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ABSTRACT

We reexamine the outer-gap size by taking the geometry of the dipole magnetic field into account. Further-
more, we also consider that instead of taking the gap size at half of the light cylinder radius to represent the entire
outer gap, it is more appropriate to average the entire outer-gap size over the distance. When these two factors are
considered, the derived outer-gap size f ðP; B; hrið�ÞÞ is a function not only of the period P and magnetic field B
of the neutron star but also of the average radial distance to the neutron star, hri, which depends on the magnetic
inclination angle � . We use this new outer-gap model to study the �-ray luminosity of pulsars, which is given by
L� ¼ f 3ðP; B; hrið�ÞÞLsd, where Lsd is the pulsar spin-down power, and to study the death lines of �-ray
emission of the pulsars. Our model can predict the �-ray luminosity of an individual pulsar if its P, B, and � are
known. Since different pulsars have different � , this explains why some �-ray pulsars have very similar P and B
but very different �-ray luminosities. In determining the death line of �-ray pulsars, we have used a new criterion
based on a concrete physical property, i.e., that the fractional size of the outer gap at the null-charge surface for a
given pulsar cannot be larger than unity. In an estimate of the fractional size of the outer gap, two possible X-ray
fields are considered: (1) X-rays produced by neutron star cooling and polar-cap heating, and (2) X-rays produced
by the bombardment of relativistic particles from the outer gap onto the stellar surface (the outer gap is called a
‘‘self-sustained outer gap’’). Since it is very difficult to measure � in general, we use a Monte Carlo method to
simulate the properties of �-ray pulsars in our Galaxy. We find that this new outer-gap model predicts many more
weak �-ray pulsars, which have a typical age between 0.3 and 3 Myr, than does the old model. For all simulated
�-ray pulsars with self-sustained outer gaps, the �-ray luminosity L� satisfies L� / L�sd, where the value of �
depends on the sensitivity of the �-ray detector. For EGRET, � � 0:38, whereas � � 0:46 for GLAST. For �-ray
pulsars with LsdPLcritsd , � � 1, and Lcritsd ¼ 1:5� 1034P1=3 ergs s�1 is determined by f ðhri � rLÞ ¼ 1. These results
are roughly consistent with the observed luminosity of �-ray pulsars. These predictions are very different from
those of the previous outer-gap model, which predicts a very flat relation between L� and Lsd.

Subject headings: gamma rays: theory — pulsars: general — stars: neutron

1. INTRODUCTION

High-energy emission models for rotation-powered pulsars
are generally divided into polar-gap and outer-gap models. In
polar-gap models, charged particles are accelerated in charge-
depleted zones near the pulsar’s polar cap, and �-rays are
produced through curvature-radiation–induced �-B pair cas-
cades (e.g., Harding 1981; Daugherty & Harding 1996; Zhang
& Harding 2000) or through Compton-induced pair cascades
(Dermer & Sturner 1994). In the outer-gap models, it is gen-
erally accepted that a magnetosphere of charge density

�0 �
6 GB

2�c
ð1Þ

surrounds a rotating neutron star with magnetic field B and
angular velocity 6 (Goldreich & Julian 1969). The magne-
tospheric plasma corotates with the neutron star within the
light cylinder, at which the corotating speed equals the ve-
locity of light and the distance from the spin axis is RL ¼ c=�.
In the corotating magnetosphere, the electric field along the
magnetic field, Ejj ¼ E GB=B, is nearly zero. However, the
flow of the plasma along open field lines results in some

plasma void regions (where the charge density is significantly
different from �0) in the vicinity of null-charge surfaces, where
6 GB ¼ 0 (Holloway 1973). In such charge-deficient regions,
which are called ‘‘outer gaps,’’ Ejj 6¼ 0 is sustained, electrons
and positrons can be accelerated to relativistic energies, and
the subsequent high-energy �-ray emission and photon-photon
pair production can maintain the current flow in the magne-
tosphere (Cheng, Ruderman, & Sutherland 1976; Cheng, Ho,
& Ruderman 1986a, 1986b, hereafter CHR I and CHR II;
Romani 1996; Zhang & Cheng 1997; Hirotani 2001).

Based on known �-ray pulsars, the luminosity and con-
version efficiency of �-rays in various models have been
studied (e.g., Harding 1981; Dermer & Sturner 1994; Rudak
& Dyks 1998; Yadigaroglu & Romani 1995; Zhang & Cheng
1998). Observations by the Compton Gamma-Ray Observa-
tory show that the �-ray luminosity of rotation-powered pul-
sars is proportional to square root of the spin-down power
(Thompson 2001). Using new polar-gap models (e.g., Zhang
& Harding 2000; Harding & Muslimov 2001; Harding,
Muslimov, & Zhang 2002), Harding et al. (2002) have studied
the death lines of �-ray pulsars based on the predicted lumi-
nosity of L� / L�sd, where � � 0:5 when LsdkLbreaksd , � � 1
when LsdPLbreaksd , and Lbreaksd ¼ 5� 1033P�1=2 ergs s�1.

For a rapidly rotating pulsar, it is believed that its spin-down
power Lsd is converted into radiation energy. Because the outer
gap occupies only a part of the open field line region, the �-ray
luminosity produced in the outer gap is a fraction of the spin-
down power. It has been shown that the �-ray luminosity in the
outer gap is proportional to f 3, i.e., L� � f 3Lsd (CHR II; Zhang
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& Cheng 1997). In previous works, the fractional size of
the outer gap depends only on the period and magnetic field for
a �-ray pulsar. For example, the fractional size of the outer
gap for Crab-like pulsars is f / B

�13=20
12 P33=20 (CHR II). In

the outer-gap model described by Zhang & Cheng (1997),
f / B�4=7P26=21, the observed �-ray luminosities for energies
greater than 100 MeV from known �-ray pulsars (except for
the Crab pulsar) can be approximately explained (Zhang &
Cheng 1998). It should be noted that the model predicts that
�-ray pulsars with the same values of ðB=PÞ0:3 will have the
same �-ray luminosities. For example, the ratio of ðB=PÞ0:3 for
PSR B1055�52 to that for Geminga is �0.9; this means that
the ratio of the �-ray luminosities should be �0.9. However,
the observed ratio of the luminosities at energies greater than
100 MeV of these two pulsars is �8 (Kaspi et al. 2000).
Briefly, seven known �-ray pulsars have rather different �-ray
luminosities, even though their spin-down powers and ages
are very similar (e.g., Geminga and PSR 1055�52). Their
pulse shapes also differ very much. It is clear that there are
other intrinsic parameters that control these observed proper-
ties (�-ray luminosity, pulse shape, spectrum, etc.).

