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Abstract

Let Q@ € C™ be a bounded symmetric domain of rank > 2 in its Harish-Chandra realization and
I' C Aut(Q2) be a torsion-free irreducible lattice, X := Q/T" being quasi-projective. By means
of Gauss-Bonnet type integral formulas and ergodicity theory of semisimple Lie groups, the first
author proved that any nonconstant I'-equivariant holomorphic map F' : 2 — D into a bounded
domain D is necessarily an embedding. Here we give a complete proof of the existence of an
extension of F'~! : F(2) — Q to a bounded holomorphic map R : D — C", called the Extension
Theorem, with a proof that relies on Fatou’s theorem on admissible boundary values of bounded
holomorphic functions on B™, noting that the fibers of a Cayley projection of 2 onto one of its
maximal boundary components are images of holomorphic isometric embeddings of some B™. As
applications of a general form of the Extension Theorem we prove the Fibration Theorem for
holomorphic maps f : X = Q/T" — N, in which N is a quasi-compact complex manifold whose
universal covering space N admits enough bounded holomorphic functions, whenever f induces an
isomorphism f, : T — I := 71(N) on fundamental groups, by proving that R(N) C  and that
R descends to a retraction map p : N — X. Furthermore, requiring N to be a bounded domain
D (on a Stein manifold), under the same hypothesis on f, but weakening quasi-compactness of N
to the hypothesis Volume(N, uyn) < 0o, un being the Kobayashi volume form on N, we prove the
Isomorphism Theorem ascertaining that f : X =y Nisa biholomorphism. The novelty in the
proof lies in the use of the canonical complete Kahler-Einstein metric on the hull of holomorphy
D D D and a result of independent interest showing that D — D is a priori of zero Lebesgue measure
under the hypothesis Volume(N, un) < co.

1 Introduction

Let © be a bounded symmetric domain of rank > 2 and I' C Aut(Q2) be a torsion-free irreducible
lattice, X := Q/I". In [15], [17] and [34] Hermitian metric rigidity for the canonical K&hler-Einstein
metric was established. In the locally irreducible case, it says that the latter is up to a normalizing
constant the unique Hermitian metric on X of nonpositive curvature in the sense of Griffiths. This
led to the rigidity result for nonconstant holomorphic mappings of X into Hermitian manifolds of
nonpositive curvature in the sense of Griffiths, proving that up to a normalizing constant any such
holomorphic mapping must be an isometric immersion totally geodesic with respect to the Hermitian
connection.

With an aim to studying holomorphic mappings of X into complex manifolds which are of non-
positive curvature in a more generalized sense, for instance, quotients of arbitrary bounded domains
in Stein manifolds by torsion-free discrete groups of automorphisms, a form of metric rigidity was
established in [19] applicable to complex Finsler metrics, including especially induced Carathéodory
metrics (defined using bounded holomorphic functions). By studying eztremal bounded holomorphic
functions in relation to certain complex Finsler metrics, rigidity theorems were established in [19] for
nonconstant holomorphic mappings f : X — N into complex manifolds N whose universal covers
admit sufficiently many bounded holomorphic functions. A new feature of the findings is that the
liftings F' : £ — N to universal covers were shown to be holomorphic embeddings. (Here and in
what follows by a holomorphic embedding we mean an injective holomorphic immersion, and it is not
required that the image is a closed subset.) The latter result will be referred to as the Embedding



Theorem. In the survey article [20] of the first author, a strengthening of the Embedding Theorem
was stated, as follows.

Theorem 1.1. (The Extension Theorem) Let Q € C" be a bounded symmetric domain of rank > 2
in its Harish-Chandra realization, and Q = Qq X - -+ X Q, be the decomposition of ) into a Cartesian
product of irreducible factors, Q; € C™ in which n; := dim(€;). Let I' C Aut(2) be a torsion-free
irreducible lattice, and X := Q/T be the finite volume quotient (with respect to the canonical metric),
and m : Q — X be the universal covering map. Let N be a complex manifold and 7 : N — N be its
universal covering map. Suppose f : X — N is a holomorphic map. Write F' : Q) — N for a lifting of
f,i.e, ToF = f. Assume furthermore that (X, N; f) satisfies the following nondegeneracy condition:

(%) :  For each k(1 < k <'m), there exists a bounded holomorphic function hy on N and
an irreducible factor subdomain Q) C Q such that hy is nonconstant on F ().

Then, there exists a bounded holomorphic map R : N — C" such that Ro F = idq,.

Theorem 1.1 gives a solution to the Extension Problem in the sense that it gives an extension of
the inverse map of the holomorphic embedding F' : X — N. We note moreover that the proof of
Theorem 1.1 is independent of the fact that F' is an embedding, and it gives an alternative proof of
the Embedding Theorem of [19]. In fact, the existence of R : N — C" such that Ro F = idg implies
a fortiori that F' is injective and immersive, yielding

Corollary 1.2. (The Embedding Theorem) F' is a holomorphic embedding.

A complete proof of Theorem 1.1 for the case of polydisks was given in [20], and a sketch of the
proof for the general case was also given there. The key ingredients in [20] are Moore’s ergodicity
theorem and Koranyi’s notion and existence theorem on admissible limits for bounded holomorphic
functions on bounded symmetric domains.

In this article, we give first of all a complete and a much simplified proof of Theorem 1.1 in which the
use of admissible limits for bounded holomorphic functions on bounded symmetric domains is reduced
by means of Cayley projections to the case where the domains are complex unit balls, which is more
elementary and more familiar to complex analysts. For the proof of Theorem 1.1 we have to show
that the identity map idg = F*R for some bounded holomorphic map R : N — C", n = dim(Q).
This motivates us to consider bounded holomorphic functions h = F*hy, where h; € H*(N), the
vector space of bounded holomorphic functions on N , noting that h can be chosen to be nonconstant
by the nondegeneracy assumption (&). In case Q2 is irreducible (and of rank > 2), a Cayley projection
is determined by a regular (cf. §4.4) pair (®, V) of maximal boundary components (i.e., of rank r — 1,
or equivalently, lying on Reg(d€)). For almost every Cayley projection pew : @ — ® we obtain by
taking admissible boundary values of h € .# := F*H*> (Kf ) a bounded holomorphic function s¢ ¢ on
® such that ﬂgq, = Py ySo,w € Z. By the S'-averaging argument of H. Cartan, we produce from
Po ySe,w a nontrivial linear function on . Writing ) = Go/K, where Gy := Aut(2) and K C Gy
is the isotropy subgroup at 0 € (2, by a K-averaging argument, we show that idg = F*R for some
bounded holomorphic map R : N — C", proving the Extension Theorem.

The Cayley projections pg v are intimately related to nonstandard holomorphic isometric embed-
dings B™ <  constructed in Mok [24] by means of minimal rational curves. Fibers of the Cayley
projections pg ¢ : 2 — ® are holomorphic isometric embeddings of unit balls and the existence of
boundary values sg ¢ for almost every Cayley projection ps g : @ — @ in the above follows from a
generalization of the classical Fatou’s Theorem to the unit ball (special case of Koranyi [6]).

In all the averaging arguments, various group actions are applied to spaces of (vector-valued)
bounded holomorphic functions. Such group actions may produce functions which are not a prior:



inside the original spaces of functions under consideration. To resolve this problem, we observe that
iLqu is invariant under a 1-parameter group of transvections and apply a density result which follows
from Moore’s ergodicity theorem.

As applications of the Extension Theorem, we derive rigidity results on irreducible finite-volume
quotients of bounded symmetric domains € of rank > 2. This includes two principal results, viz.,
the Fibration Theorem and the Isomorphism Theorem, concerning the quotient X = Q/I" of Q by a
torsion-free lattice I' C Aut(€2), as follows. Given a holomorphic mapping f : X — N into a quasi-

compact complex manifold N such that f, : 7 (X) =, m1(N) and such that (X, N; f) satisfies the
non-degeneracy condition (&), we prove that f is a holomorphic embedding and that there exists a
holomorphic fibration p : N — X such that po f = idx, proving the Fibration Theorem (cf. Theorem
7.1). We note that in the special case where N is a compact Kéhler manifold, the method for proving
strong rigidity in Siu [33] using harmonic maps applies to give a proof of the Fibration Theorem,
but our method applies in the quasi-compact case and without assuming N to be Kahler. For the
Isomorphism Theorem (cf. Theorem 7.2), we impose the hypothesis of the existence of a holomorphic

map f: X — N into an arbitrary quotient N of a bounded domain such that fi : m(X) = m1(N)
and such that N is of finite intrinsic measure with respect to the Kobayashi volume form ppy, and

prove that f: X =i Nisa biholomorphism. The novelty in the proof lies in using the existence of
canonical complete Kéhler-Einstein metrics on bounded domains of holomorphy (on Stein manifolds),
a result due to [4] and [28], which allows one to enlarge the complex manifold N = D/I” to a complete
Kaéahler manifold (]/\7 W E) and a result of independent interest showing that D-Disa priori of zero
Lebesgue measure under the hypothesis Volume(N, uy) < oo.

The organization of the article goes as follows. In §2 the boundary component theory for bounded
symmetric domains of Wolf is briefly recalled. It serves to fix notations and recall several basic facts to
be used in later chapters. In §3, the concept of Cayley projections on an irreducible bounded symmetric
domain is introduced, and Cayley projections onto maximal boundary components are constructed via
the use of varieties of minimal rational tangents. The Cayley projection depends on a one parameter
group H C Auty(Q2) of transvections and applies to any pair of maximal boundary components which
are regular in the sense that their topological closures are disjoint. In §4 we consider special product
subspaces P C Q, P =2 A x @/, rank(Q2') = r — 1, in preparation for Cauchy integral formulas for
almost all triples (®, ¥, Z) consisting of a regular pair (®, ¥) of maximal boundary components (¢, ¥)
and a distinguished section Z of the unique special product subspace P(®, V) containing ® and ¥
in its closure. In §5, a well-known S'-averaging argument of H. Cartan is recalled. We will also
discuss a K-averaging argument. In §6, we give the proof of Theorem 1.1 (the Extension Theorem)
relying on averaging over Cayley limits of pull-backs of bounded holomorphic functions by F' : Q — N
In §7 and §8 we give applications of Theorem 1.1 to rigidity problems on irreducible finite-volume
quotients of bounded symmetric domains of rank > 2. In §7 we give statements of the applications,
viz., Theorem 7.1 (the Fibration Theorem) and Theorem 7.2 (the Isomorphism Theorem), discuss
comparison theorems on intrinsic metrics and intrinsic volume forms, and establish a lower bound for
the Kobayashi volume form on a bounded domain. In §8 we give proofs of Theorem 7.1 and Theorem
7.2, especially showing how a lower estimate of the Kobayashi volume form makes it possible to pass to
Kahler geometry by invoking the existence of canonical complete Kéhler-Einstein metrics on bounded
domains of holomorphy.

The current article grew out on the one hand from a self-contained solution of the Extension
Problem made possible by the use of nonstandard holomorphic isometric embeddings of the complex
unit ball via the use of minimal rational curves given by [24], and on the other hand on applications
of the Extension Theorem to rigidity problems on X = Q/I". The solution of the Extension Problem
constitutes a portion of the Ph.D. thesis of the second author written under the supervision of the
first author, while applications of the solution of the Extension Problem are due to the second author.



The write-up of the article was delayed in part since a self-contained and complete proof relying on
[24] was only made available by the thesis of the second author. In the current article, the latter
proof is complemented by a self-contained geometric construction of the Cayley projection, a tool
of fundamental importance for the proof of Theorem 1.1, jointly written by both authors using the
geometric theory of varieties of minimal rational curves, and the full article has been thoroughly and
jointly rewritten.

2 Boundary Structure of Bounded Symmetric Domains

We start with some preliminaries on bounded symmetric domains in part to fix terminology and
notation. We are following essentially [35] and [1].

Let X be the underlying space of an irreducible Hermitian symmetric space (Xo, h) of the semisim-
ple and noncompact type, Gy be the identity component of the group of holomorphic isometries of
(Xo, h), equivalently the identity component of the group Aut(Xp) of biholomorphic automorphisms
of Xy. Then, Xo = Go/K, where K C Gj is the isotropy subgroup at a reference point g = eK € Xj.
Let go be the Lie algebra of Gy, and ¢ be the Lie algebra of K, so that we have the Cartan decompo-
sition go = € @ mg. For a real vector space V we write VC := V ®g C for its complexification. Write
g:= gg and m = mg. Then g = tC@m and g, = €@ img is a compact real form of g. Denoting by z € ¢
the central element that induces the complex structure J = ad(z)|m on Xy as well as on its compact
dual X, we have the corresponding decomposition m = m* @ m™ into (&i)-eigenspaces of J. Write
p = € @ m~, which is a parabolic subalgebra of g consisting of nonnegative eigenspaces of ad(iz).

For Lie subalgebras of g, which are denoted by Gothic characters, the corresponding real analytic
subgroups in G will be denoted by capital Roman letters. By Borel embedding theorem, we have
a holomorphic embedding Xy = Go/K — X = G/P = G./K as an open orbit Gy(z.) C X given
by gK — ¢ -x. , where z. := eP € G/P. The topological boundary of X in X will be denoted
by 0Xo. There is also a complex analytic diffeomorphism of M+ x K€ x M~ = U onto a dense
open subset U C G given by (m™,k,m~) — m*Tkm™, such that U D Gy. This induces the Harish-
Chandra realization of the bounded symmetric domain Q = ¢~1 X, € m*, where the embedding map
£:mt — X = G/P is given by m — exp(m)P . We will study the topological boundary 99 of Q in
mt = C".

Let t be a Cartan subalgebra of €. Then it is also a Cartan subalgebra in gg and g.. The
complexification t© is a Cartan subalgebra of g. Let A = A(g,t®) be a corresponding root system.
If p € A, the corresponding root space is denoted by g,. Then g = o EueA(g,tC) gu- Recall that

g = tC @ m. Either gu C € or gy, C m. If g, C m, then p is called a noncompact root. Denote by AL
the set of noncompact positive roots. We also have m = m*™ @ m™~. Fix a standard choice of ordering
of roots as in [35, Section 3] so that m™ = @{g, : p € AL}

For € A, take h, € it so that 2u(h)/{u, ) = (h,hy). Choose root vectors e, € g, that are
normalized by [e,,e—,] = h,. For each u € Aj\r/[, define x,0 = e, +e_, and y,0 = i(e, —e_,).
Then {x,0,yu0 : 1 € AJT/I} and {z, = 1T,0,Yy = Yo : pt € Aj\r/[} are R-basis of mg and m. = imyg
respectively. Note that the Lie algebra of the compact real form g. = £ ® m.. Two roots 6,9 € A are
said to be strongly orthogonal if and only if 6+ ¢ A. Let ¥ C A?\} be a maximal strongly orthogonal
set, i.e., a set of mutually strongly orthogonal noncompact positive roots of g of maximal cardinality.

For each v € ¥, ¢, := exp(%¥y,) € G defines a partial Cayley transform. If I' C ¥, then cr := [] ¢,.
vyer
To each I" C W, there is a totally geodesic Hermitian symmetric subspace Xr o = Gr,o(z9) C Xo. Note
that 0X( decomposes into Gy orbits of the form Go(cy_rzo) = |J kcy_rXr o, where I' C ¥ and
keK
key_rXr, o is a boundary component of Xy. Each kcy_rXr,o is a Hermitian symmetric space of the

noncompact type of rank |I'|. Here Go(cw_rzo) = Go(cy—xxo) if and only if |I'| = |X|. Thus 90Xy =



EyUFE U --UE,_ as a disjoint union of G orbits E; given by ¢ Ykcy_rXr o = ad(k) ¢ tey_rXr 0.
This also shows that the boundary components of {2 in m* are bounded symmetric domains of rank
IT'|. Identifying Q = ¢ 71Xy € m* with X C X we also write 9 = Eg U E; U---U E,_1. The regular
part Reg(09Q) of 99 is exactly E,_1, which is a union of boundary components of maximal dimension.

For I' C W, the subset Ny_1,0 = {9 € Go : gco—_rXr,0 = co_rXr,0} C Go is the normalizer
of the boundary component cy_rXr ¢ of X in X. The Boundary Group Theorem and Boundary
Flag Theorem [35, p.295, 299] say that Ny_r ¢ is conjugate to Ny_x ¢ in Gy if and only if |T'| = |X[;
and since G is simple, Ny_r ¢ are maximal parabolic subgroups of Gy and any maximal parabolic
subgroups of Gy is conjugate to Ny_r o for some I'. Moreover, there is a K-equivariant fibration
7 : Go(cw—_rzo) = Go/Nw_r,0 = K(cy_rx0) and that K(cy_rxo) is the moduli space of all rank |I'|
boundary components of Xg in S.

In this article we will focus on boundary components of maximal dimension ® C Reg(9Q2) = E,_;.
Note that K acts transitively on the moduli space of ®’s.

3 Cayley Projections

In preparation for the proof of Theorem 1.1 solving the Extension Problem 1.1, we prove in this section
a result constructing bounded holomorphic functions from their boundary values on maximal boundary
components, i.e., from a boundary component lying on Reg(952). For a bounded holomorphic function
continuous up to €2, this is done by composing on the left by a holomorphic projection map first
defined by Koranyi-Wolf, which we call the Cayley projection, accompanying the inverse of the first
partial Cayley transform. In [1, Chapter III, §3], Ash-Mumford-Rapoport-Tai gave a description of
the Cayley projection (which they called the “natural projection”) in group-theoretic terms. To make
our article self-contained and to link up with the nonstandard holomorphic isometries in [24] of the
complex unit ball constructed using varieties of minimal rational tangents, we will present a geometric
construction of Cayley projections with a description of their fibers in terms of minimal disks. For
our purpose we will apply Cayley projections to pull-backs of bounded holomorphic functions on the
complex manifold N by the holomorphic mapping F : 2 — N , for which it is not meaningful to
introduce any continuity assumption up to Q. We will introduce the notion of Cayley limits of such
functions.

3.1 Geometric construction of Cayley projections from varieties of minimal ratio-
nal tangents

To define Cayley projections and describe how they are constructed, we will need some basic theory
on minimal rational curves in the setting of Hermitian symmetric spaces of the compact type, as can
be found for example in [7].

Let Q be an irreducible bounded symmetric domain of rank > 2 and S be the compact dual of
Xo = Q so that Q € C" C S incorporates both the Harish-Chandra realization {2 € C™ and the Borel
embedding Q = X, C S. By the polydisk theorem (cf. [35, p. 280]), there exists a maximal polydisk
P = A" r =rank(Q), embedded into 2 as a totally geodesic complex submanifold, and moreover we

have Q = |J kP.
keK

The maximal polydisk P C €2 is obtained as follows. In the notation of §2, for u € AL write
golp] = Spang{z.0,Yu0,ihu}, which is a real Lie algebra isomorphic to su(1,1), and denote by
Golu] C Gy the associated real Lie subgroup & PSU(1,1) in Gy = Autg(Q2). Let ¥ C A}, be
a maximal strongly orthogonal set of positive noncompact roots, and define the real Lie algebra
g0[¥] = @ {go[¢] : ¥ € ¥}, and correspondingly the real Lie subgroup Go[¥] C Go. Then, the orbit
of 0 = eK under Gy[V] gives a maximal polydisk P C Q. Moreover, writing Hy C Gy for the stabilizer



subgroup of P C 2, then the restriction of Hy to P induces the full automorphism group of P = A".
(In particular, all roots ¢ € ¥ are of the same length. They are in fact all long roots.) By a maximal
polydisk Q C 2 we mean a totally geodesic complex submanifold of maximal dimension biholomorphic
to a polydisk, and it is the complexification of a maximal totally geodesic flat subspace of 2. The Lie
group Gg acts transitively on the set of maximal polydisks on 2.

For any ¢ € U, G[¢]-0 is a totally geodesic holomorphic disk on 2 and they are equivalent to each
other under the action of Gy. In general a factor disk of a maximal polydisk @ C € will be referred
to as a minimal disk, and Gg acts transitively on the set of minimal disks on Q. Given P = Go[¥]-0
and ¢ € ¥, we have go[t)] = Ray o + Ryy, + iRhy C Cey + Ce_y, + Chy, =: gltp] = s1(2,C). Writing
G[¢Y] € G = Autg(S) for the corresponding complex Lie subgroup, the orbit Go[]-0 in £ gives a
minimal disk D(¢), and the orbit G[¢]-0 gives a minimal rational curve £(y)) C S, and D(v) C £(v)
is the Borel embedding. Since G acts transitively on the set of minimal disks, for any minimal disk
D C Q we always have D = /N () for a minimal rational curve £ on the compact dual manifold S of €.

Define

V= U {6 : £ is a minimal rational curve on S passing through :c} CS.

We call V, the cone at x swept out by minimal rational curves and x € V, its vertex. Associated to
minimal rational curves there is also the important notion of the variety of minimal rational tangents
(VMRT) on S at a point € S, to be denoted by %,(S), defined by €,(S) = {[Tx(¢)] : £ C
S is a minimal rational curve passing through z}. Writing T,(¢) =: Cn, [n] € PT,(S) is called a
minimal rational tangent, and 7 € T (.S) is called a minimal rational tangent vector.

