PHYSICAL REVIEW A VOLUME 53, NUMBER 1 JANUARY 1996

Topological effects associated with fractional statistics
in one-dimensional mesoscopic rings
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Using both the continuum and tight-binding models, we have investigated analytically the effects of a
statistical phase factor on the persistent charge and magnetic moment currents of “free” hard-core anyons in
one-dimensional mesoscopic rings. In particular, we find that the ground state of the system could, in most
cases, self-sustain the Aharonov-Bohm and Aharonov-Casher effects simultaneously.

PACS numbed(s): 03.65.Bz, 66.96r

The importance of quantum effects in mesoscopic sysscopic ring of “free” hard-core anyons having both charge
tems, such as the persistent current occurring in isolated me@nd magnetic moment. In particular, the interesting sponta-
soscopic normal metal rings penetrated by an Aharonovheous AB and AC effects are proposed.

Bohm [1-4] (AB) flux, has been widely recognized. Let us first consideN, free hard-core anyons confined to
Considering that such a persistent current itself also produce® 1D ring with radiusR (circumferencel =2=R), vanish-
magnetic flux in addition to the flux from external sources,ingly small widthb, and thickness, lying in xy plane. In
the possibility of a self-sustained persistent current in thdhe presence of both AB flux and AC flji20], the total flux
absence of external flux was recently addresggd A ~ P=Pag+ Pac. The continuum free hard-core anyon model
ground state with such a spontaneous current is known as'@ defined by the following four conditions.

flux-phasestate[6]. It is also interesting to note that there (i) The wave function satisfies the Sctiflager equation

exists another topological interference effect—the Aharonoyfr the motion ofN, free anyons, each possessing chajge
d magnetic moment, in the ring.

L . an
Casher(AC) effect[7], which is the electromagnetic dual of (i) The wave function satisfies the phase condition with

the AB effect; a particle with a magnetic momemtmoving : . A
in an electric field? acquires an AC phasig] due to the respect to the interchange of particle coordinates

spin-orbit interaction. Thus the spinelectrons in a meso- .
scopic metal ring pierced by a charged rod are expected to WX, )=—e X" (x;,...), @
display a persistent spin currd®t], which is periodic in the
AC flux ®pc=(ule)$c &x2z-dl. This AC effect has also
been discussed for a fluxon in type-ll superconducfafy
and for a vortex in Josephson-junction arrg$4]. In addi-

here xi’j =e "Xjj is any two-particle relative position
Xij=X;—X; rotated through a positive angte not enclosing
any other particles. The parametgrindicates that we are

) : ) tdealing with fractional statistics, and for fermions we have
an interesting spontaneous AC effect for electrons in a one-

dimensional(1D) mesoscopic normal-metal ring was inves-X:O while for bosonsy=1 [21]
tigated more recentiji2 1:; In identifying the e?dstence of (iii) The wave function satisfies the cyclic boundary con-
9 N g . dition, which in the presence of both the AB and AC fluxes
spontaneous topological effects, the statistics of the partlclel% ;
. ads in part
plays a crucial role. On the other hand, the concept of frac-
tional statistics or anyond 4], has been a subject of intense ot
study over the past several years. Such entities may be of W(X1FLXz, ... Xy ) =€ W (X1, Xz, ... Xn,), (2)
great importance in the study of the fractional quantum Hall

effect[15] and high-temperature superconductii##,18.  with a similar condition for the derivative. Here
However, it has been realized that calculations incorporating—¢ 1 f, =@ .5 /®y+® /P, with the flux quantum

general anyons present rather unique and challenging prolgs ¢/, The direction of the magnetic moment carried by
lems, even if their only interaction is due to their statisticsggcp anyon is assumed to be parallel to the postiaeis.
[17). Fortunately, the formalism of hard-core anyons can be () The wave function vanishes when the coordinates of
well constructed, since in this case the anyon world lines dg,,, particles coincide.

not cross and the notion of braids still holds3]. Notice that In consideration of condition), (ii), and(iv), the wave
the anyon concept is essentially two dimensional; a recent;nction in any region should have the fof22]

study[19] of spinon excitations in one-dimensional antifer-
romagnets, however, has suggested that anyons could exist in
one-dimensional systems. Thus a fundamental and important
guestion naturally arises: What will happen to the topological _
effects for 1D anyons? In this paper, within the framework ofwhere @ '*™)" denotes the statistical phase resulting from
the continuum and tight-binding models, we study the perthe permutation an® is the number of transpositions of two
sistent currents due to the AB and AC effects in a 1D mesovariables that brings any other region to the region
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R;: (0<x;<X,<---=<xy <L). Using the boundary con- Where”=4mR?/Ic?is the self-inductance of the ring. In the