In this paper we restudy the �-ray emission from the outer
gaps of rotation-powered pulsars by using a new outer-gap
model. We follow the idea of the self-sustained outer gap
given by Zhang & Cheng (1997). However, we take the
magnetosphere geometry, as well as the average properties of
the entire outer gap, into consideration and show that the
fractional size of the outer gap is a function of period, mag-
netic field, and magnetic inclination angle. In fact, the effect of
the inclination angle on the �-ray emission has been consid-
ered in other versions of the outer-gap model. For example,
Romani & Yadigaroglu (1995) and Yadigaroglu & Romani
(1995) took the magnetic inclination angle into account in
their outer-gap models, and Hirotani and his colleagues also
included the magnetic inclination angle in their calculation of
the outer-gap model (e.g., Hirotani 2001; Hirotani & Shibata
2001, 2002: Hirotani, Harding, & Shibata 2003). Differently
from the treatment of Romani & Yadigaroglu (1995), who
considered it in a less analytic way, we give an explicit ex-
pression for the fractional size of the outer gap. In x 2 we
describe the revised outer-gap model. We estimate the �-ray
luminosities for rotation-powered pulsars and compare them
with the observed data in x 3. In x 4 we derive the death lines
of pulsars with outer gaps. Finally, we briefly give our dis-
cussion and conclusion.

2. THE OUTER-GAP MODEL

2.1. Magnetospheric Geometry

For an oblique magnetic dipole rotator with an angular
velocity 6 and magnetic moment vector K , let its spin axis be
along the z-axis, K be in the (x, z)-plane, and � be the angle
between 6 and K . In polar coordinates,

6 ¼ � cos �r̂� sin �â
� �

;

K ¼ � cos ð�� �Þr̂� sin ð�� �Þâ
� �

: ð2Þ

The corresponding magnetic field is

B rð Þ ¼ �

2r3
2 cos ð�� �Þr̂þ sin ð�� �Þâ
� �

; ð3Þ

where � ¼ BpR
3=2, Bp and R are the stellar radius and surface

magnetic field at the pole, respectively (see, e.g., Zhang &

Harding 2000), and r̂ and â are the unit vectors of the radial
and polar angle directions, respectively. For a pulsar with a
period P and a period derivative Ṗ, Bp is estimated by

Bp � 6:4� 1019 PṖ
� �1=2

G: ð4Þ

It is believed that the outer gap extends from its inner
boundary to the light cylinder (CHR I). For an oblique mag-
netic dipole rotator, the polar angle �c for which the last open
field line is tangent to the light cylinder is given by (Kapoor &
Shukre 1998)

tan �c ¼ � 3

4 tan �
1þ 1þ 8 tan2�=9

� �1=2h i
; ð5Þ

and the corresponding radius is

rc ¼
RL

sin �c
: ð6Þ

It should be noted that �c ¼ �=2 and rc ¼ RL for an aligned
magnetic dipole. Along the last open field line, the relation

sin2ð�� �Þ
r

¼ sin2ð�c � �Þ
rc

ð7Þ

is valid. The inner boundary of the outer gap is estimated by
the null-charge surface, which is defined by 6 GB ¼ 0. In the
two-dimensional case, the null-charge surface can be de-
scribed by (rin, �in). By definition, we have

tan �in ¼ 1
2

3 tan � þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 tan2� þ 8

p� �
; ð8Þ

while rin is estimated along the last open field line, which
gives, using equation (7),

rin

RL

¼ sin2ð�in � �Þ
sin �c sin

2ð�c � �Þ
: ð9Þ

Therefore, the outer gap extends from rin to rc along the last
open field line for the oblique magnetic dipole. In such a
geometry, the Goldreich-Julian current is roughly

ṄGJ �
�2R3Bp

2ec
að�Þ cos �; ð10Þ

where að�Þ ¼ sin �c sin
2ð�c � �Þ.

2.2. X-Ray Field in the Magnetosphere

The observed spectra of X-ray emission from some rotation-
powered pulsars indicate that there are at least two kinds of
X-ray spectra. One consists of soft X-rays, which can be fitted
by a blackbody spectrum with a single temperature, combined
with a hard X-ray spectrum with a power-law distribution.
Another has only a thermal spectrum. It is believed that the
nonthermal components are most likely of magnetospheric
origin, while the origin of the thermal components is less
clear, because there are several mechanisms for production of
thermal emission in the soft X-ray bands. Observationally, the
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bulk of the soft X-ray emission between �0.1 and 1 keV is
well fitted by a double blackbody at two different temperatures.
The ratio of the area of the hotter component to that of the
colder one is typically very small (�a few� 10�5). The
colder component has been explained as resulting from
thermal cooling, while the hotter one most likely comes from
bombardment by high-energy particles (Greiveldinger et al.
1996). It is expected that pulsars younger than �105 yr will
have significant neutron star cooling components. We
briefly describe the main possible mechanisms of X-ray
production below.

2.2.1. Thermal X-Ray Emission from Neutron Star Cooling

For thermal X-ray emission due to neutron star cooling, it is
believed that its spectrum can be expressed with a modified
blackbody; we approximate it as a blackbody spectrum with a
temperature Tc. Because neutron star cooling concerns many
different mechanisms, the estimate of the temperature Tc
contains different uncertainties for different models. For ex-
ample, the temperature can be expressed as (Romani 1996)

Tc;6 �
�

105 yr

� 	�0:05

exp � �

106 yr

� 	
K; ð11Þ

where Tc;6 is the temperature of the neutron star cooling in
units of 106 K and � is the neutron star’s age. The above
expression is valid for � less than several 106 yr. Zhang &
Harding (2000) approximated the temperature Tc as

Tc;6 ¼
10�0:23��0:1

6 ; � � 105:2 yr;

10�0:55��0:5
6 ; � > 105:2 yr; ð12Þ

(

where �6 is the age in units of 106 yr. Based on the cooling
model derived from Tsuruta (1998) (in this model, the effects
of the magnetic field on thermal conductivity are included, but
polar-cap heating is not considered), Hibschman & Arons
(2001) use a temperature model

Tc;6ðtÞ ¼
100:05��0:1

6 ; � < 107 yr;

100:325��0:375
6 ; � > 107 yr; ð13Þ

(

where t is the spin-down age of the neutron star. For the hotter
component originating from the bombardment by high-energy
particles, the particles are produced in either the polar-cap
region or the outer-gap region, resulting in different properties.
In other words, the origin of the relativistic particles, which
bombard the stellar surface to produce hotter thermal X-rays,
depends on the models.

2.2.2. X-Ray Emission from Polar-Cap Heating

In the polar-cap models, the returning relativistic particles
are produced in the polar gap (e.g., Ruderman & Sutherland
1975; Arons 1981). Recently, Zhang & Harding (2000) con-
sidered the full polar-cap cascade scenario of the polar-cap
model and estimated the thermal X-ray luminosity using a
self-consistent polar-cap heating in the Harding & Muslimov
(1998) model (for a relevant recent study, see Hibschman &
Arons 2001). Furthermore, Harding & Muslimov (2001)
studied the effect of pulsar polar-cap heating produced by
positrons returning from the upper pair formation front; the

polar-cap heating produces thermal X-ray emission with a
temperature Tpc ¼ ðLpc=	SBAÞ1=4,

Tpc;6 ¼
2:46

P0:1

�6

� 	1=28
cos2�

að�Þ


 �1=4
; P

9=4
0:1 < 0:5B12;

2:51P
1=8
0:1

cos2�

að�Þ


 �1=4
; P

9=4
0:1 > 0:5B12; ð14Þ

8>>>>><
>>>>>:

where Lpc is the X-ray luminosity emitted from the polar
caps, 	SB is the Stefan-Boltzmann constant, and A is the area
heated by the positrons returning from the polar gaps. For
the canonical polar-cap area, A ¼ Apc ¼ �R2ð�R=cÞ. In the
above expressions, P0:1 ¼ P=0:1 s, B12 ¼ B=1012 G, and �6 ¼
106� yr is the pulsar age. We have used the analytic estimate
of X-ray luminosity given by Harding & Muslimov (2001)
and Apc, so the above expressions are valid for normal pulsars
with � � 107 yr.