V. C S is a projective subvariety singular only at the isolated singularity x € V,. V, may be
described in terms of the VMRT %,(S), as follows. There is a holomorphic P'-bundle \ : & — €,(.9)
with a tautological holomorphic section o : €,(S) — & and a natural evaluation map p: & — S
such that u(A~%([a])) is the minimal rational curve ¢ C S passing through x such that 7, (¢) = Ca.
We have V,, = u(2), where o(%,(5)) is collapsed by p, giving pu(o(€,(S)) = =.

For any point y € V, distinct from x, write ¢ for the minimal rational curve passing through both
x and y. We have Tg|, = O(2) @ O(1)? @ 01. Write P, := O(2) ® O(1)P. Although the Grothendieck
summands are not uniquely determined, the filtration T, C P, C Tgl, is uniquely determined, where
Ty = O(2). We call Py C Tg|, the positive part of Ts|s. From the deformation theory of rational curves
we have Ty (V,) = P;. Note that for a point 2’ € ¢ distinct from x and y, T,(Vy) = P, = T,(Vz). In
other words, the cones V, resp. V,s at x resp. 2’ of minimal rational curves are tangent to each other
at the point y.

We will need to make use of canonical Kéhler-Einstein metrics. In what follows on an irreducible
bounded symmetric domain U € CV we denote by gy the canonical Kéahler-Einstein metrics on U
normalized so that the minimal disks are of constant Gaussian curvature —2. For U = B" we will also
write g, for ggn. Thus, (B", g,) is of constant holomorphic sectional curvature —2.

Denote by R the curvature tensor of (£2,gq). For x € Tp(€2) we denote by H, the Hermitian
bilinear form H,(£,7) := Ryxep- Let now a € To(D) be a unit vector, hence « is a minimal rational
tangent vector of unit length. We have the decomposition of Ty(2) into an orthogonal direct sum of
eigenspaces of H,, viz., To(Q) = Ca & Ha & N, values —2 resp. —1 resp. 0. Then, there exists a
(unique) totally geodesic complex submanifold Qf C Q passing through 0 such that Tp(Qf) = N,
Qf C Q is biholomorphically an irreducible bounded symmetric domain €’ of rank r — 1 embedded in a
FEuclidean space by means of the Harish-Chandra embedding. We have a holomorphic totally geodesic
isometric embedding v : A x ' — § such that

v(Ax {0}) =D and v({0} x Q) =:Q (1)

(cf. Mok-Tsai [26, Proposition 1.7]). A boundary component ® C Reg(9€2) may be taken to be of the
form @ = v({e??} x Q') =: £(#) = Q' for some § € R. In what follows we take the reference boundary



component to be
L =v({1} xQ). (2)

Let o € Tp(€2) be a minimal rational tangent of unit length. We choose Harish-Chandra coordinates
(21322, - Zpt1; Zpt2, - - -5 2n) = (2132';2") with a%i,l < ¢ < n, corresponding to unit root vectors,
such that o = 6%1, and such that the ordering of coordinates (z1;2’; 2”") corresponds to the orthogonal
decomposition C" = Tp(Q) = Ca ® Ho & Ny, Ho = CP, N, 2 C1 1+ p+ g =n. We will call these
privileged Harish-Chandra coordinates.

There is an injective Lie algebra homomorphism sl(2;C) < g corresponding to an embedding of
Dynkin diagrams which restricts to the real form su(1,1) < go. Exponentiating we have a natural
injective group homomorphism

O PSU(l; 1) = Aut(A) — Auto(ﬂ) =: Gy. (3)

The minimal disk A, := Ax {(0;0)} C Q2 is the image of a ©-equivariant totally geodesic holomorphic
embedding ¢ : A — Q of the Poincaré unit disk A into 2. The embedding ¢ extends to ¢ : P — S
(recalling that S D Xy = Q is the compact dual of Q) and we may require ¢(0) = 0 € Q and
t(1) = by := (1;0;0) € X.

For @ € CN and a point 2 € Q we denote by o the involution on Q as a bounded symmetric
domain. A boundary component ® C 0 is an open subset of the smallest affine linear subspace Wg
containing it. Identifying Wg with the complex linear subspace W — Og, where 0g € @ is the center
of ®, i.e., the center of gravity of ® with respect to the restriction of the Euclidean metric from CV, we
may regard & C Wy as a bounded symmetric domain on Wg. For a point y € & we denote by 05 the
involution at y € ®. We also define ' := ¢§}(®) and call it the opposite boundary component of ® with
respect to (the center) 0 € . In terms of the chosen Harish-Chandra coordinates (depending on the
choice of a minimal rational tangent o € Tp(€2) of unit length), and given b = (¢%; 0;w) € ®, w €
we call b’ = (—ew; 0; w) the opposite boundary point of b. Equivalently, the opposite boundary point

can be defined as a&)’ (o§k(b)). (Compare with the description of the natural projection in [1, Chapter

111, §3].) Here o§(b) = (—e*;0; —w), hence 0’&}/(0’8(5)) = 0&/(—6”;0; —w) = (=¥ 0;w) = V. We
will write b = b(w),w € Q'. We have the reference point by = (1;0;0) on ¥ C Reg(92) whose opposite
boundary point is by = (—1;0;0) on X' :=v({—1} x Q).

Let a € Reg(99). Define V, :=V, N Q. Then V, C € is a subvariety swept out by minimal disks,
which we describe more precisely, as follows. Let I be the irreducible component of the Chow space
Chow(S) consisting of minimal rational curves on S. We call £ C Chow(S) the minimal rational
component on S. For x € S, denote by K, C K the projective submanifold consisting of minimal
rational curves passing through z. The tangent map 7, : K; — PT,(S), defined by 7,([¢]) = [T(¢)],
maps C; biholomorphically onto the VMRT %,(S) C PT,(S) as defined in §3.1. For a € Reg(02)
define 9, C K, by 2, := {[f] € Ko : £NQ # 0}, which is a priori a nonempty open subset in the
complex topology. Then V, =V, NQ = [[{{NQ:[{] € Z,} is a disjoint union of minimal disks
Dy := (N Q C Q satisfying a € Dy.

Write 2 = {[{] e K: £NQ #0}. Wehave &, C Z for any a € Reg(02). The space & parametrizes
the set of minimal disks on (2.

Remark 3.1. Strictly speaking we have the moduli space U, of minimal rational curves marked at
x € X, and the universal family p : f — K as a holomorphic P'-bundle, and the evaluation map
p:U — X such that U, := p~!(x), and K, := p(Uy). The tangent map is defined by 7 (u) = [T (¢)] €
PT,(X), where u € U is a minimal rational curve ¢ endowed with a marking at x. Here we are making
an identification of U, with KC;, given that in the case of the Hermitian symmetric manifold X, at any

point x € X we have a biholomorphism p‘u Uy =, K, C K of U, onto IC,.



3.2 Holomorphic isometric embeddings of the unit ball

In what follows we adopt the privileged Harish-Chandra coordinates (z1,--- ,2,) = (21;2; 2”) intro-
duced in §3.1, immediately after (2) above according to Tp(Q2) = Ca @ Ha & Ny, a = 8%1’ and write
zi = x; + v/ —1ly; as usual. Assume a € Reg(9Q), [{] € Z, and ¢ € 0Dy C 0V, be distinct from a. We
have

Lemma 3.2. 9V, is smooth and strictly pseudoconvex at c.

Proof. Since Gq acts transitively on the space 2 of minimal disks on €2, without loss of generality we
may take a = (1;0;0) = b, ¢ to be the unique minimal rational curve ¢y on X passing through 0 € Q
such that Tp(¢) = CB%I, hence Dy = {(21;0;0) : |z1] < 1} = A x {(0;0)} =: Dy. Since the parabolic
subgroup P, of Aut(Dy) — Autg(Q2) = Gy fixing a acts transitively on 9Dy — {a}, we may assume
c=(—1;0;0) = by.

For the cone V, at x swept out by minimal rational curves, from the deformation theory of minimal
rational curves we have T,.(V,) = C% @ Spanc {% 2<i<p+ 1}. On the other hand, ¢ = b)), =

(—1;0;0) is a smooth point of 99, and the line segment Oc is the shortest distance from 0 to 9
with respect to the Euclidean metric (as can be seen from the polydisk theorem), so that T~ (9) is

the orthogonal complement of 8%1’ ie., TR(0Q) = Ra%l @ Re (Span(c {% 2<1 < n}) isometrically.

Now for any point p € ¢ distinct from ¢, TX(V,) D TX(¢) D ]Ra%l, hence V), intersects 0€) transversally
at ¢. For 0 € /N, from the polydisk theorem it follows readily that Vy N 9Q = B™ N 912, so that 9V,
is smooth and strictly pseudoconvex at ¢. Since V, is tangent to Vy at ¢, 9V, is also tangent to 0V
at ¢, hence 9V, is smooth and strictly pseudoconvex at ¢, as desired. O

In order to construct Cayley projections geometrically we will apply the following classical result
of H. Cartan (cf. [29, p.78, Theorem 4])

Theorem 3.3. Let U € C" be a bounded domain, and {v; : 1 < i < oo} be a sequence of automor-
phisms ~y; € Aut(U) such that ; converge as a sequence of holomorphic maps into C", h := tlim vi(2)
—00

uniformly on compact subsets of U. Then, either h € Aut(U), or h: U — 0N2.

We are now ready to construct and describe Cayley projections geometrically. Recall that O :
Aut(A) =2 PSU(1,1) — Auto(Q2) =: Gy is the injective group homomorphism defined in (3). We write
{0, : =1 <t < 1} C Gy for the 1-parameter subgroup of transvections.

Proposition 3.4. Let ¢y € Aut(A) be given by ¢(z) = £5,t € (=1,1), and 0,5 := O(¢). Then,

Py = }gr% 05 exists, and ps, : Q — X is a holomorphic submersion onto the mazimal boundary
component ¥ = {(1;0)} x Q' C 9Q. Ifb € X, then px(xz) = b for any x € Viy = Vy N, where v/
is the opposite boundary point on X' of b € ¥ with respect to 0, ¥ being the opposite boundary of ¥
with respect to 0. Moreover, for each x € ), there exists a unique b € ¥ such that © € Vi, so that
pgl(b) = Vi and the level sets Vi = pil(b),b € X, gives a decomposition of Q into a disjoint union
Q=][{Vy:V eX}=]{Vy :be X}.

Proof. For —1 < t < 1 write 6; := 6;x. Since 6; € Auto(2), by Montel’s theorem, there is a
subsequence {6, }, t, — 1, such that 6;, converges on compact subsets of € to a holomorphic map
p: Q2 — C". Noting that lim;_,; ¥;(z) = 1 for any z € A. Choosing Harish-Chandra coordinates and
the totally geodesic embedding of A — Q as described above, we have p(xg) = by € ¥ C 9Q. (Recall
that we take xg = 0 and by = (1;0;0).) By a theorem of H. Cartan (Theorem 3.3 here), we know that
p: Q= 00.

In what follows, by a holomorphic arc in C™ we will mean the holomorphic image of the unit
disk under a nonconstant holomorphic map. Let z € © and assume that p(z) # p(zg) = bp. There



is a holomorphic map f : A —  such that z9 = f(z0) and x = f(z1) for some zp,z1 € A, i.e.,
xo and z are connected by the holomorphic arc f(A). Since p(f(z1)) = p(z) # p(xo) = by, the
holomorphic map po f : A — C¥ is nonconstant, and p(xg) and p(z) are contained in the holomorphic
arc p(f(A)). Recall from [35] that a boundary component is exactly a holomorphic arc component,
meaning that if two points are connected by a finite chain of holomorphic arcs, then they belong to
the same holomorphic arc component. Hence, for any point x € €, we have p(z) € X.

From the construction, 8; € Auty(£2) = Go,t € (—1,1), is a 1-parameter subgroup of transvections
of Q. From the natural embedding Gy < G = Auty(.5), each ; extends to an automorphism of the
compact dual S. Since any automorphism g € Aut(S) preserves the set of minimal rational curves on
S as a set, we have j(V),) = Vyp) for any p € S. In particular, we have 1(),) =V, whenever u(p) = p.
Now let b € ¥ and let b’ € X' be the opposite boundary point with respect to 0. Then, for t € (—1,1)
we have 6,(0/) = V', hence 0;(Vy) = Vy, and 6,(Vyy) = 0:(Vy N Q) = 6,(Vy) NO() = Vy NQ = Vi, so
that {6, : t € (—1,1)}, restricted to Vi, acts as a 1-parameter group of automorphisms of Vi .

Now for b = (1;0;w) € ¥ we have 6;(z1;0;w) = (12;;"/1;0; w), hence p(0;0;w) = }E}} 0:(0;0;w) =

(1;0;w) = b € ¥. By Lemma 3.2, 9V} is smooth and strictly pseudoconvex at b. Hence there exists a
local plurisubharmonic peak function at b for dVj,. In other words, there exists an open neighborhood
U of b on Vy, and a plurisubharmonic function ¢ on U such that ¢(b) = 0 and ¢(x) < 0 for any
x € UN Vy. Pick now any point y € Dy = A x {(0;0)}. Since p(y) = b, on some open neighborhood
W of y, ¥(p(2)) is defined and plurisubharmonic, and it takes a maximal value at y, implying that
Y(p(z)) = 0 for any z € W, so that p(z) = b for z € W as ® is a local peak function at b. Hence,
p(z) = b for any z € Vi by the identity theorem for analytic functions. In other words, Viy C p~1(b).

We claim that for any = € 2 there exists some b € 3 such that x € V}y. Since G acts transitively on
Q, there exists 5 € G such B(z) = 0. Consider the maximal boundary component 5(X). By Wolf [35],
K C Gy acts transitively on the set of all boundary components of the same rank, hence there also exists
k € K such that x(5(X)) = X. Then v := k8 € Gy is an automorphism of  such that v(x) = 0 and
v(X) = X. Since the origin 0 € Q and the boundary point b = (—1;0;0) € 9D x {(0;0)} C Reg(9)
belong to the same minimal rational curve, we have z € V,-1(_1.0,0), 1.€., there exists a point b € X
such that € Vi := Vy N Q for the boundary point b’ opposite to b with respect to 0.

Note that p
3. Up to this point p = lim 6, depends on the choice of the sequence ¢, — 1. Note that any point
n—oo

o Q) =y Thus, p: © — X is surjective, and p is a holomorphic submersion onto
0

x € § belongs to V; for a unique b € ¥, we must have lim 6; (x) = b for any choice of ¢, — 1 and
the limit p does not depend on the choice of the sequeng: ff;n} It follows in fact %gr% 0 = p.

Finally, for distinct points by, by € X, we have Vi NVy, = 0 since p(Vyy) = {b1} # {b2} = p(V3,). It
follows that p~!(b) is exactly equal to Vi, and we have a decomposition of 2 into a disjoint union of

level sets Vi, b’ € ¥/, of Q, I/ being the opposite boundary point with respect to 0 of b € 3, as desired.
The proof of Proposition 3.4 is complete. 0

Remark 3.5. For the proof of Viy C p~1(b), the function z1 = Re(z1) is in fact a global peak function,
as follows from the proof of [25, Lemma 2.2.2]. Also, Vi C p~1(b) follows from the nonexistence of
holomorphic arcs on 9V passing through b and from a slight generalization of Cartan’s result used
in which the bounded domain is replaced by a nonsingular bounded domain on a Stein space, which
follows from the proof of the said result in [29].

When € is an irreducible bounded symmetric domain of rank > 2, beyond Proposition 3.4 the
subvarieties V, C  play an important role in this article. By [22] we have

Theorem 3.6. For any point a € Reg(0N), (Va, galv,) is biholomorphically isometric to the complex
unit ball (BPT, g,41).



We examine now holomorphic isometries 6 : V, =, BP*! for an arbitrary given point a € Reg(0f2).
For [{] € 2, ie., [{] € Kand {NQ # 0, Dy := LN C Qis a totally geodesic holomorphic
isometric image of the Poincaré disk. Moreover, from the monotonicity of holomorphic bisectional
curvatures (Dy,galp,) <= (Va,galv,) is also totally geodesic. Hence, writing Ay := 6(Dy), we have
(Ar, gpt1la,) = (Bp+1,gp+1). Writing 6, := 0|p,, we have 6, : Dy =, Ag, Ay C BPFL s also
totally geodesic, i.e., Ay is a minimal disk on BP*!, equivalently the nonempty intersection of a
projective line on PPT! with BP*!. Regarding the boundary behavior of the holomorphic isometry

0: (Va,9alv,) =, (Bp“,gpﬂ) near the vertex a of V, we have,

Proposition 3.7. For every [{] € D,, 0; extends to a biholomorphism 9? A= A, where A C PPT!
is a projective line and Ay C A is the Borel embedding. There exists u € OBPT! such that Gg(a) =u
for every [{] € D,. Moreover, defining &V, = [[{0D¢ — {a} : [{] € Du}, 0 : V, =, BPHL extends
holomorphically to a biholomorphism 6% : W =5 U where W is a neighborhood of Va]_[ﬁbVa in S
and U is a neighborhood of BP*t — {u} in PPT1. PFurthermore, ‘9u|va]_[abva extends continuously to
ot .V, — BrtHL,

Proof. From the standard embedding PSU(1,1) < PSL(2; C) the isomorphism 60|, : D, =5 Ay extends
to a biholomorphism 05 . ¢ =5 A from the compact dual £ of D, to the compact dual A of A,.

For [{] € D,, write u(f) := 02((1). We proceed to prove that u(¢) is independent of /. Let
[01], [l2] € 2, be distinct. For i = 1,2 let ~; : [0,00) — Dy, be a geodesic ray such that tlggo 7i(t) = a.
Write 0;(t) := d(7:(t)) for the Euclidean distance from ~;(t) to 9. Considering the inclusion map

v BY(yi(t); 6;(t)) — Q. From the Schwarz lemma applied to the inclusion map ¢ and the canonical
Kéhler-Einstein metrics, we have

(t): There exists C' > 0 such that go(vi(t)) < 5i8)2d82,

where ds? stands for the standard Euclidean metric. Moreover, connecting ¢; to ¢» through a smooth
family {£(s)}o<s<3 of minimal rational curves belonging to %,, ¢; = £(i) for i = 1,2, and hence obtain-
ing a smooth 1-parameter family of geodesic rays s : [0,00) — Vi, Image(ys) C Dy, tlgglo vs(t) = a,
the estimate () remains valid for 7, for some constant C' > 0 independent of s € [1,2]. It follows by
estimating the length of the curves p; : [1,2] — V, defined by pu(s) = 7s(t) that there exists C' > 0
such that Length(Image(u:)) < C for t € [0, 00).

Suppose there exist [¢1], [(2] € Z, such that u(¢1) # u(f2). Then, o; := 0.(7;), i = 1,2, are geodesic
rays on Aj resp. Ag such that tlgIolo d(o1(t),02(t)) = oo from the estimate gp1(y) > Wﬁf’il) for some

constant ¢ > 0, where d stands for distances on (IB%p“; ng), contradicting with the uniform bound
Length(6.p;) = Length(p;) < C’ for t € [0,00), proving by contradiction that u(f) = u for some
u € OBPF! and for all [{] € Z,.

For the existence of neighborhoods W o V, [[8°V, and U > BP*! — {u} such that a holomorphic
extension 0% : W — U of 6 exists, it suffices to take W = [1{¢:[f] € Z,} and U = PP — H where
H c PPt is the projective hyperplane passing through u such that H is tangent to OBP*! at the
point u, given the existence of Gg . ¢ =5 A as established above. It remains to prove that Oﬁ‘va L[&°Va
extends continuously to 61 : V, — BP+1,

Writing 0%V, = V, — {Va]_[abva} = 9V, — &V, we claim that the extension 6 defined by
GT‘E)W@ = u is continuous. Letting {1 }i<k<co be a sequence of points on V, ]_[BbVa such that z; —
¢ € 9V, we have to prove that 6%(z;) — u. Given any point p € dDy — {a} C &"V,, there exists
x € Dy such that [|0%(z) — 6%(p)|| < —, hence we may assume that z; € V, for k > 1. Suppose on
the contrary 6(x;) — u/ # u. Since 6 is in particular proper, we have u/ € OBP*!, hence u' = 6%(b)
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for some b € 3"V, and there exists a neighborhood O of b in V, such that 0o : O =5 O for some
neighborhood O’ of u’ in CP*!. We have 6*(ONV,) = O'NBPT!. We may assume that 6(x;) € O’'NBP+!
for £ > 1. Since 6 is bijective it follows that x € O NV, and hence x; — b, contradicting with the
assumption that zy — ¢ ¢ OV, proving the claim and completing the proof of the proposition. ]

Remark 3.8. There is a unique maximal boundary component IT C Reg(0f2) which contains a given
point a € Reg(92). Writing Sy for the Zariski closure of IT in S, Sy is the compact dual of II, and
IT C Sp is the Borel embedding. Define V! C Sy as the cone on Sy swept out by minimal rational
curves on Sy containing the point a, and defining V] := V! N1I, it can be proven that the topological
boundary 9V, in CV is the disjoint union of 9"V, and V.

