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Abstract

Motivated by weighted partitions of n that vanish if and only if n is a prime, Craig, van
Ittersum, and Ono conjectured a classification of quasimodular forms which detect
primes in the sense that the n-th Fourier coefficient vanishes if and only if n is a prime.
In this paper, we prove this conjecture by showing that Fourier coefficients of
quasimodular cusp forms exhibit infinitely many sign changes.
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1 Introduction
In [2], Craig, van Ittersum, and Ono investigate certain weighted partition generating
functions that detect primes in the sense that their n-th Fourier coefficient vanishes if and
only if n is prime. Letting

Ua(q) =
∑

n≥1
Ma(n)qn :=

∑

0<s1<s2<···<sa

qs1+s2+···+sa

(1 − qs1 )2 (1 − qs2 )2 · · · (1 − qsa )2

denote theMacMahon [6] q-series, the numbersMa(n) give the number of partitions into
precisely a different parts, weighted by the multiplicities of each of the parts. In [2], they
show that an integer n is prime if and only if certain linear relations hold for the Ma(n),
such as (see [2, Theorem 1.1 (1)])

(
n2 − 3n + 2

)
M1(n) = 8M2(n).

They investigate these identities within the larger context of quasimodular forms whose
n-th Fourier coefficient vanishes if and only if n is prime. In particular, they define a subset
� of the graded ring of (integer weight) quasimodular forms such that f ∈ � if and only
if for (q := e2π iτ )

f (τ ) =
∑

n≥0
cf (n)qn
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we have

cf (n) � 0 and cf (n) = 0 if and only if n is prime.

Letting E denote the space of quasimodular Eisenstein series (i.e., the vector space spanned
byEisenstein series and their derivatives), they classifyE∩� in [2,Theorem2.3].Moreover,
they conjecture in [2, Conjecture 2.2] that every element of � is indeed a quasimodular
Eisenstein series. We prove this conjecture here.

Theorem 1.1 We have � = E ∩ �.

Remark After completion of an earlier version of the paper, Ono and van Ittersum
informed the authors that they, in a forthcoming paper togetherwithMauth and Singh [1],
obtained an independent proof of Theorem 1.1 with a differentmethod.While their proof
exploits erratic behavior of certain �-adic congruences for nonzero cusp forms, modifying
a result of Ono and Skinner [7], our method exploits erratic behavior of signs of Fourier
coefficients for nonzero cusp forms.

Combining Theorem 1.1 with [2, Theorem 2.3], one obtains a full classification of quasi-
modular forms which detect primes. Letting D := 1

2π i
d
dτ

= q d
dq , following [2, (2.3)] we

set

Hk :=
⎧
⎨

⎩

1
6

(
(D2 − D + 1)G2 − G4

)
if k = 6,

1
24

(−D2Gk−6 + (
D2 + 1

)
Gk−4 − Gk−2

)
if k ≥ 8,

where the Eisenstein series Gk is defined by

Gk (τ ) := Bk
2k

+
∑

n�1
σk−1(n)qn

for the Bernoulli numbers Bk and σr(n) := ∑
d|n dr .

Corollary 1.2 If f ∈ �, then f is a linear combination of the forms DnHk for n � 0 and
k � 6. Conversely, if a linear combination f of the forms DnHk with n � 0 and k � 6 has
non-negative Fourier coefficients, then f ∈ �.

Remark In the introduction of [2], they conjecture that Q[n]-linear combinations of the
Ma(n)s detect primes if and only if they are Q[n]-linear combinations of the forms in [2,
Table 1]. Given the classification of prime-detecting quasimodular forms in Corollary 1.2,
their conjecture is equivalent to showing that a prime-detectingQ[n]-linear combination
of theMa(n) arises from aQ[n]-linear combination of the formsHk with k � 6 if and only
if it arises from a Q[n]-linear combination of the forms in [2, Table 1].