2.2.3. X-Ray Emission from Outer-Gap Heating

In the outer-gap models, some of the relativistic particles
from the outer gap collide with the stellar surface, producing
thermal X-rays. These relativistic inflowing particles from the
outer gap radiate away much of their energy before reaching
the polar cap (Zhang & Cheng 1997; Zhu & Ruderman 1997;
Wang et al. 1998; Cheng & Zhang 1999). The residual energy
of the charged particles striking the polar cap is

EeðRÞ �
2e2c

mc3RL

ln
r

R

� 	�1=3

: ð15Þ

These particles collide with the polar cap at a rate of Ṅe ¼ f ṄGJ,
where ṄGJ is the Goldreich-Julian particle flux (Goldreich &
Julian 1969) and is estimated by equation (10). Therefore, the
polar cap is heated and radiates X-rays with a luminosity
[LX � f EeðRÞṄGJ]

LX � 2:3� 1031f B12P
�5=3

� R3
6 ln

r

R

� ��1=3
að�Þ cos � ergs s�1: ð16Þ

These X-rays have a typical temperature Th ¼ ðLX=A	SBÞ1=4
with

Th � 5:0� 106P�1=6B
1=4
12 ln

r

R

� ��1=12

� sin2 að�Þ cos �½ �1=4 K; ð17Þ

whereA � � f�R3=c is the area of the stellar surface bombarded
by the return current. Generally, some of these X-rays will es-
cape along the open magnetic field lines. Following Cheng &
Zhang (1999), we denote LhX as the luminosity of the X-rays
escaping along the open field lines and introduce a parameter

 ¼ LhX=LX (the estimate of 
; see Cheng & Zhang 1999). Most
of the X-rays are reflected back to the stellar surface through
cyclotron resonance. This process transfers emitted polar-
cap X-ray energy to the entire surface of the neutron star. Fi-
nally, the X-rays from the entire surface of the neutron star are
emitted with a temperature T ¼ ðLsX=2�R2	SBÞ1=4, where
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LsX ¼ ð1� 
ÞLX. The corresponding characteristic temperature
is Ts ¼ ðLsX=4�R2	SBÞ1=4, which gives

Ts � 4:2� 105ð1� 
Þ1=4f 1=4P�5=12B
1=4
12

� ln
r

R

� ��1=12
að�Þ cos �½ �1=4R1=4

6 K: ð18Þ

2.2.4. Average Energy of the X-Rays

We consider two possible cases for the thermal X-rays from
the stellar surface. In the first case, the thermal X-rays are
produced by both the neutron star standard cooling mecha-
nism and polar-cap heating. The temperatures are given by
equation (12) or (13) for the standard cooling mechanism and
equation (14) for the polar-cap heating. In the second case, the
thermal X-rays come from the bombardment of relativistic
particles from the outer gap (e.g., Zhang & Cheng 1997). The
corresponding temperatures are given by equations (18) and
(17). Assuming these X-rays can be approximated as black-
body emission, their spectrum can be expressed as

FXðEXÞ ¼ C
E2
X

eEX=kT1 � 1
þ A

4�R2

E2
X

eEX=kT2 � 1

� 	
; ð19Þ

where R is the stellar radius, A is the area of the polar cap
being heated, and T1 and T2 are the temperatures of the whole
stellar surface and polar cap, respectively. Using the above
expression, we can estimate the average X-ray energy as

EXh i ¼
R
FX EXð ÞEX dEXR
FX EXð Þ dEX

¼ �4

30�ð3Þ

� 1þ A=4�R2ð ÞðT2=T1Þ4

1þ A=4�R2ð ÞðT2=T1Þ3
kT1ð Þ; ð20Þ

where �ðxÞ is the zeta function and �ð3Þ � 1:2. For the dif-
ferent mechanisms for thermal X-rays from the stellar surface,
the dependence of hEXi on the basic parameters of the pulsar
is different.

We consider two possible ways to estimate the average
X-ray energy.

1. If the thermal X-rays are produced by standard neutron
star cooling and polar-cap heating, we have

E
pc
X

� 
� 2:7kTc

1þ R=4RLð Þ Tpc=Tc
� �4

1þ R=4RLð Þ Tpc=Tc
� �3 : ð21Þ

2. If the thermal X-rays are produced by the bombardment
of relativistic particles from the outer gap, we have

E
og
X

� 
� 2:7kTs

2� 


1� 

: ð22Þ

2.3. The Fractional Size of the Outer Gap

In two-dimensional geometry, the fractional size of the
outer gap is an important parameter for the �-ray production
there. According to Zhang & Cheng (1997), the parallel
electric field in the outer gap can be approximated as

Ejj ¼ f 2BðrÞ s=RLð Þ; ð23Þ

where f is the fractional size of the outer gap,

BðrÞ ¼ Bp 1þ 3 cos2ð�� �Þ
� �1=2

R3=r3

is the magnetic field strength at the radius r of the star, RL is
the radius of the light cylinder, and s is the curvature radius,
which is (Lesch et al. 1998)

s �; �sð Þ ¼ R

3

sin �� �ð Þ
sin2 �s � �ð Þ

1þ 3 cos2 �� �ð Þ½ �3=2

1þ cos2 �� �ð Þ ; ð24Þ

where �s is the polar angle at the stellar surface. Equation (25)
can be written as

s �; �sð Þ ¼
ffiffiffiffiffiffiffi
rRL

p
W �; rð Þ; ð25Þ

with

W �; rð Þ ¼ 4

3

1� 3=4ð Það�Þ r=Rð Þ½ �3=2ffiffiffiffiffiffiffiffiffiffi
að�Þ

p
1� 1=2ð Það�Þ r=RLð Þ½ �

; ð26Þ

where að�Þ ¼ sin2ð�c � �Þ sin �c. This electric field will ac-
celerate the electrons and positrons to relativistic energy in the
outer gap. Because these accelerated particles will lose their
energy through curvature radiation, their Lorentz factor is
estimated by using eEjjc ¼ ð2=3Þe2c�4=s2, which gives

�ðrÞ � 2:84� 107f 1=2B
1=4
12 P�1=4R

3=4
6

r

RL

� 	�3=8

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð�� �Þ

p
2

" #1=4

; ð27Þ

where P is the pulsar period in units of seconds and R is the
stellar radius in units of 106 cm. The characteristic energy of
the �-ray photons in the outer gap can be approximated as