Proposition 3.4 allows us to prove Theorem 1.1 (the Extension Theorem) by avoiding the technically
more difficult harmonic analysis for higher rank symmetric spaces (cf. Kordnyi [11], [12]) and use
instead Fatou-type results much more familiar to complex analysts for the rank-1 case of the complex
unit ball, and this will be the starting point of the next subsection.

Let & C Reg(0f2) be a maximal boundary component. Then, there exists £ € K such that
¢ = kX. If we define 0 ¢ := ketgkil, then we obtain pg := }ES 010 = kpx.k~!, which is a holomorphic

submersion pg :  — ®. With the boundary component &' = 0&(@) opposite to & with respect to 0

as defined, Proposition 3.4 remains valid with ¥ being replaced by @, ps being replaced by pg and
b € ® meaning the opposite point of b € ® with respect to 0 as defined by &’ = 062(1) (ol ().

Definition 3.9. The holomorphic submersion p = py : 2 — ¥ in Proposition 3.4 onto ¥, or more
generally p = pg = kpsk™!, p: Q — ® as in the last paragraph, is called a standard Cayley projection.

Remark 3.10. In [1] the standard Cayley projection was called the canonical projection, and it was
described in group theoretic terms. The properties of the standard Cayley projection as described in
Proposition 3.4 can be captured from [1, Chap. III, §3].

We proceed to describe more general Cayley projections pg . : 2 — ® depending on the choice of

a maximal boundary component ® C Reg(0f2) and the choice of an appropriate point ¢ € Reg(952).

The standard Cayley projection is the special case where, taking some point b € ®, ¢ is taking to be

its opposite point b’ € ® on the opposite boundary component ® with respect to 0 as defined above.

Recall from (1) that the construction of the standard Cayley projection starts with a holomorphic
totally geodesic embedding

v:AxQ —=Q (4)

where the image passes through the origin. Denote by
v Aut(A) x Auto(Y) — Go (5)
the group monomorphism accompanying the embedding v : A x ' — Q. We have

Lemma 3.11. Let now a,c € Reg(df) be distinct points. Let ® resp. U be the unique mazximal
boundary component containing a resp. c. Assume that there exists [] € & such that both a and c lie
on the boundary circle of the minimal disk Dy = £ N Q. Then, there exists g € Gy such that g3 = @,
g% =¥, g(a) = by = (1;0;0), g(c) = by = (~1;0;0).

Proof. Since Gq acts transitively on the set of all minimal disks on €, there exists p € Gg such that
w(Dy) = v(A x {0}) =: Dy. In terms of privileged Harish-Chandra coordinates we have

0Dy = {(ew;();w) :QE]R{,wGQ’} : (6)
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For € R write $(0) = v ({€?} x ). Since £(6) is the unique maximal boundary component passing
through (e?;0;w) € 0Dy, we have pu(®) = X(#;) and u(¥) = () such that e # 2. Since
Aut(A) acts doubly transitively on 0Dy there exists A € v (Aut(A) x {idq/}) such that A(2(61)) = X
and A\(X(f2)) = ¥'. Thus, writing v = A o g we have y(®) = X and (V) = X'. Since v(Dy) = Dy,
we have y(a) € 9Dy N X so that y(a) = by = (1;0;0). Similarly, we have v(c) € Dy N Y’ so that
y(a) = by = (—1;0;0). Putting g = !, we have established the lemma. O

In the notation of Lemma 3.11, define now & := gf;xg~'. Then, {&} 14«1 is a 1-parameter

group of transvections on () such that & converges as t — 1 to a holomorphic submersion o :  — ®.
We may write § =: 0; ¢ . and o =: ps ., which will be referred to as a Cayley projection. Clearly, &
and o are determined by ® and the unique boundary component ¥ containing c. We may therefore
also write the Cayley projection as pg v, and 0; ¢ . as 04 v, noting that pe = po ¢

If u € Gy satisfies uX = X, uX =3/, then u = v(n, ) for some n € Hy and ¢ € Auto(Q'), where
Hy={¢: —1 <t < 1}. We have v(Hy x {idoy}) = H, v({ida} x Auto(Y')) =: G}, and H commutes
with Gj. Thus for u = v(n, @), by sut = 0y 5 s, where € = v(n,idgy) € H and by 55y € H
so that they commute with each other, and uﬁt,ggu*l = 0,5 5. Now if the pair (®,¥) is given, and
g1, go are such that ¢;3¥ = @, ;X' = ¥ for i = 1,2, we must have go = g1u for some u preserving both
¥ and ¥ as in the above. Since u preserves 0, x5y for t € (—1,1), we deduce that 6; ¢ v = g@t,ggg*l
is well-defined independent of the choice of g satisfying ¢ = X, g%’ = ¥/, hence also the Cayley
projection pg v : 2 — @ is well-defined.

Noting that by convention 0y, = fx, 5y and py = px s, we have proven

Proposition 3.12. The analogue of Proposition 3.4 remains valid when the pair (b,b') is replaced by
(a,c), 05 is replaced by O 0w, and ps, : Q — X is replaced by pow : Q@ — .

We reformulate the requirement on the pair of points (a,c) on Reg(0f2) as a property (%) on the
pair (®,¥) of maximal boundary components, as follows.

(%): There exists some point (a,c) € ® x ¥ such that a € 9"V, N .

When the pair (®, ¥) of maximal boundary components of 2 satisfies the condition (%), we will simply
say that (®,¥) is a pair of maximal boundary components for which pg v can be defined. It will be
shown in §4.4 that the condition (%) is equivalent to the condition ® N ¥ = ().

3.3 Admissible limits in relation to Cayley projections

3.3.1 Admissible limits for B"

We will need the notion of admissible limits in B™ in the sense of Kordnyi [10, 11] (cf. [30, section
5.4]), which will be recalled as follows.

Definition 3.13. For a« > 1 and £ € 0B", let Dy (§) := {z € B" : %@?‘ < §}, where (-,-) is the
standard Hermitian inner product. Let f be a complex-valued function on B™. We say that f has an
admissible limit (or boundary value) A € CU{oo} at &, or that f converges admissibly to A at & if for
any o > 1 and any sequence {p,} C Dq(&) such that p, — £ as n — oo, we have lim,, ¢ f(pn) = A

Combining [6] and [10], we have the following generalization of the classical Fatou’s theorem:

Theorem 3.14. Let f be a bounded holomorphic function on B™. Then f converges admissibly to
some bounded function g € L>(9B"™) almost everywhere on OB"

Suppose {n;} C Aut(B") is a 1-parameter subgroup of transvections. It follows from the theorem of
Cartan (Theorem 3.3 here) and the strong pseudoconvexity of B” that a subsequence of {rn;} converges
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uniformly on compact subsets to a constant function 7 : B™ — {{} C 9B". Let p € B". We claim
that the trajectory {n:(p)} lies inside an admissible domain. First note that D, () is invariant under

unitary transformations, so we only need to consider the boundary point £ = e; := (1,0,...,0) € IB"
and n(z) = (13—11-;52’ vli;;fZQ,..., Vli;;fzn), (0 <t<1),forz=1(21,...,2,) € B". Write w =
(w1, ...,wy) =n(z). Note that
1—w,61 1—w1 1+t2:1 1—2’1 1—21
1wl _-wl _reli-al g, sl
1—|wl 1—|w| 1+t 1— |z 1—|z|

where 3 is positive continuous on [0, 1] x A. For each fixed p = (p1,...,pn) € B", there exists M,, >0
such that 8(t,p1) < M,, < co. So

1—

If f is a bounded holomorphic functions, then }m% n; f(z) exists provided that the admissible limit of
_>
f exists at e;. Now for each £ € OB", one obtains a corresponding 1-parameter subgroups {n.¢} C

Aut(B"), for which a convergent subsequence converges to the constant map ne : B" — {£}. Theorem
3.14 says that %m} Ny ¢f(2) exists for almost all £ € OB".
ﬁ k2

3.3.2 Cayley limits

Let Q be a bounded symmetric domain of rank r > 2, and (®,¥) be a pair of maximal boundary

components, by Proposition 3.4 and the paragraph preceding Definition 3.9 we obtain the Cayley pro-

jection %m{ Orow = pa,w : Q2 — O, where {0; o v} C Aut(2) is a 1-parameter subgroup of transvections.
—

In analogy to the notion of admissible limits on B", we have

Definition 3.15. Let h be a function defined on a bounded symmetric domain € of rank r > 2.

Let {0:aw}-1<t<1 C Aut(Q) be the 1-parameter subgroup of transvections as defined in §3.1 so

that }mi Oro0 = pow : Q — @ is a Cayley projection. Then, for each point z € Q, we write
—

how(x) = %m{ 05 o yh(x) = }mq h(0:o(x)) if the limit exists, and call it the Cayley limit of h at x
— IS} —
with respect to pp . We say that the Cayley limit he ¢ exists on Q if he ¢ = %HI% 07 ¢ ¢h in the sense
% b b

of uniform convergence on compact subsets of Q.

Recall from §2 that the moduli space of boundary components ® C Reg(9S2) = E,_; is of the form
Go/N for some maximal parabolic subgroup N C Gy.

Let (®,¥) be a pair of maximal boundary components for which pg v is defined, in which case
(®,0) = (g%, 9Y') for some g € Gy. As in the description preceding Proposition 3.12, we write
& = gbg !t = Or0w for t € (—1,1) and for the 1-parameter subgroup {6;}_1<t<1 = © C Gg of
transvections. We have

Lemma 3.16. Fiz h € H>*(QQ). Suppose (®,V) is a pair of mazimal boundary components of ) for

which pe w is defined. Writing PV.Nd =: {a(c)} assume that the admissible boundary values hi(c) .

and h*

ea(c) both exist for almost all c € W. Then, for every point ¢ € ¥ the admissible boundary values

R and hF both exist. Moreover, hew := limho & exists in the sense of uniform convergence
(Z(C),C C,CL(C) ’ t—1

on compact subsets of 2, given by iL(p’\p = p;q,qu,, where s v € H>®(®) is given by s¢ w(a) = hgvc,
for @V.N® = {a}.
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Proof. Since the Cayley projection ppw can be defined, there exists g € G such that (®,V) =
(9%, 9Y). Re-coordinatizing € by re-labelling g-2 as z, without loss of generality we may assume
(P,0) = (X,%).

By assumption, for almost all ¥'(w) = (b';0;w) € ¥', the admissible boundary value hg(w)7b/(w)
exists. Since any subset of full Lebesgue measure of ' is necessarily dense in ' we can find a dense
sequence of points {wy fo<k<oo on € such that hlﬁa(wk),b’(wk) exists for k € N. Fix w € Q' and let {z,}
be an arbitrary sequence of points on Vj(,) converging admissibly to b(w). Write 2z, = (243 23 w) in
privileged Harish-Chandra coordinates.

Let now {w,(;)} be a subsequence of {wy} such that w,(;) converges to w. By the standard 3e
argument in the proof of Montel’s theorem involving Cauchy’s estimates for first derivatives, comparing
h(ze) = h(z;; zp; w) with h(z); 253wy x)) we conclude that h(z) is also a Cauchy sequence and hence the

admissible boundary value h?)(w) b (w) also exists. It follows that for any admissible sequence of points

(24; 253 w) on Vi (w)> and defining hy(w) := h(z}, z), w) we must have hy(w) converging to sy s (b(w))
for 55,5 (b(w)) 1= B (-

Hence, for every point zy € 2, and for any sequence t, € (—1,1) such that ¢, — 1 we have
%gri h(0:,(z0)) = hg(wo),b’(wo) where b(wg) = (1;0;wo) = ps s (20). For a polydisk A"(zg;€) € Q, with
polyradii (e,--- ,€), € > 0, expressing the holomorphic function h(6;,(z)) in z for z € A"(zp;¢€) in
terms of the Cauchy integral of its restriction to the distinguished boundary JA™(zg; €), by dominated
convergence and by covering 2 by such polydisks with variable € > 0 we conclude that h(6,(z))
converges uniformly on compact subsets to a bounded holomorphic function of the form hy; s (2) =
sy v (pnsy(2)), where sy sy (b(w)) = hg(w) W (w)’ implying at the same time that sysy : ¥ — Cis a
bounded holomorphic function since sy sv(b(w)) = iALz,E/(O; 0; w), where b(w) = (1;0;w) € X, b (w) =
(—1;0;w) € ¥'. Since the arguments work for any choice of t; — 1, we conclude that %m% O;h =

ﬁ
P55, 5x s uniformly on compact subsets of Q.

Finally, when ¢ — —1 the above arguments show verbatim that h(&(z)) converges admissibly to

Py s8sv 5 (b (w)) where sy 5 (b (w)) == h?)’(w) b(w)- Lhe proof of the lemma is complete. O

On a metric space (M,d) we say that two curves 7; : [0,00) — M are asymptotically coinci-
dent if and only if the following holds true: As s — oo, there exists s’ depending on s such that
Slg]cf)lo d(y1(s),v2(s")) = 0, and the same holds with v; and ~, switched.

Given a holomorphic function A on 2, a pair (¢, ¥) of maximal boundary components for which
the Cayley projection ps v is defined, and given a € V., c € ¥/, in principle the admissible boundary
value hg7c of hly, at a depends on ¥. From estimates on intrinsic metrics we have nonetheless the
following result.

Proposition 3.17. Let [®] € Go/N, and [V1],[¥2] € Go/N — {[®]} for which Cayley projections
pi == paw,, 1 = 1,2, are defined. Suppose a € ® and c; € V; for i =1,2. Assume that, for i = 1,2,
klim & h exists for all sequences {Tk }o<k<oo 0N Ve, converging admissibly to a, and denote the common
—00 -
limit (for i fized) by hg,ci(b). Then, hg,cl = hgm. As a consequence, in the conclusion of Lemma 3.16
we have %Hri Ofh = ph ¢So for se € H>®(P) independent of the choice of V.

% K

Proof. For i = 1,2 we have in particular %m% h(0t.0,v,(0)) = hﬁ’ci. There is a unique minimal rational
%

curve £; belonging to 7, such that ¢; € £;. Write D; := Dy, = £; N Q. Writing 7;(s) := 04(4),0,v,(0),

where the geodesic distance between 0 and ¢(s) on the unit disk A endowed with the Poincaré metric is

equal to s. Then, v; : [0,00) — € is a geodesic ray parametrized by arc length such that lim ~;(s) = a.
$§—00

Denote by dgq the distance function on (€2, go). We claim the validity of the following statement ().
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(b): The two geodesic rays v; and 7, are asymptotically coincident.

By Theorem 3.6 and Proposition 3.7, we have a biholomorphism 6 : V, =, BP*! which extends
to a continuous mapping 67 : V, — BP+l. Moreover, 67 ’E extends to a biholomorphism from /;

to the minimal rational curve A; C PP*! containing A; such that, assuming ¥; # W,, we have
A1 N Ay = {u} for some point u € BPHL. Denote by dy, the distance function on V, with respect to

galv,, and by ¢ the distance function on (IB%pH,ng). Since 0 : V, = BP+L, for z,y € V, we have
do(x,y) < dy,(z,y) =6(0(x),0(y)). Thus, to prove the claim (b) it suffices to show the validity of (4),
as follows.

(#): For any point u € OBP*!, any 2 geodesic rays p; : [0,00) — BPFL i = 1,2, converging to u must
be asymptotically coincident.

Note that p; must lie on a unique minimal disk A;.

Any two geodesic rays v and v/ on the upper half plane H converging to some point p € OH must be
tangent to each other at p. Given that on H the Poincaré metric is given by dsg{ = mRe(dT@)cﬁ),
it follows readily that v and v/ are asymptotically coincident. Thus to prove the claim (f), it suffices
to prove its validity for specific choices of geodesic rays p; : [0,00) — A;.

The real unit ball ]E%f{rl = BP+! N RPT! is the fixed point set of the isometry with respect to
(BpH, gpﬂ) defined by z — Z, and it is thus a totally geodesic submanifold. We may assume v = e1 :=

(1,0,---,0) € 813%“, and that, writing II; for the complex affine line containing A; we have II; = Ce;,
T, (II3) = C(1, B2, - - , Bp+1). Applying a unitary transformation in the variables (22, - - , 2p+1) we may
assume that (82, -, Bpy1) € RP.

Now for i = 1,2 the intersection L; := A; N RPT! of two totally geodesic submanifolds is a totally
geodesic curve on (IBBPH, gp+1). As a set L; is an open line segment on RP*!. Choose now the geodesic
rays p; : [0,00) — BPT! such that j;(]0,00)) C 4; C IB%]%H and such that 1i>m 1i(s) =e;. On IB%%H we

S o

have gp+1|B§+1 = ﬁdaﬁ + ﬁdr2 in terms of spherical coordinates, where dag is the spherical

metric on the unit sphere SP = 8]13%%“. For e sufficient small £; N 818%{51(0; 1 — €) is a unique point
x;(€). There is a smooth curve A(e) joining x;(€) to za(e) on the sphere 815%%“(0; 1 — €) such that
A(e) is of Euclidean length < Ce for some fixed C' > 0. On the other hand, since the restriction
of gp+1 to the sphere 813%%“1(0; 1 —¢€) is given by ﬁdaﬁ for some constant C’ > 0, we must have
Length (A(€); gp+1) < C”\% = ("y/e = 0 as e — 0, from which it follows that for 0 < s < oo there exists
s’ such that d(u1(s), u2(s’)) — 0 as s — oo, and the same is true when p; and po are interchanged.
Hence, 1 and po are asymptotically coincident on BP!, proving the claim (f).

We proceed now to deduce that the admissible boundary values hﬁ,cl = hﬁ,CQ. We have h(~;(t)) —
hﬁ,ei (b) for i = 1,2 by assumption. As s — oo choose now s’ depending on s so that dg(v1(s),v2(s")) =
€(s) = 0 as s = oo. Writing I's : [0,€(s)] — Q for the geodesic curve parametrized by arc length
joining v1(s) to y2(s’), for some constant C' > 0 we have

€(s)
h(’72(3/)) —h(yi(s)) = /0 dh, hence

[h(72(s") = h(m1(5))] < €(s)sup {|dh(T(t))] : ¢ € [0, €5]} < Cre(s) = 0

(7)

as s — 0o, where we have |dh(I,(t)] < Cy for some C; > 0 as a consequence of the Schwarz lemma
applied to the map h : (Q,9q) — (A(R);QA(R)) assuming h(Q) C A(R), and ga(p) is the Poincaré
metric on A(R) of constant Gaussian curvature —2. From the choice of s’ clearly s’ — 0o as s — oc.
Hence from (7), we have hgcl = hgm. Taking a € ® such that a € V., N°V,,. From sg y,(a) = hg,cl.
fora € 8chi,z’ = 1,2, and hg,cl = hEW whenever both admissible boundary values at a exists, it follows
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readily that s v, = s$,w, as holomorphic functions on ®, and we may write s¢ = s¢.v, = So,v, as
given in the proposition, as desired. The proof of Proposition 3.17 is complete. O

Remark 3.18. Although Proposition 3.17 is not needed for the proof of Theorem 1.1, we deem it
interesting to include the statement and its proof for its intrinsic value. It also serves to justify the
notation s¢ in place of s¢ v.

4 Parametrizing S'-families of Cayley Projections

4.1 The universal space

In order to parametrize all Cayley projections we consider first of all the set of all varieties V. swept
out by minimal disks with vertices at ¢ € Reg(992). For a set A we write D(A) := {(a,a) : a € A} for
the diagonal of A x A. Let

S :={(a,c) | c € &V, — {a}} C Reg(8Q) x Reg(dN) — D(Reg(dQ)).

Recall from §2 that the Gg-orbit consisting of all rank » — 1 boundary components is exactly E,_; =
Reg(09). Any boundary component of rank r — 1 is biholomorphic to a fixed irreducible bounded
symmetric domain Q' of rank » — 1. Such boundary components will also be referred to as maximal
boundary components of 2. The moduli space of maximal boundary components ® C Reg(0f2) is a
compact Gp-homogeneous manifold, hence there is a maximal parabolic subgroup N C Gq such that
we have the fibration

7 : Reg(9Q) — Go/N, 7 Y (gN)=. (8)

Note that the fiber dimension of 7 is equal to dim(Q)') = 2¢, so that dim(Gy/N) = dim(Reg(d9)) —
dim(Y) =(2n—1) —2¢ = (2(p+ ¢+ 1) —2¢ = 2p+ 1. Here and in what follows “dim” means dimp.
Using the projection of the second factor in S, we get the following fibration:

T 1 S = Reg(0Q), m;'(c) =0V, = 9BPH! — {u},u € OBPH, 9)

where the latter isomorphism is a CR diffeomorphism between strictly pseudoconvex CR manifolds,
cf. Proposition 3.7. Note that a € 8V, if and only if a and ¢ lie on the boundary of a minimal disk
Dy = QN ¢ belonging to 2, hence it follows that a € 8V, if and only if ¢ € 8°V,.

We have dim(S) = dim(Reg(df2)) + dim(0BP*!) = (2n — 1) + (2p + 1) = 2n + 2p. On the other
hand we have a projection o : S — Go/N defined by o(a,c) = [®] € Go/N where ® C Reg(9NQ) is the
unique maximal boundary component containing a. We have o~ ([®]) = {(a,¢) : a € ® N 5"V, }, hence
the fiber dimension of ¢ is 2¢ + 2p + 1, since for every ¢ € 8V, we have a € 8’V,. The base dimension
of o is dim(Go/N) = dim(S) — (2g+2p+1) = 2n+2p) — (2g+2p+1) =2(n—q)+1 =2p+1,
which coincides with the computation of dim(Gy/N) obtained using 7 : Reg — Go/N.

