SIAM J. COMPUT. © 2006 Society for Industrial and Applied Mathematics
Vol. 36, No. 3, pp. 635-656

APPROXIMATING LONGEST CYCLES IN
GRAPHS WITH BOUNDED DEGREES*
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Abstract. Jackson and Wormald conjecture that if G is a 3-connected n-vertex graph with
maximum degree d > 4, then G has a cycle of length Q(nlogd*1 2). ‘We show that this conjecture
holds when d — 1 is replaced by max{64,4d + 1}. Our proof implies a cubic algorithm for finding
such a cycle.
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1. Introduction. From the point of view of approximation algorithms, finding
a longest cycle in a graph is one of the “harder” NP-hard problems. There is no
known polynomial time algorithm which guarantees an approximation ratio better
than n/polylog(n). For graphs with a cycle of length k, it is shown in [1] that one can
find in polynomial time a cycle of length Q((log k)?/loglog k). Gabow [6] showed how
to find in polynomial time a cycle of length exp(2(1/log k/ loglog k)) through a given
vertex v in a graph that contains a cycle of length k& through v. Recently, Feder and
Motwani [5] obtained a cubic algorithm which, given a graph with maximum degree d
and containing a k-vertex 3-cyclable minor, finds a cycle of length k/(2¢1°g4) for some
¢ > 2. A consequence of their result improves Gabow’s result in certain situations.

Karger, Motwani, and Ramkumar [10] showed that unless P = AP it is impossible
to find, in polynomial time, a path of length n —n° in an n-vertex Hamiltonian graph
for any € < 1. They conjecture that it is as hard even for graphs with bounded degrees.
On the other hand, Feder, Motwani, and Subi [4] showed that there is a polynomial
time algorithm for finding a cycle of length at least n(1°232)/2 in any 3-connected
cubic n-vertex graph. They also proposed the problem for 3-connected graphs with
bounded degrees. For a graph G, let A(G) denote its maximum degree. Jackson and
Wormald [9] proved that every 3-connected n-vertex graph G with A(G) < d has a
cycle of length at least %nlogﬂ + 1, where b = 6d>. Recently, Chen, Xu, and Yu [3]
gave a cubic algorithm that, given a 3-connected n-vertex graph G with A(G) < d,
finds a cycle of length at least n'°®» 2 where b = 2(d — 1)2 + 1. It was conjectured in
1993 by Jackson and Wormald [9] that for d > 4 the right value for b should be d — 1.

*Received by the editors June 8, 2005; accepted for publication (in revised form) April 17, 2006;

published electronically October 3, 2006.
http://www.siam.org/journals/sicomp/36-3/63326.html

TDepartment of Math and Statistics, Georgia State University, Atlanta, GA 30303 and Faculty
of Math and Statistics, Huazhong Normal University, Wuhan, China (gchen@gsu.edu). The work of
this author was partially supported by NSA grant H98230-04-1-0300 and NSF grant DMS-0500951.

¥School of Math and Statistics, Carleton University, Ottawa, Ontario, K1S 5B6, and Center for
Combinatorics, LPMC, Nankai University, Tianjin, 300071, China (zgao@math.carleton.ca). The
work of this author was partially supported by NSERC and RGC grant HKU7056/04P.

8School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332 and Center for
Combinatorics, LPMC, Nankai University, Tianjin, 300071, China (yu@math.gatech.edu). The work
of this author was partially supported by NSF grant DMS-0245530, NSA grant MDA904-03-1-0052,
and RGC grant HKU7056/04P.

YDepartment of Mathematics, University of Hong Kong, Hong Kong, China (wzang@maths.
hku.hk). The work of this author was partially supported by RGC grant HKU7056/04P.

635



636 G. CHEN, Z. GAO, X. YU, AND W. ZANG

The main result of this paper shows that this conjecture holds for a linear function b
of d. (This result appears in the extended abstract [2].)

THEOREM 1.1. Letn > 4 and d > 4 be integers. Let G be a 3-connected graph
with n vertices and A(G) < d. Then G contains a cycle of length at least %nlogh 243,
where b = max{64, 4d + 1}.

For 3-connected graphs, this improves the above-mentioned result of Feder and
Motwani [5]. Our proof of Theorem 1.1 implies a cubic algorithm for finding a cycle
of length at least %nl"gbz + 3. The multiplicative constant 1/2 and the additive
constant 3 are for induction purpose. As in [3], we prove the following three statements
simultaneously.

THEOREM 1.2. Let n > 5 and d > 4 be integers, let b = max{64,4d + 1} and
r = log, 2, and let G be a 3-connected graph with n vertices. Then the following
statements hold.

(a) Letzy € E(G) and z € V(G)—{z,y}, and let t denote the number of neighbors

of z distinct from x and y. Assume A(G) < d+ 1, and that every vertex of
degree d+ 1 (if any) is incident with edge zx or zy. Then there is a cycle C
through xy in G — z such that |C| > %(%)T +2.

(b) Suppose A(G) < d. Then for any distinct e, f € E(QG), there is a cycle C

through e and f in G such that |C| > 1(%)" + 3.
(¢) Suppose A(G) < d. Then for any e € E(G), there is a cycle C through e in
G such that |C| > in" + 3.

Note the degree condition in (a): zz and zy need not be edges of G, but if =
(respectively, y) has degree d + 1, then zz (respectively, zy) must be an edge of G,
and if z has degree d + 1, then zx or zy must be an edge of G. This condition is due
to the addition of edges in order to maintain 3-connectivity.

When n > 5, Theorem 1.2(c) clearly implies Theorem 1.1. When n = 4, The-
orem 1.1 is obvious. The next result says that Theorem 1.2 holds for graphs with
bounded size, which will enable us to avoid dealing with small graphs in inductive
proofs. We omit its proof, since it is rather straightforward.