E� � 143 f 3=2B
3=4
12 P�7=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð�� �Þ

p
2

" #3=4

� r

RL

� 	�3=2
s

RL

� 	�1=4

R
9=4
6 MeV: ð28Þ

Inside the outer gap, the curvature photons interact with the
thermal X-rays from the stellar surface to produce e� pairs
through a photon-photon pair-production process, sustaining
the outer gap. This pair-production condition is

EXh iE� 1� cos �X;�
� �� �

¼ 2 mec
2

� �2
; ð29Þ

where hEXi is the average X-ray energy, which is estimated
below, and �X,� is the angle between the emission directions of
the curvature photons and the thermal X-rays. If we assume
that the curvature photons are emitted along the negative di-
rection of the magnetic field and the thermal X-rays along the
radial direction, then we have

cos �X;� ¼ � 2 cos ð�� �Þ
3 cos2ð�� �Þ þ 1½ �1=2

; ð30Þ

ZHANG ET AL.320 Vol. 604



where � is the polar angle at radius r. Putting equation (7) into
equation (30), we have

cos �X;� ¼ � 1� r=RLð Það�Þ
1� ð3=4Þ r=RLð Það�Þ


 �1=2
; ð31Þ

where að�Þ ¼ sin2ð�c � �Þ sin �c.
We consider the fractional sizes of the outer gap cor-

responding to two possible average energies of the X-rays. In
the first case, the X-rays are produced by neutron star cooling
and polar-cap heating. The average X-ray energy is given by
equation (21), and the fractional size of the outer gap is

f ðr; �Þ � 6:9B
�1=2
12 P7=6 EXh i�2=3

0:1 Gpcðr; �Þ; ð32Þ

with

Gpc ¼W 1=6 2

1� cos �X;�

� 	2=3
r

RL

� 	13=12

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð�� �Þ

p
2

" #�1=2

; ð33Þ

where hEXi0:1 ¼ hEXi=0:1 keV. Because the temperature of
the polar-cap heating is greater than that of the neutron star
cooling, equation (21) can be approximated as hEXi � 2:7kTc.
Using equations (12) and (13), respectively, we have

EXh i0:1�
32:9

P

Ṗ

� 	�0:1

; Ṗ�15 � 102P;

5:2� 106
P

Ṗ

� 	�0:5

; Ṗ�15 < 102P; ð34Þ

8>>><
>>>:

EXh i0:1�
7:49

P

Ṗ

� 	�0:11

; Ṗ�15 � 1:6P;

7:33� 104
P

Ṗ

� 	�15=40

; Ṗ�15 < 1:6P; ð35Þ

8>>><
>>>:

where Ṗ ¼ 10�15Ṗ�15 is the period derivative of the pulsar in
units of s s�1. In the second case, the thermal X-rays come from
the bombardment of relativistic particles from the outer gap.
Putting equations (28) and (20) into equation (29), we have

f ðr; �Þ � 5:2B
�4=7
12 P26=21R

10=7
6 Gðr; �Þ; ð36Þ

with

Gðr; �Þ ¼ 2

1� cos �X;�

� 	4=7

ln
r

R

� �1=21 r

RL

� 	13=14

� W

að�Þ cos �


 �1=7 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3 cos2ð�� �Þ

p
2

" #�3=7

:ð37Þ

Obviously, f is a function of r, as well as the inclination angle
� , in the two cases.

It is believed that the outer gap starts at the null-charge
surface (6 GB ¼ 0), which defines the inner boundary, and the
radial distance is rin. From equation (32) or (36), the fractional

size reaches a minimum at the radius (rin) of the inner
boundary and then increases with radius for a given pulsar.
Therefore, the fractional size of the outer gap at the radius
rin determines whether or not the outer gap exists. If
f ðrin; �Þ > 1, it means that the pulsar does not have any outer
gap. In other words, a pulsar with f ðrin; �Þ � 1 should have
an outer gap, which will emit high-energy photons. As the
radius increases, the fractional size of the outer gap increases.
For a pulsar with f ðrc; �Þ � 1, the outer gap will extend from
rin to rc. However, a pulsar with f ðrc; �Þ > 1 will stop at
some radius rb at which f ðrb; �Þ ¼ 1. In order to explain the
average properties of high-energy photon emission from the
outer gap, we assume that high-energy emission at an average
radius hri represents the typical emission of high-energy
photons from a pulsar. The average radius is given by

rh i ¼
R rmax

rin
f ðr; �Þr drR rmax

rin
f ðr; �Þ dr

; ð38Þ

where rmax ¼ min ðrc; rbÞ. The average gap size is approxi-
mated as f ð rh i; P; BÞ by substituting hri into equations (32)
and (36) and is in general a function of P, B, and � because rc
is a function of P and � , and rb is a function of P, B, and � .

Generally, the inclination angles for the pulsars are not
known well, so we consider the changes of fractional size with
inclination angle. Let us define the function

f rh i; P; Bð Þ ¼ � �; P; Bð Þ fo P; Bð Þ; ð39Þ

where foðP; BÞ ¼ 5:5P26=21B
�4=7
12 is the fractional size of the

outer gap arrived at by ignoring the effect of the inclination
angle (Zhang & Cheng 1997). Therefore, the effect of the in-
clination angle should be exhibited in the function �ð�; P; BÞ.
In Figure 1 we consider the variation of outer-gap size with
magnetic inclination angle for various P and B. In Figure 1a
the upper and lower solid lines show the self-consistent outer-
gap and the cooling X-ray outer-gap models, respectively, with
P ¼ 0:1 s, and the upper and lower dashed lines show the self-
consistent outer-gap and the cooling X-ray outer-gap models,
respectively, with P ¼ 0:3 s. The magnetic field is chosen to be
3� 1012 G. In Figure 1b the upper and lower solid lines show
the self-consistent outer-gap and the cooling X-ray outer-gap
models, respectively, with B12 ¼ 3:0, and the upper and lower
dashed lines show the self-consistent outer-gap and the cooling
X-ray outer-gap models, respectively, with B12 ¼ 1:5. The
period is chosen to be 0.2 s. We can see that � varies by about a
factor of 2 for the self-consistent model but becomes rather
constant for the cooling X-ray outer-gap model.