Let h be a bounded holomorphic function on €. For a point (a,c) € S. Let ® resp. ¥ be the unique
maximal boundary component containing a resp. c. From Proposition 3.7, we have 6% : V, Hab% =
Br+1 —{u} for some point u € IBPT!. We consider the restriction of h to V., and we write hﬁa,c =XeC
to mean that (9~')*h has an admissible boundary value equal to A at the point 6%(b) € OBPT! — {u}.
Given (a,c) € S, for any point « € V,, ps w(x) converges to a admissibly, hence }Eﬁ Oro.w(x) = hg,c.

Define now E C S to be the subset consisting of points (a,c) such that hg,c does not exist. By
Fatou’s theorem for the complex unit ball (Theorem 3.14 here), we know that £ N 9"V, is a null set,
i.e., it is of zero measure with respect to any smooth volume form on 8’V,. Provided that E is proven
to be a measurable set, we can apply Fubini’s theorem to 2 : S — Reg(9f2) to conclude that E C S is

16



anull set. Applying the latter statement to the fibration o : S — Go/N, we conclude that ENo~1([®])
is a null set on ® for almost every [®] € G/N.

We will next give a general discussion on null sets in relation to a double fibration on a smooth
manifold, and then give a proof of the measurability of F in order to obtain admissible boundary
values on almost every maximal boundary component on Reg(9f2).

4.2 Null sets on the total space of a double fibration

Definition 4.1. Let M be a smooth manifold and £ C M. We say that F is a measurable subset of
M if and only if it is measurable with respect to some smooth (hence any) smooth volume form dy on
M. E C M is said to be a null set on M if and only if E C M is measurable and Volume(E, dV}) = 0
for some (hence any) Riemannian metric h on M. A statement is said to hold true almost everywhere
on M if and only if it holds true for all points x € M lying outside some null set on M.

We have the following lemma concerning null sets on the total space of a double fibration which
follows readily from Fubini’s theorem.

Lemma 4.2. Let & be a smooth manifold which is the total space of a double locally trivial smooth
fibration m; + & — By, i = 1,2. For b; € B; write ng = W;l(bi). Suppose E C & is a measurable
subset. Assume that for almost every base point by € By, EN Fbl1 1s a null set. Then, for almost every
base point by € By, EN FbQ2 - sz2 18 a null set.

4.3 Measurability of the set of boundary points having admissible limits

Recall the double fibration 3 : § — Reg(9f2) and 0 : S — Gy /N, for which we have defined in §4.1 a
subset E C S C Reg(99) x Reg(99Q2) — D(Reg(99)) in terms of nonexistence of admissible boundary
values of h.

Fix an arbitrary point u € 9BPTL. For g : S — Reg(d9), the fiber m; *(c) = 8°V,. = 9BPT! — {u}.

When ¢ € Reg(09) is fixed we have by Proposition 3.7 a biholomorphism ot W = U, where
W D V,][8"V., U D BPHL — {u}. Write 6 := 9ﬁ|VCH8bVC : V. 1] 8V, — BPF! — {u}, which extends

the biholomorphism 6 : V, Syt g (and hence 6) is uniquely determined up to composition on
the left by an element ¢ € Gfj = Aut(BP) — Aut(PP!), where £(u) = u. Let Q C Gj be the
isotropy subgroup at u, so that G{/Q = OBPT!. By Proposition 3.7, 6” admits a continuous extension

ot .V = Betl, Vary ¢ over Reg(0f2) and write H. for the set of biholomorphisms 7. : V, =, prt!
such that nf(c) = u (where we use the same convention for extensions of 7. as we did for § =: 6,.),
then for ¢, c; € Reg(0N) we have H,, = g5, H, for some g21 € G{,. Defining H := {(¢,n) : n € H.}, it
follows readily that the canonical projection onto the first factor 7 : H — Reg(0€2) defines naturally
on H the structure of a real analytic locally trivial fiber bundle with fibers isomorphic to the space of
biholomorphisms from V3, to BP*! whose continuous extension to VTO maps bg to u.

Defining B := {(x,¢) € Q2 x S : ¢ € Reg(9N), x € V,.}, we write X : B — Reg(09) for the projection
to the second Cartesian factor of € x S. If for each ¢ € Reg(02) we choose on some neighborhood O,
of ¢ in Reg(0f) a real analytic section of 7 : H — Reg(99) over O, then we obtain a trivialization
over O, of X : B — Reg(09) as BP! x O, hence ) : B — Reg(d9) is a real analytic locally trivial
fiber bundle with fibers isomorphic to BPT!. Considering the typical fiber of A as BP*! C PPl we
have an associated real analytic fiber bundle u : B — Reg(9€) with typical fiber = PP B > B,
and 0 : 0B — Reg(09) with typical fiber = 9BP*! 9B being the boundary of B in B. Since the
subgroup Q C Gj = Aut(BPT!) fixes u, the fiber bundle § : 9B — Reg(99) admits a canonical section
o : Reg(0f)) — 0B defined by setting o(c) to be the point in d(A~!(c)) corresponding to the point
u fixed by @, and 3 : & — Reg(0f2) can be realized as an open subset of 6 : 9B — Reg(d2) by
removing the the image of .
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Note that on [0, 1] x [0, 1] there exists a non-measurable subset ¥ such that ¥ N {t} x [0, 1] is of
zero Lebesgue measure (cf. Sierpinski [32]). In order to apply Lemma 4.2 to our situation of £ C S,
for lack of a proper reference we proceed to prove the a priori measurability of E' and hence that it is
a null set. Consider the complex unit ball B", m > 1. We give a proof of the measurability of the set
where admissible limits exist, not just for a single bounded holomorphic function, but for a family of
such functions, as follows.

For notational convenience, in the following lemma, given a bounded measurable function A on B™
and ¢ € OB™, the admissible limit lim{h(z) : z — ¢ admissibly} will be denoted by hf(¢) in place of
h.

Lemma 4.3. Let U C B® be a connected open set and h : UxB™ — C be a bounded continuous function
such that h|gyxgm : B™ — C is a holomorphic function. For (u,z) € U x B™ write hy(z) := h(u, ).

Define A := {(u,&) e U x OB™ : hﬁ(g) exists}. Then, A C U x 0B™ is a measurable subset. As a
consequence, F := (U x OB™) — A is a null set on U x OB™.

Proof. We will prove the measurability of A C U x B™ assuming only that h : U x B"™ — C is a
bounded continuous function. Fix & € dB™. For a continuous function f on B™, ¢ € U(m + 1)
and & € 0B™, f converges admissibly at o(&p) if and only if f o o converges admissibly at &. For
¢ € OB™ choose a locally closed (2m—1)-dimensional smooth submanifold ¥ C U(m+1) diffeomorphic
to a Euclidean domain such that the mapping U(m + 1) — IB™ defined by o — o(&) maps X
diffeomorphically onto a neighborhood of £ on dB™. Thus, replacing h by b’ : (U x X) x B™ — C
defined by h'((u,0),z) = h(u,o(zx)), to prove the measurability of A € U x dB™ it is sufficient to
prove that the set A" of all points where h!, : B™ — C converges admissibly at &y, v’ = (u,0), is a
measurable subset of U’ = U x 3. We will now change notations so that U, h,u will mean U’, b/, v/
respectively and the problem is reduced to proving that the set A’ C U where h,, : B™ — C converges
admissibly at &y is a measurable subset of U.

Recall that h, : B™ — C converges admissibly at & to ¢ if and only if for any o > 1 and
for any sequence of points {yr}o<i<oo On Dy (§p) converging to { we have élirgo h(u,ys) = c. Take

& = (1,0,---,0). Let {zx}o<k<oo be a dense sequence of points on B™. Fix o > 1. For each positive
integer n define D2(&) = {z = (21, ,2m) € Da(&) : |21 — 1] < =}. Define now sh:U — R by
sh(u) = sup{|h(u, z1) — h(u, )| : Tk, 20 € D7 (&)}. When n is fixed, s&(u) is the limit of a bounded
non-decreasing sequence of nonnegative continuous functions, hence the monotone pointwise limit
s9(u) must be bounded and measurable. As n — oo, s9(u) is non-increasing, and the monotone

pointwise limit s%(u) = lim s (x) > 0 exists as a bounded measurable function on U. Now s*(u) =0
n—oo
if and only if h(u,x) is a Cauchy sequence, i.e., if and only if klim h(u, ) =: h¥(u) exists. Since hy,
— 00

is continuous, by the density of {xj}o<r<oco in it follows that for any sequence {y;}o</<oo lying on
D, (&), we have Elim h(u,ye) = h*(u). Define A, C U to be the zero set of s* : U — R. It follows
— 00

that A" = {A//Bk} for any increasing sequence of real numbers [;, diverging to oo, hence A’ C U is a
measurable subset.

In the setting of the lemma we have proven that A C U x JdB™ is measurable for any bounded
continuous function h on U x B™, hence also its complement E in U x B™ is measurable. When h,,
is holomorphic on B for each u € U, by Theorem 3.14 the set E N ({u} x B™) is of zero Lebesgue
measure. Applying Fubini’s theorem to the characteristic function xg we deduce that £ C U x B™ is
of zero Lebesgue measure, proving the lemma. ]

Recall that h € H>(Q) is given, and E C S C Reg(92) x Reg(9€) —D(Reg(012) is the subset of all
(a,c) € S such that hﬁ,c does not exist. We will write Saam (k) := {(a,c) € S such that hg,c exists} =
S—E.
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We define s : S — S by s(a, c) := (¢,a), and for a subset A C S we write A’ = ANs(A). Observe
that A" C S is of full measure whenever A C § is of full measure. In particular, (Saam(h))’ C S is of
full measure. For notational convenience we will write S’ (k) for (Saam(h))’

Define G aam(h) C Gp to consist of all elements g € Gy such that (g-bo, g-b)) € Sadm(h). Writing
7:G x S8 — S for the action of Gy on S, and 74.(g9) := (g9 a,g - ¢), then Gy aam(h) = Tb_o}bé (Sadm (h))
for the reference pair of points (b, b)) € S. Since Gy act transitively on S, Tho by, © Go — S Is a locally
trivial smooth fibration. Since Syam(h) C S is of full measure, by Fubini’s theorem Gg aqm(h) C Gy is
also of full measure. We also write G{y ,4,,(h) = 7'{071% (Sham(h)), and again Gy 4., (h) C Gy is of full
measure for the same reason.

4.4 Regular pairs of maximal boundary components

We say that the pair (®, V) € Go/N x Go/N is a regular pair (of maximal boundary components) if
and only if the condition (%) after Proposition 3.12 is satisfied, equivalently, that for some ¢y € ¥,
abVCO N® # (). By Lemma 3.11, this happens if and only if there exists g € Gg such that g® = ¥ and
g¥ =Y/ implying that (®, V) is a regular pair if and only if (¥, ®) is a regular pair. Moreover, (®, ¥)
is a regular pair if and only if for any point ¢ € ¥, &V, N ® = {a(c)} for a unique point a(c) € ®.
Denote by

¢ C Go/N x Go/N

the set of regular pairs (®, ¥) of maximal boundary components, and write & := (Go/N x Go/N) — €.
In what follows we will refer to a maximal boundary component ® as [®] when it is necessary to
think of the maximal boundary component as a point (an element) in the moduli space Go/N of
such objects, and when we adopt set-theoretical notations such as in the statement “[®] € Go/N”.
The same notational convention has been and will be applied to objects in moduli spaces that we
encountered throughout the article. We have

Lemma 4.4. Gy acts transitively on € by a(g, ([®],[¥])) = ([9®], [9¥])). Moreover, a pair (®,¥) of
mazimal boundary components on 02 is a regular pair if and only if ® N¥ = (). As a consequence,

& C Go/N x Go/N is a proper (real) algebraic subset. In particular € is an open (and dense) subset
in Go/N x Go/N of full measure.

Proof. (®,¥) is a regular pair of maximal boundary components on 02 if and only if there exists
g € Gy such that (g®,g¥) = (%,%’), hence by definition G acts transitively on 4. Moreover, for a
pair (®,¥) we have dNV¥ = g1 (TNY) = 0.

Conversely, suppose ® N ¥ = (). Let ¢ € ¥ and denote by {z}o<k<oo @ sequence of points on
such that xy — c as k — oo. By Proposition 3.4 there is a unique point a; € ® such that x; and ax
lie on some minimal rational curve £ on the Hermitian symmetric space S dual to €, Q C S being
the Borel embedding. Passing to a subsequence if necessary we may assume that z, — ¢, ay — a € ®
and £ converges in K to some minimal rational curve ¢ passing through ¢ and a.

Suppose £ NQ # (). Pick z € £N . Noting that for any minimal rational curve A passing through
0, AN OS2 C Reg(09), as can be seen from ANQ C B"(0;1), and noting also that Gy acts transitively
on €2, we conclude that £ N Q # () implies

a € ®NReg(0N) = @,

so that (@, V) belongs to €. If however /N = (), then the germ of £ at ¢ must lie on Reg(9€). Since
the germ of any holomorphic curve through ¢ lying on Reg(d2) must lie on the maximal boundary
component passing through ¢, hence ¢ N Q must be a closed disk lying on ®, and it follows that
a € ® NV, contradicting with the hypothesis ® N ¥ = (), and we conclude that ® N ¥ = () implies
(@, V) is a regular pair of maximal boundary components.
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For the last statement, with respect to the Borel embedding 2 C S into the compact dual S of
Q, write Sp O D resp. Sy D @ for the Zariski closure of ® resp. ¥ in S. Then, ® C S¢ and ¥ C Sy
are Borel embeddings. If (®,¥) is a regular pair, then S N Sy = () as can be seen in the case
(®,¥) = (%,%), given the embedding P! x Sy, € S, A x Q C P! x Sy, being the Borel embedding.
Denote by Q the irreducible component of the Chow space Chow(.S) to which the cycle [Sx]| belongs.
Then we have the embedding § : Go/N — Q as a closed (real) algebraic submanifold defined by
B([®@]) := [Se] € Q. Let  C Q x Q be the subset consisting of pairs of cycles (W, Z) such that
W N Z # 0. Then, ((W],[Z]) € £ if and only if there exists a point in (W x Z) N D(Q), hence by
the proper mapping theorem and the fact that € is nonempty, 8 C Q x Q is a proper algebraic
subset, and & = B~Y(B(Go/N x Go/N) N %) is a proper algebraic subset of Go/N x Go/N, hence
& C Go/N x Go/N is a closed null set, and € C Go/N x Go/N is an open subset of full measure,
hence also a dense subset, as desired. The proof of Lemma 4.4 is complete. O

4.5 Special product subspaces equipped with distinguished sections

Definition 4.5. Write Py = v(Ax Q') C Q. A submanifold P C Q is called a special product subspace
in Q if and only if P = gPy for some g € Gy.

Since Gy acts transitively on %, given any pair (®, ¥) belonging to % there exists g € Gy such
that g3 = ® and g%’ = V.

Write 0TPy := v(0A x Q) C 0P, and for P = gPy write 0P := g(0'Py). We also write
P = P(®, V) for the special product subspace of 2 corresponding to ([®], [V]) € €. Considering the
case where (@, ¥) = (3,Y'), we have

Lemma 4.6. Let u € Gg be such that uX =Y and uX =Y. Then uPy = Pp.

Proof. For any point b(w) = (1;0;w) € X, its opposite point with respect to 0 is b’ (w) = (—1;0;w),
and we have 8be(w)ﬂZ‘/ =b'(w), abe/(w)ﬁE = b(w). For w € € denote by A(w) = (—1,1)x{0} x {w}
the unique geodesic curve lying on a minimal disk having boundary points b(w) and ¥’ (w). For w € €/,
g(D(w)) must be a minimal disk having w(b(w)) =: b(w;) and u(V/ (w)) = b'(we) in its closure. Thus,
b (we) € 8"1/},(@1) and we must have wy = w; =: w, hence u(A(w)) = A(w) and by complexification
u(D(w)) = u(D(w)) so that u(FPy) = Py, as desired. O

Suppose ¢;¥ = ® and ¢, = V¥ for i = 1,2. Then go = gju for some u € Gy such that u
restricts to an automorphism on Py, and such that u(1;0;w) = (1;0; w) and u(—1;0;w) = (—1;0; w),
where w = p(w) for some ¢ € Aut(€)'). Any automorphism o of Py satisfying o(1,w) = (1, ¢(w)) and
o(—1,w) = (=1, p(w)) must be of the form o(z1;w) = (01(21), o2(w)), and it follows that u(z1;0; w) =
(nt(21),0; o(w)) for the transvection n(z1) = ﬁ:;tl for some t € (—1,1).

For the reference pair of regular maximal components (X,3'), and the associated special product
subspace Py = v(A x ), noting that X, %' € 9A x Q C 0" Py, we define an accompanying subset
Speyy = {(bg(w), by(w)) : 0 € R,w € Q'} C S. The natural projection € : Sp,.q; — D(§') realizes
Spyq as a trivial S Lbundle, and we may regard S Posy, as a Cartesian product Sp x D(QY) where
Sp C OA x QA is defined as Sy = {(e?, —€'?) : § € R}.

In general, given any pair (P, Z) consisting of a special product subspace P C Q) and a distinguished
section Z C P, there exists g € Gy such that gPy = P and ¢, = Z. Now, if the latter equalities
are satisfied for both ¢ = ¢g; and g = g9, then go = giu for some group element u € Gy such that
uPy = uPy and uQY) = Qf. Clearly, any such element u € Gy must satisfy u(z1;0;w) = (e?21;0; p(w))
for some 6 € R and some ¢ € Aut(Q') =: Gj,. Since S o, 18 invariant under any such group element

u € St x Gj, the subset Spz = 9Spy .y = {(g-x,9-y): (x,y) € Spoyﬂé} is independent of the
particular choice of g € Gy satisfying gPy = P and ¢§, = Z. This gives a uniquely defined subset
Spz C S. The latter subset will now be used to prove the following lemma.
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Lemma 4.7. Fiz h € H>®(QQ). Then, for almost all g € Go the following holds true. For almost all
6 € R, both (g%(0),9%'(0)) and (g%'(6),9>3(0)) are reqular pairs of h-admissible mazimal boundary
components.

Proof. Let M be the moduli space of all special product subspaces P C 2. Fix the reference special
product subspace Py = P(3,Y’), and denote by R C Gq the stabilizer subgroup of Fy. Then, M =
Go/R as a homogeneous space. Let M be the moduli space of pairs (P, Z), where Z C P is a
distinguished section, and denote by RCRC Gy the subgroup of all Py-stabilizing automorphisms
fixing Q) C Py (as a set). We have R = S' x G,

Writing Sp, o) = {((€";0;w), (—e;0;w) : 0 € Ryw € ). When (P, Z) = (9P, g8%), we define
Spz ={(g:b,g- V) : (b,V) € Sp - If ¢ € Gy also satisfies (P, Z) = (¢' P, ’Q’O) then ¢’ = gu for
some u € Gy preserving Py such that u€)) = Q, implying that u(z1;0;w) = (e"21;0; p(w)) for some
¢ € R and some ¢ € G, and it follows readily that u preserves S Py 1t follows that Sp z is well
defined independent of the choice of g € G satistying (P, Z) = (9P, g¢)

To each (P, Z) belonging to M we associate now the subset Spz C S as defined. Since g € Go
fixes both Py and € if and only if it fixes S Py, M also serves as the moduli space of Spz C S.

Consider the universal family y : & — M of ./\/l P CSx /\/l as a moduli space in the latter
sense, and denote by u : & — S the associated evaluation map. We apply Lemma 4.2 to the total
space & of a double fibration. Define 9, (h) := p~ (8!, (h)). By Fubini’s theorem, &, (h) is of
full measure in &?. By Fubini’s theorem again for almost all Sp,z belonging to M, S Pz N P! m(h)
is of full measure in Sp z. Write M Eldm(h C M for the subset - consisting of all [Spz] € M such that

~“1([Sp, z)) N P! 4 (h) is of full measure. Then, Madm( ) C M is of full measure. For each member
[SP,Z] € M, Spz NSy, (h) is of full measure in Sp z if and only if [Spz] € M’ (h).

Finally R=S!x G acts transitively on S Po.S» Gy acts transitively on &2. Consider the reference
point (bg, by) € Spy,0- Suppose u € Gy fixes each of Py, Qy C Pyand (b,V) € Spy 0y, then u(z1;0;w) =
(e%21;0;u/(w)) € R = S x G} for some y € R and v’ € G}, and it satisfies u(by) = by and u(b}) = b},
forcing % = 1. Tt follows that &2 = Go/K', where K’ is the isotropy subgroup of G} = Aut(£) at
0 € Q.

