Ship waves on a viscous fluid of finite depth
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In this paper we are concerned with the wave generation by a singular forcelet in a viscous fluid of
finite depth, where the singularity is located far from the bottom and not very near the free surface.
In the first part of this work, the image system of an Oseenlet bounded by a no-slip wall, is
considered. It is found that the resultant velocity field can be described by a planar distribution of
vertical Oseen doublets and a negative Oseenlet located at the mirror point of the singularity with
respect to the plane wall. In the second part of the work we deal with the generation of waves by
these solutions. By imposing the linearized free-surface conditions on the solutions obtained from
the first part, the wave generated is shown to exhibit the Kelvin ship wave pattern that agrees with
observation. The effects of water depth and of submergence on the wave amplitude are also
investigated. ©1997 American Institute of Physids$1070-663(197)02504-X

I. INTRODUCTION with the presence of a singular force acting at the opposite

When a submerged body cruises with constant velocityfj'recnon to the flow. The fundamental singular solution for a

in an inviscid fluid, it induces on the free surface the char—pomt force, known as the Lagerstrom needle, has been

acteristic Kelvin's ship wave pattern. Several methods forknOWn for many years. We want to remove the physical

determining the wave generated by a moving source in aboundary by finding the complementary terms to the Oseen-

inviscid fluid are available(see Wehausen and Laitdie Fet situated at a distance from a stationary plane boundary,

Cumberbatchstudied viscous ship waves for a pressure dis_such that the no-slip boundary condition can be satisfied on

turbance. Dugahstudied the two-dimensional version of the the boundary. . . . . .
o . . . Let us consider an unbounded viscous fluid moving with
problem by considering the viscous drag of bodies movin ) . T
. : constant velocityJ along the positivex direction. The
near a free surface. Wilsbdeveloped a linear theory for the . . . : -
. ! . appropriate nondimensional Oseen equations to be satisfied
free surface flow of a viscous fluid past point mass sources

and forcelets. Chan and Chwarigave solved for the prob- In the domain are

lem of ship wave generation in a viscous fluid of infinite V.u=0, D
depth. In this paper, we investigate the waves generated by a
singular force(an Oseenletmoving with a uniform velocity o _Vp+evay, )

in a fluid of finite depth, which creates a laminar far wake  Jx
downstream of itself.

As discussed by Chan and Chwahifpe solution for the where
case of infinite depth has been successfully obtained by use ng
of Fourier's transform. The solutions, which satisfy the lin- €~ PIVER ©)

earized free-surface conditions, possess many characteristics
of Kelvin’s ship wave pattern, except that they also include a and u are the density and dynamic viscosity of the fluid,
viscous decay term. These solutions will be used as thEespectively. In Eqs(1) and(2), the dimensionless pressure
building blocks for the present study. The major problem,P is hondimensionalized byU?, the velocity vectou by U,
thus, lies in finding an “image system” to remove the no- and distance by?/g, whereg is the gravitational constant.
slip boundary. In solving the problem, two boundary condi- The dimensionless parametecan be regarded as the recip-
tions must be satisfied: one on the free surface and the oth&pcal of the Reynolds number with respect to the deep-water
on the horizontal plane. The free surface can be treated in it¥avelengthU?/g. It will be used as the perturbation param-
linearized form, with linearized solutions serving as the ba-eter throughout the asymptotic expansions in this paper.
sis. The no-slip boundary condition on the horizontal plane, ~For a singular force located #0,0h) with magnitude
however, is less frequently dealt with for an Oseenlet. 47F, normalized with respect tpU?(U%/g)?, along the
In the first part of this paper, we shall derive the imagenegativex direction, the solution td1) and (2) for an un-
system of an Oseenlet bounded by a no-slip boundary. In th@ounded fluid is given by Moofeas

second part we will extend the first part of the work to derive E ex—ni2e e(x—1Re_q
the solutions for the wave generated by an Oseenlet. uyx,y,z—h]=—— &t FV ) ,
€
4
Il. THE IMAGE SYSTEM OF AN OSEENLET NEAR A F
NO-SLIP BOUNDARY X
pu[X,y,Z_h]:_ r_31 (5)
We first consider the problem of a steady three-
dimensional Oseen flow past a horizontal no-slip boundarywhere
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r=x?+y?+(z—h)? (6)

ande, is the unit vector in thex direction.