3. HIGH-ENERGY �-RAY LUMINOSITY

EGRET has observed six pulsars with high confidence
and three possible radio pulsars emitting high-energy �-rays
above 100 MeV (see Thompson 2001 for a review). One
of these possible radio pulsars is a millisecond pulsar, PSR
J0218+4232 (Kuiper et al. 2000). Therefore, there could
be eight young pulsars emitting high-energy �-rays, based
on observations by EGRET. It should be noted that PSR
B1509�58 is also a �-ray pulsar, but it is seen only up to
10 MeV by COMPTEL (Kuiper et al. 1999) and not above
100 MeV by EGRET. The observed �-ray luminosity of a
pulsar is Lobs� ¼ 4�d2�F� , where F� is the observed �-ray flux,
d is the distance to the pulsar, and � is the �-ray beaming
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fraction (0 < � � 1), which is defined as the ratio of the
beaming solid angle to 4�. Two parameters are highly un-
certain: the distance d and the beaming fraction �. It is com-
monly assumed that � ¼ 1=4� when estimating the observed
�-ray luminosity. However, the �-ray beaming fraction should
be different for various �-ray pulsars, as a function of the
magnetic inclination angle, as well as the size of the outer gap.
Some approximations for the beaming fraction have been
given (Yadigaroglu & Romani 1995; Romani 1996; Zhang,
Zhang, & Cheng 2000). How accurate these approximations
are is not known. Furthermore, we want to emphasize that, in
addition to the beaming fraction, the distance estimate also
affects the observed �-ray luminosity strongly. For example, a
recent measurement shows that the distance to the Vela pulsar
is 294þ76

�50 pc (Caraveo et al. 2001), which is less than the
previous value (500 pc) derived from radio observation.
Hence, the �-ray luminosity of the Vela pulsar could be a
factor of 2 lower than that given in Thompson (2001). In this
paper we just want to see how the inclination affects the �-ray
luminosity. For simplification, we use the common assump-
tion of � ¼ 1=4� in order to compare with the observed data
given by Thompson (2001).

Because high-energy �-rays are mainly produced from the
outer gap in our model, we compare our expected �-ray lu-
minosities with those of the �-ray pulsars observed by
EGRET. In our model, the �-ray luminosity for each �-ray
pulsar depends on the period, magnetic field, and magnetic

inclination. However, the magnetic inclination angles are not
known well. Once the average fractional size of the outer gap
for a pulsar is estimated, the �-ray luminosity can be ap-
proximated as

L� � f 3 rh ið ÞLsd; ð40Þ

where Lsd ¼ 4�2IṖ=P3 is the spin-down luminosity of the
pulsar and I ¼ 1045 g cm2. Using equation (4) and putting
equation (36) into equation (40), we have

L� ¼ L�;0�
3ð�; P; BÞ; ð41Þ

with

L�;0 � 1:36� 1033B
2=7
12 P�2=7: ð42Þ

It is obvious that equation (42) is the same as that given by
Zhang & Cheng (1997).
In principle, we can estimate the �-ray luminosity for a

pulsar with a known inclination angle. However, it is difficult
to estimate the �-ray luminosity for all canonical pulsars,
because the inclination angles of only a few pulsars are
known. Therefore, we find the statistical relation between
�-ray luminosity and pulsar spin-down power for canonical
pulsars using a Monte Carlo method. The details of this Monte
Carlo method are given by Cheng & Zhang (1998) and Zhang
et al. (2000). We use the following assumptions to generate
the Galactic pulsar population:

1. Pulsars are born at a rate ṄNS � 1 2 per century, with
spin periods of P0 ¼ 10 ms.
2. The initial position for each pulsar is estimated from the

distributions

�zðzÞ ¼ 1=zexp
� �

exp �jzj=zexp
� �

;

�RðRÞ ¼ aR=R
2
exp

� �
R exp �R=Rexp

� �
;

where z is the distance from the Galactic plane, R is the dis-
tance from the Galactic center, zexp ¼ 75 pc,

aR ¼ 1� e�Rmax=Rexp 1þ Rmax=Rexp

� �h i�1

;

Rexp ¼ 4:5 kpc, and Rmax ¼ 20 kpc (Paczyński 1990; Sturner
& Dermer 1996).
3. The initial magnetic fields are distributed as a Gaussian

in log B, with a mean log B ¼ 12:52 and a dispersion 	B ¼
0:35. We ignore any field decay for these rotation-powered
pulsars.
4. The initial velocity of each pulsar is the vector sum of the

circular rotation velocity at the birth location and a random
velocity from the supernova explosion (Paczyński 1990; Cheng
& Zhang 1998). The circular velocity is determined by the
Galactic gravitational potential, and the random velocities are
distributed as a Maxwellian with three-dimensional dispersion,
	V ¼

ffiffiffi
3

p
� 100 km s�1 (Lorimer, Bailes, & Harrison 1997).

5. A random distribution of magnetic inclination angles is
used (e.g., Biggs 1990). However, the values of � are subject
to two constraints. First, the photon energy given in equation
(28) cannot be higher than the total potential drop of the outer
gap. Second, rin in equation (9) must be larger than the stellar
radius.

Fig. 1.—Variation of the fractional size of the outer gap with magnetic
inclination angle for some typical pulsar parameters. (a) Plot of �ðP; B; �Þ
vs. � for a given magnetic field of 3� 1012 G. The upper and lower solid lines
show the self-consistent outer-gap and the cooling X-ray outer-gap models,
respectively, with P ¼ 0:1 s, and the upper and lower dashed lines show the
self-consistent outer-gap and the cooling X-ray outer-gap models, respec-
tively, with P ¼ 0:3 s. (b) Plot of �ðP; B; �Þ vs. � for a given period of 0.2 s.
The upper and lower solid lines show the self-consistent outer-gap and the
cooling X-ray outer-gap models, respectively, with B12 ¼ 3:0, and the upper
and lower dashed lines show the self-consistent outer-gap and the cooling
X-ray outer-gap models, respectively, with B12 ¼ 1:5.
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The pulsar period at time t can be estimated by

PðtÞ ¼ P2
0 þ

16�2R6
NSB

2

3Ic3

� 	
t


 �1=2
; ð43Þ

where RNS is the neutron star radius and I is the neutron star
moment of inertia. The period derivative (Ṗ) can be deter-
mined by

PṖ ¼ 8�2R6
NS=3Ic

3
� �

B2: ð44Þ

Furthermore, the pulsar position at time t is determined by
following its motion in the Galactic gravitational potential.
Using the equations given by Paczyński (1990) for a given
initial velocity, the orbit integrations are performed using the
fourth-order Runge-Kutta method with a variable time step
(Press 1992) for the variables R, VR, z, VZ , and . Then the sky
position and the distance of the simulated pulsar can be cal-
culated.

We now consider the observational selection effects. First,
we consider radio selection effects in order to generate a pulsar
population detectable at the radio band: the pulsar must have a
radio flux greater than the radio survey flux threshold and a
broadened pulse width less than the rotation period (e.g.,
Sturner & Dermer 1996). The pulsar that satisfies

L400=d
2 � Smin ð45Þ

is considered to be a radio-detectable pulsar, where L400 is the
radio luminosity at 400 MHz and d is the distance to the
pulsar. The radio beaming fraction can be expressed as
(Emmering & Chevalier 1989)

frð!Þ ¼ ð1� cos !Þ þ ð�=2� !Þ sin !; ð46Þ

where ! ¼ 6	:2ð ÞP�1=2 (e.g., Biggs 1990) is the half-angle of
the radio emission cone. Then, following Emmering &
Chevalier (1989), a sample pulsar with a given period P is
chosen in one out of frðPÞ�1

cases using the Monte Carlo
method. Second, we consider the �-ray selection effects.
According to Zhang et al. (2000), we use

S�ð> 100 MeVÞ � 1:2� 10�10 ergs cm�2 s�1 ð47Þ

as the minimum detectable �-ray energy flux, which corre-
sponds roughly to the faintest sources with ðTSÞ1=2 > 5.