Denote by w : Gy — GO/K the canonical projection, and write Go adm () = w2 L (R)).
Then, by Fubini’s Theorem Go adm () C Go is of full measure, as desired. The proof of Lemma 4.7 is
complete. O

Remark 4.8. We could define P4 (h) = = (Saam(h)) and define Mqm (k) by replacing P! i ()
in the definition M/  (h) by Paam(h), but only the symmetrized versions &!, (h) and Madm( )
are needed in the article.

Recall that given ([®], [¥]) € € we have the special product subspace P(®, V) consisting of mini-
mal disks D(w) parametrized by w € ' and the subset A(®, V) C P(®, V) consisting of geodesic
curves A(w) on D(w) with the two limit points lying on ® resp. U. Consider triples (®,V,2)
where (®,¥) is a regular pair of maximal boundary components and Z is a distinguished section
of P(®,¥) lying on A(®, V). The moduli space € of triples (9,7, Z ) is related to M, as follows.
For each triple (®,V,7) belonging to % we can associate the pair (P(®,¥),Z) belonging to M,
written ([P(®, V)], [Z]) = a([®], [¥],[Z]). Writing (®,V,Z) = (9%, g%/, gQ), we have an S!-family
of triples (¢X(0),gX’(0),9%), 6 € R, and we have o([®'],[V'],[Z']) = ([P(®,¥)],[Z]) if and only if
(', 0", Z") = (gX(0), gX'(0), g8 for some 6 € R. Thus, we have a natural map « : € — M realizing
% as a circle bundle over ./\A/Z

Gy acts transitively on ¢ since the 1-parameter group of transvections 1;(2) = 2L, t € (—1,1) on

1+tz?
A, embedded as a subgroup H C Gy, acts transitively on v((—1,1) x {0}) preserving Py. Moreover,
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(9%, 9%, 9Q) = (X,%, ) if and only g € G}, hence ¢ = Go/Gj, as a homogeneous space.
To each triple (®, ¥, Z) belonging to ¢" we define So v z = Sg((o),[v],(2]) = Sp(®,v),z- From Lemma
4.7 we have readily

Lemma 4.9. Fiz h € H>®(2). Then, for almost every g € Go, Sgx g5/ g0 N Shgm(h) C Sgx g5 g0 15
of full measure.

We adopt the following terminology concerning h-admissibility.

Definition 4.10. Fix h € #. A regular pair (®, ¥) of maximal boundary components is said to be
h-admissible, written ([®],[¥]) € Gaam(h) if and only if for almost all ¢ € ¥, and writing 8"V, N & =:
{a(c)}, the admissible boundary value hi(c),c exists. For a triple (®, ¥, Z) consisting of ([®], [¥]) € €
and a distinguished section Z of the special product subspace P(®, \,IO such that Z C A(®, V), we
say that ([®],[V],[Z]) € € is h-admissible, written ([®],[V],[Z]) € Gaam(h) if and only if Sp .y z N

Sl m(h) C So w 7 is of full measure.

We denote by & : € — ¢ by &([®],[V]) := ([¥],[®]), and, for a subset A C € we also write
A = AN G(A). Writing €.,,,(h) for (€aam(h))’, we have ([®], [¥]) € €., (h) if and only if both
(®,¥) and (¥, @) are h-admissible, i.e., if and only if both hi(c) . and hi a(c) €Xist for almost all ¢ € W.
Concerning h-admissible triples, we have

Lemma 4.11. Fiz h € H*®(Q). Then, for almost every g € Gy, the triple (9%, g%, g) is h-
admissible.

Proof. Given g € Go, Sgpy,gz N Shqm(h) C Sgpygz is of full measure if and only if g € Ggadm. But

now Sy gsv g = Sgp, g » hence the triple (g3, g3, g€) is h-admissible if and only if g € Gg’adm(h),

. . 4
and the proof of the lemma is completed by recalling from the proof of Lemma 4.7 that Go,adm C Gy

is of full measure. O

Note that the statements ([®], [¥],[Z]) € Gaam (k) and ([®], [¥]) € Gaam (k) are not related to each
other in any obvious way.

5 Averaging Arguments for Holomorphic Maps

In this section, we discuss averaging arguments on vector-valued bounded holomorphic maps, which
will be applied in the proof of Theorem 1.1 to the linearization of properly chosen Cayley projections
of bounded holomorphic maps.

5.1 A theorem of H. Cartan

The following statement is a classical result on holomorphic maps defined on bounded circular domains
due to H. Cartan (cf. [3]).

Theorem 5.1. Let Q € C" be a bounded complete circular domain. Suppose F : 3 — C™ is a
holomorphic map. Then . ‘ '

F(2)=e YF(e?2), Ve € ST Vze Qy,
if and only if F' is a linear transformation C* — C™,

Proof. Write F = (F',--- | F™). For 1 < k < m, expanding both sides of F*(z) = e ¥ F¥(e2) as
Taylor series at 0 € §2, grouping all monomials of the same total degree together, and comparing term
by term after the regrouping, we obtain from the identity theorem for holomorphic functions that F
is a linear transformation, as desired. O
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5.2 Linearization of holomorphic maps on complete circular domains

We are going to construct S'-equivariant maps from given holomorphic maps by taking averages with
respect to a natural S'-action and obtain linear transformations as a consequence of Theorem 5.1, as
follows.

Lemma 5.2. Suppose S : Q — C™ is a holomorphic map defined on a complete circular domain €.
Define
~ T o do
S(z):= 05(e=1 ) —.
()= [ s
Then, S is S'-equivariant in the sense that S(e'z) = €S(z) for all & € R. Hence, S is a linear
transformation.

5.3 K-equivariant holomorphic maps on Q@ = G/K

Let ©2 € C” be an irreducible bounded symmetric domain in its Harish-Chandra realization. We have
) = Gyp/K as a homogeneous space, where Gy = Auto(£2), K C Gy being the isotropy subgroup at
0 € Q. K is a closed subgroup of the unitary group U(n), and as such it acts on C" as a group
of unitary transformations. The set of all maximal boundary components of €2, i.e., all boundary
components of rank r—1 form an orbit Reg(992) = E,_1 = Go(crxo) for some partial Cayley transform
cr, cf.§2. Geometrically the orbit Reg(0f2) is a disjoint union of boundary components which are
biholomorphically isomorphic bounded symmetric domains. Let & C 0 be an arbitrarily chosen

maximal boundary component and write Reg(92) = [] k®. (Recall that each boundary component
keK
is of the form 5_1k:c\p,pXr70 = ad(k:)f_lc\y,po,o). Recall that Gy acts transitively on the set of all

maximal boundary components, which is in one-to-one correspondence with Go/N for some parabolic
subgroup N C Gy. For k € K, let A : Q — C" be a bounded holomorphic map. Let (kA) : Q — k®
be defined by (kA)(z) := k(A(2)) for each z € €, recalling that K acts on C" as a group of linear
transformations. We have

Lemma 5.3. Let Q € C” be an irreducible bounded symmetric domain in its Harish-Chandra realiza-
tion. Let A : Q@ — C™ be a bounded holomorphic map. Take du(k) to be the Haar measure on K of
unit volume and define

R(z) = / kA (k=12)dpu(k).
K
Then A : Q — C™ is either the zero map or a nonzero constant multiple of the identity map idq.

Proof. For any element ky € K we have
Rhos) = [ RAG (o)) = [ Kol A )7 )

) (10)
~ ko /K RA G (2))dpu(k) = ko(A(2))

sothat A: Q — Clisa K -equivariant holomorphic map between domains in C". Because the center
of K is S', K = (S! x K,)/Z, where K is the semisimple part of K, K, = exp(¥s), & := [¢#], and
Z C S x K, is a finite group. By Fubini’s Theorem A can be performed by first integrating over S*
and then over K. By Lemma 5.2, A is the restriction to €2 of a linear transformation on C". Moreover,
since the isotropy subgroup K acts irreducibly on Tp(€2) = C", by the Schur lemma, the map A can
either be 0 or a nonzero constant multiple of the identity map. O
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For our purpose, we need to make sure that such a K-averaging process produces a non-zero map.
Another technical issue in the proof of Theorem 1.1 involving the averaging argument is that such
an averaging process may a priori produce functions outside the algebra under consideration. These
problems can be addressed by some density arguments, cf. [21, p.26 Lemma 3], which will be taken
up in the next section in the key arguments come from Moore’s ergodicity for lattices on semisimple
groups and on density arguments resulting therefrom.

6 The Solution to the Extension Problem

Let X be a smooth manifold, and G be a Lie group. Suppose u is a smooth volume form on X and G
acts on X by a smooth group action a: G x X — X. We say that G acts ergodically on (X, u) if and
only if for any G-invariant measurable subset A C X we have either u(A) =0 or u(X — A) = 0. Note
that we do not require that p is invariant under the action of G, but clearly for any g € G, u(A4) =0
if and only if p(gA) = 0 since G necessarily acts on X as a group of diffeomorphisms on X given by

g-z=a(g,x).

6.1 Moore’s ergodicity theorem and its applications

For the proof of Theorem 1.1, we need Moore’s ergodicity theorem in the following form (cf. [37,
Theorem 2.2.6], ).

Theorem 6.1. Let G = [[ G; be a connected semisimple real Lie group, where each G; is a connected
non-compact simple Lie group with finite center. Let I' C G be an irreducible lattice. Let H C G be a
noncompact closed subgroup. Then, H acts ergodically on T'\G.

We need the following lemma (cf. Zimmer [37, Proposition 2.1.7]]) regarding H-orbits in I'\G.

Lemma 6.2. In the notation of Theorem 6.1, there exists a subset E C I'\G of zero measure such
that the H-orbit tH C T\G is dense in T'\G whenever x € (I'\G) — E.

Returning to our situation of a bounded symmetric domain 2 € C", we denote by w : Auto(A”") —
Auty(Q2) = Gy the canonical group homomorphism. We have

Lemma 6.3. Let Q2 be a bounded symmetric domain of rankr > 2 and I' C Auty(2) = Gy be a torsion-
free irreducible lattice, X := Q/T". Let P C Q be a mazimal polydisk of 2, which induces a canonical
embedding Aut(A”) — Auto(Q). Write n:(z) = £5L so that, writing 0; = w(idar-1,1;), H := {0; :
—1 <t <1} <= Autyp(Q) = Gy is a noncompact 1-parameter closed subgroup of transvections. Suppose
g € Go and the coset T'gH is dense in I'\Gq. Then, there exists a discrete sequence {vy} C I' such
that v, = (g@tkg_l) Ok for some 0, € Auto(Q) and ty € (—1,1) satisfying 0 — idg, and either ty, — 1
ortp — —1.

Proof. We assume first of all that 2 = G¢/K is an irreducible bounded symmetric domain.
By the hypothesis I'gH is dense in I'\Gy. For two subsets A, B C Gy we write A-B := {ab € Gy :
a € A,b € B}. Then I'gH is dense in I'\Gy if and only if T'-g- H is dense in Gy. We will not make a
clumsy notational distinction between I'gH C I'\Gj as a subset of right cosets and I"-g-H as a subset
of Gg, writing both as I'gH. (In the text of the proof, the latter will actually mean a subset of Gy.)
Let g € Go. Then, there exists puy € I' and ¢, € G satisfying e, — idg, as ¢ — oo such that

lu’egHSe - Efg (11)
Taking inverses we have

0_s,9 've =9 "€); hence GO_s,9 vy =¢), (12)
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where vy := (1)~ and €, := (e,)~!, and note that ;' = 6_, for t € (—1,1). Let k > 0 be an integer.
Choose now g such that g, ¢ I'gH. For each positive integer k£ we have in analogy to (12)

te k905, = €0k (13)

where we write py ), to indicate its dependence on k, etc. Fixing k we have ey, — idg, as £ — oo.
Now we have

(90509 Ve = (995~ ) (Gkb-s59™ e = (995 ke (14)

Choose a sequence g on Gy such that gx ¢ I'gH and such that gx — g as k — oo. Let a: (—1,1) —
(—00,00) be a strictly increasing diffeomorphism such that, writing 6; = o), {0y : —00 < t' < 00}
gives a re-parametrization of H so that ¢ : R — H is a group homomorphism, i.e., o9 = idg,
Oatp = 0q0p for a,b € R. Define Iy, := {oy : ' € [—k,k]}For each v € T', vg - I, is a closed subset
of Gg. Since I' C Gy is discrete, I'g - I C Gy is a closed subset. Hence, with respect to an auxiliary
Riemannian metric on G, gi is at a positive distance from I'g-I. Hence there exists a positive integer
(k) such that €y, is close enough to idg, so that ey rgr ¢ I'g - Ix. It follows therefore from (9)
that |a(sy) )| > k. For each positive integer k define now t := spx € (—1,1) so that |a(ty)| > k,
Vi = Vi(k) o Ok = (gg}_l)ez(k%k — idg, as k — oco. We have

90—1,9 'y = . hence v = (904,97 )0k (15)

where |a(tg)| > k, 7, € I’ and 6 — idg, as k — oo.

For —1 < t < 1 we sometimes write & = gf;g~ !, so that = = {& : t € (—=1,1)} is a 1-parameter
group of transvections fixing ® = ¢¥ and ¥ = g%’ and flowing from ¥ to ®

Assume now that €2 is reducible, and Q =y X --- X Q,;,, m > 2, is the decomposition of €2 into a
product of irreducible bounded symmetric domains, and I' C €2 is an irreducible lattice. For 1 <i <m
write G; := Auto(£2;), so that Go = G1 X - -+ X Gy,. Suppose now g = (g1, ,gm) € Go is such that
T'gH is dense in G, where H is a 1-parameter group of transvections arising from a minimal disk of
one of the irreducible factors €2;,1 < i < m, then we perform exactly the same argument as in the
locally irreducible case by freezing the variables belonging to the other irreducible factors. The proof
of the lemma is complete. O

Remark 6.4. At the end of the proof, note that although 6; only acts on 2, so that one may write
& = (&,idg, - -+ ,idg,,), the group elements vy, € I' obtained of the form 7, = (7,%, 7,%, ---") where,
for 2 < ¢ < m, ’y,i are in general non-identity elements close to and converging to idg,. Since the
proof of the locally reducible but global irreducible case of Theorem 1.1 can be obtained by arguing
factor by factor according to the decomposition of {2 as in the above, we will from now on restrict
our arguments to the case where € is irreducible and of rank > 2 except at the end of the proof of
Theorem 1.1.

Lemma 6.5. In the notation of Lemma 6.3 and its proof, assuming that U'gH is dense in Gq, there
exists a discrete sequence of group elements vy, € I' such that the sequence of holomorphic maps ~yi(z)
on Q either converges to the Cayley projection pgs. gsv, or to the Cayley projection pgsy gs:

Proof. Ast — 1, (g0:g71)(2) = g0:(g71(2)) = gpss/(971(2)). The latter is a Cayley projection with
image being on g% and with vertices in g%, i.e, pgx gsv. On the other hand, as t — —1, (gbg~1)(2)
converges to gpsy x(971(2)) = pyyr gu by exactly the same argument. O
6.2 The algebra .7 of pull-backs of bounded holomorphic functions by F : ) — N
We define now .7 to be the algebra of bounded holomorphic functions on {2 obtained by pulling back
bounded holomorphic functions on N by F : Q — N, ie., % = F*H®(N). The algebra . will be
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crucial for the proof of Theorem 1.1 (the Extension Theorem). In fact, the latter is equivalent to
showing that the identity map idg belongs to #". To start with we collect some general properties
of .% in the following lemma.

Lemma 6.6. The algebra F = F*(HOO(N) possesses the following properties:
(a) For any h € Z and for any group element v € T', we have v*h € F

(b) Suppose h; = F*u; € F for 0 < i < oo such that {u;} is a uniformly bounded sequence of
holomorphic functions and such that h; converges uniformly on compact subsets to h € H>®(£2).
Then, h € F

(¢) Let @ be a manifold equipped with a smooth volume form du such that Volume(Q,du) < oo.
Suppose H : Q x Q — C is a bounded measurable function on Q) x Q such that for almost every
parameter t € Q, the function hy : Q@ — C is a bounded holomorphic function belonging to .
Then, the function f : Q — C defined by f(z fQ z,t)du(t) also belongs to F

Proof. By definition F' : 0 — Nis a lifting of the holomorphic map f : X — N, where X = Q/I".
The holomorphic map f : X — N induces a group homomorphism f, : I' = m(X) — m(N).
Thus, identifying 71 (V) = I" as a group of biholomorphic covering transformations of N and writing
oy = fx(7), for z € Q and v € " we have F(yz) = 0, (F(2)).

For the proof of (a) suppose now h = F*u for a holomorphic function u € H*(N). Then, for
v € I' we have v*h(z) = h(y(2)) = u(F(v(2)) = u(o,(F(2)) = F*(uo 0y), hence v*h = F*(oju) € F
since oju € H>®(N).

As to (b), given h; = F*u; such that there exists a uniform bounded M > 0 such that |u;(w)| < M

for all ¢ € N, by Montel’s theorem there is a subsequence () which converges uniformly on compact
subsets to a bounded holomorphic function u € H®(N). It follows that

h= klgr;o hiky = ILH;oF*uZ( )= F*(kli_{goui(k)) = F*u, (16)
hence h € .%.

Clearly % is a complex vector space (in fact a C-algebra). An integral of a measurable family
of uniformly bounded holomorphic functions in .% is the limit of a uniformly bounded sequence of
Weighted ﬁnite sums of bounded holomorphic functions belonging to %, and as such the integral

fQ z,t)du(t) belongs to .# by (b), completing the proof of the lemma. O

Theorem 6.7. Let 2 € C" be an irreducible bounded symmetric domain of rank r > 2 in its Harish-
Chandra realization, and 0S) be the topological boundary of Q0 in C™. Let h be a bounded holomorphic
function on Q. Then, for almost all g € Gg the following holds true. For almost all maximal boundary
components ® C 0, h admits the Cayley limit he(z) = }gr} h(0t.0,w(2)) with respect to the Cayley

projection pgx, gsr. Moreover, he = Po ySe for some bounded holomorphic function s € H*(P)
independent of V.

For the notations in what follows, cf. Definition 4.10 and the paragraph immediately after it. As
an application of Lemma 6.6, we have

Proposition 6.8. Fiz h € 7. Suppose ([®],[¥]) € €, 4,,(h). Then, either p yso or py gsw belongs
to 7.
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Proof. Since Gy acts transitively on € there exists g € G such that g~ = ® and g~’ = V. By Lemma
6.3, there exists t;, — 1 or ¢, — —1 such that, writing & = gf;g~', there exists 7, € I' such that
M = &, 0x for k € N such that 0, — idg. We assume ¢, — 1 and proceed to prove that p’&)’q,scp € Z.
The case where tp — —1 will lead to p*\I,@s\p € Z by exactly the same argument. We have

|65, 0(2) = ih(2)] = [(ho&)(2) — (hom)(2))]
= [(ho&,)(2) — (ho&,)(6k(2))|

61 (2)
= | toa @
< Clho gtkHHOO(Q) |6k(2) — 2| (Cauchy’s estimate)
< Ol oo (o |66 (2) — || = 0,
for some constant C' > 0, since §; — id as k — oo. O

6.3 Proof of the Extension Theorem: existence of a nonconstant element of .%#
invariant under a conjugate of H

Recall the subgroup H C Gp defined explicitly in terms of Harish-Chandra coordinates. This is
the reference 1-parameter group of transvections preserving the reference special product subspace
Py = v(A x ) and flowing from b = (—1;0;w) to by = (1;0;w) for w € Q. Our approach is
to change the Harish-Chandra coordinates so that z in the new coordinates corresponds to g;-z in
the original Harish-Chandra coordinates. For g € Gg write hy := g*h. An automorphism g; € Gy
will be chosen so that among other things the pair (P, Y)) is h'-admissible for A’ = hgy,. Thus the
reference objects bg(w), by (w), X(0), X'(0), Py, €, are written explicitly in a choice of Harish-Chandra
coordinates determined by ¢; € Gg satisfying certain conditions to be made precise.

By Lemma 6.2, there is a subset G gen C G of full measure such that I'goH is dense in G if and
only if go € Gpgen. Consider the multiplication map u : Go x S* — Go given by u(g1,e?) := g1,
where By := v(eida,idq) for the group homomorphism v as in (5). The map u : Gy x S* — Gy
realizes Gy x S' as the total space of a smooth locally trivial fibration with fibers diffeomorphic to S*.
Thus, the subset © ™1 (Ggden) C Go x S! is of full measure. Equipping G x S! also with the canonical
projection 7 : Go x S' — G onto the first Cartesian factor we have the structure of a double locally
trivial smooth fibration on Gy x S!, and it follows by Lemma 4.2 that for almost all g; € Gy we have

(t): 918 € Go,den for almost all § € R.

We now make the requirement on g; at the end of the first paragraph precise. Denote by Go den the
set of all g1 € Gy satisfying (). We require

(8): g1 € GO,adm(h) N Gg,den

to hold true. For 6; € R write H; := fp, HB_g,. The condition (f) allows us to take admissible
boundary values of hy, for the regular pairs (X(61),%'(61)) and (X'(61),%(01)) of maximal bound-
ary components for almost all §; € R, so that at least one of the two functions Bgl $(01),5/(61) OF
hg1 s/(61),5(6,) belongs to F' .= gt F, by Proposition 6.8. At the same time, we will show in Proposi-
tion 6.10 that 81 can be chosen so that furthermore both functions are nonconstant.