LEMMA 1.3. Let G,n,d,b,r be the same as in Theorem 1.2. If n < 4d + 1, then
Theorem 1.2(a) and (b) hold, and if n < (4d + 1)2, then Theorem 1.2(c) holds.

To prove Theorem 1.2, we need to deal with graphs obtained from 3-connected
graphs by deleting a vertex (such as G—z in (a)); such graphs need not be 3-connected.
By using a result of Tutte [11] and an algorithm of Hopcroft and Tarjan [7], we can
decompose such graphs into “3-connected components.” We then find long paths
through certain 3-connected components and use properties of the function z'°8 2 to
account for the unused 3-connected components. (For a brief outline of our approach,
the reader is referred to the algorithm in section 6.) Our approach is similar to that
in [3], but here we prove stronger properties of the function z'°»2 and analyze the
3-connected components in a more sophisticated way.

We organize this paper as follows. In section 2, we recall notation of Hopcroft and
Tarjan [7] concerning the decomposition result of Tutte [11] of 2-connected graphs into
3-connected components. We then define cycle chains of 3-connected components, and
prove several results on paths in cycle chains. We prove in section 3 several useful
properties of the function f(x) = x'°%2. We also define block chains of 3-connected
components, and prove lemmas concerning paths in block chains. Theorem 1.2 will
be shown inductively. So in sections 4 and 5, we show how to reduce Theorem 1.2 to
smaller graphs. In section 6, we complete the proof of our main result, and outline a
cubic algorithm for finding a long cycle in a 3-connected graph with bounded degree.
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For graphs G and H, we use G = H (respectively, G % H) to mean that G is
isomorphic to (respectively, not isomorphic to) H. Let G be a graph, H a subgraph
of G, and S := {vi,..., v, 21Y1,...,ZpYp}, Where v;,z;,y; are vertices of G and
{z1,91,- s 2p,yp} C {v1,...,0, UV (H). Then H+ S denotes the simple graph with
VH+S):=V(H)U{n,...,u}and E(H+S)=EH)U{z1y1,-..,ZpYp}-

2. Paths in cycle chains. For convenience, we recall the decomposition of a
2-connected graph into 3-connected components. A detailed description can be found
in [3] and [7].

Let G be a 2-connected graph. We allow multiple edges for the description of
this decomposition. Then, E(G) in this section is treated as a multi-set. We say that
{a,b} C V(G) is a separation pair in G if there are subgraphs G1, G5 of G such that
G1 U G2 = G, V(Gl N GQ) = {a,b}, E(G1 n Gg) = @, and ‘E(Gz” Z 2 for i = 1,2.
Let G} := (V(G;), E(G;) U {ab}) for i = 1,2. Then G} and G} are called split graphs
of G with respect to the separation pair {a,b}, and the new edge ab added to G; is
called a virtual edge. It is easy to see that, since G is 2-connected, G} is 2-connected
or G consists of two vertices and at least three multiple edges between them.

Suppose a multigraph is split, and the split graphs are split, and so on, until no
more splits are possible. Then each remaining graph is called a split component. No
split component contains a separation pair and, therefore, each split component must
be one of the following: a triangle, a triple bond (two vertices and three multiple edges
between them), or a 3-connected graph.

It is not hard to see that if a split component of a 2-connected graph is 3-
connected, then it is uniquely determined. It is also easy to see that, for any two
split components Gy, Gy of a 2-connected graph, we have |V (G N Gy)| < 2, and if
|[V(G1NGs)| =2, then either G; and Go share a virtual edge between the vertices in
V(G1 N G3) or there is a sequence of triple bonds such that the first shares a virtual
edge with GG1, any two consecutive triple bonds in the sequence share a virtual edge,
and the last triple bond shares a virtual edge with Gs.

In order to make such decomposition unique, some triple bonds and triangles need
to be merged. Let G, = (V/, E}), i = 1,2, be two split components, both containing
a virtual edge ab. Let G' = (VJ U VY, (E] — {ab}) U (E} — {ab})). The graph G’ is
called the merge graph of G| and GY. Clearly, a merge of triple bonds gives a graph
consisting of two vertices and multiple edges, which is called a bond. Also a merge of
triangles gives a cycle, and a merge of cycles gives a cycle as well.

Let D denote the set of those 3-connected split components of a 2-connected
graph G. We merge the split components of G not in D as follows: the bonds are
merged as much as possible to give a set of bonds B, and the cycles are merged as
much as possible to give a set of cycles C. Then BUCUD is the set of the 3-connected
components of G. Note that any two 3-connected components either are edge disjoint
or share exactly one virtual edge. The following theorem is a combination of a result
of Tutte [11] and an algorithm of Hopcroft and Tarjan [7].

THEOREM 2.1. The 3-connected components of any 2-connected graph are unique
and can be found in O(E) time.

If we define a graph whose vertices are the 3-connected components of G and,
where two vertices are adjacent whenever the corresponding 3-connected components
share a virtual edge, then this graph is a tree, which we call the block-bond tree of G.
For convenience, 3-connected components that are not bonds are called 3-blocks. An
extreme 3-block is a 3-block that contains at most one virtual edge. That is, either it
is the only 3-connected component (in which case G is 3-connected), or it corresponds
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to a degree one vertex in the block-bond tree.

A cycle chain in a 2-connected graph G is a sequence C1C5 . .. Cy of 3-blocks of G
such that each C; is a cycle and there exist bonds (possibly empty) By, Ba, ..., Bx—1
in G such that C1B1C3B5 ... Bi_1C} is a path in the block-bond tree of G. For
convenience, we sometimes write H := C;...C} for a cycle chain, and view H as
the simple graph obtained from the union of C; (1 < i < k) by identifying virtual
edges between the vertices of C; N Ci41 (1 < i < k —1). The following is a direct
consequence of the definition of a cycle chain.

