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Abstract

Based on the nonequilibrium Green’s function (NEGF), we develop a quantum nonlinear theory to
study time-dependent ac transport properties in the low frequency and nonlinear bias voltage
regimes. By expanding NEGF in terms of time to the linear order in Wigner representation, we can
explicitly include the time-dependent self-consistent Coulomb interaction induced by external ac
bias. Hence this theory automatically satisfies two basic requirements, i.e. current conservation and
gauge invariance. Within this theory, the nonlinear ac current can be evaluated at arbitrarily large
bias voltages under the low frequency limit. In addition, we obtain the expression of time-
dependent current under the wide band limit and derive the relation between the nonlinear
electrochemical capacitance and the bias voltage, which are very useful in predicting the dynamical
properties of nanoelectronic devices. This quantum theory can be directly combined with density
functional theory to investigate time-dependent ac transport from first-principles calculation.

1. Introduction

Nonlinear Hall effect [1-4] is the emerging frontier of condensed matter research [5-18]. Prominent
nonlinear Hall phenomena include the second order Hall effect discovered in WTe, [19-21] as well as TalrTe,
[22], and the third order Hall effect verified in T;-MoTe, [23], etc. These higher-order responses are
relatively weak and their measurement requires the phase lock-in amplifier technique, where low frequency
ac bias voltage is applied as the driving signal while the second [20-22] and third harmonic [23] responses
labeling nonlinear signals are probed. However, theoretical interpretation of nonlinear Hall effects is mostly
based on the semiclassical Boltzmann approach. In terms of the second [13] and third order [14]
conductances expressed in nonequilibrium Green’s function (NEGF), quantum transport properties of
nonlinear Hall effects have been discussed, but only in the dc case. Therefore, a nonlinear ac transport theory
at low frequency is on demand and definitely helps to comprehend nonlinear Hall effects.

On the other hand, time-dependent quantum transport in molecular and nanoscale devices have
attracted intensive research attention both experimentally [24—34] and theoretically [35-66]. Time-
dependent response in quantum transport is of great importance, since it can provide critical information on
dynamical properties that are absent in the dc case. The dynamical property is essential in accurate design of
nanoelectronic devices. Under time-dependent external fields, quantum transport investigation focuses on
two different regimes, i.e. the transient regime when the external bias is immediately turn on or off and the
long time ac steady-state regime. For the transient dynamics that characterizes the relaxation time of an
electronic system when turned on or off, various approaches have been developed, including scattering
matrix theory [37, 48, 50], NEGF [38, 47, 67], and time-dependent Schrodinger equation [46]. In the ac
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steady-state regime, Biittiker derived a current conservation theory which explicitly includes the
displacement current in terms of scattering matrix [37]. However, this theory is only applicable under
near-equilibrium condition. Later, the situation has been extended to the far-from-equilibrium condition by
using NEGF [68].

According to [37], the long-range Coulomb interaction must be included in time-dependent and
nonlinear dc quantum transport theories, which is necessary for satisfying two basic requirements,

i.e. current conservation and gauge invariance [37, 69]. The Coulomb interaction can be treated at least in
the Hartree level in density functional theory (DFT). Therefore, it is convenient to adopt the first-principles
approach, i.e. DFT carried out within the Keldysh NEGF (NEGE-DFT) formalism, to study the transport
properties of nanoelectronic devices. In practice, quantitative predictions of their transport properties were
compared with experimental results [70-73]. Although the NEGF-DFT formalism has been widely applied in
predicting dc quantum transport properties, its applications to ac situations received far less attention. This
is due to the lack of a quantum ac transport theory in the nonlinear bias voltage regime. Such an ac transport
theory can be directly coupled with DFT to predict quantum nonlinear ac transport properties from atomic
first principles, which is absent so far. Therefore, a nonlinear ac NEGF theory is urgently needed.