We adopt a change of Harish-Chandra coordinates determined by g1 € Go as explained. In so
doing, h € H*(Q) is replaced by b’ := hg,, F : Q — N is replaced by F' := Fog : @ — N, and
hence .Z# is replaced by (F o g1)* HOO(N) = gl(F*HOO(N)) = ¢iF = Z'. In the statement of results,
whenever there is no danger of confusion we will refer to h’ as h, treating the latter as a generic symbol
for a bounded holomorphic function on 2.
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Proposition 6.9. Suppose g1 € GJ(g,den and suppose 01 € R is chosen to ensure that gi139, € Goden,
so that, in terms of the new Harish-Chandra coordinates with respect to which z € § corresponds to
g1-z in the original Harish-Chandra coordinates, I'Bg, H is dense in Gy for I" = gl_lfgl. Writing
Hy = Bg,HB_p,, let h € F' = g].F be Hy-invariant in the sense that, h(£(z)) = h(z) for any element
€ € Hy. Then, for every element g € Go, g*h is a g~ Hig-invariant bounded holomorphic function
belonging to F'.

Proof. Let go € Go. Applying the density of I'fg, H in Gg to the group element g, 1 e Gy, there

exist pur € IV and np € H for each natural number k& such that klim 1eBo Mk = 9o ! In other words,
— 00

gal = exukPo, Mk such that e — idn. Taking inverses we have gy = &;[_g,Vk0r Where 0 = 6];1,

& = nk_l and vy, = u,:l. We have

(Bo,90)"h(2) = h(Bo, B0, (Vk(0k(2)))) = P11 (0k(2)) - (17)

since By, {kB—o, € Bo,HB—-p, = Hy and h € Z' is assumed to be Hj-invariant. Since h € %', by
Lemma 6.6, for each natural number k, we have h o, = y;h € F'. Write g := g, go. By the same
argument as in the proof of Proposition 6.8, for any compact subset @ C €2 we have

Jim sup {|(h o) (2) = (how)(@k(2)] - 2 € Q} =0, hence

18
g*h = lim ~{h uniformly on compact subsets (18)
k—o00
By Lemma 6.6, we conclude that ¢*h € .%’. Finally, for n € H; we have
9" Mg~ ng(2)) = h(g(g~ng)(2)) = hin(g(2)) = h(g(2)) = g*(2), (19)
where the second last equality results from the Hi-invariance of h. It follows that g*h is g~ 'Hig-
invariant, proving the lemma. O

Starting with a nonconstant h € %, we will now prove the existence of a nonconstant holomorphic
function h € .# which is invariant under some conjugate of H C Go. Here and in what follows by a
conjugate of H C G we mean a subgroup H = a~'Ha C G for some element o € Gy.

For the notations in what follows, recall that for —1 < ¢ < 1, we write 1y(z1) = fjjjl for z1 € A,
and x; := v(¢y,idg) using (5), and for 1 € R, Hy = By, Hf_g,, we write & = B, xt0—¢,. We note
that x; was denoted by 6; := ©(1)y) using (3) in §3.2, but here we change the notation in order to

avoid confusion with the notation 6 representing an angle, e.g., in e%.

Proposition 6.10. Let g1 € Go be the automorphism chosen as in Proposition 6.9. Write T =
97 Tg1, F' == gt F. Let h € F' be nonconstant. Assume that I'BeH is dense in Go for almost all
0 € R and that ([E(0)], [E'(0)]) € €4 aam(h) for almost all § € R. Then, there exists 61 € R and a

nonconstant bounded holomorphic function h e F' on Q which is invariant under Hy = Bo, HB_p, .

Proof. To prove Proposition 6.10, it suffices to produce a single nonconstant holomorphic function
h € .Z' which is invariant under H; = By, HfB_g, for some #; € R. For Py = v(A x ), recall that
bo(w) = (e;0;w) € X() and bj(w) = (—e?;0;w) € ¥'(). We claim that the following statement
holds true.

(11): There exists a subset A C [0,27) of positive Lebesgue measure such that for any 6; € A, both
R .~ and b, exist as bounded holomorphic functions on €’ and both functions are
bQ(w)’bQ(w) be(w)vbG(w)
nonconstant on €.
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By assumption IVSpH C Gy is dense for almost all § € R, Assuming that the claim ({f) is valid,
and choose 01 € A. Note that IVHy; = "8y, HB_p, = (I"Bp, H)B_9, C Gy is dense in Gy. Hence,
as in the proof of Proposition 6.9, for k € N there exists &, € Hi = fp, HB_p,, and vy, € I such
that y.é—¢, — idq, ie., &, = Y0k such that d; — idg and such that either t;, — 1 or t;, — —1 as

. L § .
k — oo. In the former case we have %Eﬂ h(&(z)) = pZ(B),Z’(G)th(w),b’g(w)’ and in the latter case we

. e 4 L .
have tlgg h(&(2)) = py (9)72(9)11% (1) g (1) and in either case we have obtained a nonconstant bounded

holomorphic function, to be denoted b}f ﬁ, such that h € .F’ , by Proposition 6.8. Let n = & € Hi,
€ (—1,1). In the former case we have h(nz) = %Hri h(&(nz)) = }11?({ h(&yz), wheret’ — 1 ast — 1, and
— —

it follows that h(nz) = h(z) for any z € Q and for any n € H;. The same argument works verbatim
to show that h(nz) in the latter case where ty — —1. In any event, we have obtained an Hj-invariant
bounded holomorphic function A such that & is the limit uniformly on compact subsets of €2 of v;h,
hence h € .Z', by Lemma 6.6.

Fix 0; € R. By assumption, for almost every point w € €, in particular for a dense set of points
w € ', h(&(2)) converges admissibly to h boy ()b, (1) as t — 1 while h(&(z)) converges admissibly to

hﬁel( w) oy (w) 3 t — —1. It follows from the proof of Montel’s theorem, cf. Lemma 3.16 that h(&(2))

converges admissibly to hge (w) B! (w) for all w € Q" ast — 1, and to h b ( ) as t — —1, and in
1\W):0%,

w),b 1(w
fact the convergence is uniform on compact subsets of /.
For 1 < j < ¢ write 0; for 8 . From Cauchy estimates on first derivatives, on the special product

subspace Py = v(A x ) C Q, 8Jh(wt(z1);0;w) converges admissibly on Py to 8Jhb ()5 () when
01

t — 1, and it converges to thg/ (1).bp. (1) when t — —1, uniformly on compact subsets as functions in
01

,boy
we Q.

By the hypothesis, for almost every 6 € R, I8y H is dense in Gy, where 3y := v(eida,ido) € Go.
Choose 6 = 6, such that ISy, H is dense in Gy. Hence I''H; is dense in G and there exists a sequence
&, € Hi and elements v, € IV such that &,y — B, (which one sees by taking inverses on both
sides). As in the proof of Proposition 6.8, after passing to a subsequence we may assume without loss
of generality that either ¢t — 1 or t; — —1.

For 1 < j < q, define on P the holomorphic function u; by

uj(21;0;w) = Ojh(21;0;w) - Ojh(—21; 05 w) (20)

For almost all 6; € R, and for any sequence x; of points on A such that xj; converges admissibly to
%1 we know that h(xy;0;w) converges as holomorphic functions in w uniformly on compact subsets
of ' to h(e';0;w) := hie (w) ) () and at the same time h(—z;0; w) converges in the same sense to

7701
hﬁ(—ewl;o;w) = hb’ (W) boy(w
converges as (not necessarlly bounded) holomorphic functions in w uniformly on compact subsets of
Q to 8jhﬁ(ei01;0; w), while 0jh(—x;0;w) converges in the same sense to @hﬁ(—ewl;o; w).

It follows that the holomorphic function w;(z1;0;w) on the special product subspace Py C €2 as
defined in (20), bounded as a holomorphic function on v(A x V) for any open subset V € ', admits

admissible boundary values in the z; variable at (¢1;0;w) for almost all §; € R. By the Cauchy
integral formula for admissible boundary limits of a bounded holomorphic function on A, we have

g/
e = [ 60w, (21)

A (—2

w1t follows from Cauchy estimates for first derivatives that 0jh(xy;0;w)

where for ¢ = e’ € IA we define uﬁ-((; 0,w) := 0;h*(e; 0,w);h* (—e'; 0, w).
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Suppose (1) fails. Then, for almost all § € R, either hgg (w) b, (w) OF hge (), () is constant as a
0 »0p
function in w € €. Then, @hge(w)%(w) =0forl1 <j<gq,or @hge(w)’%(w) =0forl <j<gq, as

functions in w € €, so that for almost all § € R, u§(6i9;o; w) = 0 as a function in w € Q. Then

(21) implies that u;j(z1;0;w) = 0 for (z1;w) € A x . As a consequence, for 1 < j < ¢ we have
0;h(z1;0,w) = 0 for all (z1,w) € A x ', by (21). In other words, h(z1;0,w) = v(z) for some bounded
holomorphic function v on A. Writing Q'(z9) := v({20} x '), h is constant on each Q'(zg) for zp € A.
In particular, h is constant on € := Q/(0).

For g € Gg’adm(h), (9%, g%, g€) is an h-admissible triple. Denoting g*h by hg, we have either

(a) there exists some g1 € Gg@dm(h), and some 01 € R such that g := g189, € G{y ,4,(h), and such

that both ﬁ9172(91)72/(91) and iLghzl(@l),E(gl) (which are known to exist by the choice of g2 := g15s,)
are nonconstant; or

(b) for all g; € G%’adm(h), and for all 61 € R such that go := g18p, € G{j 44, (h), either E9172(01)721(91)

or hg, sv(9,),5(0,) are constant on €.

When Alternative (a) occurs, putting either h = 39172(91)72/(91) orh:= 391’21(91)72(91), we know that
h is nonconstant and 97 VH, g1-invariant under the 1-parameter group of transvections {&:—-1<t< 1}
preserving Py = v(A x ') flowing from bj(w) = (—e?;0;w) to bg(w) = (¢?;0;w) for w € Q' ast — 1
and from by(w) to bj(w) as t — —1, for w € Q. Thus, h is invariant under Bo, HB_g = Hj, as desired.

When Alternative (b) occurs, by the argument using the parametrized Cauchy integral formula
(21) on Py = v(A x Q') we conclude that hg, is constant on €, i.e., h is constant on g;€),. Since
Gg’adm(h) C Gy is of full measure, hence in particular dense in Gy, we conclude in this case that h is
constant on g€, for any g € Go.

As can be easily seen from the polydisk theorem, given any two distinct points z,y € 2, there
exists a finite sequence xg, -+ , 541 of points on Q, zg =z, zs41 =y, 1 < s <r =rank(Q), x; # x;41
for 0 <7 < s—1, and a chain of s minimal disks D1,---, D, such that z;_1,2; € D;j for 1 < j <s.
Now each minimal disk D on  can be embedded into some characteristic subspace ¢, and taking
xzo = 0 it follows from the above that, assuming that Alternative (b) could occur, we would have
h(y) = h(0) for any y € €2 so that h would be a constant function, contradicting with the hypothesis
of the proposition and ruling out Alternative (b). Thus, only Alternative (a) occurs, and the proof of
the proposition is complete. ]

Remark 6.11. Note that for h = hg, s0),20) = ,0*2(9) S (6)5%(0)> the regular pair of maximal boundary

components (X(6),¥'(6)) must necessarily belong to €adam(hg, ), and an analogous statement holds
when ¥(6) and /() are interchanged.

6.4 End of the proof of Theorem 1.1

We are now ready to complete the proof of Theorem 1.1.

Proof. Consider h € .Z' invariant under H; = Bo, HB_g, as guaranteed by Proposition 6.10. We will
now replace the notation h by h, again treating the latter symbol as a generic symbol for a bounded
holomorphic function on €2, this time endowed with the special property that h is Hy-invariant.

We consider the final change of coordinates on §2 such that z € €2 corresponds to go-z in the initial
Harish-Chandra coordinates for g2 = g10p,. Then, I' in the initial Harish-Chandra coordinates (which
was replaced by IV = g, Tg1 in the intermediate Harish-Chandra coordinates determined by g1) is
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now replaced by T := g, 'T'gy = B_p,1"Bg,. Write F" = g5.F = 35, F', and define E(z) := B, h. For
all x € H and z € Q) we have

h(xz) = B3, h(xz) = h(Ba, x(2)) = h(Bo, xB—0, (8o, (2)) = h(Ba, (2)) = h(2) ,

where for the second last equality we have used the invariance of h (originally denoted as h in Proposi-
tion 6.10) under H;. Hence, in terms of the final Harish-Chandra coordinates we have an H-invariant
bounded holomorphic function k belonging to .#”. By Remark 6.11, (3,%) is a regular pair of max-
imal boundary components belonging to ‘K;dm(h). Moreover by our choice of 6y, it follows that the
admissible boundary values ?Lﬁ b(w)b! (w) A€ nonconstant.

Consider now the subgroup GO =v({ida} x Auto(ﬂ')) C Go. Then, Gj, fixes each of ¥ and X' as
a set, and both (g* h)b(w),b'(w) hb(g(w)) b (g(w)) a0d (g* h)b’(w),b(w) hb(g(w)) b (g(w)) exist. (Here we use
the notation g both as an element of G{; C G¢ and as an element of Auty(f2) in the obvious way.) By
Proposition 6.9, g*h € Z. Since h(0;0;w) = h*(1;0;w) is nonconstant, there exists g € G such that
d(g*h)(0) # 0, hence without loss of generality we may assume that dh(0) # 0.

In what follows, for the proof of Theorem 1.1 in the case where §2 is irreducible, we will assume
without loss of generality that T'H is dense in Gy, (Po, ) is h-admissible, (3,%’) belongs to €. 4. (h),
h(z) = %gr% h(x:(z)) = su(ps s (z)) for some nonconstant sy, € H*(X). (Replacing Sy by Botr if

necessary, we assume here that h is obtained by taking ¢ — 1.) In other words, we use the symbol I'
to mean I', .F for #”, etc., in the last paragraphs.)
Define now Ag : @ — C" by Ag = [iNz 0,---,0]" as a column n-vector of bounded holomorphic
functions, hence Ay € ™. Since h and hence AO Q) — C" is H-invariant, by Proposition 6.9 we have
g*A € F™ for every g € Gy. We claim that the following statement (b) holds true.

(b): There exists a linear transformation A € End(C™) such that, writing A = AAy € .Z", we have
Tr(dA(0)) # 0.

Since dh(0) # 0 there exists i, 1 < i < n, such that ( ) # 0. Let A be the elementary n-by-n matrix
such that for an n-by-n matrix X the map X — AX has the effect of switching the first row and the
i-th row. Then (A(dAo(0))s; # 0 while by definition all k-th rows of A(dAy(0)) are 0 except for k = i.
Hence, for A = AAg we have

Tr(dA(0)) = Tr(d(AAo)(0) = AdAo(0)i # 0,

proving the claim. Now for z € ) define

A(z) == /K EA(k™2)du(k)

Since obviously A is H-invariant, by Proposition 6.9 we have g*A € Z#" for every g € Gy. It follows
that the vector-valued function A(k~'z) belongs to .#™. On the other hand, .% is closed under left
multiplication by a constant n-by-n matrix, since that gives simply an element of (H>°(2))" whose
entries are linear combinations of functions belonging to %#. It follows by Lemma 6.6 that A € .F".

Now 0 € Q is fixed by K. For every k € K, writing Ax(2) = kA(k~!2) we have dAj(0) = kdA(0)k~1
so that Tr(dA;(0)) = Tr(dA(0)) # 0, hence Tr(dA(0)) # 0. As explained in §4.2, A is necessarily a
linear function. Since K acts irreducibly as a group of unitary transformations on C", it follows from
Tr(dA(0)) # 0 and the Schur lemma that A = Lidg for some constant ¢ # 0. Hence, Lidg = F*p =
F*[u1, ..., pnlt, where p; € H®(N) for 1 < i < n. The proof of the Extension Theorem (Theorem
1.1) is completed by taking R = cug : N — C".
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Assume now (2 is reducible (and the lattice I' C Auto(2) is irreducible), and Q = Q1 x - -+ x Qyp,
m > 2, is the decomposition of 2 into a Cartesian product of irreducible bounded symmetric domains
2; € C" C S; being the standard inclusions incorporating the Harish-Chandra realization Q; € C™
and the Borel embedding €2; € S; of €); into its dual irreducible Hermitian symmetric space S; of the
compact type. Denote by 7; : 2 — €2; the canonical projection of {2 onto the j-th Cartesian factor.

For each j, 1 < j < m, by the hypothesis (&) in Theorem 1.1 there exists a bounded holo-
morphic function ¢; on N such that hj = F*p; is nonconstant. Write z = (z%,---,2™), where

2 = (2],(29),w’) are the privileged Harish-Chandra coordinates on €2; according to the eigenspace

decomposition at 0 € €2; of the Hermitian bilinear form H, with respect to some unit minimal rational
tangent vector « of Sj, Q; € S; being the Borel embedding.

Let v; : A x Q; — €1; be the holomorphic embedding giving the reference special product domain
Py = v;(A x Q) on Q;, where by convention {2 is a single point in the case where Q; is of rank 1, and
by v; : Autg(A) — Auto(£2;) the natural group monomorphism. Recall that for —1 <t < 1 we write
P € Aut(A) for the transvection ¢ (z) = f;tz. Let H’ be the one-parameter group of transvection
defined by

H = {(idgl, e yida, oxdyida,, e yid,) =1 <t < 1}, where

j(jo j) (w(])o j) <Z{+t0 j)

Xe\z1, U, w) = t\21), Y, w ) = - U, w .

e ! 1+t

Exactly the same argument as in the case where €1 is irreducible produces a holomorphic map R; :
N — ; such that Rj o F' = ;. Then, defining R := (Ry,--- ,Ry) : N = C™ x ... x C", we have
Ro F(z) = (m(z), -+ ,mm(2)) = 2z, as desired. The proof of Theorem 1.1 is complete. O

7 Applications to Rigidity Theorems: Preliminaries, Statements of
Results, and First Arguments

The first link between bounded holomorphic functions and rigidity problems was given by the Em-
bedding Theorem in [19]. In Theorem 1.1 we solved the Extension Problem, which is the problem of
inverting the holomorphic embedding F':  — N as a bounded holomorphic map, i.e., finding a holo-
morphic extension R : N — C™ of the inverse i : F(Q) — Q € C" as a bounded holomorphic map. As a
first application of Theorem 1.1, we are going to prove for X = Q/T" (in the notation of Theorem 1.1)
a factorization result called the Fibration Theorem for holomorphic mappings f : X — N inducing
isomorphisms on fundamental groups which says that there exists a holomorphic fibration p : N — X
such that po f = idx. After lifting f to F': Q — N, quasi-compactness of N (cf. §7.1) is used to
show that certain bounded plurisubharmonic functions constructed on N have to be constant, which
allows us to show that R descends from N to N.

A primary objective in our research relating bounded holomorphic functions to rigidity problems
is to study holomorphic mappings from X into target manifolds N which are uniformized by an
arbitrary bounded domain D on a Stein manifold, N := D/T’. We study further the situation where
f X — N = D/T” induces an isomorphism on fundamental groups and look for necessary and
sufficient conditions which guarantee that f : X — N is a biholomorphism. We are going to show
f:X =5 N in Theorem 7.2 (the Isomorphism Theorem) under the assumption that N is of finite
intrinsic measure with respect to the Kobayashi volume form. When N is a complete Kahler manifold
of finite volume, we have at our disposal the tool of integration by parts. We resort to such techniques,
by passing first of all to the hull of holomorphy D of D and making use of the canonical Kéhler-Einstein
metric constructed by [4] and shown to be complete in [28]. We exploit the hypothesis that N = D /T
is of finite intrinsic measure with respect to the Kobayashi volume form to prove that N can be enlarged
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to a complete Kéhler-Einstein manifold of finite volume, which is enough to show that the bounded
plurisubharmonic functions constructed are constant. The hypothesis on N in Theorem 7.2 appears
to be the most natural geometric condition, as the notion of the Kobayashi pseudo-)volume form gy,
unlike the canonical Kéhler-Einstein metric, is elementary and defined for any complex manifold M,
and the finiteness of the intrinsic measure with respect to uy is a necessary condition for the target
manifold N of f: X — N to be quasi-compact. The passage from a quotient of finite intrinsic measure
of a bounded domain to a complete Kéhler-Einstein manifold of finite volume involves an elementary
a-priori lower estimate of independent interest on the Kobayashi volume form on arbitrary bounded
domains in terms of the Euclidean distance to the boundary.

For further discussion we fix some notational conventions consistent with that introduced in §3.1
and some terminology.

Let ggn be the Kéhler-Einstein metric on the unit ball B” C C" normalized to have constant Ricci
curvature —(n + 1), and denote its volume form by dVgr. On a complex manifold M let s be the
space of all holomorphic maps f : B — M. For a holomorphic n-vector n at a point x € M its norm
with respect to the Kobayashi (pseudo-)volume form pps is given by |[|n||,,, = inf{||¢|lavs. @ fi§ =
n for some f € Kps}. In the case where M = U is a bounded domain 7 : U — Z spread over a
Stein manifold Z, py is a volume form, i.e., uy > 0 everywhere, and the same is true for any quotient
manifold of U by a torsion-free discrete group of automorphisms.