PROPOSITION 2.2. Let G be a 2-connected graph and H := C1...Cy be a cycle
chain in G. Then deleting all edges of H with both ends in V(C;NCit1), 1 <i < k-1,
results in a cycle.

The next result finds a path linking two edges in a cycle chain.

PROPOSITION 2.3. Let G be a 2-connected graph, let H := Cy...Cy be a cycle
chain in G, let wv € E(C1) with {u,v} # V(C1NCy2) when k # 1, and let ab € E(Cy,)
with {a,b} # V(Cr—1 N Ck) when k # 1. Then there is a path in H — {v,ab} from u
to {a,b} and containing V(Ui:ll(C’i NCit1)) — ({a, b} U{u,v}).

Proof. We apply induction on k. The result holds trivially for £k = 1. So assume
k> 2. Let H :=Cy...C, and V(Cy N C) = {uy,v1}. Without loss of generality,
we may assume that C; — {v,v1} contains a path P from u to u;. Suppose v; = v.
By induction, we find a path @ in H' — {vq,ab} from u; to {a,b} and containing
V(Uf:_Q1 (CiNCit1)) — ({a,b} U{uy,v1}). Then P U Q gives the desired path. Now
assume v; # v. By induction, we find a path @' in H — {uy,ab} from vy to {a,b}
and containing V(Uf;zl(C’Z NCiy1)) — ({a,b} U {us,v1}). Now (PUQ’) + ujv; gives
the desired path. 1]

Remark. The path, say R, found in Proposition 2.3 may use edges between the
vertices of C; N Cipq1 (1 < i < k —1). However, either G has an edge between the
vertices of C; N Cy41, or C; N C;41 is contained in a 3-block of G not in H. Hence,
from R we can produce a path in G by replacing virtual edges in R with appropriate
paths in GG, and this new path is at least as long as R. This observation applies to
the next three results as well, and will be frequently used.

A similar argument establishes the following result, which finds a path in a cycle
chain between two vertices and avoiding a specific vertex.

PROPOSITION 2.4. Let G be a 2-connected graph, let H := C1...Cy be a cycle
chain in G, let uv € E(Cy) with {u,v} # V(C1NCs) when k # 1, and let © € V(Cy)
with © # v when k =1 and x ¢ V(Cr—1 N Cy) when k # 1. Then there is a path in
H — v from u to x and containing V(Uf:_ll(Ci NCiy1)) — {v}.

It is clear that the paths and cycle in the above three propositions can be found
in O(V) time. The following two results are Propositions 2.7 and 2.8 in [3], which
find in O(V) time paths through a given edge in a cycle chain.

PROPOSITION 2.5. Let G be a 2-connected graph, let H := Cy...Cy be a cycle
chain in G, let wv € E(Cy) with {u,v} # V(Cy N Cy) when k # 1, ab € E(Cy)
with {a,b} # V(Cr—1 N Ck) when k # 1, and cd € E(Uf:1 C;) — {ab}. Suppose
ab # uwv when k = 1. Then there is a path P in H —ab from {a,b} to {c,d} such that
wv € E(P), cd ¢ E(P) unless cd = uv, and V(Ui:ll (CinCiq1)) CV(P).

PROPOSITION 2.6. Let G be a 2-connected graph, let H := C7...Cy be a cycle
chain in G, let wv € E(Cy) with {u,v} # V(C1) NV (Cy) when k # 1, x € V(Cy)
with x ¢ V(Cr—1 N Cy) when k # 1, and cd € E(Uf:1 C;). Then there is a path
P in H from x to {c,d} such that wv € E(P), cd ¢ E(P) unless cd = uv, and
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V(UiZ (Cin Cign) S V(P).

We conclude this section by recalling from [3] two graph operations and three
lemmas. Let G be a graph and let e, f be distinct edges of G. An H-transform of G
at {e, f} is an operation that subdivides e and f by vertices « and y, respectively,
and then adds the edge zy. Let z € V(G) such that z is not incident with e. A
T-transform of G at {x,e} is an operation that subdivides e with a vertex y and
then adds the edge xy. If there is no need to specify e, f,x, we simply speak of an
H-transform or a T-transform. The following result is Lemma 3.3 in [3].

LEMMA 2.7. Let d > 3 be an integer and let G be a 3-connected graph with
A(G) < d. Let G' be a graph obtained from G by an H-transform or a T-transform.
Then G’ is a 3-connected graph, the vertex of G involved in the T-transform has degree
at most d + 1, and all other vertices of G' have degree at most d.

The next two results are Lemmas 3.6 and 3.7 in [3], where it is shown that the
path P can be found in O(V') time.

LEMMA 2.8. Let G be a 3-connected graph, let f € E(G), let ab, cd,vw € E(G) —
{f}, and assume that {c,d} # {v,w}. Then there exists a path P in G from {a,b} to
some z € {c,d} U{v,w} such that (i) f € E(P), (ii) cd € E(P) orvw € E(P), (iii) if
cd € E(P), then z € {v,w} and vw ¢ E(P), and (iv) if vw € E(P), then z € {c,d}
and cd ¢ E(P).

LEMMA 2.9. Let G be a 3-connected graph, let f € E(G), let x € V(G) such that
x is not incident with f, let cd,vw € E(G) — {f}, and assume that {c,d} # {v, w}.
Then there exists a path P in G from x to some z € {c,d} U {v,w} such that (i)
f € E(P), (ii) ed € E(P) or vw € E(P), (ili) if cd € E(P), then z € {v,w} and
vw ¢ E(P), and (iv) if vw € E(P), then z € {¢,d} and cd ¢ E(P).