If the fluid only occupies the upper half-spaee-0) and
is bounded below by an infinite plate a0, the no-slip
boundary condition must be imposed on the horizontal plane
boundary. Similar to Blakéwe locate an Oseenlet of equal
magnitude but opposite in sign at the mirror image point
(0,0,—h) with respect to the plane wall. Therefore the result-
ant velocity field can be written as

FIG. 1. Contour used in evaluating tke integral.

u=uyx,y,z—h]—uyx,y,z+h]+u, (7)

pP=puXx,y,z—h]=pXx,y,z+h]+py, (8

whereu, and p, are the unknown functions introduced to
satisfy the no-slip boundary conditions. In order to make theand
tangential component of the total velocity given by (7) ' w22

: . A'=ky— & (15
vanish on the plane boundary, the tangential component of _ _ _
u, must also vanish on the plane boundary. Hence the prob- Thek; integral is more complicated, due to the presence
lem is much simplified in the sense that the boundary condiof branch cuts atA’ and B’, respectively. However, the

B'= k§—(§2+ g) = k- a? (14

€

tions are simpler to deal with.

evaluation can be simplified by considering the contour as in

The velocityu, at the plane boundary can be expressed-ig. 1. After performing the contour integrations, we obtain

in terms of the Fourier integral as

F o= (=
ub|z:O:E f_ f_ g (kixtkay)

Z(e—Bh_ e—Ah
AB

ik
K+k2 and B=\/k§+k§+f. (10

dk; dk; e,, 9

where

the distribution functiorN[Xx,y] as
8 (= (¢
N[x,y]=—f fe*“ cosy{
™ Jo Jo
COE{h\/a?— z] co{h\/gz 57]

N e 9
(16)
With the substitutions
COS\
{=gcosh and ¢= o, 17)

It follows from Olmsteaf that a solution of the Oseen ] . ] )
equations(1) and (2) that satisfies the boundary conditions Eq. (16) can be expressed in terms of trigonometric functions
can be given by a distribution of vertical Oseen doublets o@S

its higher derivatives in the form of

J‘*Oojfooa_z[x x",y—y",zZ]N[x",y']Jdx" dy’,
(11

whereN[x,y] is the distribution function of Oseen doublets

on the plane wall.

By applying the boundary conditions t@1) and apply-
ing the convolution theorem, we obtain the Fourier transform

of N[x,y] as
(e—Bh_ e—Ah)

N[kl,kz]:?,

(12

whereN[kl,kz] is the Fourier transform oN[X,y]. _
By writing k,=1¢, inverse Fourier transform dfl with
respect tax, denoted by, can be shown to be

—hB'_e—hA’

TEoA

1 o

= — —
1 27 ) o

d¢ dks,
(13

e“(ZVJOC 2ie %¢

where
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32¢ (w2 (w2
N[x,y]= — f J XC cogyC cos tan 9]

cos{hC] coghC(cosN/cos V)]

COS ¥ —COSA
Xcot\ d\ dJ, (18
where
C= .CL)\. (19
€ Si’ \ cosd

Equations(18) and (19) cannot be further integrated to
give exact solutions. However, E(L8), despite its compli-
cated form, does give some important information about the
distribution of Oseen doublets on the plane. First of all, it can
be shown thaf18) is convergent, whereas {i6) this is not
explicit. From (18) it also shows that the distribution func-
tion N[x,y] is of the order ofe, which has important conse-
guences on two aspects. Physically,eadecreases to zero,
the two Oseenlets actually become a three-dimensional invis-
cid source-like singularity, and the distribution function van-
ishes. This agrees with the simple mirror image theory for a
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with the boundary layer on the no-slip boundary, so that the
< Oseen equations are still valid. The submergence depth
0 — should not be too small also, because of the assumption of
weak disturbance at the free surface in the use of linearized
» free surface boundary conditions and the governing Oseen
P . equations.

As mentioned earlier, the no-slip boundary can be re-
moved by locating an Oseenlet of opposite sign at
(0,0,—2h;+h,) and a planar distributioh[x,y] of vertical
Oseen doublets at= —h; . We now impose the free-surface
FIG. 2. The coordinate system for an Oseenlet in a bounded fluid. ~ conditions atz=0. The linearized free-surface conditions
represent the vanishing of normal and shear stresses@t

plane wall in potential flow theory. Second, it will be shown Ju  Iw

later that this distribution of singularities has little effect on E+ a_x_o’ 20
the generation of surface waves for large Reynolds numbers

in the wave amplitude evaluation. This is because, as shown % W _ (21)
by Chan and Chwanythe major contribution to surface gz gy

waves generated by moving submerged bodies is due to the 5

inviscid terms, which are of the order @[1], while the p . al —w=0 (22)
contribution due to the viscous terms is of the order/ef X X 9z '

The distribution functiorN[x,y] also decays exponen-

tially along the positivex direction, and the upstream of the . . . .
singularity has no effect on the flow field. This is very simi- similar to that of a single Oseenlet as in Chan and Chwang,

lar to the two-dimensional case derived by Olmstead anéth'Ch will not be re_produced. However, we shall simply
Gautesei. Although the distribution function is now much quote the exact solution for the wave amplitude generated by

more complex than in the two-dimensional case, this charad single Oseenlet located at de@jiirom the free surface:

teristic, whic_h originat.es be.cause of the asymmetry of the ;= + 5. yre= 72+ 7ls. (23
Oseen flow field, is still retained.