A complex manifold N is said to be quasi-compact if and only if there exists a compact complex
manifold N¥ such that N ¢ N* and N* — N C N*¥ is a complex analytic subvariety. Equivalently, N
is quasi-compact if and only if it is an open subset of N* with respect to the Zariski topology on N*
where the closed subsets are exactly the complex analytic subvarieties of N*. (We will simply say that
N is Zariski open in N¥.)

We are going to apply the solution to the Extension Problem given in Theorem 1.1 to holomorphic
mappings f : X — N which induce isomorphisms on fundamental groups. We assume that N is
quasi-compact. In this case we prove that there is a holomorphic retraction of N onto f(X). More
precisely, we have

Theorem 7.1. (The Fibration Theorem) Let Q be a bounded symmetric domain of rank > 2 and
' C Aut(Q2) be a torsion-free irreducible lattice, X = Q/T. Let N be a quasi-compact complex
manifold and denote by N its universal covering space, N = N /T". Let f : X — N be a holomorphic
mapping into N inducing an isomorphism f, : I’ =1 on fundamental groups. Suppose (X, N; f)
satisfies the nondegeneracy condition (&) (as in the statement of Theorem 1.1). Then, f: X — N is
a holomorphic embedding, and there exists a holomorphic fibration p: N — X such that po f = idx.

[

In the Fibration Theorem, since f, : I' — I", there is a smooth map ¢go : N — X such that
(g0)+ = (f+)~! on fundamental groups. In the case where N is compact and equipped with a Kéhler
metric, and where X is also assumed to be compact, there is a harmonic map g : N — X homotopic
to go, and by the method of strong rigidity starting with [33], ¢g gives the holomorphic fibration
p: N — X. The method of harmonic maps can no longer be applied when we drop the Ké&hler
condition on N, even when N is assumed to be compact. Thus, even in the compact case the strength
of the Fibration Theorem lies on the use of bounded holomorphic functions on the universal covering
space N of N in place of the Kéhler condition on N. When N is quasi-compact but not compact then
the method of harmonic maps does not always work even when N is equipped with a complete Kéhler
metric.

One of our primary objectives in relating bounded holomorphic functions to rigidity problems is
to develop a theory applicable to holomorphic mappings from irreducible finite-volume quotients of
bounded symmetric domains of rank > 2 by torsion-free lattices to complex manifolds N uniformized
by arbitrary bounded domains. In this case the nondegeneracy condition (&) in Theorem 1.1 (the
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Extension Theorem) is always satisfied for any nonconstant holomorphic mapping f : X — N. We
will apply Theorem 1.1 to such mappings assuming now as in the Fibration Theorem that the induced
map on fundamental groups is an isomorphism. We look for some natural geometric condition on N
which allows us to establish an analogue of the Fibration Theorem, in which case one expects the fibers
on §2 to reduce to single points. We establish the following main result in §8 yielding a biholomorphism
under the assumption that the target manifold N = D/T” is of finite intrinsic measure with respect to
the Kobayashi volume form pup, a condition necessary for N to admit a realization as a Zariski open
subset of some compact complex manifold.

Theorem 7.2. (The Isomorphism Theorem) Let Q2 be a bounded symmetric domain of rank > 2
and T' C Aut(Q) be a torsion-free irreducible lattice, X := QJT'. Let D be a bounded domain on a
Stein manifold, T' be a torsion-free discrete group of automorphisms on D, N := D/T’. Suppose N
is of finite intrinsic measure with respect to the Kobayashi volume form uyn, and f : X — N is a
holomorphic map which induces an isomorphism fy : T’ =i Then, f: X ZiNisa btholomorphic
map.

Remark 7.3. We note that in the statement of the Isomorphism Theorem we do not need to assume
that D is simply connected. We need a slight variation in the formulation of the Theorem 1.1 (the
Extension Theorem). In the proof of the latter result it is not essential to use the universal covering
space N. We may use any regular covering 7 : N — N and still have the same conclusion. Note
that when this variation of Theorem 1.1 is applied to the holomorphic mapping f : X — N = D/I"
in Theorem 7.2, f still lifts to F' : 2 — D. The slight variation of Theorem 1.1 with the weakened
assumption that 7 : N > Nisa regular covering and the same conclusion will be taken as known and
used in the rest of the article.

7.1 Complete Kahler-Einstein metrics and estimates on the Kobayashi volume
form

For the Isomorphism Theorem we are interested in the case where the target manifold N is uniformized
by a bounded domain D on a Stein manifold. In our study of such manifolds we will need to resort
to the use of canonical complete Kéahler metrics. When D is assumed furthermore to be a domain of
holomorphy, we have the canonical Kéhler-Einstein metric. The existence of the metric was established
by [4], and its completeness by [28]. More precisely, we have

Theorem 7.4. (Existence Theorem on Kéhler-Einstein metrics) Let Z be a Stein manifold of di-
mension n and U € Z be a bounded domain of holomorphy on Z. Then, there exists on U a unique

complete Kdhler-Einstein metric g, of Ricci curvature —(n+1). The metric is furthermore invariant
under Aut(U).

Remark 7.5. The existence theorem was only stated for bounded domains on C" but the same proof
goes through when C” is replaced by a Stein manifold Z, noting that Z can holomorphically embedded
as a complex submanifold of some Euclidean space CY. We note that the invariance of g, under
Aut(U) follows from the Ahlfors-Schwarz lemma for volume forms (cf. Yau [36]). Furthermore, the
existence of g, , on a bounded domain U € Z implies that U is a domain of holomorphy. It was in
fact proven in [28] that any bounded domain on C" admitting a complete Kéhler-Einstein metric of
negative Ricci curvature satisfies the Kontinuitatssatz of Oka’s, and must therefore be a domain of
holomorphy, and the same proof is valid when C" is replaced by a Stein manifold Z.

In the formulation of the Isomorphism Theorem we assume that the target manifold N = D/T’
is of finite intrinsic measure with respect to the Kobayashi volume form py. For the proof of the
Isomorphism Theorem we need to work with the complete Kahler-Einstein metric. This is done by
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first passing to the hull of holomorphy D of D. For the passage from D to D and for estimates in the
proof it is necessary to compare various canonical metrics and volume forms, as given in the following
Comparison Lemma which results from the Ahlfors-Schwarz lemma for Kéahler metrics and for volume
forms (cf.[16] and the references given there). In what follows, for a complex manifold M let Cps
denote the set of all holomorphic maps h : M — A. In the current article by the Carathédory metric
kar on a complex manifold M we always mean the infinitesimal Carathéodory metric on M, i.e., the
complex Finsler metric kp; on M defined by ||£||x,, = sup {||dh(§)|ga : h € Car} for £ € T+, where
the Poincaré metric ga on the unit disk is normalized to be of constant Gaussian curvature —2 as in
the above.

Lemma 7.6. (The Comparison Lemma) Let U be a bounded domain of holomorphy on some n-
dimensional Stein manifold, g, be the canonical complete Kdihler-Einstein metric of constant Ricci
curvature —(n+1) on U, and denote by dVi g its volume form. Then, for the infinitesimal Carathéodory
metric ky and the Kobayashi volume form uy on U, we have

2Ky

Ixp = m , dVge < po.

We will need the following estimate for the Kobayashi volume form pg on a bounded domain U € C™
in terms of distances to the boundary.

Proposition 7.7. Let U € C" be a bounded domain, and denote by py the Kobayashi volume form
on U. For z € U denote by 6(z) the Euclidean distance of z from the boundary OU. Write dV for the
Euclidean volume form on C™. Then, there exists a positive constant ¢ depending only on n and the
diameter of U such that

Proof. We will first deal with the case where n = 1. In this case, the Kobayashi volume form is the
same as the infinitesimal Kobayashi metric, which agrees with the Poincaré metric, and we have the
stronger lower estimate where ﬁcz) is replaced by W (cf.[28]). The latter estimate relies on
the Uniformization Theorem and does not carry over to the case of general n. We will instead prove
the weaker estimate as stated in Proposition 7.7 for n = 1 using the maximum principle and Rouché’s
Theorem and then give the necessary modification to deduce the estimate for general n.

Let z € U and f : A — U be a holomorphic function such that f(0) = z. Denote by w the
Euclidean coordinate on A. We will show that for some absolute constant C' to be determined, we
have |f'(0)] < C+/d0(z), which gives the estimate H%wa > TZ) for ¢ = %, regarding py as the
infinitesimal Kobayashi metric. Let b € oU be such that |z — b| = §(z). To get an upper estimate
for |f'(0)] we are going to show that if |f/(0)| were too large, then b would lie in the image f, leading
to a contradiction. To this end consider the function h(w) := f(w) —b, h : A — A(2R) assuming
U €@ A(R), R < co. The affine linear part of h at 0 is given by L(w) = I/ (0)w+h(0) = f(0)w+ (z—b),
noting the trivial estimate |f’(0)| < R by the maximum principle. Write h(w) = L(w) + E(w). We
claim that there is a constant a > 0 for which the following holds if | f’(0)| > C'/d(z) for any constant
c>3.

Y (a) |L(w)| >20(z), whenever |w|=a\/0(z);
(&): (b) |E(w)| <d(z), whenever |w|=ay/d(2)

From (a) and (b) it follows that |h(w)| > 0(z) whenever |w| = ay/d(z). To prove (b) of the claim
observe that the “error” term E(w) satisfies F(0) = E'(0) = 0 and |E(w)| < |h(w)| + |L(w)| <

35



\h(w)| + |£/(0)||w| + |z — b] < 5R for |w| < 1, by the maximum principle applied to 2%\ so that
(b) is valid whenever (5R)a* < 1. As to (a) choose now the constant C' such that C' > 2. Then, for

[w| = ay/d(2),

[L(w)| 2 (CVEE) -l ~ 5(2) > >\/5() (a/3)) — 6(2) > 26() (22)

so that (a) holds for C' > 2, completing the proof of the claim (&). For Proposition 7.7 in the
case of n = 1 we can conclude by applying Rouché’s Theorem to reach a contradiction whenever
|f/(0)] > C+/d(2). In view of the generalization to several complex variables, we give the argument
here. Assume |f/(0)] > C'\/d(z). Consider hi(w) = L(w) + tE(w) for t real 0 < ¢ < 1. From (22)
it follows that for 0 < t < 1 we have |hs(w)| > (2 — t)é( ) > 0 whenever |w| = a\/0(z). Fort =0

i) _ V00 < “/06) In
Soim T © T
particular, wo € A(ay/d(z)) for the zero wy of L(w) = ho(w). For 0 <t <1 the number of zeros of
h¢ on the disk A(a«/(s (z)) is counted, by the Argument Principle, by the boundary integral

the affine-linear function L admits a zero at w = wq := f’ \w0|

1
21 oA (ar/3(2))

The boundary integral is well-defined, takes integral values, and varies continuously with ¢, so that it is
independent of ¢, implying that there exists a zero of h; on the disk A( 5(2)); 0 <t < 1. In particular,
for t = 1, hi(w) = h(w) = f(w) — b, and f(w) = b has a solution on A(4/4(z)), contradicting with
the assumption that b € QU. This gives Proposition 7.7 for the special case where n = 1.

We now generalize the argument to several complex variables. Let f : B™ — U be such that
f(0) = z. Let again b € OU be a point such that d(z) = b. Consider the linear map df(0). Assume
U € B"(R), R < oco. Considering h(w) := f(w) — z, h(B") € B"(2R), by the Cauchy integral
formula for the first derivative ||df(0)(n)|| < R|n|| for any n € To(B") = C”, where || - || denotes the
FEuclidean norm. To prove Proposition 7.7 for an arbitrary dimension n it suffices to get an estimate
| det(df (0))| < Cy/d(z) for some constant C' > 0 depending on U. In analogy to (a) and (b) in
the case of n = 1, for the purpose of arguing by contradiction (in order to establish the estimate
| det(df (0))| < C/d(z)) we claim that for U € B"(R) C C" there exist constants a,C > 0 depending
only on n and R for Wthh the following holds assuming |det(df(0))| > C'\/d

(&) {(a)n |L(w)|| > 25(z) whenever |yw||:am;
" O)n, ||E(w)]| <d(z) whenever |w]| =ay/d(z).

Noting that ||df(0)(w)| < R|lw|| the argument for (b), is the same as in the case of n = 1, and it
suffices to choose a such that (5R)a? < 1. As for (a),, considering |w| € OB"(a+/d(z)) we have

|Z(w)| = [ldf (0)(w)l| — ||z — bll = lldf (0)(w)]| — d(2). (24)

To relate ||df (0)(w)]| to | det(df(0)| suppose df (0)(w) = & with ||£|| = alw]||. Denoting by w™ resp. &+
the orthogonal complements of the nonzero vectors w and £ in C”, we consider the linear map A :
wh — &4 given by A = modf(0)|,. where 7 : C* — ¢ is the orthogonal projection. With respect to
orthonormal bases of the (n — 1)-dimensional complex vector spaces w* resp.n* we have | det(A)| <
R" ! by the Schwarz lemma while | det(df(0)| = a(det(A)), giving o > M Choosing now any
positive constant C' such that Rf,l > 3 for |lw|| = ay/d(z) and | det(df(0 | > C'\/0(z) we have

V=1 dlog|hs|* = 1/ v/ —190log|hy|? (23)
2 A(a\/@)

 det(dr(0 VA 3 5. (25)

Rnl Rnl
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Thus, for |w|| = a/d(z) and assuming | det(df (0)| > C'\/d(z) we have by (24) and (25)

1Ll > /5= (ay/5E) - 6(2) > 20(:) | (26)

yielding (a), and completing the proof of the claim (&), for any n. From (a), and (b), it follows
that ||h(w)|| > 0(z) whenever ||w| = ay/d(2). In terms of the Euclidean coordinates w = (wq, ..., wy,)
of the domain manifold define as for n = 1 the holomorphic map h(w) = f(w) — b. Decomposing
h(w) = L(w) + E(w) as in the case of n = 1, L(w) = df(0)(w) + (z — b), and using exactly the same
argument there we have a real 1-parameter family of holomorphic maps hi(w) = L(w)+tE(w). Hence,
for 0 <t <1 we have [[h(w)| > [|[L(w)] — t|[E(w)|| > (2 —1t)d(z) > §(z) for w € IB™(a\/d(2)), hence
hi(w) # 0 for any w € 9B™(a\/d(z)). For the analogue of Rouché’s Theorem we note that the affine
linear function L(w) = df (0)(w)+ (z—b) admits a unique zero at w = wg = (df (0))~!(b—2) on C". By
the hypothesis (for argument for contradiction) we have ||df(0)(n)|| > 2+/5(2)||n|| for n € To(B™) =

C™, hence ||df(0)~1(&)| < ;L\/E(L) for ¢ € T.(U) = C", so that in particular wy € B"(ay/3(z)) and

ho(w) = L(w) has a unique solution on B"(a\/d(z)). Suppose for some ¢, 0 < ¢t < 1,hy(w) = 0 is
not solvable on B™(ay/d(2)). Writing h¢(w) = (hei(w),- -+, hen(w)), the coefficients hy j(w) cannot
be simultaneously zero, so that [h;] : B® — P"~! is well-defined, and (\/jaglog\hﬂz)n = 0, since
the (1,1)-form inside the parenthesis is nothing other than the pull-back of the Kéhler form of the
Fubini-Study metric on P!, which is everywhere degenerate. If that happened, by Stokes’ theorem
we would have

I(t) := 1/ V=1dlog|hs|> A (V—180log|hy?)" " =0 . (27)
2m)" Jorn (ay/302))

The boundary integral is well-defined for 0 < ¢ < 1, with I(0) = 1. Obviously I(¢) varies continuously
with ¢, but it is less clear that I(¢) is an integer for each t. To reach a contradiction to the assumption
b € OU (as in the use of Rouché’s Theorem for n = 1), we proceed as follows. The mapping h; :=
L+tE : B™ — C" is defined for any real t, and, for € sufficiently small, in the interval —e <t < 1+¢€, h;
is not equal to 0 on OB" (a\/4(t)). Hence, the boundary integral /(¢) remains well-defined. The integral
I(t) then varies as a real-analytic function in ¢. For ¢ sufficiently small, h; is a biholomorphism of
B"(a\/5(z)) onto its image. The current (v/—100log|hi|?)" over B"(a\/5(z)) is given by (27)" 0 1) 5
where z(t) is the unique zero of h;, and J, denotes the delta measure at x. Hence I(t) = 1 for ¢
sufficiently small. It follows that I(¢) = 1 for 0 < t < 1 by real-analyticity, and we have a contradiction
to (27) at t = 1. The proof of Proposition 7.7 is complete. O

For a bounded domain U &€ C" the Kobayashi volume form puy can be localized using Cauchy
estimates, as follows. Suppose b lies on the boundary OU, and let B be a Euclidean coordinate ball
centered at b, B := B"(b; p). Suppose 0 < € < 1, and write B := B"(b; (1 — €)p). Then, there exists
r > 0 depending only on the diameter of U and on € such that for any holomorphic map f : B" — U
satisfying f(0) € B'NU we have f(B"(r)) C BNU. This leads to an upper bound on the Kobayashi
volume form MBmU‘ oy 1 terms of MU} gy~ For our application to the proof of the Isomorphism
Theorem (Theorem 7.2) we formulate the localization estimate obtained by the same argument in a
more general form as follows, noting the monotonicity property of the Kobayashi volume form.

Lemma 7.8. (Localization Lemma for the Kobayashi volume form) Let m : U — Z be a bounded
Riemann domain spread over a Stein manifold Z, Uy C U be a connected open subset, and b € 0Uy,
the boundary of Uy in U. Let B C U be a neighborhood of b on U such that w|p : B — Z is an open
embedding of B onto a coordinate neighborhood w(B) of w(x) in Z, and B" € B be a neighborhood of
b relatively compact in B. Then, there exists a positive constant C such that

pu(z) < puns(z) < Cuy(2)
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for any point z € B'NU.

Next, for a bounded Riemann domain 7 : U — Z spread over a Stein manifold Z we will make use
of the above Localization Lemma and Proposition 7.7 to study open subsets Uy C U of locally finite
volume with respect to uy at any boundary point b € U — Uj.

Proposition 7.9. Let 7 : U — Z be a bounded Riemann domain spread over a Stein manifold Z, and
Ug C U be an open subset. Assume b € U — Uy and let B C U be a neighborhood of b in U such that
7w|p : B — Z is an open embedding of B onto a coordinate neighborhood w(B) of w(x) in Z. Identify B
as a Euclidean domain via the implicitly chosen local holomorphic coordinates on w(B) and endow B
hence with the Lebesgue measure . Suppose Volume(B'NUy, pupnu,) < oo for any open subset B' € B
relatively compact in B. Then, the closed subset B — Uy C B is of zero Lebesgue measure.

Proof. We identify B with n(B), 7|g : B = 7w(B), and then 7(B) via the holomorphic coordinate
o : 7(B) =W c e, dor|p: B =5 W, so that B is identified with W. Write Wy := o (m(BNUy)) C
W. Using a locally finite collection of relatively compact open subsets covering W and applying the
Localization Lemma for the Kobayashi volume form (Lemma 7.8), the proof of Proposition 7.9 can be
reduced to that of the following special situation.

Identify C with R? in the standard way, and hence C" with R?". Let I denote the closed unit
interval [0,1] and Iy := (0,1) be the open unit interval, I = I. Let o be a positive real number, and
write J := [~a,1+q], Jo := (—a,1+a), Jo = J. Assume that J?* C W. Write E' = J** — & (7 (Uy)).
E :=I?" — ®(n(Up)). Assume that E C 1" x [¢, 1] for some €,0 < € < 1, so that I?"~! x [0,¢) C
I*— E. On J?" — E’ denote by § the Euclidean distance to E, i.e., §(z) = sup {r : B"(z;7) N E’' = 0}
for z ¢ E’. By Proposition 7.7, for some constant C' we have

av
/ _— S C ILLJQniE/ < 0 (28)
g O g °

where dV denotes the Euclidean volume form on R?". Then, we need to prove that A\(E) = 0 for the
Lebesgue measure A on R?". Let S C I?"~! be the closed subset consisting of all parameters s € 1?71
such that ({s} x I ) N E # 0. Denote by t the Euclidean variable for the last direct factor of I?". For
each parameter s € S we claim that

/ A (29)
({sixD)-E O

To see this note that for each s € S, 0(s;t) < |t —to| for any t¢ such that (s;t9) € E. For s € S, taking
to € [¢, 1] to be the smallest number such that (s;tg) € E, we have

dt fo qt
/ LN / — 0, (30)
({sixD)-E O 0o to—t
justifying the claim (2). By Fubini’s theorem, the closed subset S C I?"~! is of zero Lebesgue measure,
hence £ C S x I is of zero Lebesgue measure, as desired. O

Given any unramified covering map x : M — M , by the fact that B" is simply-connected, x*uns
on M agrees with p; since any map f € Ky lifts to f € Ky7. Using Proposition 7.7 we deduce
the following result crucial to the proof of the Isomorphism Theorem (Theorem 7.2). It relates the
covering domain D to its hull of holomorphy lA), and allows us to enlarge N to a complex manifold
admitting a complete Kahler-Einstein metric of finite volume.
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Proposition 7.10. Let D C Z be an a bounded domain on a Stein manifold Z, IT' C Aut(D) be a
torsion-free discrete group of automorphisms of D such that N = D /T is of finite measure with respect
to up. Let m : D — Z be the hull of holomorphy of D. Then, F’ extends to a torsion-free discrete
group of automorphisms I of D such that, writing N:=D / I" N is of finite volume with respect to

Py

Proof. From Cartan’s theorem on limits of automorphisms of bounded domains (cf. Narasimhan [29]),
which generalizes readily to bounded domains on Stein manifolds, one deduces that IV C Aut(D)
extends canonically to a discrete subgroup I C Aut(ﬁ), [’ T’ of automorphisms of the hull of
holomorphy D > D (cf. Mok-Wong [27], Lemma in (1.1) therein). Since torsion-freeness of I” is
an algebraic property of the abstract group IV, which is isomorphic to I" the latter group is also
torsion-free. Thus, T’ acts properly discontinuously on D without fixed points and N = D/F’ is a
complex manifold.