In this work, we develop a quantum nonlinear formalism to study ac transport properties at low
frequency, where Coulomb interaction is explicitly treated within the NEGF formalism. Based on the
adiabatic approximation, we expand the Floquet NEGF with respect to frozen Green’s function in Wigner
representation at low frequency. Physically, frozen Green’s function describes that the potential experienced
by electrons during their transport is instantaneously adjusted to the applied ac bias. Following this route,
the nonlinear time-dependent current is obtained. Furthermore, a concise formula is given under the wide
band limit (WBL), which can recover the dynamic conductance at small ac bias [68]. In particular, we
demonstrate that the present theory can be used to study the nonlinear electrochemical capacitance in
response to external bias, i.e. the C-V curve.

The paper is organized as follows. In section 2, we introduce the theoretical model for ac transport.
Section 3 presents the derivation of time-dependent NEGF in terms of frozen Green’s function. In section 4,
we provide the time-dependent ac current formula and discuss two limiting cases, i.e. WBL and small ac bias
limit. Nonlinear electrochemical capacitance is also discussed. Finally, a brief summary is given in section 5.

2. Model

In this section, we introduce the model system for ac transport. The system under investigation is a quantum
device in contact with two leads extending to electron reservoirs where time-dependent ac bias is applied, as
shown in figure 1. The Hamiltonian of this model system can be expressed in three parts

H=H, +Hc+Hr. (1)
Here H,, is the Hamiltonian of lead «
Hy = o (t) Cl, Cra (2)
ko

where C}: o/ Cra creates/annihilates an electron in lead a. €xo (t) = 615(2 + qvo(t), where e,((g) is the energy level

of lead v and v, (1) = v cos(wt + ¢,,) is the time-dependent external ac bias. w is the frequency of this ac
bias and ¢, denotes the corresponding phase. The second term H is the Hamiltonian of the isolated central
region,

HC:Z(€n+qUn)djzdn7 (3)

n

where d} /d,, is the creation/annihilation operator of the electron in the central scattering region. Internal
Coulomb potential U, under the Hartree approximation is included in the central region, which is defined as

Un = Z Vnm <dj;qdm>a (4)

where V,,, is the matrix element of the Coulomb potential. In real space representation,
V(x,x") = q/|x — x’|. The exchange and correlation interactions can be treated in a similar way. The last term
Hr describes the coupling between the central region and leads
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v,cos(wirte,) Central scattering region , co5(wite,)

Left lead Right lead

Figure 1. Schematic plot of a two-terminal nanoelectronic device consisting of a central scattering region (red line box) and two
leads. The left and right leads extend to electron reservoirs at infinity, where time-dependent bias voltages v cos(wt + ¢« ) are
applied and electric currents are probed.

He =Y [tkanC}:adn 4 t?éandlea} , (5)

kan

with fx, the coupling constant.
Based on NEGE, the time-dependent charge current flowing in lead @ can be written as
(h=—g=1)[43],

Ia(t):/dtlTr [G'(1,1) 55 (1,1) + G= (,1) 2% (11, 1) = 35 (t,11) G* (11, 1) — X, (1,1) G= (t1,1)] . (6)

Here G»*< (X"*<) is the time-dependent Green’s function (self energy) with double time indices in
principle. In order to obtain the time-dependent current I, (¢), one has to know G"*< and ¥"*<. In the
following section, we will discuss how to calculate them in Wigner representation by expanding them to the
first order in frequency, and then evaluate I, (1).

3. Green’s function and self energy in Wigner representation

We start from the time-dependent retarded and lesser Green’s functions of the central scattering region on
real-time axis [67],

{igt —Hc(t)} G(t)=6(t—t)+ /Z’(t, )G (t;,t")dt, (7)
and
[igt Hc(t)} G<(t,t') = /dt1 (X7 (t,6) G< (1,t") + X< (t,1) G* (1,1")] - (8)

In general, the Hamiltonian Hc(#) in equations (7) and (8) can be separated into two parts, i.e.

Hc¢(t) = Heo + U(#), where Hey is the time-independent part and U(¢) is the time-dependent internal
Coulomb potential in response to the external ac bias. To develop a formalism that can be combined with
DFT, the Coulomb potential U(¢) should be solved explicitly through the Poisson equation

VZU()C, t) = —4mp (xa t) = —4mi [G< (ta t)}xxv (9)

where p(x,t) is the charge density and x represents the real space position in the central region. Note that
equations (7)—(9) are coupled, which means that they should be solved self-consistently.

