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Abstract

Motivated by weighted partitions of n that vanish if and only if n is a prime, Craig, van
lttersum, and Ono conjectured a classification of quasimodular forms which detect
primes in the sense that the n-th Fourier coefficient vanishes if and only if n is a prime.
In this paper, we prove this conjecture by showing that Fourier coefficients of
quasimodular cusp forms exhibit infinitely many sign changes.
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1 Introduction
In [2], Craig, van Ittersum, and Ono investigate certain weighted partition generating
functions that detect primes in the sense that their n-th Fourier coefficient vanishes if and

only if # is prime. Letting
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denote the MacMahon [6] g-series, the numbers M, (n) give the number of partitions into
precisely a different parts, weighted by the multiplicities of each of the parts. In [2], they
show that an integer # is prime if and only if certain linear relations hold for the M, (n),
such as (see [2, Theorem 1.1 (1)])

(n* — 3n + 2) M1(n) = 8M>(n).

They investigate these identities within the larger context of quasimodular forms whose
n-th Fourier coefficient vanishes if and only if # is prime. In particular, they define a subset

Q2 of the graded ring of (integer weight) quasimodular forms such that f € Q if and only

if for (q := e*™i7)

f@)=> ¢ng"

n>0
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we have
¢r(n) > 0and ¢r(n) = 0 if and only if 7 is prime.

Letting £ denote the space of quasimodular Eisenstein series (i.e., the vector space spanned
by Eisenstein series and their derivatives), they classify £NQ in [2, Theorem 2.3]. Moreover,
they conjecture in [2, Conjecture 2.2] that every element of € is indeed a quasimodular
Eisenstein series. We prove this conjecture here.

Theorem 1.1 We have Q = EN Q.

Remark After completion of an earlier version of the paper, Ono and van Ittersum
informed the authors that they, in a forthcoming paper together with Mauth and Singh [1],
obtained an independent proof of Theorem 1.1 with a different method. While their proof
exploits erratic behavior of certain £-adic congruences for nonzero cusp forms, modifying
a result of Ono and Skinner [7], our method exploits erratic behavior of signs of Fourier
coefficients for nonzero cusp forms.

Combining Theorem 1.1 with [2, Theorem 2.3], one obtains a full classification of quasi-
modular forms which detect primes. Letting D := ﬁ% = qdiq, following [2, (2.3)] we
set

1 (D*—D+1)Gy — Ga) ifk =6,

Hy =
o (=D%Gy_g + (D* + 1) Gy_g — Gi—2) ifk =8,

where the Eisenstein series Gy, is defined by

B
Gi(r) == ﬁ + Y or_1(mq”
n>1

for the Bernoulli numbers By and o,(#n) := Zd|n dr.

Corollary 1.2 Iff € Q, then f is a linear combination of the forms D"Hy for n > 0 and
k > 6. Conversely, if a linear combination f of the forms D"Hy withn > 0 and k > 6 has
non-negative Fourier coefficients, then f € Q.

Remark In the introduction of [2], they conjecture that Q[#]-linear combinations of the
M, (n)s detect primes if and only if they are Q[#]-linear combinations of the forms in [2,
Table 1]. Given the classification of prime-detecting quasimodular forms in Corollary 1.2,
their conjecture is equivalent to showing that a prime-detecting Q[#]-linear combination
of the M, (n) arises from a Q[#]-linear combination of the forms Hy with k > 6 ifand only
if it arises from a Q[#]-linear combination of the forms in [2, Table 1].

Theorem 1.1 actually follows from a slightly stronger statement. Namely, let < be the
set of quasimodular forms (of mixed weights) which vanish at every prime, i.e., we have
f € Qif and only if ¢s(p) = 0 for every prime p. Then it turns out that our proof of
Theorem 1.1 implies that 2 = €N Q. Since 2 C €, this implies Theorem 1.1.

Since the space spanned by the Hy is infinite-dimensional, it may not be obvious how to
check whether a given form lies in this space. However, there exists a finite check whether
elements of € lie in & based on the growth of their Fourier coefficients.



B. Kane et al. Res Math Sci (2025) 12:60 Page30of8 60

Theorem 1.3 Suppose that f € & Let r € N be such that for every ¢ > 0 there exists
Cy > 0 satisfying

lep(n)] < Cen' ¢

foreveryn € N. Then f € Q if and only if there exist r primes p1, . . ., py for which

¢ (p) = 0.

Remark From Theorem 1.3, we see that the coefficients of an element of £ either vanish
at all primes or at finitely many of them.

The paper is organized as follows. In Section 2, we introduce some preliminaries. In
Section 3, we investigate the sign changes of Fourier coefficients of quasimodular cusp
forms. We prove the main theorems, Theorem 1.1 and Corollary 1.2 in Section 4. We
finally prove Theorem 1.3 in Section 5.