3. Paths in block chains. We first prove four lemmas concerning the function
219862 These lemmas will then be used to find long paths in block chains. First, we
recall Lemma 3.1 in [3].

LEMMA 3.1. Let b > 4 be an integer, and let m > n be positive integers. Then
mlogbZ + nlogbZ Z (m + (b _ l)n)logb 2.

When m is sufficiently larger than n, we have the following result.

LEMMA 3.2. Let b > 9 be an integer, let m and n be positive integers, and assume
m >0 Then m'ogs? 4 plogn2 > (m 4 20 pyloay 2,

Proof. By dividing m!°8?2 to the above 1nequahty, we see what we need to prove
is equivalent to the statement: for any 0 < s < ( iy 1+ slogn 2 > (14 b(b 1) s)loen 2,

Let f(s) = 1+ s 82 — (1 4 b1 )logb Clearly, f(0) = 0. Note that b(bf 1) >
4(b — 1) when b > 5. Hence f(1 ) =2 — (14 2 yos2 < 9 plosr2 — 0, Taking
derivative about s, we have f’(s) = (logb 2)(s(logs 21 _ b~ )(1 + ( L) 5)(tog, 2)-1y,
A simple calculation shows that f'(s) = 0 has a unique Solutlon. Therefore, it f(¢) >0
for some 0 < ¢ < 1, thenf( )>OforallO<s<c

Note that 0 < b(b 7 < Land f(55- 1)) > 1+ (g5)0802 — 219852 > 1.25 — 210802
0.005587... > 0. Therefore, we have f( ) >0 for all s € [0, ﬁ]. d

When m is not sufficiently larger than n, we have the following complementary
result.

LEMMA 3.3. Let b > 64 be an integer, let m > n be positive integers, and assume
m < %n. Then m'©8v2 4+ nlogs2 > (4m)loes 2,

Proof. The statement of Lemma 3.3 is equivalent to 1 4 s'°82 > 4198, 2 for all

7b(b‘i1) < s < 1. Therefore, it suffices to show 1 + (b(b‘il))long > 41802, This is true
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because 1 + (b(b‘l_l))bgb? > 14 (L)os2 =1+ 41 2% > glogy 2 (since b > 64). d
We shall also use the following observations in the proof of Theorem 1.2.
LEMMA 3.4. Let m be an integer d>3,andb>d+1. If m > 4, then m >
ml°g 2 +3. If m >3, thenm > 3(%)1%2 42, Ifm > 2, then m > £(% )logb +1.
Proof. Let f(z) =z — i long. We can show that f/(z) > 0 for x > 1. Hence

f(x) is an increasing function when x > 1. Thus, when z > 4, we have f(z) > f(4) =

4 — 142 > 3 (since b > 4). The first inequality holds.

Let f(z) = x — 1(%)"°82; then f(z) is increasing when = > 1. The second

inequality follows from f(3) > 2, and the third inequality follows from f(2) > 1. O
We now turn to paths in block chains. Let G be a 2-connected graph. A block

chain in G is a sequence H; ... Hy, for which (1) each H; is either a cycle chain in G or a

3-connected 3-block of G, (2) for any 1 < s < h—1, H, or Hy11 is 3-connected, and (3)

there exist bonds (possibly empty) By, ..., By_1 such that HyB1HsBs ... B,_1Hp,

form a path in the block-bond tree of G (by also including the tree paths corresponding
to H; when H; is a cycle chain). A detailed description with examples can be found
in [3]. For convenience, we sometimes write H := Hj...H) for a block chain and
view H as the simple graph obtained from (J_, H; by identifying edges between the
vertices in H;NH;11 (1 <i<mn-—1). The edges of H between the vertices of H;NH;11
are called separating edges of H. Such edges are to be avoided when we find paths in
block chains.

Let Hy...Hp be a block chain and let V(Hs; N Hsp1) = {25,495}, 1 <s < h—1.

For each 1 < s < h, we define A(Hy) as follows. If H; is 3-connected, then A(Hy) :=

V(Hy). If H; = Cy ... C% is a cycle chain, then let

° A( s) = V(Uf;ll(Ci NCiy1)) — ({Ts—1,ys—1} U{xs,ys}) when 1 < s < h,
A(HY) == V(U Cin Cigy) when s = 1 = h, A(H,) = V(U2 (Cin
Cit1)) — {xs,ys} when s =1 < h, and
s) =
) =

A(H V(Uf “H(CiNCit1)) = {@s-1,ys—1} when 1 < s = h.
We write o (H S JA(H)| and [H| == |V (U, H;)|. For convenience, we define
B1(H) = {H, : H; is 3-connected or |A(H;)| < 1} and By(H) = {H; : H; is a cycle
chain and |A(H;)| > 2}.

In the remainder of this section, we show how to find long paths in block chains
(in terms of o(H)). All proofs imply O(V') algorithms that reduce the problem of
finding a path to Theorem 1.2 for smaller graphs.

LEMMA 3.5. Let n > 6 be an integer and assume Theorem 1.2 holds for graphs
with at most n — 1 vertices. Let H := H1H> ... Hy be a block chain in a 2-connected
graph such that |H| < n and A(H;) < d for 1 < i < h. Let wv € E(Hy) such that
{u,v} is not a cut of Hy, and if h > 2, then {u,v} # V(Hy N Hy). Then there is a
path P in H from u to v such that |E(P)| > %(W)T + 2 and P contains no
separating edge of H.