Theorem 1.1 actually follows from a slightly stronger statement. Namely, let �̃ be the
set of quasimodular forms (of mixed weights) which vanish at every prime, i.e., we have
f ∈ �̃ if and only if cf (p) = 0 for every prime p. Then it turns out that our proof of
Theorem 1.1 implies that �̃ = E ∩ �̃. Since � ⊆ �̃, this implies Theorem 1.1.
Since the space spanned by theHk is infinite-dimensional, it may not be obvious how to

check whether a given form lies in this space. However, there exists a finite check whether
elements of E lie in �̃ based on the growth of their Fourier coefficients.
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Theorem 1.3 Suppose that f ∈ E. Let r ∈ N be such that for every ε > 0 there exists
Cε > 0 satisfying

|cf (n)| ≤ Cεnr−1+ε

for every n ∈ N. Then f ∈ �̃ if and only if there exist r primes p1, . . . , pr for which

cf
(
pj

) = 0.

Remark From Theorem 1.3, we see that the coefficients of an element of E either vanish
at all primes or at finitely many of them.

The paper is organized as follows. In Section 2, we introduce some preliminaries. In
Section 3, we investigate the sign changes of Fourier coefficients of quasimodular cusp
forms. We prove the main theorems, Theorem 1.1 and Corollary 1.2 in Section 4. We
finally prove Theorem 1.3 in Section 5.

2 Preliminaries
Modular forms (for SL2(Z)) of weight k are holomorphic functions on the upper-half plane
which satisfy

f
(
aτ + b
cτ + d

)
= (cτ + d)k f (τ )

for every
( a b
c d

) ∈ SL2(Z) and have moderate growth at cusps in the sense that they have
Fourier expansions of the shape

f (τ ) =
∑

n�0
cf (n)qn.

Those holomorphic modular forms which vanish at the cusps (i.e., cf (0) = 0) are called
cusp forms. We consider modular forms of full level (i.e., SL2(Z)) throughout this paper.
The spaceofmodular formsover SL2(Z) is a graded ring (gradedby theweight) generated

by G4 and G6 (as a ring). We call the space generated by G4, G6 and the weight two
Eisenstein series E2, the space of quasimodular forms. This again has a grading (with the
grading 2a+4b+6c for Ea

2E
b
4E

c
6), althoughwe consider forms ofmixedweight throughout

this paper. The space of quasimodular forms is preserved under differentiation, and the
space splits into the subspace E of quasimodular Eisenstein series and the subspace S of
quasimodular cusp forms (i.e., the space spanned by cusp forms and their derivatives).

3 Sign changes in quasimodular cusp forms
In this section, we show that Fourier coefficients of quasimodular cusp forms exhibit sign
changes.

Lemma 3.1 Suppose that F ∈ S has a Fourier expansion

F (τ ) =
∑

n≥1
cF (n)qn

with cF (n) ∈ R. If F �= 0, then the sequence cF (p), running over p prime, has infinitely many
sign changes.
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Proof SupposeF ∈ S is nonzero.Note that if cF (n) � 0 for alln ∈ N, then |∑p�x cF (p)| =∑
p�x |cF (p)| = ∑

p�x cF (p). On the other hand, if the first sum grows slower as x → ∞,
then it must exhibit cancelation, and infinitely-many sign changes must occur. Based on
this, we follow a standard argument where we compare the growth of

∑

p�x
cF (p)

with

∑

p�x
|cF (p)|2

as x → ∞, showing that cancelation must occur in the first sum. Recalling that a quasi-
modular cusp form F is a linear combination of cusp forms and their derivatives, and the
space of modular forms has an orthonormal basis, we may express a quasimodular cusp
form F as

F =
∑

f

∑

j
Af (j)f (j)

where Af (j) ∈ C and f (j) = Djf is the normalized j-th derivative of f . Moreover, we
choose f ’s to be (mutually orthogonal) Hecke eigenforms, which are primitive forms of
not necessarily same weight for SL2(Z). We then have

cF (p) =
∑

f

∑

j
Af (j)pjaf (p) =

∑

f
Pf (p)af (p)

for some polynomials Pf (x) ∈ C[x]. For every f , we let the weight of f to be kf � 12
and the degree of Pf to be jf � 0. The leading coefficient of Pf is Af (jf ) which we simply
denote by Af . Recall, that from the work of Deligne, we know the Ramanujan bound
for f , that is |af (p)| � 2p(kf −1)/2. It then follows that for a given prime p, Pf (p)af (p) =
Af pjf af (p) + O

(
pjf +

kf −1
2 −1

)
, where the implied constant depends at most on F .