Using the above method, we can generate a �-ray pulsar
population. In Figure 2 we show the relation between �-ray
luminosity and spin-down power for the simulated �-ray pulsar
population using this new outer-gap model, in which the birth
rate of the neutron stars is assumed to be 1 every 200 yr, and the
pulsar ages are limited to be not greater than 107 yr. In this
figure we show two pulsar populations, one for which radio
selection effects of the pulsars with outer gaps are taken into
account (i.e., radio-loud �-ray pulsars; Fig. 2, filled circles), and
the other, for radio-quiet �-ray pulsars (Fig. 2, open circles).

There are several interesting features in this figure. First,
there is a rather sharp boundary on the left of the population.
In fact, this boundary is given by

L� ¼ Lsd: ð48Þ

This relation /boundary results from the facts that �-ray pul-
sars terminate at f ð rh iÞ ¼ 1 and rmax ¼ rb in equation (38).

Similarly, the second rough boundary appearing at the bot-
tom of the population is caused by f ð rh iÞ ¼ 1 and rmax ¼
rc ¼ rL. Zhang & Cheng (1997) have estimated the fractional
gap size by assuming that the typical distance from the gap
to the star is �rL; they obtained f ¼ 5:5B

�4=7
12 P26=21. When

we substitute this relation into Lsd, we obtain

Lcritsd ¼ 1:5� 1034P1=3 ergs s�1: ð49Þ

It is important to note that L� ¼ Lsd, as LsdPLcritsd .
In such a pulsar population, the best fit gives the relation

log L� � 20:42þ 0:38 log Lsd ð50Þ

for the pulsars with outer gaps. When taking the radio selection
effects into account, the L�-Lsd slope becomes flatter, i.e.,
log L� � 23:25þ 0:30 log Lsd. We consider the statistics of
pulsars with outer gaps in the rest of this section. In order to
show the important effect of the magnetic inclination angle on
�-ray luminosity, we show the change of log10ðL�=L�;0Þ with
log10L� in Figure 3. The best fit indicates that log10ðL�=L�;0Þ /
0:9 log10L� . For comparison, we show the result given by
Zhang & Cheng (1997), which is independent of the inclina-
tion angle.

It is very interesting that the L�-Lsd slope becomes steeper
when the minimum detectable �-ray energy flux decreases.
For example, obtaining a �-ray pulsar population using the
GLAST threshold (1:8� 10�12 ergs cm�2 s�1), the best fit
gives

log L� � 17:45þ 0:46 log Lsd: ð51Þ

That is, L� / L
1=2
sd . In this pulsar population, we have

log10ðL�=L�;0Þ / 0:92 log L� .
For comparison, we show the results given by equations

(50) and (51) and the observed high-energy photon luminos-
ities of eight �-ray pulsars in Figure 4. In this figure the ob-
served data are taken from Thompson (2001), derived from
detected fluxes above 1 eV assuming a solid angle of photon

Fig. 2.—Change of �-ray luminosity L� with the spin-down power Lsd in
the �-ray pulsar population predicted by our outer-gap model. In our simu-
lation we have used the EGRET threshold as the minimum detectable �-ray
energy flux. Open and filled circles show the model radio-quiet and radio-loud
�-ray pulsars, respectively, and the solid line shows the best fit for all �-ray
pulsars with outer gaps. The lighter line is the best fit for the radio-loud �-ray
pulsars with outer gaps.
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beaming of 1 sr. From Figure 5 it can be seen that the results
given by both equations (50) and (51) are consistent with the
observed data. For the resulting fit of the simulated �-ray
pulsar population using the EGRET threshold, the expected
slope (0.38) is flatter than the observed one (0.46).

Finally, we would like to point out that this new outer-gap
model predicts many more weak �-ray pulsars, whose �-ray
luminosities can be as low as 1032 ergs s�1 (e.g., Fig. 2), than
previous outer-gap models (Zhang & Cheng 1997; Cheng &
Zhang 1998). The main reason for these predicted weak �-ray
pulsars is that instead of using the outer-gap size at half the
light cylinder radius to determine whether the outer gap can
exist, the new model allows the outer gap to survive when the
fractional size of the outer gap at the null-charge surface for a
given pulsar is less than unity. This prediction allows the ages
of �-ray pulsars to extend to a few million years old. In fact,
more detailed Monte Carlo simulation results show that most
of these weak �-ray pulsars have ages between 0.3 and 3 Myr,

and many of them are located at higher Galactic latitude. For
most of these weak �-ray pulsars, their radio beams could miss
the Earth, and they would contribute to the unidentified �-ray
sources at high Galactic latitude (Cheng et al. 2003). These
predictions can be verified by GLAST.

4. THE DEATH LINES OF PULSARS WITH OUTER GAPS

We now consider the condition for which the outer gap of a
pulsar exists. For an outer gap, the inner boundary is estimated
as the null-charge surface where the magnetic field lines are
perpendicular to the rotation axis. From equation (36) or (32),
f ðr; �Þ reaches a minimum at r ¼ rin. In other words, if the
fractional size of the outer gap at rin were larger than unity,
then the outer gap would not exist. Therefore, we can estimate
the death lines of the pulsars with outer gaps by using
f ðrin; �Þ ¼ 1. It should be noted that Gpcðrin; �Þ in equation
(32) and Gðrin; �Þ in equation (36) are functions only of � ,
because rin=RL depends only on � (see eq. [9]). For the case of
X-rays produced by neutron star cooling and polar-cap heat-
ing, we obtain from f ðrin; �Þ ¼ 1

log Ṗ ¼
3:1 log P � A1ð�Þ; log P � 13þ log Ṗ;
15
7
log P � A2ð�Þ; log P > 13þ log Ṗ; ð52Þ

(

for the temperature given by Zhang & Harding (2000), where
A1ð�Þ ¼ 12:87� 3:16 logG pcð�Þ and A2ð�Þ ¼ 12:92�
12=7ð Þ logGpcð�Þ; and

log Ṗ ¼
3:1 log P � B1ð�Þ; log P � 14:8þ log Ṗ;
7
3
log P � B2ð�Þ; log P > 14:8þ log Ṗ; ð53Þ

(

Fig. 3.—Plot of L�=L�;0 vs. L� in the �-ray pulsar population predicted by
our outer-gap model. In our simulation we have used the EGRET threshold as
the minimum detectable �-ray energy flux. Open circles show the expected
data, and the solid line shows the best fit. For comparison, we show the result
given by Zhang & Cheng (1997) as a dashed line.

Fig. 4.—�-ray luminosity vs. spin-down power. Filled circles with error
bars show the data observed by Thompson (2001), and the solid and dashed
lines show the results given by eqs. (50) and (51), respectively.