2 Preliminaries
Modular forms (for SLy(Z)) of weight k are holomorphic functions on the upper-half plane
which satisfy

at + b k
= a)~
f<”+d> (ct +d)*f (2)
for every (‘C’ Z) € SLy(Z) and have moderate growth at cusps in the sense that they have
Fourier expansions of the shape

@ =Y crmg".

n=>0

Those holomorphic modular forms which vanish at the cusps (i.e., ¢/(0) = 0) are called
cusp forms. We consider modular forms of full level (i.e., SL2(Z)) throughout this paper.
The space of modular forms over SLy(Z) is a graded ring (graded by the weight) generated
by G4 and Gg (as a ring). We call the space generated by Gi, Gg and the weight two
Eisenstein series E5, the space of quasimodular forms. This again has a grading (with the
grading 2a+4b+ 6¢ for EgEng), although we consider forms of mixed weight throughout
this paper. The space of quasimodular forms is preserved under differentiation, and the
space splits into the subspace & of quasimodular Eisenstein series and the subspace S of
quasimodular cusp forms (i.e., the space spanned by cusp forms and their derivatives).

3 Sign changes in quasimodular cusp forms
In this section, we show that Fourier coefficients of quasimodular cusp forms exhibit sign
changes.

Lemma 3.1 Suppose that F € S has a Fourier expansion

F(r) =Y cr(ng"

n>1

with cp(n) € R.IfF # 0, then the sequence cr(p), running over p prime, has infinitely many
sign changes.
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Proof Suppose F € Sisnonzero. Note thatifcr(n) > Oforalln € N, then | Zpgx ce(p)| =
Zpgx lce(p)| = Zpgx cr(p). On the other hand, if the first sum grows slower as x — oo,
then it must exhibit cancelation, and infinitely-many sign changes must occur. Based on
this, we follow a standard argument where we compare the growth of

> erlp)

p<x

with

> e

P<x

as x — 00, showing that cancelation must occur in the first sum. Recalling that a quasi-
modular cusp form F is a linear combination of cusp forms and their derivatives, and the
space of modular forms has an orthonormal basis, we may express a quasimodular cusp
form F as

F=22 400"
S

where A¢(j) € C and f ") = DIf is the normalized j-th derivative of f. Moreover, we
choose f’s to be (mutually orthogonal) Hecke eigenforms, which are primitive forms of
not necessarily same weight for SL»(Z). We then have

) =3 S A arp) = 3 P (plas(p)
S S

for some polynomials Pr(x) € C[x]. For every f, we let the weight of f to be k; > 12
and the degree of P to be jr > 0. The leading coefficient of Py is Ar(jr) which we simply
denote by Ay. Recall, that from the work of Deligne, we know the Ramanujan bound
for f, that is |as(p)| < 2p(kf ~U/2 1t then follows that for a given prime p, Pr(p)as(p) =
. kg
Arp’ar(p) + O <p’f+2_1), where the implied constant depends at most on F.
Summing over the primes, and using the prime number theorem in this setting (see [4,

Theorem 5.13]) we have

4 xiﬁ? acferka+1
2 Bpasp) =47 ) _prayp) + 0 | oo | =0 | S

p<X PSX

This gives us that

S er(p) = o( s ) (3.1)

= log(x)
where o = maxy {C{f} with of = /f + kaH
Next,

lee@)* =Y Pr(p)P(p)ay (p)ag (p)
rg
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= Z 1Pt (0)Plas @) + Y _ Pr(p)Pg(p)as (p)ag (p).
f#g

(In fact, aq(p) = ag(p) for all p.)
For every f define fy to be 2 — 1. From the Rankin-Selberg theory and from the prime
number theorem in this context!, we may deduce that

» P_ 5 | f|2 Br xotf+olg—1
; s )P P)ay (P)agp) = b= =10 o | <ot

Let fo := 2ap — 1, and let M denote the set of forms f such that 8y = Bo.
Observe that the non-vanishing of F implies that there exists at least one f € M for
which Ay is nonzero. Plugging this all in we get,

xﬂO

2 2
> lerp)* = g0 (;4 JAf[* +0(1) | > g (3.2)

psX

It follows from Deligne’s bound that for all prime p,

@)l < Y 1Pr(p)ag(p)] < Zupfnﬂfmf(pn Crp™™!
f

where |P|| = Y72 |A|if P(x) = )"y Arx" € C[x] and Cr > 0Oisa constant. This yields

X e =0 (T 1:)@1)

Py

We prove the infinitude of sign changes in {cr(p)} by contradiction. Suppose without
loss of generality that cp(p) > 0 for all p > y for some fixed y.
With (3.1), we have

y2a0—1 x20{0—1
Dier < 3 e +0(To55) =o ()
p<x y<p<x g g
as x — oo. This contradicts to (3.2), for By = 2a9 — 1. Our proof is complete. ]

Remark Standard modifications of the above argument may be used to give a lower bound
on the number of sign changes. For our purposes, the existence of infinitely many sign
changes suffices and hence we do not pursue this here.