Proof. When h > 2, we use a,b to denote the vertices in V(H; N Hy). Suppose
|A(Hy)| > W. First assume H; is a cycle chain or H; = K. Then there is a
Hamilton path P; in Hy from w to v (by Proposition 2.2 when H; is a cycle chain).
If |Hy| = 3, then |A(H;)| = 0, and hence, |E(Py)| > %|A(H1)|" + 2. If |Hy| > 4,
then |E(P;)| > 3, and by Lemma 3.4, |E(Py)| > 1|H1|" 4+ 2 > 1|A(Hy)|" + 2. Now
assume H; is 3-connected and Hy 2 K4. Then by Theorem 1.2(c), H; has a cycle Cy
through wv such that |[E(C1)| > 3|Hi|" + 3 = 3|A(H1)|" + 3. Let Py := C; —uv. If
h=1or ab¢ E(Py), then P := P; gives the desired path. If h > 2 and ab € E(P}),
then by replacing ab with a path in H, ... H, between a and b and not containing
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any separating edge of H, we obtain the desired path P.

So we may assume |A(H;)| < %. In particular, h > 2. If Hy is a cycle
chain or H; = Ky, then, as in the above paragraph, we find a Hamilton path P;
from u to v in H; through ab such that |E(P;)| > $|A(H;)|" + 2. Now assume H, is
3-connected and Hy % K4. Then by Theorem 1.2(b), H; has a cycle C; through uv
and ab such that |E(Cy)| > %(@)T +3; let P, := Cy — uv.

By induction, we find a path P’ in H' := H, ... Hy from a to b and containing no
separating edges of H' such that |E(P’)| > %(%j(”))wz. Let P := (P, —ab)UP".
Since o(H) < A(H1) + o(H') and |A(H,)| < ©=Ne@D AT o [@d-Da0)  Hepee

by Lemma 3.2,
o (A1) 3 (20
ey,

So P gives the desired path. ]

For the next two lemmas, we define uv and x in a block chain H := HqHy ... Hy
(in a 2-connected graph). Suppose h = 0. If Hy is 3-connected or Hy is a cycle, then
let uwv € E(Hy) and = € V(Hp) — {u,v}, and if Hy = C;...C} is a cycle chain with
k > 2, then let wv € E(Cy) with {u,v} # V(C1 N Cs) and let x € V(Cy) — V(Ci—_1).
Now assume h > 1. If Hy is 3-connected or Hj is a cycle, then let wv € E(Hy) with
{u,v} #V(HoNHy); if Hy = C...Cy is a cycle chain with k£ > 2 and V(HyN Hy) =

V(Cy N Hy), then let uv € E(Cy) with {u,v} # V(Cy N Cy); if Hy is a cycle or Hy, is

3-connected, then let © € V(Hy) — V(Hp—1); and if H, = C;...C} is a cycle chain
with k > 2 and V(Hp,—1 N Hy) = V(Hp—1 N Ch), then let € V(Ci) — V(Ck—1).

LEMMA 3.6. Let n > 6 be an integer and assume Theorem 1.2 holds for graphs
with at most n — 1 vertices. Let H := HoH; ... Hy, uv,x be defined as above, and
assume |H| < n, A(H;) < d for 0 <i < h, and the degree of x in Hy, is at most d—1.
Then there exists a path P in H — v from u to x and containing no separating edge
of H such that

(i) 1B(P)| 2 (T i_o( 5 +1 2 5(73) + 1, and

(i) |E(P)| > é@{(‘f‘“m”) i H; € Bi(H)}) + (C{max{1, |A(H;)| — 2} : H, €

By(H)}) + 1.

Proof. We apply induction on h. Suppose h = 0. If Hy is 3-connected and
Hy % K4, then by assumption and because x has degree at most d—1, Theorem 1.2(a)
holds for Hy + {vx,ux}. Hence, Hy — v contains a path P from u to x such that
|E(P)| > 5(‘A(H°)‘) + 1. If Hy = K4, then we can find a path P from u to x in

Hy — v such that |E(P)| = 2 > 5(\A(ilqo)l) + 1. If Hy is a cycle chain, then by
Proposition 2.4, there is a path P from u to  in Hy—v containing A(Hy) —{v}. Note
that x ¢ A(Hy) and if v € A(Hy), then u ¢ A(Hy). Thus, |E(P)| > |A(Hp)|. Because
|E(P)| > 1 and since |A(Hy)| = 0 or |A(Hp)| > 2, we have |E(P)| > $(1AUyr 4 4
(by Lemma 3.4). Clearly, |E(P)| > max{1, |A(Hy)| — 2} + 1 when Hy € Ba(H).
Now assume h > 1. Let V(Ho N Hy) = {ug,vp}, and assume the notation is
chosen so that ug ¢ {u,v}. By the above argument for h = 0, if Hy is a cycle chain or
Hy = Ky, then Hy—v has a path Py from u to ug such that |[E(Py)| > (lA(H")‘) +1,
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and |E(Pp)| > max{l,|A(Hp)| — 2} + 1 when Hy € Ba(H). (Note in the case Hy
is a cycle chain, ug ¢ A(Hp) because h > 1.) Now assume Hj is 3-connected and
|Ho| > 5. If v = vy, then we apply Theorem 1.2(a) to find a path Py from u to ug
in (Hp + uug) — v such that |E(Py)| > %(@)T + 1. If v # wvg, then let Hj be
obtained from Hy by a T-transform at {v,ugvp} and let v’ denote the new vertex.
By Theorem 1.2(a), we find a path Py in (H{ + uu') — v from u to u' such that
|E(Py)| > %(M(%fo)l)r +1; and let Py := Py — «’ (in this case ugvg ¢ E(Fp)).
Let P} = Py if ugvg ¢ E(Py); otherwise, let P} := Py — ug. Then P} is a path
in Hy — {v,upvo} from u to {ug, v} such that |E(P})| > %(@)T, and |E(P))| >
max{1, |A(Hp)| — 2} when Hy € Ba(H). Without loss of generality, we may assume
that P is from ug to u.
By applying induction to H' := Hy ... Hp, there is a path P; from ug to x in
'H' — vg containing no separating edge of H’ such that |E(P;)| > %(Z?Zl(w)r) +
1> 3(200) + 1 and |B(P)| > 3OC{(AYEL) : By € Bu(H) and i # 0}) +
O {max{1,|A(H;)| — 2} : H; € Ba(H) and i # 0}) + 1.
Let P := PjU P;. Because h > 1, Hy or H; is not a cycle chain, and hence,
o(H) < |A(Hp)| + o(H'). Tt is easy to see that P satisfies (i) and (ii). Note that the
second inequality in (i) follows from the first in (i) by applying Lemma 3.1. d
LEMMA 3.7. Assume the same hypothesis of Lemma 3.6. Then for any0 <t <h
and for any pq € E(H) such that |Hy| < n — 3 when h > 1, there exists a path P in
H from x to {p,q} and containing no separating edge of H such that
(i) pg ¢ E(P), and |E(P)| > A(H)" + L(C{(2)r B, € By(H) and
i # 0}) + O {max{1, |A(H;)| — 2} : H; € Bo(H) and i #0}) + 1, and