The Green’s functions in equations (7) and (8) depend on two time indices (t,¢’), since the time
translational invariance is broken due to the presence of the time-dependent ac bias voltage applied in the
lead. In the following, we first express the two-time function A(#,;) in Wigner coordinates, where a slow
classical timescale t = (#; + 1) /2 and a fast quantum timescale 7 = #; — , are introduced [67]. Thus,
A(t1, 1) is transformed into A(t,7) and an integral expression such as

A(l‘ufz)Z/df3A1(t17t3)Az(l‘3,l‘z)7 (10)

gives [67]

A(tvE):Al(taE)f(tvE)A2(tvE)a (11)
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where A(t,E) = [drelf7A(t,7) and

TE 2 <
ﬁ@,@:exp( 1[06_83]), .

2| 0tOE OE ot

is the gradient operator and arrow indicates the direction of differentiation. When the external ac bias is slow
enough compared to characteristic timescales of the electron in the system, the gradient operator in
equation (12) can be expanded order by order in time or energy. Here, we keep only the first order of the
Taylor expansion

]:_(t,E)ml (13)

(32-29)

2\ 0rdE  OE ot

For simplicity, abbreviations for derivatives % = Og and % = 0y are adopted in the following derivation.
Thus Wigner transformation of a two-time function gives [67]

A(t,E) = A, (t,E)Az(t,E)+§{A1,A2}, (14)

where Poisson bracket is defined as
{A; (t,E),A; (t,E)} = OpA10,A; — 0,A 1 OpA;. (15)
Therefore, by taking Wigner transformation and using equation (14), the corresponding Floquet Green’s

functions of equations (7) and (8) up to the first order become (detailed derivation is presented in appendix
A)

éatc;f (t.E)+ %&HC (6)O6G" (L,E) + [E— He (1) — X' (4, E)]| G () — é .Gy =1 (16)
and
L0G= (1,E) + LOHC (096G (1) + [E— He (1) — ' (1,E)] G (1.F) ~ 5 (1. E) 6" (1 E)
{6t} + {256 =0 (17)

Here we have used C(t1,1,) = A(t1)B(t1,2) = [ dt3A(t1,13)B(t3,12)8 (i — 13) and its Wigner transformation
is expressed as

A(t))B(t,t;) => A(t)B(t,E) — éatAaEB. (18)

In order to calculate the Green’s function G'/<(t, E), the self energy %'/ <(t, E) should be expanded up to
the first order in time. We show that the self energy up to the first order is the same as that of the equilibrium
one.

We start from the retarded Green’s function ¢’, (t, E) of lead « first, since the self energy 7 (¢, E) is
defined as X (t,E) = Hcagl, (t, E)Huc with He,, describing the coupling between the central region and lead
. Similar to equation (16), the retarded Green’s function of lead v can be expressed as

i i )

50186 (t,E) + S 0Ha (1) Osgy, (1) + [E+in — Haa (1] 8 (1 E) =1, (19)
where 7 is an infinity small positive number. Let us introduce the frozen Green’s function of the lead,
—1

Zo f(t,E) = [E+in — Hy (1)] (20)

Then equation (19) becomes

gesen)] " gmr e 5 { () =t en

4
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Since the Poisson bracket is actually calculating the first order term, g/, in it should be replaced by the
frozen Green’s function g,  directly. And the term g, { (ggw,)_1 80 s} equals to

G0 (g) Oey— g0 (shy) Oy = 8 OHa o+ S 8o OHols
= gfxyf(—&Hag’a’f—&— g’a’f@tHa) gy=0,  (22)

where we have used the relation —0,Hag], (+ &, 0:Ha = 0 that can be proved by using &[(g;’f)_1 98, 1 =0.
Therefore, from equations (21) and (22), we have

g:x(tvE) :g;,f(t7E)' (23)

Then the self energy 37, (¢,E) is equal to
¥4 (t,E) = Heagl, ¢(t,E) Hac. (24)

Furthermore, we calculate the lesser self energy up to the first order in time. As shown in [68], the lesser
Green’s function of lead o can be obtained from retarded and advanced Green’s functions

o (1,12) = i (€2 ) e (11,12) — gl (112, (25)

where g% is defined as

t
oo (t,t') = Fif (£t F t') exp [—i/ dti €k (tl)] . (26)
t’
By taking the Wigner transformation, equation (25) can be written as