With immediate reference to BlaKeit is clear that the where the subscript FS denotes the free-surface effect and
Oseenlet image system is more complicated than that of thée superscript® andv denote the contribution from the
Stokeslet because of the inclusion of the inertial effect. Thanviscid termsV[1/r] and viscous terms of the Lagerstio
Stokeslet image system is simply the sum of the Stokes dowreedle, respectively, with
blet, a negative Stokeslet, and a source doublet. Another o re
point worth mentioning is that the presence of the no-slip ngs[zo]zpf f el (kX TkaYr ik, + 25A2)<i>0
boundary does not allow simple superposition. This has been —ooJ -
illustrated for the Stokeslet case by Blake and Chw¥ng.

The procedure for deriving the wave amplitudeis

The image system, for higher derivatives of the Oseenlet, 21 ek;BWo]dk; dle, (24
which requires extensive work, is expected to be much more w (o R
complex. nﬁs[zo]=Ff f e (KX TkY[ (ik, + 2eA?) D,

IIl. SURFACE WAVE GENERATION BY AN OSEENLET + 2i esz‘i’v]dkl dks, (25

WITH A HORIZONTAL NO-SLIP BOUNDARY

(12 1 ; 272 —-Azg
In the previous section, we have removed the no-slip _[=(ki/2A+3) + 2iek A+ 2€"AT(AFB) e
boundary by introducing the complementary terms to the 0 A ’
Oseen equations. This means that the situation has changed (26)
from an Oseenlet with a no-slip boundary to two Oseenlets A _(_2i€k18_4€2A3B)e_BZO

of different signs plus a distribution of vertical Oseen dou- @, , (27)
blets midway between them in an unbounded fluid. A

Chan and Chwarighave considered the problem of a . (= 2ek, A+ di A% e A%
submerged Oseenlet in infinitely deep water with a free sur- = = (29)

face. The present problem is actually similar to that consid- A ’
ered by Chan and Chwandyut with two separate Oseenlets : 2 2_9i 2p4_ 5 273014 B

- 2)(ki—A)+2ek,A°—2ie“A*—2ie“A°B %
and a planar distribution of Oseen doublets. We now conxpvz[(l/ J(ki—A)+2eky '€ '€ e ,
sider the general problem of finding the wave amplitude gen- A

erated by an Oseenlet submerged at a dapfinom the free (29)
surface in a viscous fluid of depth as in Fig. 2. We assume and the pole equation given by
thath,—h, is large enough so that at distances downstream 5 . 5 .
of the singularity, the wake region does not interact much ~A=(ki—A)—4iek A"+ 4eA*(B—A). (30
942 Phys. Fluids, Vol. 9, No. 4, April 1997 A. T. Chan and A. T. Chwang
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The asymptotic expressions for the wave amplitude genfrom the inviscid part and the remaining viscous part4)f
erated by an Oseenlet with magnituder® at a depth of respectively. In a polar coordinate systéR6) on the un-
submergence, for small values ofe have been shown by disturbed free surface with
Chan and Chwartgas

7~ NEs= 1Mo+ 1, + OL €], (31)
where 7, and 7, represent the wave amplitude contribution the expressions for, and 7, are given by

x=R cosf# and y=R sin 4, (32

12 + 3/4 + 12
mT+1 " I 3 mT+1
— _ —-1/4 —(2p/2)(1+m™)—(4eR/m™)[(m™ +1)/2]° cos #
7ol Zo] 4F(R cosa) (1—8tarf 6) (( e cog Rl —
- _ 1/2 - 3/4 - 1/2
«| cos 9— m -1 sin 6 T + m+1 e~ (2/2(L+m7)—(4eRM)[(M™ +1)/2]% cosb o4 R m +1
2 4 2 2
m+ _ 1 1/2 T
X cosa—( > ) sin 0|+ 71, (33
1/2 4 32
” [20]24\/ZF 2m ) (1-8 tart 0)1/4( m +1 e—(zO/\sZ)(Hm’f)1’4—(4ER/m+)[(m++1)/2]3 cos
v R cos @
X cos R m' +1| " cos 6— m' —1| % sin 6 _i(1+m+)1/4+z
2 2 JV2e 2
— 3/2 — 1/2] — 1/2
+ m +1 e—(zo/«Z)(Hm‘)1’4(4eR/m‘)[(m‘+1)/2]3 cos @ co% R m 2+1 cos 6— ( m 2_ 1)
. Zo —\1/4
Xsin 6 —\/?(1+m s A (34)
€
|
and Therefore, the dominant terms in the wave amplitude for
2 small values ofe are still the inviscid part of the Oseenlet
m¢:CO4 4 (1=J1-8tarf 0). (35) solution plus its mirror image solution, which is of the same