(ii) if we require wv € E(P), then pq ¢ E(P) unless pg = wv, and |E(P)| >
SOC{EG  Hy € Bu(H)}) + (S {max{1,|A(H;) |~ 2} « H; € Ba(H)}) +
1> ("G +1.

Proof. We apply induction on h. Note that the second inequality in (ii) follows
from the first in (ii) by applying Lemma 3.1.

Case 1. h=0.

First, assume Hj is a cycle chain. Then by Proposition 2.6, there is a path P from
2 to {p,q} in Hy such that wv € E(P), pg ¢ E(P) unless pq = uv, and A(Hy) C V(P).
Because x ¢ A(Hy), |[E(P)| > |A(Hp)|. Because x ¢ {u,v}, |[E(P)| > 2. So |E(P)| >
max{1, [A(Ho)| — 2} + 1. Moreover, if |A(Hp)| < 3, then |E(P)| > 2 > |A(Hy)|"+
1, and if |A(Ho)| > 4, then by Lemma 3.4 we have |E(P)| > |A(Ho)| > $|A(Ho)|" +3.
Clearly (i) and (ii) hold.

Now assume Hjy = K. Let P denote a Hamilton path in Hy from « to {p, ¢} such
that wv € E(P), and pq ¢ E(P) unless pg = uwv. Then |E(P)| =3 > 1|A(Ho)|" + 1
and (i) and (ii) hold.

Finally, assume Hj is 3-connected and Hy % Ky. Then 5 < |Hp| < n. If
x € {p, q}, then we apply Theorem 1.2(c) (respectively, Theorem 1.2(b)) to find a cycle
C through pq (respectively, pg and wv) such that |C| > 1|A(H)|" + 3 (respectively,
|C| > %(L‘Il{“)l)’“ + 3). Now it is easy to see that (i) and (ii) hold with P := C — pq.
So assume x ¢ {p,q}. Then let Hj be obtained from Hy by a T-transform at {x,pq}
and let 2’ denote the new vertex. By Theorem 1.2(c) (respectively, Theorem 1.2(b)),

we find a cycle C' through za’ (respectively, zz’ and wv) such that |C| > $|Ho|" + 3

(respectively, |C| > %(I%lol)r + 3). Now it is easy to see that (i) and (ii) hold with

P:=C -2
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Case 2. h > 1.

Let {a,b} = V(H() N Hl)

Suppose pq € H' := Hy...H,. By applying induction to H’' (with ab playing
the role of wv), we find a path P’ in H' from x to {p, ¢} and containing no sepa-
rating edge of H’ such that ab € E(P'), pg ¢ E(P’) unless pq = ab, and |E(P’)| >
{2y - gy € By (M) and i # 0}) + (X {max{1,|A(H,)| — 2} : H; € Ba(H)
and i # 0}) + 1. If Hy is a cycle chain or Hy & K4, then Hy has a Hamilton cycle C
through ab and wv. If Hy is 3-connected and |Hy| > 5, we apply Theorem 1.2(c) (re-
spectively, Theorem 1.2(b)) to find a cycle C through ab (respectively, ab and uwv) such
that |C| > 1|Ho|"+3 (respectively, |C| > %(‘HTO‘)T+3). Then P := (C —ab)U(P' —ab)
gives the desired path for (i) and (ii).

Therefore, we may assume pq € Hy and pq # ab. Let H{, be obtained from Hy by
an H-transform at {pq, ab}, and let @', p’ denote the new vertices. By Theorem 1.2(c)
(respectively, Theorem 1.2(b)) we find a cycle C' in H|, through a’p’ (respectively,
a/p’ and wv) such that |C| > L|Hg|" + 3 (respectively, |C| > %(@)T + 3). Let
Py :=C—{d,p'} and, without loss of generality, let a be the end of Py. By Lemma 3.6,
we can find a path P’ in H'—b from z to a and containing no separating edge of H’ such
that |E(P)| > L(C{(2Y)r . |, € By (H) and i # 0}) + (X {max{1, |A(H;)| — 2} :
H; € Bo(H) and @ # 0}) + 1. Now P := Py U P’ gives the desired path, except for (ii)
when pg = uv. In the exceptional case, we may assume v ¢ {a,b}. Let Hj be obtained
from Hy by a T-transform at {v, ab}, with new vertex a”’. We apply Theorem 1.2(a)
to find a cycle C in (H{ +ua’) — v through ua” such that |C| > %(‘Hfﬂ)r—i—l Without
loss of generality, we may assume a is the end of C' — a”. Let P’ be found as above.
Then P := ((C — a”)U P’) + {v, uv} gives the desired path for (ii). 0

4. Cycles through two edges. We reduce Theorem 1.2(a) and (b) to Theo-
rem 1.2 for smaller graphs. Note that finding a long cycle in Theorem 1.2(a) through
xy avoiding z is equivalent to finding a long cycle through edges zz and yz. First, we
reduce Theorem 1.2(a); our proof implies an O(E) time reduction.