8o (65) = if (€2 ) [gha (1. E) = g (1. )], (27)

where g,:{;(t, E) = (Edin — €1 (1)) ! due to equations (20) and (23). According to the definition, the lesser

self energy can be expressed as

[Eé (t, E)] —— Ztltamglfa (t,E) tkan = ifa (E) [La (E — qVa (t))]mn ) (28)
k

where fo, (E, t) = f(E — qv4/(t)) is the Fermi distribution function of lead o with applied bias. The linewidth
function I, is defined as

Lo (Bl =27 Y fomltan (E - e,E‘;)) . (29)
k
It is also equal to

Iy (t,E)=i[Z], (t,E) — 22 (t,E)]. (30)

Therefore, the self energy in equations (16) and (17) can be calculated by using frozen Green’s function of
the lead. Finally, we introduce the frozen retarded Green’s function of the central scattering region

;
Gl (E) = [G; (t,E)} —[E—Hc(f) — ¥ (1,E)] . (31)
Then equations (16) and (17) become
i -1
G (t,E) = Gi(t,E) + 2G;{ (G}) ,G’} , (32)
and
G* (t,E) = G{(t,E)X= (t,E) G} (1, E) + %G} [{,G}+{=<,G"}]. (33)

5
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Furthermore, we express Floquet Green’s function in terms of frozen Green’s function up to the first order in
time,

G'(t,E) ~ G{(t,E) + ¢, (34)
and
G=(t,E) ~ G{(,.E) X~ (,E) G{ (,E) + g~ = G} +¢~, (35)

where we have introduced lesser frozen Green’s function Gf< = Gi(t, E)X<(t,E) Gj(t, E). After some
derivations, we have the following relations

¢ =3 [(267) arttc + ) G- Gor e+ ) (047) . (36)
and

& = 3 [(067) autttc + 296 = GFou e+ ) (3667 + (3665 (e +57) 67

2 (37)
r (T N < r\ < ~a ry1< a
— Gy (He+37) (0667 ) + (9:G7) <61 - G (a3 ) |
where the relation Jg/[(Gf) "' Gj] = 0 is used.
Notice that the time-dependent Coulomb interaction U(t) is obtained through solving the Poisson
equation (9). The current conservation law is expressed as,
D I () +0:Q(t) =0, (38)
[0
with total charge of the system
dE
Q) = —i/ETr [G=(t.B)]. (39)

Since we wish to expand the time-dependent current I, (¢) up to the first order in frequency, the first order of
lesser Green’s function g< can be safely neglected during calculation of Q(¢), i.e.

. [dE <
o) = — /ETr {Gf (t, E)] . (40)
Thus the corresponding Poisson equation
V2U (x,1) = —Ami [Gf< (1, t)} : (41)

can be solved. Therefore, the Coulomb potential U(t) and Gf< (t,t) should be solved self-consistently. In the
following section, we will show that once the Coulomb potential is self-consistently obtained, current
conservation ) _ I, (f) = 0 is automatically guaranteed.

4. Time-dependent current formula

Similarly, the time-dependent current I, (t) in equation (6) can also be expressed in Wigner representation

I, (t) = /%Tr {GY(LE) ¥5 (4,E) + G= (t,E) X5, (t,E) — X5 (t,E) G* (t,E) — X, (1,E) G~ (t,E)

] ) ) ) (42)
i, i . i S AP

+§{G72§}+§{G<a2a}*§{z§ﬁ}*5{2a7G<} ;

where {...} is the Poisson bracket defined in equation (15). Green’s functions and self energies inside the
bracket is short for operators in Wigner representation, e.g. G**< = G"*<(t, E), etc. Note that the
time-dependent Coulomb potential is explicitly included in the frozen Green’s function through
equation (31) and hence the time-dependent current.