Fig. 5.—Death lines of pulsars with outer gaps. It is assumed that X-rays
are produced by neutron star cooling and polar-cap heating. Two cases for the
inclination angle distributions are considered: (1) a uniform distribution and
(2) a cosine distribution. Dotted and solid lines show the death lines given by
eqs. (56) and (59). Dashed and dot-dashed lines show the death lines given by
eqs. (57) and (60). The observed data are taken from Web site http://
www.atnf.csiro.au/research/catalogue.
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for the temperature used by Hibschman & Arons (2001),
where B1ð�Þ ¼ 13:46� 3:16 logGpcð�Þ and B2ð�Þ ¼ 13:95�
2 logGpcð�Þ. For the case of X-rays produced by the bom-
bardment of particles returning from the outer gap, we have

log Ṗ ¼ 10
3
log P � 13:02þ 7

2
logGð�Þ: ð54Þ

Obviously, the death lines depend on the magnetic inclination
angle.

Although the magnetic inclination angle of each pulsar has
not been determined well, the distribution of the magnetic
inclination angle can be estimated from a statistical polariza-
tion study of the radio pulsars. It was generally believed that
the parent distribution of the magnetic inclinations is uniform
(Gunn & Ostriker 1970; Gil & Han 1996). However, recent
studies using the polarization data of radio pulsars indicate
that the magnetic inclinations satisfy a cosine-like distribution
(Tauris & Manchester 1998). Therefore, we estimate the av-
erage value of f ðrin; �Þ in these two possible parent dis-
tributions of the magnetic inclinations, i.e.,

Gð�Þh i ¼
R
Gð�ÞUð�Þ d�R

Uð�Þ d� ; ð55Þ

where Uð�Þ represents the distribution of the inclination
angles. We consider uniform and cosine-like distributions
of the inclination angles separately. For the uniform distribu-
tion, we have hGpcð�Þi � 0:32 and Gð�Þ ¼ 0:38. Therefore,
equations (52), (53), and (54) become

log Ṗ ¼
3:1 log P � 14:43; log P � 13þ log Ṗ;
15
7
log P � 13:77; log P > 13þ log Ṗ; ð56Þ

(

log Ṗ ¼
3:1 log P � 15:02; log P � 14:8þ logṖ;
7
3
log P � 14:94; log P > 14:8þ logṖ; ð57Þ

(

log Ṗ ¼ 10
3
log P � 14:60: ð58Þ

For a cosine-like distribution, hGpcð�Þi � 0:43, Gð�Þ � 0:49,
and equations (52), (53), and (54) become

log Ṗ ¼
3:1 log P � 14:03; log P � 13þ log Ṗ;
15
7
log P � 13:55; log P > 13þ log Ṗ; ð59Þ

(

log Ṗ ¼
3:1 log P � 14:62; log P � 14:8þ log Ṗ;
7
3
log P � 14:68; log P > 14:80þ log Ṗ; ð60Þ

(

log Ṗ ¼ 10
3
log P � 14:20: ð61Þ

Based on the original outer-gap model (CHR I; CHR II),
Chen & Ruderman (1993) have considered the death lines of
Crab-like and Vela-like pulsars. For Crab-like pulsars, the
death line is (see eq. [25] of their paper)

log Ṗ ¼ 4 log P � 7: ð62Þ

For Vela-like pulsars, they introduced a parameter 
 to de-
scribe the expected variation of the magnetic field within the

outer gap and assumed 
 ¼ 1
2
. In this case, the death line is (see

eq. [27] of their paper)

log Ṗ ¼ 3:8 log P � 10:2: ð63Þ

According to Zhang & Cheng (1997), from

fs � 2:83� 10�4P20=21Ṗ�2=7 ¼ 1;

we have

log Ṗ ¼ 10
3
log P � 12:42: ð64Þ

In Figure 5 we show the death lines of the pulsars with outer
gaps for two possible distributions of the magnetic inclination
angles. In this case we assume that X-rays are produced by
neutron star cooling and polar-cap heating. Because the tem-
perature used by Hibschman & Arons (2001) is higher than
that used by Zhang & Harding (2000), the average energy of
X-rays for the former work is greater than that for the latter.
Therefore, the death lines obtained by using the temperature of
Hibschman & Arons (2001) are lower than those from using
the temperature of Zhang & Harding (2000).

In Figure 6 we show the death lines of pulsars with outer
gaps, in which X-rays are produced by relativistic particles
returning from the outer gap and the outer gap is self-sustained.
For comparison, we also plot the death lines given by Chen &
Ruderman (1993) and the death line derived from the model of
Zhang & Cheng (1997). It can be seen that our model predicts
that many more radio pulsars have self-sustained outer gaps
compared to those given by Chen & Ruderman (1993), as well
as by Zhang & Cheng (1997). In our estimate of the death lines

Fig. 6.—Death lines of pulsars with self-sustained outer gaps. The observed
data are taken from Web site http://www.atnf.csiro.au/research/catalogue.
Lines 1 and 2 are given by eqs. (62) and (63), respectively (Chen & Ruderman
1993). Line 3 is the death line (eq. [64]) predicted by Zhang & Cheng (1997).
Lines 4 and 5 are the death lines of our model for the uniform and the cosine
distributions of the inclination angles, respectively.
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of pulsars with self-sustained outer gaps, we require that
f ðrinÞ ¼ 1. This condition is reasonable. It is believed that an
outer gap can develop along the null-charge surface (Cheng
et al. 1976) or along the last closed field line (CHR I; CHR II).
Therefore, a self-sustained outer gap exists if the fractional size
of the outer gap at rin is not greater than unity.

5. DISCUSSION AND CONCLUSION

After taking into account the geometry of the dipole mag-
netic field, we have given a revised version of the outer-gap
model given by Zhang & Cheng (1997). In the revised outer-
gap model, the fractional size of the outer gap is the function
not only of the period and magnetic field of the neutron star but
also of the radial distance r to the neutron star and the magnetic
inclination angle � . In other words, the fractional size of the
outer gap has the form of f ðr; �Þ ¼ fiðP; B12ÞGiðr; �Þ,
where f0ðP; B12Þ is the function of only the pulsar period, and
the surface magnetic field Giðr; �Þ changes with radial dis-
tance to the neutron star and the magnetic inclination angle,
where the subscript i represents the X-ray field considered. The
fractional size of the outer gap is given by equation (32) in an
X-ray field that is produced by neutron star cooling and polar-
cap heating and by equation (36) in an X-ray field that is
produced by outer-gap heating. In this model the fractional size
of the outer gap has a minimum at the inner boundary for
a given pulsar, increases with radial distance along the last
open field lines, and then reaches its outer boundary, where
f ðrb; �Þ ¼ 1. In other words, the outer gaps of some pulsars
do not exist between the null-charge surface and the light
cylinder. We have shown the changes of the fractional size of
the outer gap with inclination angle (see Fig. 1). Furthermore,
we have found that the outer gaps of relatively young pulsars,
such as Vela, can extend from the null-charge surface to the
light cylinder for any inclination angle; however, the outer
gaps of some pulsars, such as Geminga, cannot extend to the
light cylinder for a larger inclination angle (e.g., 75	).