LEMMA 4.1. Let n > 6 be an integer, and assume that Theorem 1.2 holds for
graphs with at most n — 1 vertices. Let G be a 3-connected graph with n vertices, let
xy € E(G) and z € V(GQ) — {x,y}, and let t denote the number of neighbors of z
distinct from x and y. Assume A(G) < d+ 1, and every vertex of degree d + 1 in G
(if any) is incident with the edge zx or zy. Then there is a cycle C' through xy in
G — z such that |C| > %(WY +2.

Proof. By Lemma 1.3, we may assume n > 4d + 2. Since G is 3-connected, ¢ > 1.

Assume that G — z is 3-connected. By assumption, A(G — z) < d. Since n > 6,
|G — z| > 5. So by Theorem 1.2(c), G — z contains a cycle C' through zy such that
IC| > 3(n—1)" +3. By Lemma 3.1, || > in" 4+ 2> J({=bmyr 4o,

Therefore, we may assume that G — z is not 3-connected. By Theorem 2.1, we
decompose G — z into 3-connected components. Let H := Hy ... Hy be a block chain
in G — z such that (i) Hj contains an extreme 3-block of G — z, (ii) zy € E(H;)
and {z,y} # V(Hy) NV (Hy) when h # 1, and if H; = Cy...C} is a cycle chain
with & > 2 and V(H; N He) = V(C, N Hy) (when h # 1), then zy € E(C;) and
{z,y} #V(C1 N Cs), and (iii) subject to (i) and (ii), o(H) is maximum.

We claim that o(H) > 2=1=2t_ Since G is 3-connected, each extreme 3-block of
G — z distinct from H; contains a neighbor of z. Therefore, there are at most 2t
degree 2 vertices in G — z and at most t extreme 3-blocks of G — z different from H;.
Note that the vertices of G — z with degree at least 3 are counted in o(K) for some
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block chain C (defined as H above except condition (iii)). It then follows from (iii)
that o(H) > 2=1=2t,

Since n > 4d+ 1 and t < d, o(H) > 2. By Lemma 3.5, there is a path P from z
to y in H such that |E(P)| > %((d#:(m)r +2. Let C* := P+ zy. Then

[C[ = [EP)]+1

> % (W +(b— 1))7" +2 (by Lemma 3.1)
1 /(d=1)(n—1-2t)+dt(b—1)\"

>2< dt ) 2
;(W) +2 (since b>4d+1).

The desired cycle C' can now be obtained from C* by replacing virtual edges in C*
with appropriate paths in G. O

We now reduce Theorem 1.2(b); our proof implies an O(E) time reduction.

LEMMA 4.2. Let n > 6 be an integer, and assume that Theorem 1.2 holds for
graphs with at most n — 1 vertices. Suppose G is a 3-connected graph on n vertices
and A(G) < d. Then for any {e, f} C E(G), there is a cycle C through e, f in G
such that |C| > ()" + 3.

Proof. By Lemma 1.3, we may assume n > 4d + 2. First, assume that e is
incident with f. Let e = zz and f = yz, and let G’ := G + zy. Then G’ is 3-
connected, A(G’) < d+ 1, and the possible vertices of degree d + 1 in G’ are x and
y. By applying Lemma 4.1 to G’, zy, z, there is a cycle C’ through zy in G’ — z such
that |C'| > %(WY + 2, where ¢ is the number of neighbors of z in G’ distinct
from z and y. Since zz,zy € E(G), t < d—1. Let C := (C' — xy) + {e, f}; then
|IC| > %(%)T +3 > 1(2)" +3. So C gives the desired cycle in G.

Therefore, we may assume that e and f are not incident. Let e = zy; then
f € E(G —vy). Since G is 3-connected, G — y is 2-connected.

Suppose G — y is 3-connected. Let 3y’ # x be a neighbor of y. Then G’ :=
(G—y)+xy' is a 3-connected graph, A(G’') < d, and 5 < |G'| < n. By Theorem 1.2(b),
there is a cycle C’ through zy’ and f in G’ such that [C'| > $(271)" + 3. Let
C = (C"—zy) + {y,zy,yy'}. Then |C| = |C'| +1 > £(2)" + 4. By Lemma 3.1,
|C| > 1(%)" + 3. So C gives the desired cycle in G.

Hence, we may assume that G — y is not 3-connected. By Theorem 2.1, we
decompose G — y into 3-connected components. Let H := H; ... Hp be a block chain
in G—y such that (a) f € E(Hy) and x € V(Hy), (b)ifh=1and H; =C;...Ck is a
cycle chain with k& > 2, then z € V(Cj) — V(Cx—_1), f € E(C1), and f is not incident
with both vertices in V/(C; N Cs), and (c¢) if h > 2, then = € V(Hy,) — V(Hp—1), if
Hj, =C;...Cy is a cycle chain with k > 2 and V(H,_1 N Hy,) =V(C1 N Hp_1), then
x € V(Cr)—V(Ci-1), f € E(Hy), f is not incident with both vertices in V (Hy N Hs),
and if H; = Cy...Cy is a cycle chain with & > 2 and V(H, N Hy) = V(Cy N Ha),
then f € E(C;) and f is not incident with both vertices in V(C; N C3). Define
V(HsNHgyq) ={as,bs} for 1 <s<h-—1.