6
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Based on equations (34) and (35), the current can be divided into two parts: I, = 123 ) + L(xl ). Here, L()? )
corresponds to the adiabatic current and 18 is the first order correction due to frequency. With the help of
the relation Gf< = Gi(t, E)X<(t,E) Gf(t, E), the adiabatic current 1 can be written as

dE dE
1 (1) = /2—Tr G258 + 6ot - 256 - 367 | = /Z—Tr (67— G}) =5 +iG7 T
™ i

dE e w (43)
= Z/ETr [FaGfI‘BGf} (fo —13):
B
where Gf — G; = iGI'G is used. Correspondingly, the first order correction current is
(1) dE < <y < r < i r o< i < ya
1) = [ T l¢ns +¢°5 - S5~ She” + 5 {G 35 p+ 5 {673 )
™
: ) (44)
' y< ca Pisr o<
1))
Plugging equations (36) and (37) into equation (44), the explicit expression of I(()é1 ) can be obtained after
some straightforward algebra. Then we have
dE M l r a T a
1 (8 :/ S { (€ —g)Z5 +igTa+ 5 [aE (Gf—i— Gf) 9SS — 8, (Gf—i— Gf) OpE "

+ 0, (S, + ) 5GF — 05 (T, + 34) 0GF |}

From Gf< = G}E<G}’, we have 8E/th< = (8E/tG})E<Gj‘f + G}((?E/IZ<)G}‘ + G}Z< (8E/tGJ€‘). Equation (45)
can be further expressed as

dE M T a ]' T a T a
1V (1) = / gTr{(g’ — NS +i (sz< &+ gz<cf) Fa—3 (atcfz<cf - sz<atcf) AW

1 an, 1 (16)
+ 5 (QEG}E<GJ‘? — G}Z<8EG}‘) Ol'w + &E - ZPFQ} )
where g% = (¢") and we have used integration by parts for energy and introduced two terms
P = 0:G;X= 9G] — 0pGE=9,Gy, (47)
dmO/ — i r a < r a < ; ry< a Ty << a
=35 |06 (G G 5 — 06 (S, + 20) G +i (GG — GE<aG) ) Ta| . (48)

The physical meaning of [d,, /dE], is similar to injectivity [74-76]: the local charge at position x that an
electron injects from lead «v and emits to all leads due to the external bias.

Since current conservation is one of the basic requirements in quantum transport theory, we
demonstrate that the current shown in equation (46) is conserved when the Coulomb interaction is
included. Firstly, it is straightforward to show the adiabatic current satisfies

dE T a
SO =% / S [LaGaG] (1, — o) = 0. (49)
«@ af
Then from equation (46), we have
dn dE
(1) _ @ _ _ <| = _—
Za 1= Za 0. =—i0, / T [G7] = —a.Q(), (50)

where total charge Q() is defined in equation (40). In the central scattering region, the Poisson equation in
equation (41) should be solved with proper boundary conditions. The natural and reasonable conditions are
zero electric fields on the boundaries leading to constant electric potential U there. Thus we have

Tr [Vz Ulx, t)} = 0 due to these boundary conditions of the Poisson equation. Physically, the total charge in
the central region Q(¢) is zero and so is its derivative, which is known as the charge neutrality condition.
Then we arrive at > I (t) =0.
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4.1. Wide band limit (WBL)

WBL is usually adopted to simplify the analysis of transport properties. In this subsection, we will derive
formulas for the time-dependent current under WBL, where self energies are approximately independent of
both energy and time, i.e.

(9E2r/u = 0;6EF = 0;

(51)
0,2 =0;0,I' = 0.
Therefore, we have
8,G/" =G/ "0.HG]",
r/a r/a ~r/a
BEGf = —Gf G/, o)
Gf< = G}(t,E)E<G7 (t,E),
DS =) ilufa (B 1),
and
i T T T T
; (53)
¢ =3 |0GiG - GGy

Note that the lesser self energy X< is still time-dependent due to the presence of Fermi distribution function
fo(E, ) in it. Under WBL, the zeroth order current 1 has the same form