absence of the external AB and AC fluxes, E§$-(10) lead

dition Eq. (2), we can find the energl, of the nth eigen- 10 a set of self-consistent solutions

state
h? _ vB vA
__ 2 () — = (s) — _
En om0 @ 8=~ arBrAB' "~ Arprap Y
where m, is the anyon massp=0,+1,*2,..., and whereA=472m,R?/N,q2 % and B=m,c2RIb/2N, 2.
x=(Na—1)x/2— Int{(N,—1)x/2]. Note that, from Eq(3), On the other hand, the total energy of the system is the

each eigenstate can be occupied by only one anyon. Thgm of the energy o, anyons and the energy stored in the
energy ofN, anyons is given by the sum of E@t) over all  magnetic and electric fields, i.eEr=E+Eg+E,. It is
occupied levels straightforward to find thaE; reaches its minimum just at
fas=f8) and fac=f§L, which implies that as long as
[E n2+ 2(f+;)2 n+Nu(f+x)?|. (5 v# 0 the state with spontaneous AB and AC fluxes is a stable
n n ground state of the system and therefore the time-reversal
. symmetry is spontaneously broken. Indeed, we do have
Defining v#0 for a general hard-core anyon gas<(R<1). Also
— note that wherny=0, »=0 for an oddN\, but v= —1/2 for an
[ X for odd N,

ﬁZ

2m,R?

E:

" (6) evenN,, which implies that the spontaneous AB and AC
x—1/2 for evenN,, fluxes could only be trapped by a ring with an even number
) ) of particles; wheny=1, v=0 for both odd and eveil,,
we can write the ground-state energyhof anyons in a com-  yhich results in no self-sustained flux state regardless of the

pact form, i.e., number of particlesN, being even or odd25]. Conse-
22N quently, Eq.(11) recovers the results for the spontaneous
E=EL®+ & (f+v)% (7)  effects in the two special cases, i.e., 1D normal-metal rings

2maR [12,13 and 1D rings of a neutral hard-core boson {28).

For semions y¢=1/2), one finds thav=1/4,—1/4,1/2 for
where E(()O'e) are thef-independent energy constants corre-N, =4my,4my+2,4my+3 while »=0 for Ny=4my+1,
sponding to odd and even number of particles &i&lin the  which indicates that there exist spontaneous effects in 1D
range[ —1/2—v,1/2-v). Once the ground-state energy is semion rings, except wheN,=4m,+1. Since an anyon
known, the persistent chargenagnetic momentcurrent is  possesses both charge and magnetic moment, the charge cur-
then given by the derivative of the enerfywith respect to  rent accompanies magnetic moment current and therefore the
fas (fac) [23,24 i.e., spontaneous AB and AC effects cannot be separated in 1D

anyon rings. The relative strength of the two fluxes is deter-

| = Nafp (F+) (8  Mined by the factod/B=2u2/q°Rb. If A<B (e.g., elec-
P 2mymR ’ tronic systemks then f{~0 and f{=» so that the self-

) consistent flux comes almost purely from the anyonic
wherep=q,u represent the charge and magnetic momenttatistics. Nevertheless, for general anyoh&B may not be
currents, respectively. Clearly, both of the persistent currentgefinitely small because the magnetic momerand charge
in each period vary linearly with the total flux and there is aq depend on the properties of anyons considered. If we as-

discontinuous jump at the end of each period. sume that an anyon carries chamge e and flux ¢= /2
So far we have not taken into account the fibixinduced  ang take typically mesoscopic valud&~10"* cm and

by the charge and magnetic moment currents themselveg._p—10-7 cm, we can findA/B~2. Here u= l/4m has
From physical considerations, this self-induced flux shoultdyeen ysed.

be included. In partic_ular, at sufficiently low temperatures  a¢ this stage, it is also of importance and interest to study
and small external driven flup,, @, can become of the ne topological effects by using the tight-binding model. The

self-sustained flux in 1D anyon systems. According to Fara-

day’s law VX &= — (1/c)(dB/at), we can easily obtain N N
the AC flux generated by the magnetic moment current and H=— t . .al . aelfi+Hc)+ afa (12
the corresponding energy stored in this electric fl@i2,13 .21 (ti+1,80 418, ) igl saiai, (12

2.2
() — _ ﬂ :mfZ 9 wheret;; is the hopping matrix elemeng; characterizes the
AC |bﬁC2 J7Rl &~ 4R 2 'AC* o .
M on-site energy, and 6; are the phases acquired by anyons
hopping successively from thigh site to the {(+1)th site