Since pg < pn on N, Volume(N, pg) < Volume(N, ,uN) < 00. On the other hand, Volume(N —

N, N) is obtained by integrating u g over N—N. Covering N by a countable number of open subsets
B, C N a € A, such that each B, is biholomorphic to a FEuclidean domain W,, and denoting by
Ao the Lebesgue measure on B, thus obtained from W, C C", we have u ﬁ‘ 5 = ba - Aq for some
locally bounded measurable function 6, on B, such that B, N (]/\\f — N) is of zero Lebesgue measure

with respect to Ay, by Proposition 7.9. We conclude that Volume(]v, pg) = Volume(N, Mﬁ) < 00, as
desired. O

By Proposition 7.9 it follows readily that D-Dis locally of zero Lebesgue measure at any boundary
point b of D in D. In other words, for any such point b there is a coordinate neighborhood U of b on
D such that U — D is a zero Lebesgue measure. In particular, D — D does not contain any nonempty
open subset, and it follows that the Riemann domain D spread over the Stein manifold Z is schlicht,
hence we may from now on identify D as a bounded domain on Z.

Since D € Z is a bounded domain of holomorphy, by the Existence Theorem on canonical Kahler-
Einstein metrics (Theorem 7.4) on bounded domains of holomorphy on Stein manifolds there is a
unique complete Kéhler-Einstein metric g, , and the accompanying Kahler form w,, on Dez
which is invariant under Aut(D). By I'-invariance, g, , and w,., descend to N = D/I”, and we use
the same notations to denote the Kahler metric resp. Kéhler form on the quotient manifold NoN.

Corollary 7.11. Let N O N be the complex manifold as in Proposition 7.10. Then N admits a

unique complete Kdhler-Einstein metric g,.,, of finite volume and of constant Ricci curvature —(n+1),
n=dimN.

Proof. Tt remains to prove that (]/\7 , Gy ) is of finite volume. This follows from Volume(f\? W) <
Volume(N, j15) < oo, where the first inequality comes from the Comparison Lemma (Lemma 7.6) and
the second inequality is in Proposition 7.10. O

8 Proofs of the Fibration Theorem and the Isomorphism Theorem

8.1 Proof of the Fibration Theorem

We deduce first of all the Fibration Theorem (Theorem 7.1) from the Extension Theorem (Theorem
1.1).

Proof. (The Fibration Theorem) By the hypothesis €2 is of rank > 2 and I' C Aut(£?2) is an irreducible
torsion-free lattice. By Margulis [13], I is an arithmetic lattice, and the minimal compactification
Xmin O X of Satake [31] and Baily-Borel [2] is projective, so that X C X, inherits naturally the
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structure of a quasi-projective manifold. Also by the hypothesis N = N /T is quasi-compact, i.e., N
is a dense Zariski open subset of some compact complex manifold N¥.

It is further assumed that f: X — N induces an isomorphism f, : m(X) =T ST =m (N) on
fundamental groups and that (X, N; f) satisfies the condition (&) concerning pull-backs of bounded
holomorphic functions on N by the lifting F : Q — N of f X — N to universal covers. Let
R: N — Q be the holomorphic mapping given by Theorem 1.1 such that Ro F' = idg. We are going
to prove that R descends to p : N — X, in other words, that we have the following commutative
diagram.

R
KI_,\N
Q—— N
||
X —— N
e P

Assume first of all that Q is irreducible (and of rank > 2). We have first to prove that R(N) C €.
Let o € Tp(€2) be a minimal rational tangent vector of unit length at the origin 0, A, C € be the
minimal disk passing through 0 such that o € TH(Ay). Let Ly, : C* — Ca be the Euclidean orthogonal
projection, which projects {2 onto A,. We identify Ca isometrically with C and hence A, with A.
We claim that R(N) C Q. Denote by 7 : N — N the universal covering map. For any bounded
holomorphic function 1 on N, consider the function ¢y : N — R defined by ¥y(q) = sup{|6(p)| :

7(p) = q}. Defining ¢ : N — R by ¢(p) = 1(7(p)), we have

Y(p) =sup {|0(y(p))| : vy €T’} =sup {[(0 o) (p)| : v €T'}. (31)

Hence, 1/1 is the supremum of the absolute values |6,|, v € I, on a family of holomorphic functions
0, ' N — A, 0 := fory. From Cauchy estimates on first derivatives ¢9 is uniformly Lipschitz and hence
contmuous Thus, ¥ : N — R is a bounded continuous plurisubharmonic function. Since N C N¥ is
quasi-compact, 1y extends by the Riemann extension theorem for bounded plurisubharmonic functions
to N¥, and is hence a constant function by the maximum principle. Applying the same argument now
to the function 6, := L, o R we conclude that 1y, must be identically equal to 1, since ¢y, (p) = 1 for
any p € f(X). Taking all possible minimal rational tangent vectors « of unit length at 0 one concludes
readily that R(]V ) C Q, as can be seen for instance from the polydisk theorem. It remains to show
that R(N)NOQ = (. Identifying 2 as an open subset of Tp(€2) by the Harish- Chandra embedding, we
have Q = {n € To(Q) : ||n]lsg < 1} for the Carathéodory metric ko on Q. If R(N N) N OQ # 0, then the
plurisubharmonic function 6(w) := [[R(w)]|x, on N attains its maximum value 1, and must therefore
be identically equal to 1, so that R(N) C 0. But this contradicts with the fact that R(p) € Q for
any point p € F(Q2), and proves R(]\~f ) C Q2 via argument by contradiction, as desired.

Using f, : I' —> I” we identify I with I". For every v € I and any p € F(Q),p = F(z), we
have R(v(p)) = v(R(p)) = 7(z) by definition. Consider now the vector-valued holomorphic map
T, : N — C" given by Ty(p) = R(v(p)) —7(R(p)). Then T, vanishes identically on F'(€2). Considering
the plurisubharmonic function ||| on N and descending to N by taking suprema over fibers of
7: N = N we conclude using Riemann extension and the maximum principle as in the above that
T, vanishes identically on N , 1.e., we have the identity Ro~y = v o R on all of N. It follows that
the holomorphic mapping R : N — Q descends to p: N — X. Since Ro F = idg we conclude that
po f =1idx, proving Theorem 7.1 in the case where €2 is irreducible. For the general case where 2 may
be reducible it suffices to consider pull-backs of bounded holomorphic functions which are nonconstant
on irreducible factor subdomains of €2 and the proof follows wverbatim. O
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8.2 Proof of the Isomorphism Theorem

For the proof of the Theorem 7.2 (Isomorphism Theorem) we proceed now to justify the same line
of argument by first proving the constancy of analogous functions 9. This will be demonstrated
by integrating by parts on complete Ké&hler manifolds, for which purpose we will pass to the hull
of holomorphy D of D and make use of complete Kéhler-Einstein metrics as explained in §2. A
further argument, again related to the vanishing of certain bounded plurisubharmonic functions, will
be needed to show that the holomorphic fibration obtained is trivial. For the proof of the Isomorphism
Theorem along brown these lines of thought we will need

Lemma 8.1. Let (Z,w) be an s-dimensional complete Kdhler manifold of finite volume, and u be
a nonnegative uniformly Lipschitz bounded plurisubharmonic function on Z. Then, u is a constant
function.

Proof. Fix a base point zg € Z. For R > 0 denote by Bpr the geodesic ball on (Z,w) of radius R
centered at zp. There exists a smooth nonnegative function p, on Z, 0 < p, <1, such that p, =1
on Bg, p, = 0 outside Bgy1, so that Supp(dp,,) C Br+1 — Br, and such that |dp,| < 2. By Stokes’
theorem, we have

0= / VLd(ppu) AOunw !+ / prV~1uddu Nt (32)
A Z

Here /—100u > 0 in the sense of currents, hence it has coefficients ‘which are complex measures
when expressed in terms of local holomorphic coordinates, and v/ —1ud0u is well-defined since u is a
bounded function. We have

V—=10u A Ou A w*™? S/pR\/—l(‘)u/\Bu/\w51
z

Br

(33)
= / \/1uapR/\8u/\ws_1/pR\/1u88u/\w$_1
Z Z

Here and in what follows, || - || will denote norms on Z arising from w, .. By assumption ||dul| is
uniformly bounded. Furthermore, ||dp,| < 2, and its support is contained in Z — Bpg, so that the
second last term of (33), up to a fixed constant, is bounded by Volume(Z — Bpr,w), which decreases
to 0 as R — oo since Volume(Z,w) < oo by assumption. On the other hand the last integral is
nonnegative since u > 0 and u is plurisubharmonic. Fix any Ry > 0. It follows from (1) that for some
constants C1,Ce > 0, we have

/ |Oul|? < Cl/ HuapR A Ou /\wsflu < CgVOlume<Supp(dpR),wKE)
Br z (34)
< CgVolume<BR+1 — Bg, wKE> < Volume(Z — Bg, wKE) —0

as R — oo, since Volume(Z,w, ) < oo by the hypothesis. As a consequence, we have du = 0, hence
du = 0 since u is real-valued. In other words, the real-valued function u is a constant function, as

desired. O

We are now ready to prove the main application of Theorem 1.1 (the Extension Theorem), as
follows.

Proof. (The Isomorphism Theorem) By Proposition 7.10, we can enlarge D to a bounded domain of
holornorphy D on a Steln manifold and extend I"” to a torsion-free discrete group of automorphisms
I I, such that for N = D / I we have Volume (N L N) < oo for the Kobayashi volume form p.
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By Corollary 7.11, N carries a (unique) complete Kéhler-Einstein metric g, , of constant Ricci
curvature —(n + 1), n = dim(V), with Kahler form Wy p such that Volurne(N Wyp) < 00.
Consider now the holomorphic map f: X — N C N as having i image in N. Applymg Theorem 1.1

(the Extension Theorem), we can extend the inverse map i : F'(2) =3 Qto R:D — C" as a bounded
holomorphic map. We claim, in analogy to the proof of Theorem 7.1 (the Fibration Theorem), that
]:?(IA)) C Q. Recall that there for any bounded holomorphic function 6 on N, 7 : N — N being the
universal covering map, we defined vy(q) = sup {|0(p)| : 7(p) = q}. To establish R(N) C € in the
proof of the Fibration Theorem, a key point was to show that the bounded plurisubharmonic function
1y on N is a constant.

In the current situation of Theorem 7.2 (the Isomorphism Theorem), we have N = D/T" ¢ D/T" =

N. Since the Carathéodory metric kp is invariant under Aut(ﬁ), it descends to a complex Finsler

metric on N , to be denoted by vg. Write 7 : D — N for the canonical projection, which is a regular
covering map. In analogy to the proof of the Fibration Theorem here, for the Isomorphism Theorem
we have to find an inverse of the holomorphic map f: X — N C N , 1.e., to find an inverse holomorphic
map p: N> X making the following diagram commutative.

For a bounded holomorphic function ¢ on D we define now 1(q) := sup {|0(p)| : 7(p) = q}. As in
(31), Wy is uniformly Lipschitz, hence differentiable almost everywhere, and, where defined, Hd1/19|| KL
is uniformly bounded. Here and in what follows for a complex Finsler metric ¢ on a complex manifold
M, apointy € M and a (1,0)-covector /3 at y, we define || 3|+ := {sup|ﬁ(n)| e Ty (M), |n]l, < 1},

which defines o* as a complex Finsler metric on the holomorphic cotangent bundle T}, = T10(M)*.
In case o is the norm function of a Hermitian metric A on T}, then ¢* is the norm function of the dual
Hermitian metric h* of h on T}j;. By the Comparison Lemma (Lemma 7.6), g,., dominates a constant

T is uniformly bounded on N. By Lemma 8.1, it follows that vy is a

multiple of x5
constant, so that R( ) C €2. The same argument applied to the bounded vector-valued holomorphic
functions T, = Ro*y 7oR yields T, = 0 and hence the equivariance of Runder T. As a consequence,
the analogue of the Fibration Theorem remains valid, i.e., there exists a holomorphic map p : N> X
such that po f =idy.

To complete the proof of the Isomorphism Theorem, it remains to show that f : X — N is an
open embedding. Knowing this, we will have f o p = id 5 by the identity theorem for holomorphic
functions, so that f maps X biholomorphically onto N. But, by the hypothesis f(X) C N, so that
N = N and we will have established that f: X — N is a biholomorphism.

We proceed to prove

(#): f: X — N C N is an open embedding.

Suppose otherwise. Then, n = dim(N) > dim(X) := m and the fibers pl(z) of p: N = X are
positive-dimensional. Let 29 € X be a regular value of p: N — X, and L C p~!(x¢) be an irreducible
component, dim(L) =n —m > 0. We claim first of all that

(b): L lifts in a univalent way to D, ie., ik I S5Lisa biholomorphism.
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From (b) we will deduce ().

To establish (b) let Zy € Q be such that 7(Z) = zp and L C D be a connected component of
]:?_1(50), so that ?(E) — L for the covering map 7 : D — N. Suppose y € I acts as a covering
transformation on D such that y(L) = L. (Recall that T is identified with I via f : T' < I".) The
statement (b) will follow if we show that v must necessarily be the identity element id 5. Since (L) =1L,
for p € L we have fy( ) € L so that R(y(p)) = R(p) = zo. On the other hand, by the I'-equivariance
of R we have R(y(p R(p)), and it follows that v(R(p)) = R(p), hence z( = }AE( ) is fixed by
v € I, Denoting by L D —> D the natural inclusion map. Since I' 2 IV C Aut(D) == Aut(D )
torsion-free, v € IV = T" has no fixed point on D unless v = idp, and we have proven that 'y(L) = E
implies v = idp, i.e., we have established the statement (b) that 7|; maps L bijectively onto L.

We are going deduce (f) from (b). More precisely, from the assumption that n = dim(N) >
dim(X) = m, and from the existence of a single irreducible component L C  of p~ () for some
regular value zg € X of p: N — X such that 7| 7 L =L (C N ) is a biholomorphism and such that

Volume (E,wK E) < 00, we are going to establish (f) via argument by contradiction.

-}
U

~

«—— T
.(7
Q)

i)}
=

N

.
£>

<

Let € be a bounded holomorphic function on the bounded domain of holomorphy D on the Stein
manifold Z such that 6|7 is not identically a constant. Then, u := 6| gives a nonnegative smooth
plurisubharmonic function on L = L such that du is uniformly bounded with respect to w, . If
we know Volume (L,w, ) < oo, then Lemma 8.1 applies to yield a contradiction. We only know
Volume(]v ,wKE) < 00, and proceed now to prove that there exists some choice of regular value
20 € X of p: N = X such that (L,wy ) is indeed of finite volume, and this will be sufficient for our
argument. The proof will proceed via Fubini’s theorem, and our proof will in fact show that for almost
all regular values z of p, ¢ := f(z), Volume (Lq,w,,) < oo for the irreducible component L, C N of
p~!(z) passing through gq.

Let again 2¢g € X be a regular value of p : N = X, qo = f(xo) Let V be a simply connected
neighborhood of z¢ in X. For z € V denote by L, C p 1( ) C N the irreducible component of 5~ ()
containing ¢ := f(z). Since po f = idx, ﬁ‘f(V) : f(V) S Vis nothing other than the inverse map

of f ‘V ) =N f(V), so that p is a submersion at any point ¢ € f(V'), hence the irreducible complex
analytic subvariety L, C N is of complex dimension n —m for any point ¢ € f(V). By Sard’s theorem,
for almost all x € V, z is a regular value of p : N = X,and L, C Nisan (n—m)-dimensional complex
submanifold. Let W C N be the connected component of the open subset p~1(V) C N which contains
F(V). A

Let now ¢ be a bounded holomorphic function on D. Recall that £ is the Carathéodory metric on
D. By the Comparison Lemma (Lemma 7.6), > Const. X k5. Since du = 090 and 0 is bounded,
we have

gKE
[0u(y)ly:., < Const. x [90(w)g; .

= Const. x sup {|00(n)| : n € T,,(D D), g, < 1} (35)
< Const.” x sup {|06(n)| : n € T, (D D), sy < 1} < o0,
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where the last line follows from the inequality g, , > ?%Ul for a bounded domain U C Z on a Stein
manifold Z in the Comparison Lemma (Lemma 7.6). Denote by 35 C f(V) the subset of all ¢ = f(x),
where x € V' is a regular value of p. By Sard’s Theorem .71 := f(V) —9; is of zero Lebesgue measure.
Consider the holomorphic map R:D—>Q. T hen, by the infinitesimal distance decreasing property
on Carathéodory metrics for holomorphic maps, we have x5 > R*(kq). Hence,

9pp > Const. x R*kq . (36)

Descending now to N , we denote by w,., the Kahler form of g,.,, both for D and its quotient manifold
N = D/I”, and consider the fibration ply : W — V. In what follows we impose the condition that
the open set V is relatively compact in X and denote by dA the restriction of a smooth volume form
on X to V. We have by (36) the inequality

wr > (Const. x p*dA\) Awi ™ . (37)

K E

By Fubini’s theorem we conclude from the estimates that

/ Volume (L, w, ;) dA(q)
qER; (38)

< Const. x Volume (W, w, ) < Const. x Volume(]v,wKE) <00 .

Hence, denoting by % C f(V) the set of all ¢ = f(x) € f(V) such that z is a regular value of p
and Volume(Lg, w, ) = o0, .7 := .71 U C f(V) must be of zero Lebesgue measure. There exists

therefore some ¢* € f(V) — .. Fix such a choice of ¢f. Write L := L, and L:= E;]v, where 7(q) = ¢*.

Choose now a holomorphic function 6 on D such that 6|7 is nonconstant. Since Volume (L, W E) < 00,
applying Lemma 7.6 to the complete Kahler manifold (L, Wi { L) of finite volume (so that Lemma 8.1
applies) and to the bounded smooth plurisubharmonic function u = |#|? on L we obtain a contradiction
to Lemma 8.1 (which says that u = |#|? and hence 6 is constant), proving via argument by contradiction
that f: X — N is an open embedding, with which we have completed the proof of the Isomorphism
Theorem (Theorem 7.2). O

8.3 A variant of the Isomorphism Theorem

We have the following variant of Theorem 7.2 when the fundamental groups of X and N are only
assumed to be isomorphic as abstract groups.

Theorem 8.2 (Variation of the Isomorphism Theorem). Suppose in the statement of Theorem 7.2

in place of assuming that fi : T =5 T' we assume instead that T = T’ as abstract groups and that
f: X — N is nonconstant. Then, f : X — N is a biholomorphism.

Proof. Let Gy = Auty(2) be the identity component of the automorphism group of 2. By the

hypothesis, there exists a group isomorphism « : I’ =i Replacing T' (and hence I'') by a subgroup
of finite index we may assume without loss of generality that I' C Gg. Denoting by ¢ : I' < G the
inclusion map regarded as a group monomorphism, ¢ o a~! : IV — G identifies I'' also as a subgroup
of Gg. Since Gy is semisimple, connected and of real rank > 2, and I' C Gy is an irreducible lattice,
by the Margulis superrigidity theorem [14], either f.(T') is finite, or else f, : I' — I” extends to a

group automorphism 6 : Gy — Gp. In the former case, denoting by I'y := Ker(f,) C I', which is a

(normal) subgroup of finite index, and defining fy : Xo =: /Iy LN Q=X N N, where the first

map & : Xg — X is the canonical unramified covering map, we would have a lifting fo : Xo — D of
fo : X — N to the covering bounded domain D &€ Z of N, which would force fy to be constant by
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the Riemann extension theorem for holomorphic functions and by the maximum principle. In other
words, the nonconstancy of f forces f. : I' — I to extend to a group automorphism 6 : Gy — Gj.
In particular, f, is injective. With respect to a fixed Haar measure on the semisimple Lie group Gy,
which is invariant under the automorphism 6, Volume(G(/I") must agree with Volume(Gy/ f«(T)).
Since f.(T") C I", it follows that f.(I') = I", so that f, : I’ =, T, and we are back to the original
formulation of the the Isomorphism Theorem. The proof of Theorem 8.2 is complete. ]
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