190 = [ S0 [0aGra6]] (, (5.0~ (B0, (54
B

where I, is energy-independent. By using equations (51)—(53), the first order current ) () in
equation (46) can be greatly simplified as

dE
1 (1) = / Tt =i (GG + GG} ) T + (GAGE< Gl — GE<0,GIG} ) T

(55)
1/ ./,
+5 (-i(GGi+Gi6p) a5 - (-G/GaE<GH + GAZ<GiG}) ra)] .
We can also check the validity of current conservation for the zeroth and first order currents in
equations (54) and (55). The current conservation of zeroth order can be easily obtained, and the
summation of the first order currents in equation (55) gives
d oI = o [i(GaG+ 066 2° + (GGE<Gl - GE<aGG) T
o = | or P\ B0y T Oiop g FOf A it
1 H r T a —a < al <a T < aca
+5 (-i(gG+Giar) az= - (-GiGas<G + Gaxr<Ga}) r)}
. dE ry < a T <(a ry< a (56)
dE
=— 1'8;/ —Tr {Gf}
27

To summarize, the time-dependent current expressed in equation (55) under WBL is also conserved.

4.2. Small ac bias limit

At the small ac bias limit, we can derive analytic expressions of the dynamic conductance and
time-dependent currents, which gives intuitive understanding on quantum ac transport properties.
Meanwhile, these analytic results can be compared with the previous work [68] which focused on quantum
ac transport theory at finite frequency and small bias limit.

8
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In general, time-dependent currents in equations (54) and (55) are in nonlinear response to bias voltage.
In the following, we expand the time-dependent current I,, () order by order in the bias voltage. First, we
need to separate the Hamiltonian into two parts: Hc(f) = Hco + U(t), where Hgy is time-independent and
U() is the time-dependent Coulomb potential. U(¢) can be expanded in terms of the bias magnitude
Vo (t=0) = v, [68],

1
U(t) = Ueq—|-U1 (t)+U2(t)—|— = Ueq—i-qZua (t)Va+zqzzﬁ:ua@(t)vaVﬁ—F..., (57)
« o

with Ugq the equilibrium potential in the absence of external bias. U, (¢) and U, (t) are the first and second
order corrections due to the presence of external bias, respectively. Correspondingly, i (t) and u,g(t) are the
first and second order characteristic potentials [37, 68, 77]. Under Thomas—Fermi approximation, the
Poisson-like equations for these characteristic potentials are defined as

~V2uq (t,x) + 41 %ua (t,x) = 4m 7dnadg’ *) ,
~V2uup (t,x) + 47 %uw(t,x) =dr dﬁ%ét,x)’ (58)
where
dingg  d?ng d?n, d’ng d’n

dE AR P T gm "8 g Mo T gmtels-

Here dn,, /dE is the time-dependent injectivity, and d*n,, /dE* = Ogdn,, /dE. The procedure for calculating
the first and second order characteristic potentials is shown in appendix B.

For simplicity, WBL is adopted in the following discussion. The frozen Green’s function in equation (31)
can be expressed as

—1

Gi(tE)= |[E—Hly—Uq— > Uy()=%"| =Gy+Gp> UG}, (59)

where equilibrium Green’s function is defined as Gj = [E — H};, — Ueq — X'] ! and self energy X" is
independent of energy; H¢, = Hcy — Ueq and U,, is the nth order correction to the time-dependent Coulomb
potential.

Now we expand the NEGF in terms of the first order bias. Thus the frozen Green’s function in
equation (59) can be further written as

Gi (1, E) = Gy + Gy U (1) G, (60)

Correspondingly, the zeroth order current I (t) in equation (54) is given by
(0) dE r a
WIOEDY 3. 11 La G5 Go] (Oefo) (va (1) — v (1) (61)
B

Here we have used the Taylor expansion of Fermi function f, = fo + (Ogfo)va(t) up to the first order in bias
and f is the equilibrium Fermi distribution. In general, by taking Fourier transformation, we can obtain the
frequency-dependent current I, (£2), where € is the response frequency. From the definition of dynamic
conductance I, (2) = >_ 5 Gag(2)v5(€2) and v5(€2) = mva[0(2 +w) 4 §(2 — w)], we find dynamic

conductance Ggg (0) of the zeroth order current I (),

dE T a T a
%) =% / T GEE Gl + LaGT 5G] (94 (62)
B

This result agrees with equation (35) of [68] when Q2 = 0.
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Furthermore, we can calculate the first order dynamic conductance GS% (€2). Since only the first order
bias voltage is considered, equation (55) is simplified as

dE M T T T a T a a —a
1V (1) = / 5Tt | (GEGo0 UGl + GooU GoGy)T oy + i GpGodUr G T Gy — GoT G Ur GGy Cafo