Furthermore, the charge curreintinduces an AB flux and 54 they obey

produces the corresponding magnetic eng¢fg$2|

N
“c (elq)’®};
() — _ - 7 Pg2 A6, =2xf.
The="laiqd,' Es=20cz faer (10 2 Ag=2m
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aiT anda; construct a set of anyon creation and annihilation B 2
operators defined on the sites and satisfy the generalized E=—eoCO W(H”) (18)
equal-time commutation relatio48]
and
aia;r=5ij—e_')”7a;rai, aiaj=5ij—e"(”ajai (13)
Peo .

for i #j and the hard-core condition lo= ‘N& r{W(H V)|, (19)

a;a=aja=0. respectively, where:y=2tsin(N,m/N)/sin(zi/N). Obviously,

_ _ o for large N (with fixed N,/N and lattice constaptthe ex-
To solve the eigenvalue problem Bif in Eq. (12), it is cru-  pressions for the currents in the tight-binding model are simi-
cial to perform the generalized Jordan-Wigner transformatar to the continuum formulas.

tion In a similar way, one can obtain the spontaneous AB and
AC fluxes. In the limit of vanishingly small cross section of
aj=exr( iy 2 Cle)Cj ' the ring, they can be approximated as
1ss<j B’ A/
f(S)%_V— f(S)%_V—
i _ ; AB A'+B'+A'B’T AC A'+B'+A'B"’
a/=clex —|X771<25<j CiCs |, (14 (20)

where A'=N?42/g%,# and B'=N%42c2Ib/8m%u’eqR.
where the operatoru;1 andc; obey the standard anticommu- Note thatA'/B’ = 2,u2/q2Rb which is the same as that in
tation relations. Then we can arrive at an equwalent Haml'-the continuum model. Moreover, a similar discussion and
tonian conclusions, concerning spontaneous topological effects, can
be made in the present case.

N N-1
A, It is worthwhile to point out here that all hard-core anyons

Z eC Ci~ 21 (ti1iCiraCiE TR+ H.C) are exponentially localized in one-dimensional disordered
systems. However, for weak disorder, the characteristic lo-

— (tynClone o xmNa= Dl H ¢ ), (15)  calization length could be greater than the typical size of the

mesoscopic ring2]. We thus expect that the spontaneous

which describes the quantum motion of a systenNgffer-  topological effects will survive in these systems. At finite
mions coupled to a “fictitious” gauge field in addition to the temperatures, one can similarly define a characteristic tem
vector and scalar potentials. Note that the periodic boundarperature T*[e.g., T* =(2t/kgmN)sinN,m/N) [2] for the
conditiona; =ay.; has been used here. In general, &  tight-binding mode]. The persistent current decreases dra-
are different even for the perfect latticé.e., t;; i=t, matically with T/T* at T>T*; however, it is insensitive to
&= cons}, but physical quantities should globally depend ontemperature af <T*. Finally, we wish to mention that, in
the total flux enclosed by the ring. This fact becomes quitegeneral, the Coulomb repulsion between anyons needs to be
clear when we perform a unitary transformation included unless their charggis small enough. As we have
Uj=exd—i(S],A6,-A6y)]8; [27], which simplifies ~shown, the 1D problem d¥i, hard-core anyons is equivalent
the Hamiltonian gi\/en by Ec(lS) in the Sing]e_site repre- to Na fermions COUp|Ed to a fictitious gauge field. With this
sentation to analogy, several results obtained for a system of fermions
apply to the present case. Numerical calculations by either
the exact-diagonalization techniq[28] or the Hartree-Fock

e ~tp oty approximation[29] for small-size normal metal rings have
~ —t, € - indicated that both long-range and short-range interactions
H= (16 suppress the amplitude of persistent currents. However, the
. flux dependence of the current does not change qualitatively.
—tin s €N Therefore, it is rather reasonable to conclude that the spon-

. . _ taneous topological effects could still exist in the system
Wlth tin=tyne” M xMa" D] For the perfect latticdset  mentioned with the Coulomb interaction included, as long as
=0), performing a further unitary transformation the self-induced flux is taken into account.

U jr= e(N~ J)Mé , with A 9= (27/N)(f + x) to redistribute To summarize, we have calculated the persistent charge
phases umformly, followed by the well-known Fourier trans-and magnetic moment currents for hard-core anyons con-
formation, the energy of thath eigenstate can be obtained fined to 1D mesoscopic rings, with particular emphasis on
analytically the effect of the statistical phase factor. In general, both of
the spontaneous AB and AC effects could simultaneously
occur in 1D rings of hard-core anyons.

2 _
Bp=—2t CO{W” Fntx)|. 17) We are grateful to Dr. P. K. MacKeown for a critical read-
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