order as the Oseenlet, except for the different submergence.
Therefore the resultant wave amplitude for the no_slipTherefore aII_the properties of thewglscous Kelvin's wave
boundary system can be expressed as pqttern described by Chan and-Ch age e>.<|c.)ected to re-
tain, except that the wave amplitude is significantly reduced

B © [ , for smaller deptth,. The free-surface profile for an Oseenlet
0= 1ol N2l = mol2h=ho]+ [ | 7o[x=X".y with magnitudeF=1 at €=0.001, h,=10, andh,=1 are
shown in Fig. 3.
—y",hIN[x",y"Jdx" dy’, (36) An interesting point of study is to investigate the effect
s of water depthh; on the wave amplitude. The maximum
n8=mn,[hy]— 77U[2h1—h2]+f f X=X,y wave amplitude glong the line qf motion is plotted in Fig. 4
—oJ o as a surface against the normalized dédptlat e=0.001 and
, ;o P h,=1. An immediate conclusion drawn from the plots is that
=y’ hN[x',y"Jdx" dy'. (37) 2 p

the wave amplitude increases with increasing water depth

We now look at the relative order of the respective termdh;. Far away from the Oseenlet, the effect of the no-slip
for small values ofe. It has been shown by Chan and boundary is so small that the wave amplitude asymptotically
Chwang and Cumberbatcéthat the asymptotic behavior of reaches the value for the infinite water depth case, as in Chan
the viscous wave amplituds, is of the order of/e. At the ~ and Chwang.Physically the no-slip boundary acts to reduce
same time, the distribution is of the order eexd —x/e],  the velocity and generates vorticity at its near field. There-
which diminishes rapidly for smalk and large distances fore for smallh,, the effect of the no-slip boundary tends to
from the singularity. The relative order of tiN{ x,y] distri-  reduce the overall velocity of the system, and thus a smaller
bution terms also decreases with increasing submergence asve is expected to be generated. In fact, the wave amplitude
the wave amplitudey, and », decrease with the order of is only significantly reduced whem,=O[h,]: that is, either
exd —zy/el. the water depth is very small, or the Oseenlet is very close to

Phys. Fluids, Vol. 9, No. 4, April 1997 A. T. Chan and A. T. Chwang 943
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FIG. 3. The free-surface profile generated by an Oseenlet of stréhgth £ 5 The maximum wave amplitude along the line of motion of an

=3 at €=0.001,h,=10, andh,=1.

Oseenlet versus the submergence déptht e=0.001 andh,/h;=0.5.

the no-slip boundary. We can also see that at small depth tH¥- CONCLUSIONS

wave is much reduced and at the hypothetical posttipnal,

The wave amplitude due to an Oseenlet moving in water

meaning that the Oseenlet actually touches the horizontgyt finite depth is derived when the singularity is located far
boundary, the entire movement is debarred, and thus nfom the bottom and not very near the free surface. The wave

amplitude can be expressed as the wave generated by the

wave is expected.
In Fig. 5, the maximum wave amplitude is plotted pgeenlet minus that of its mirror image plus the contribution

against the submergence depthwith the relative submer-

due to a planar distribution of vertical Oseen doublets. The

gence deptrh,/h; =0.5 ate=0.001. We see that the wave gominant terms of the wave amplitude, however, are those of
amplitude first rises to a maximum value and then drops tqnhe Oseenlet and its mirror image only. The presence of the
zero as the water depth increases. From the previous graphgy-slip boundary is found to reduce the wave amplitude be-
we know that the wave amplitude increases with water deptiayse of the reduced velocity of the system.

due to the diminishing effect of the no-slip boundary. How-

ever, at the same time, &s/h; is kept constant, the submer- ACKNOWLEDGMENT
gence of the Oseenlet also increases, which reduces the wave _ ,
This work was sponsored by the Committee on Research

amplitude like exp—zy/e].
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