1 .
+2((GyGo + Gy Go)LaOfa — i) (=GyGol'sGh + Gol s GGl adifa
8
(63)

dE 1
:/ gTr (GyGO UL Gy + Gpo, U Gy G T o fo + E((G{,Gg + GoGy)T o Opfo0rva (1)

—iy_(~GyGyL's Gl + GyL's GiGo) T adufodivs (1)) |
B

where Oif, (E, t) = Opfo (E, 1)0rvo (t) and iGiI'G) = G§ — Gj. Fourier transformation of equation (63) gives
(1) . dE r T a r a~a 1 T a~a
I, () = —iQ ETT (GoGy Ui (22) Gy + GoUi (€2) GgGg) Tafo + 5 ((GoGp + G3Gy) I'a Okfova (2)

—i ) (=GyGyL'sGh + GoL'5G3Go) adifovs () 64)
8

dE
/ —0fo) ZTr{ Ghug () Gl g + = ((GOGOJrG“G“)F Dop
—i(—=GyGyI's G + GoI' 3Gy Gy) I‘Q)} vg ().
Thus the first order dynamic conductance GE:; (Q) is

G =0 / —Ouf) T { (GiGh + GyG) T + - (G GIT 3G — GIT 5 GAGE) T — Gl (Q) GIT |
(65)

which is exactly the same as that in [68]. Notice that the first order dynamic conductance is actually the
emittance describing low frequency response of the system [37].

Here the consistency between [68] and the present work at the small ac bias limit is demonstrated. It is
worth mentioning that, in [68], the Coulomb potential is treated in a perturbative way, which is suitable for
describing ac transport at finite frequency and small ac bias limit. If one tries to simulate the finite ac bias
case with the theory developed in [68], the Coulomb potential has to be expanded in terms of the
characteristic potential order by order, which is very complicated especially for nonlinear terms. In contrast,
the present work can deal with the Coulomb potential directly by solving the Poisson equation (41).
Compared with [68], the present work has advantages in investigating nonlinear ac transport with finite ac
bias voltages at the low frequency limit. Wei and Wang [68] and the present work focus on different regimes
of quantum ac transport and complimentary to each other. The application of our quantum nonlinear ac
theory to nonlinear electrochemical capacitance is shown below.

4.3. C-V curve and nonlinear electrochemical capacitance
In this subsection, we discuss the nonlinear emittance in a system where dc transport is not allowed, for
example, the magnetic tunneling junction. Then the nonlinear emittance is equivalent to the electrochemical
capacitance [58, 78-80].

One the other hand, we could assume that the scattering region of a two-probe system can be roughly
divided into two regions, i.e. {2; and €y, and expand total charge of the system in terms of bias voltage

0=q _ Cas(O)Vs+q" Y Capy () Vavy +- (66)
By
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where av =1, 1. Since the bias-dependent Q,, can be calculated though expanding frozen lesser Green’s
function Gf in terms of v (t), we have

=1 f, arl(a),
- [ (G G010+ 020 G+ UL )G % T [+ 0o 0+ 303 0

X (Gy + Gg (Ur () + Us (1)) (Gg + GgUn (1) G5) e
(67)

where equation (59) is used. Finally, the linear capacitance C,(t) and nonlinear capacitance Cng-~ () are
equal to

Cap (1) :/ dx [OefoGoL s Gy cos (wt) — Gy (ug (t) GoL'g + g Giug (1)) Gifo)., (68)
Qo
and

1
Cap (1) = /Q dx La,%;foc;grﬂc;g% cos® (wt) — Gy (ug () GyT'y + I, Giug (t)) GiOkfo cos (wt)
. T T a a T T T (69)
— Gy (upy (1) GoI' + T'Ggug, (1)) Gofo + Gp (1 (1) Gouy (1) Gy

+ Gol'Ggug () Gotay (1)) Gofo) -

Here WBL is not assumed in deriving equation (69). After obtaining the characteristic potentials ug(t) and
(1), one can calculate the voltage-dependent linear and nonlinear electrochemical capacitances.