! For example, with [3, Theorem 5.19] and [5, Corollary 1.5],

ar(pag(p)
Z ﬁ =g - (log logx + c) + O(exp(—c'/log x))

p<x P

where 8, = 1 if x is true or 0 otherwise, and ¢ and ¢’ are some positive constants.

60
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4 Proof of the main theorem
Before proving Theorem 1.1, we require a lemma about Eisenstein series, which essentially
shows that there are at most finitely many sign changes. We define sgn(0) = 0.

Lemma 4.1 Suppose that f € £ has the Fourier expansion

@ =Y ¢nq"

n=0

with cg(n) € R. Then there exists ¢ € {—1,0, 1} such that for all sufficiently large prime p
we have

sgn(cr(p)) = e

Proof We note first that

B
14 _ k ¢ n
D Gy(r) = 51&:0—2k +n2>1rz ox_1(mq".

Since

f =) aD'G

ket

for some oy € C, for n € N the n-th Fourier coefficient of f is

cr(n) = agen‘or_1(n).
ke

For n = p prime, we thus have

cr(p) = X:Olk,a??lz (1 +Pk_1)'

ket

We next combine all like powers of p to obtain
cf ) = Z Bp"
r

for some B, (since ¢f(p) € R, we indeed have B, € R). Note that g, is some linear
combination of the values «y ¢, and hence only depends on f. If . = 0 for every r, then
¢r(p) = 0 for all p. So the claim holds for ¢ = 0 in this case.

On the other hand, if 8, # 0 for some r, then we may choose ro maximal so that 8,, # 0.
Then as p — oo we have

() = B + 0 (p°71),

where the implied constant only depends on f. We see that for p sufficiently large we have

sgn (¢f(p)) = sgn (By,) =: &

This yields the claim. ]
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 Suppose that F € Q. Let us suppose that F = Ze,k,j ag,k)jDEﬁw',
where fj ; is either Gy or a cuspidal Hecke eigenform of weight k. Normalizing the Hecke
eigenforms to have real coefficients, we see that we may write F = Fpe + iFim with
FRre := Ze,k,j Re(al,k,/)Defk,j and Fi, := th,k,j Im(()lg,]q)Df_fk,/. In particular, both Fg. and
Fim, have real Fourier coefficients. Also observe that F € Q if and only if both Fgre and Fiy
belong to Q.

To prove the theorem, it suffices to show that both Fg. and Fiy, belong to £. We shall
show this for Fre, with the other case being identical. To ease notation, we shall denote
Fre simply as F. We split

F=Fg+Fs

with Fr € £and Fs € S. Since Fg € £ with real Fourier coefficients, Lemma 4.1 implies
that there exists ¢ € {—1, 0, 1} such that for p sufficiently large we have

sgn (cre(p)) = &.

Since cr(p) = 0 for all p, for p sufficiently large we have

sgn (cr(p)) = —sgn (cr (p)) = —e.

Thus, cr(p) only has at most finitely many sign changes. By Lemma 3.1, this implies that
Fg = 0. Therefore F=Fr € £.SoF € EN Q, and we see that @ = £N Q. O

Corollary 1.2 now follows immediately.

Proof of Corollary 1.2 By Theorem 1.1,iff € @, thenf € £NQ. The claimed classification
of €N Q is given in [2, Theorem 2.3]. O

Remark The proof of Theorem 1.1 and Corollary 1.2 relies on sign changes for Fourier
coefficients of quasimodular cusp forms in the subsequence of primes and the absence
of sign changes for Fourier coefficients of quasimodular Eisenstein series in the same
subsequence. In principle, if there is some other infinite subset A € N for which the
quasimodular Eisenstein series lack sign changes and the quasimodular cusp forms exhibit
them, then one should be able to argue that only the Eisenstein series can detect the
set A. Following this idea, we plan to investigate the detection of primes in arithmetic
progressions in a forthcoming paper.

5 Finite checks for prime-vanishing forms
In this section, we show how to check vanishing at a finite number of primes to determine
if an element lies in €2 or not.

Proof of Theorem 1.3 Since f € £, we may write it as

f=Y D Ge=> crlmq".

Lk n=0



60 Page8of8 B. Kane et al. Res Math Sci (2025) 12:60

Since the coefficients of DGy grow at a rate (where a(n) <. b(n, €) means that for every
¢ > 0 there exists a constant C; > 0 depending only on ¢ such that |a(n)| < C.|b(n, ¢)|)

VllO'k_l(l’l) e }’l£+k_1+6,

we conclude that £ 4+ k < r. Moreover, we may choose r to be the maximum of £ + k for
which agx # 0. In particular, r is finite.
As in the proof of Lemma 4.1, we may rearrange to obtain

) =Y Bp.

j=0

Now, if ¢f(pj) = 0 for 1 < j < r, then we obtain the system of equations

1 po pio... P Bo
1 po p3 ... P b1 0

1pri1 PEH cee p;.:,_l Br

This system, being a Vandermonde system, is (uniquely) solvable, and hence fp = g1 =
... = B = 0. Hence the claim follows. O
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