*(Qﬁ/x)\U to (T'(X) ® (—=Sx))|v-

Finally, if ¢ € X is another cusp, we can conjugate everything by some v €
SL(2,7Z) and repeat the previous argument. We have thereby shown that by fixing
an isomorphism O*(Q,7%, x0) = T(X 0), we get a sheaf isomorphism O*(Qﬁ/X) =
T(X) ® (—Sx) and the desired result follows. O

4.4 The case for general non-isotrivial elliptic surfaces

We will now consider a non-isotrivial elliptic surface 7 : £ — B. In order to reduce
the case with classifying maps, we first show that there exists a finite branched cover
v : B" — B, which is unbranched outside the points of bad reduction S C B, such
that the pullback of £ on B’ is birational to an elliptic surface given by a classifying
map.

In what follows, we will fix a modular curve X = Xr, where I' = I'y or I'(k) for
some k > 3. Let mx : M — X be the corresponding elliptic modular surface with
level-k structure.

Proposition 4.10. Let m : £ — B be a non-isotrivial elliptic surface, B C B be
the dense Zariski open subset corresponding to reqular fibers. Then, there exists an
unramified finite cover vy : B,? — B, which extends to a morphism v : By — B
for a complex projective curve By D Bé) such that Bt? is Zariskr open in By, and
such that there exists a classifying map fo : Bé) — X which extends to a morphism
f : Bﬁ — X.

Proof. The elliptic surface £ induces a representation p of the fundamental group
of B in SL(2,Z). Let I'y := p(m(B°)) NT'(k) C SL(2,Z). Since I'(k) is of finite
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index in SL(2,Z), so is p~}(Ty) C m(B°). Thus, this gives a finite unramified cover
v - Bé) — BY. Tt follows that Bj? naturally admits the structure of a Riemann surface
of finite type, and we denote by Bé) C By its compactification to a compact Riemann
surface By, from which automatically we have an extension of vy : Bt? — B to a
holomorphic map v : By — B.

By construction we have a holomorphic classifying map fj : Bé] — X° such that
fiM is isomorphic to v5€. To finish the proof of the proposition, it remains to check
that fo : B — X° extends to a holomorphic map f : By — X. This follows from
an extension theorem of Borel [Bo|, which states that any holomorphic map from a
punctured disk A* to X° extends to a holomorphic map from A to X. We thereby
obtain the desired holomorphic extension f : By — X. ]

Let w : £ — B a relatively minimal non-isotrivial elliptic surface over a complex
projective curve B. Let v : By — B be the finite branched cover and f : By — X be
the morphism into the modular curve X which extends a classifying map fj : Bé) —
X0 given by Proposition 4.10. By our construction of fy and f, there is a relatively
minimal elliptic surface my : & — By which is birational to v*€ and also birational to
f*M (while Sﬁo = &| BY is isomorphic to v3€ and fjM over Bg).

For any non-torsion section ¢ of £, by pulling back with v*, we obtain a non-torsion
section oy of &. Since &; has a classifying map, by Corollary 1.2 and Proposition 4.9,

B, | < 2g; — 2 — deg(Of (U, /p,)) + |54,

where gy is the genus of By and Sy := Bﬁ\Bi?. As both £ and &; are relatively minimal,
there exist neighborhoods U, Uy of the images of zero sections O C £ and Oy C &
respectively, such that there is a fiber-preserving biholomorphism Uy = v*U. From
this we deduce that v*(0* (g, 5)) = O; (g, /p,)- Let g be the genus of B and n be the
degree of v : By — B. Recall that v| BY is unramified and let 75, be the ramification
index of v at a point b; € S;. Then,

B |
n

1 *
(29: — 2 — ndeg(O* () + |S4])

n
Ty, — 1
= 29-2+ Zbﬁes’j;bﬁ ) — deg(O* (%)) + %

= 29— 2~ dea(0"(0h)) + 15,

‘%0’ =

where S = v(S;) = B\ B°.
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