Summing over the primes, and using the prime number theorem in this setting (see [4,
Theorem 5.13]) we have

∑

p�x
Pf (p)af (p) = Af

∑

p�x
pjf af (p) + O

⎛

⎝xjf +
kf −1
2

log(x)

⎞

⎠ = o

⎛

⎝xjf +
kf +1
2

log(x)

⎞

⎠ .

This gives us that

∑

p�x
cF (p) = o

(
xα0

log(x)

)
(3.1)

where α0 := maxf
{
αf

}
with αf := jf + kf +1

2 .
Next,

|cF (p)|2 =
∑

f,g
Pf (p)Pg (p)af (p)ag (p)
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=
∑

f
|Pf (p)|2|af (p)|2 +

∑

f �=g
Pf (p)Pg (p)af (p)ag (p).

(In fact, ag (p) = ag (p) for all p.)
For every f define βf to be 2αf −1. From the Rankin-Selberg theory and from the prime

number theorem in this context1, we may deduce that

∑

p�x
Pf (p)Pg (p)af (p)ag (p) = δf =g

|Af |2xβf

log(x)
+ o

(
xαf +αg−1

log(x)

)

Let β0 := 2α0 − 1, and letM denote the set of forms f such that βf = β0.
Observe that the non-vanishing of F implies that there exists at least one f ∈ M for

which Af is nonzero. Plugging this all in we get,

∑

p�x
|cF (p)|2 = xβ0

log(x)

⎛

⎝
∑

f ∈M
|Af |2 + o(1)

⎞

⎠ 
 xβ0

log(x)
. (3.2)

It follows from Deligne’s bound that for all prime p,

|cF (p)| �
∑

f
|Pf (p)af (p)| �

∑

f
‖Pf ‖pjf |af (p)| � CFpα0−1

where ‖P‖ = ∑m
r=0 |Ar | if P(x) = ∑m

r=0 Arxr ∈ C[x] andCF > 0 is a constant. This yields

∑

p�y
|cF (p)|2 = O

(
y2α0−1

log(y)

)
.

We prove the infinitude of sign changes in {cF (p)} by contradiction. Suppose without
loss of generality that cF (p) � 0 for all p � y for some fixed y.
With (3.1), we have

∑

p�x
|cF (p)|2 � CFxα0−1

∑

y�p�x
cF (p) + O

(
y2α0−1

log(y)

)
= o

(
x2α0−1

log(x)

)

as x → ∞. This contradicts to (3.2), for β0 = 2α0 − 1. Our proof is complete. �


Remark Standardmodifications of the above argumentmay be used to give a lower bound
on the number of sign changes. For our purposes, the existence of infinitely many sign
changes suffices and hence we do not pursue this here.

1 For example, with [3, Theorem 5.19] and [5, Corollary 1.5],

∑

p�x

af (p)ag (p)
p(kf +kg )/2

= δf =g ·
(
log log x + c

)
+ O(exp(−c′

√
log x))

where δ∗ = 1 if ∗ is true or 0 otherwise, and c and c′ are some positive constants.
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4 Proof of themain theorem
Before provingTheorem1.1, we require a lemma about Eisenstein series, which essentially
shows that there are at most finitely many sign changes. We define sgn(0) = 0.

Lemma 4.1 Suppose that f ∈ E has the Fourier expansion

f (τ ) =
∑

n�0
cf (n)qn

with cf (n) ∈ R. Then there exists ε ∈ {−1, 0, 1} such that for all sufficiently large prime p
we have

sgn(cf (p)) = ε.

Proof We note first that

D�Gk (τ ) = δ�=0
Bk
2k

+
∑

n�1
n�σk−1(n)qn.

Since

f =
∑

k,�
αk,�D�Gk

for some αk,� ∈ C, for n ∈ N the n-th Fourier coefficient of f is

cf (n) =
∑

k,�
αk,�n�σk−1(n).

For n = p prime, we thus have

cf (p) =
∑

k,�
αk,�p�

(
1 + pk−1

)
.