First principles calculation of the time-dependent current or electrochemical capacitance proceeds as
follows. First, at a given time #, the lead Hamiltonians and self-energies are obtained from conventional DFT.
Second, one needs to solve the Poisson equation (41) self-consistently within NEGF-DFT. Once the
self-consistent accuracy is reached, we obtain the nonequilibrium Hamiltonian H¢(t) and the retarded and
lesser Green’s functions defined in equations (34) and (35). Finally, we can calculate the time-dependent
current from equations (43) and (44) as well as the linear and nonlinear electrochemical capacitances from
equations (68) and (69) to investigate quantum ac transport properties.

5. Summary

In summary, we have developed a quantum ac transport theory based on NEGFE. At low frequency, through
expanding the time-dependent NEGF in terms of frozen Green’s function, we can explicitly include the
time-dependent self-consistent Coulomb interaction in the time-dependent current, which is nonlinear in
bias voltage. Therefore, this nonlinear response theory automatically satisfies both current conservation and
gauge invariance conditions. More importantly, it can be directly combined with DFT to calculate ac
transport properties from atomic first principles. As a demonstration, we discuss how to calculate the ac
current and nonlinear electrochemical capacitance versus the bias voltage. This quantum nonlinear ac
transport theory can be easily extended to multiterminal systems for describing nonlinear Hall responses at
low frequency. Furthermore, inelastic process, such as the electron—phonon/photon interaction, can also be
included in the present theoretical formalism as effective self-energies to discuss their effect in quantum ac
transport.
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Appendix A

In this appendix, we present the derivation of equation (16) in Wigner representation. Starting from
equation (7), we can first calculate the time derivative by changing variables into Wigner representation

9, id a
— G = - — T — G 70
latG (t1,1) 28tG (t,T)JrzaTG (t,7). (70)

Then by taking Fourier transform ( f d7ef7) of each term in equation (7) and using equations (14) and (18),
we have

0
iEG’ (t,7) = EG (t,E),
He ()G (1,7) = He (G (1.B) — S 0Hc (106G (1), )
£ )6 w2 (D6 1.5+ 5 {(£,6).
Thus, we can easily arrive at equation (16) and obtain the lesser Green’s function defined in equation (17).

Appendix B

In this appendix, we demonstrate how to calculate the characteristic potentials defined in equation (58). We
first solve the first order potential. From equation (58), we have

dn, (t,x) dn (t,x)
7r

_v? = - 72
Vug (t,x) = 4w iE 4 ap Ve (t,x), (72)

where the injectivity is defined as [37, 68]
dna (£,%) = — cos (wt)/81;]‘[G(')FQG3]XX7 (73)

dE E
and dn, (t,x)/dE satisfies
dng (t,x)  dn(t,x)

2 dE. dE (74)

[}

with dn(#,x)/dE the local density of states at time #. In general, the Poisson equation (72) needs to be solved
within the NEGF-DFT framework and u,, is self-consistently obtained. For the simplest case, we can adopt
the quasineutrality approximation [37], which means that the charge density at each point is zero so that
—V2u4 (t,x) = 0. Then analytic expression of the first order characteristic potential is shown as

_dng (t,x) /dn(t,x)
Uy = iE / E (75)

When the first order potential u, is obtained, we can calculate the second order injectivity d7i,g/dE:

di,g  d’ng d?n,, d’ng d’n

- af — - «a T Yo (76)
dE e T e T ae e T agte
where the second order derivatives with respect to energy can be numerically facilitated with the finite
difference method. Then substituting it into equation (58), we have
ditg (1,x) dn
2 ap\b
- aB (1t =47 ——— —4r — aB (X)), 77
Vg (t,x) = 4w i WdEug( X) (77)

which also needs to be solved. Notice that here dn/dE = )" dn,/dE is the total density of states. Again we
can use the quasineutrality approximation, which leads to

ditgg (£,x) /dn

At the small ac bias limit, the second order potential u,g contributes to ac transport properties less than the
first order one, and hence the quasineutrality approximation is appropriate here.
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