In order to describe the average properties of high-energy
radiation from a �-ray pulsar, we have defined an average
radial distance hri (see eq. [38]). Using the Monte Carlo
method described by Cheng & Zhang (1998) (see also Zhang
et al. 2000), we simulated two populations of �-ray pulsars,
whose energy fluxes are greater than the EGRET threshold
and GLAST threshold, respectively. In these simulations we
considered only the population of pulsars with self-sustained
outer gaps and a uniform distribution of inclination angles. We
plotted the change of L� with Lsd (see Fig. 2). We also indi-
cated the variation of L�=L�;0 with L� in Figure 3, which
shows the importance of the inclination angle for L�. In the
model of Zhang & Cheng (1997), L� is independent of the
inclination angle. Fitting the simulated results, we found that
L� / L0:38sd for the EGRET threshold, and L� / L0:46sd for the
GLAST threshold. Compared with the observed data given
by Thompson (2001), our simulated results are reasonable
(see Fig. 4). In fact, the current distance of the Vela pulsar
(Caraveo et al. 2001) is less than that used by Thompson
(2001) by about a factor of 2, which reduces the luminosity by
about a factor of 4.

In Figure 4 we note that Geminga is not within the simu-
lated population. Zhang & Cheng (2001) have used a three-
dimensional outer-gap model to explain the phase-resolved
spectra of Geminga. They discovered that in order to fit
the observed �-ray data, the solid angle �� must be near 5 sr.
In Figure 4 �� ¼ 1 sr is used for all observed �-ray pul-
sars. If the larger solid angle is used, it brings Geminga

within the simulated population. It should be pointed out that
Yadigaroglu & Romani (1995) have studied the effect of �-ray
beaming in their outer-gap model (see also Romani 1996).
Zhang et al. (2000) also gave an approximate expression for
the �-ray beaming fraction, which will be applied to the esti-
mated �-ray fluxes in our new model.
It is interesting to point out that both polar-gap and outer-

gap models predict L� ¼ Lsd for low spin-down power pulsars.
But the position of the break occurs at 5� 1033P�1=2 ergs s�1

for the polar-gap model (Harding et al. 2002), whereas the
outer-gap model predicts a higher position, at 1:5� 1034P1=3

ergs s�1. For higher spin-down power pulsars, the polar-
gap model predicts L� ¼ L

1=2
sd , whereas the outer-gap model

cannot give a precise prediction, because the model L� also
depends on the less well known parameter �. The statistical
predictions of the outer-gap model give L� ¼ L�sd, where �
depends on the properties of the �-ray detector. For example,
� ¼ 0:38 for EGRET and 0.46 for GLAST.
According to our model, the fractional size of the outer gap

at the null-charge surface for a given pulsar [ f ðrin; �Þ]
reaches a minimum. Therefore, the outer gap should exist
only if f ðrin; �Þ � 1. Averaging f ðrin; �Þ for two possible
distributions (uniform and cosine) of the magnetic inclination
angle, we obtained the death lines of pulsars with outer gaps
in the two possible X-ray fields and compared them with the
observed data in Figures 5 and 6. Compared to the death line
derived from the outer-gap model of Zhang & Cheng (1997),
the revised model predicts that more pulsars will have outer
gaps and then emit high-energy photons.
We make the following conclusions: Our results indicate that

(1) the intrinsic parameters for explaining the observed �-ray
properties of rotation-powered pulsars are the magnetic incli-
nation angle, period, and magnetic field. We have obtained a
very concrete functional form for the prediction of �-ray lu-
minosity that depends only on these intrinsic parameters; the
inclination angle could be known if the radio data were suffi-
ciently good. (2) The conversion efficiencies for seven known
�-ray pulsars, which have rather scattered values, can be
explained in our revised model using the Monte Carlo method.
Although our estimation of the outer-gap size cannot be precise
for an individual pulsar when the magnetic inclination angle is
poorly known, it is a reasonable estimation of the statistical
properties of �-ray pulsars using the statistical method.
(3) Unlike those seven observed �-ray pulsars, mature pulsars
(ages 0.3–3 Myr) can also be �-ray pulsars, and their efficiency
is insensitive to the inclination angle. Most importantly, their
�-ray luminosity is proportional to the spin-down power,
which can be tested by GLAST. (4) The mean cutoff age of
�-ray pulsars is increased by a factor of 3; therefore, older
�-ray pulsars (up to about 3 Myr old) can move up to a higher
Galactic latitude. Some unidentified EGRET �-ray sources
could be the mature pulsars predicted by this model, with
ages between 0.3 and 3 Myr. In fact, a Parkes Observatory
survey has discovered a large number of radio pulsars on the
error boxes of EGRET unidentified �-ray point sources
(Torres & Nuza 2003). (5) The previous works on death lines
based on the outer-gap model (e.g., Chen & Ruderman 1993)
did not give detailed physical motivations; rather, they used
a phenomenological approach. Here we proposed a new
criterion based on a concrete physical property regarding the
death line, which predicts more �-ray pulsars. (6) Our model
predicts many more weak �-ray pulsars, with ages between
0.3 and 3 Myr, than previous outer-gap models, and they
satisfy L� / Lsd, which can be verified by GLAST.
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Finally, we would like to remark that the �-ray luminosity
formulae developed in this paper may not be able to explain
the �-ray luminosity of an individual pulsar. Two important
factors, i.e., distance uncertainty and beaming fraction, which
play crucial roles in determining the �-ray luminosity, have
not been considered here. For example, the luminosity ratio
between PSR B1055�52 and Geminga, which have the same
spin-down power of 3� 1034 ergs s�1, is about a factor of
6 (Thompson 2001), but the model ratio prediction (e.g.,
Fig. 2) is no more than a factor of 3. In fact, the estimate of
the distance of PSR B1055�52 is very uncertain; it ranges
from �1.5 kpc (e.g., Thompson 2001) to a small value of
�500 pc (see, e.g., Ögelman & Finley 1993; Combi, Romero,
& Azcarate 1997; Torres, Butt, & Camilo 2001; Hirotani &
Shibata 2002), which makes the ratio change from�10 to �3.
A recent distance estimate for PSR B1055�52 from the dis-
persion measure is �0.72 kpc (see Mignani, De Luca, &
Caraveo 2003).4 However, it is well known that a 25% error is

common in determining the dispersion measure (McLaughlin
& Cordes 2000), which gives a factor of 2 uncertainty in the
luminosity. In addition, the distance estimate of Geminga is
known to have at least a 25% uncertainty (Caraveo et al.
1996), which gives another factor of 2 uncertainty in the �-ray
luminosity estimate. Other uncertainty results from the �-ray
beaming fraction. In principle, obtained values for both the
distance estimate and beaming fraction will be more accurate
in the future. Our model still predicts that the difference in
the magnetic inclination angle can cause a large difference
in �-ray luminosity for pulsars with the same spin-down
power.
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