We next combine all like powers of p to obtain

cf (p) =
∑

r
βrpr

for some βr (since cf (p) ∈ R, we indeed have βr ∈ R). Note that βr is some linear
combination of the values αk,�, and hence only depends on f . If βr = 0 for every r, then
cf (p) = 0 for all p. So the claim holds for ε = 0 in this case.
On the other hand, if βr �= 0 for some r, then wemay choose r0 maximal so that βr0 �= 0.

Then as p → ∞ we have

cf (p) = βr0pr0 + O
(
pr0−1) ,

where the implied constant only depends on f . We see that for p sufficiently large we have

sgn
(
cf (p)

) = sgn
(
βr0

) =: ε.

This yields the claim. �
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 Suppose that F ∈ �̃. Let us suppose that F = ∑
�,k,j α�,k,jD�fk,j ,

where fk,j is either Gk or a cuspidal Hecke eigenform of weight k . Normalizing the Hecke
eigenforms to have real coefficients, we see that we may write F = FRe + iFIm with
FRe := ∑

�,k,j Re(α�,k,j)D�fk,j and FIm := ∑
�,k,j Im(α�,k,j)D�fk,j . In particular, both FRe and

FIm have real Fourier coefficients. Also observe that F ∈ �̃ if and only if both FRe and FIm
belong to �̃.
To prove the theorem, it suffices to show that both FRe and FIm belong to E. We shall

show this for FRe, with the other case being identical. To ease notation, we shall denote
FRe simply as F . We split

F = FE + FS

with FE ∈ E and FS ∈ S. Since FE ∈ E with real Fourier coefficients, Lemma 4.1 implies
that there exists ε ∈ {−1, 0, 1} such that for p sufficiently large we have

sgn
(
cFE (p)

) = ε.

Since cF (p) = 0 for all p, for p sufficiently large we have

sgn
(
cFS (p)

) = −sgn
(
cFE (p)

) = −ε.

Thus, cFS (p) only has at most finitely many sign changes. By Lemma 3.1, this implies that
FS = 0. Therefore F = FE ∈ E. So F ∈ E ∩ �̃, and we see that �̃ = E ∩ �̃. �


Corollary 1.2 now follows immediately.

Proof of Corollary 1.2 ByTheorem 1.1, if f ∈ �, then f ∈ E∩�. The claimed classification
of E ∩ � is given in [2, Theorem 2.3]. �


Remark The proof of Theorem 1.1 and Corollary 1.2 relies on sign changes for Fourier
coefficients of quasimodular cusp forms in the subsequence of primes and the absence
of sign changes for Fourier coefficients of quasimodular Eisenstein series in the same
subsequence. In principle, if there is some other infinite subset A ⊆ N for which the
quasimodular Eisenstein series lack sign changes and the quasimodular cusp forms exhibit
them, then one should be able to argue that only the Eisenstein series can detect the
set A. Following this idea, we plan to investigate the detection of primes in arithmetic
progressions in a forthcoming paper.

5 Finite checks for prime-vanishing forms
In this section, we show how to check vanishing at a finite number of primes to determine
if an element lies in �̃ or not.

Proof of Theorem 1.3 Since f ∈ E, we may write it as

f =
∑

�,k
α�,kD�Gk =

∑

n�0
cf (n)qn.
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Since the coefficients of D�Gk grow at a rate (where a(n) �ε b(n, ε) means that for every
ε > 0 there exists a constant Cε > 0 depending only on ε such that |a(n)| ≤ Cε|b(n, ε)|)

n�σk−1(n) �ε n�+k−1+ε ,

we conclude that � + k ≤ r. Moreover, we may choose r to be the maximum of � + k for
which α�,k �= 0. In particular, r is finite.
As in the proof of Lemma 4.1, we may rearrange to obtain

cf (p) =
r∑

j=0
βjpj .

Now, if cf (pj) = 0 for 1 � j � r, then we obtain the system of equations

⎛

⎜⎜⎜⎜⎝

1 p1 p21 . . . pr1
1 p2 p22 . . . pr2
...

...
...

. . .
...

1 pr+1 p2r+1 . . . prr+1

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

β0
β1
...

βr

⎞

⎟⎟⎟⎟⎠
= 0.

This system, being a Vandermonde system, is (uniquely) solvable, and hence β0 = β1 =
. . . = βr = 0. Hence the claim follows. �
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