Suppose V(H) = V(G —vy). If h = 1, then G — y is a cycle chain, and it is easy to
see that G has a Hamilton cycle through e and f, and hence, Theorem 1.2(b) holds. So
assume h > 2. Let 2’ € V(H;) — V(Ha) so that yz’ € E(G), and in addition, if f has
an end with degree 2 in H, then choose x’ to be that end (in this case, yz' € E(G)).
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Let G’ be obtained from G —y by adding zz' and then suppressing all degree 2 vertices
and deleting separating edges of H. Now G’ is 3-connected, |G'| > n—1—(d —2)
(because degree of y in G is at most d), and A(G’) < d. Therefore, by Theorem 1.2(b),
G’ has a cycle C’ through f and xz’ such that |C'| > (lG |) + 3. By replacing edges

n (C" — za’) + {y,yx,y2'} but not in G with approprlate paths in G, We obtain a
cycle C in G through e and f such that |C| > |C'| +1 > £ (2=4+L d“) +4> (%) +3,
where the final inequality follows from Lemma 3.1. So C’ is the desired cycle

We thus may assume that H # G — y. Then there is a 2-cut {p, ¢} of G — y such
that pq is a virtual edge in H; for some 1 <t < h. Define G; as the graph obtained
from G by deleting those components of (G — y) — {p, ¢} containing a vertex of H.
Note that G; — {p,q,y} contains a neighbor of y. We choose {p,q} so that |G| is
maximum. Because y has degree at most d in G and yz € E(G), and since all degree
2 vertices of G — y are neighbors of y, we have (from the choice of G1) the following
observation.

Observation 1. |G| > %(IH).

If there is a 2-cut {v, w} of G—y such that {v,w} C V(HUG;) and (G—y)—{v,w}
has a component not containing any vertex of H U GGy, then let G5 denote the graph
obtained from G by deleting those components of (G —y) — {v,w} containing a vertex
of HUG;. If such a 2-cut does not exist, then let G5 = (). From the definition of G,
we see that {v,w} C V(H), {v,w} # {p,q}, and V(G1 N G2) C {p,q,y} N {v,w,y}.
Choose {v,w} so that |G2| is maximum. By the same reason for Observation 1, we
have the following two observations.

Observation 2. If o(H) > |G2|, then o(H) > ";'ﬁl'.

Observation 3. If |Ga| > o(H), then |Ga| > %.

We consider three cases.

Case 1. o(H) > |G2.

We use H and G; to find the desired cycle. Choose t so that {p,q} # {as, b:}.
(Note that ay, b; are not defined when ¢ = h.) Clearly, |H:| < n — 3 when h > 2. By
Lemma 3.7(ii), there is a path P from z to {p, ¢} in H such that f € E(P), pq ¢ E(P)
unless pg = f, and |E(P)| > %(#)T + 1. Assume the notation of {p, ¢} is chosen
so that P is from z to p.

Since G is 3-connected, G := G1 + {yp, yq, pq} is 3-connected. If G} = Ky, then
we can find a path @ in G} — ¢ from p to y such that |[E(Q)| =2 > (lGll) +1. Now
assume that G} % K4. Note that A(G}) < d+ 1, and y,p, q are the only possible
vertices with degree d+1. By Theorem 1.2(a), there is a cycle C; through py in G} —

such that |Cy| > %((d%)llcll)r + 2, where t; < d — 1 is the number of neighbors of ¢
in G distinct from p and y. Hence, |Cy| > (lGll) +2.

Let C* := (P U (C1 — py)) + zy. Then C* is a cycle through e and f and
€12 5G) + (G +3. 1 o (H) < |G, then

1
c*| > 5 ( Cj;') +3 (by Lemma 3.1)
;(n |G1 |G1|) +3 (by Observation 2)
_ 1 E "
*2 d
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So we may assume o(H) > |G1|. Then

1 —1 '
2 d d
S 1 (o(H) L= o(H) +3 (by Observation 1)
2 d d
1 /nN\"
=3(3) +3

The desired cycle C' can be obtained from C* by replacing virtual edges in C* with
appropriate paths in G.

Case 2. o(H) < |G2.

Then G2 is nonempty. We use G; and G2 to find the desired cycle. There
exists some 1 < u < h such that {v,w} C V(H,), and we may choose u so that
{v,w} # {ay—1,bu—1}. (Note that a,_1,b,—1 are not defined when v = 1.) We may
choose t so that {p,q} # {at—1,b1—1}. Again, a;—1,b;—1 are not defined when t = 1.

(1) We claim that there is a path P in H from x to some z € {p,q} U {v,w}
and containing no separating edge of H such that (i) f € E(P), (ii) pg € E(P) or
vw € E(P), (iii) if pg € E(P), then z € {v,w}, and vw ¢ E(P) unless vw = f, and
(iv) if vw € E(P), then z € {p, ¢}, and pg ¢ E(P) unless pg = f.

We prove (1) for ¢ < u; the case t > u can be treated in the same way.

First, we define Q. When ¢ # 1, we find a cycle @’ in Ui;ll H through a;—1b:—1
and f and containing no separating edge of H (except a;_1b;—1). Let Q := Q' —
a¢_1bs_1, which is a path from a;_1 to b;_; through f. Let Q = () when ¢ = 1.

Suppose t < u. Since removing separating edges of Hy11 ... Hy that are different
from vw results in a 2-connected graph, we may choose the notation of {as,b:} so
that (ngt_|r1 H,) — b, contains a path X from a; to « through vw and containing no
separating edge of H (except possibly vw).

We claim that there is a path C; in Hy — a4b; from a; to {p, ¢} through a;_1b;_1
(or f when ¢t = 1), or a path C] in H; from a; to b; through a;_1b;—1 (or f when
t =1) and pq. If {p, q} = {a¢, b}, then the existence of C; follows from 2-connectivity
of H;. So we may assume that {p, ¢} # {as,b:}. Again by 2-connectivity of H; there
is a cycle D in H; through pg and a;—1b;—1 (or f when t = 1). If a;b; € E(D), then
C} := D — azb; is as desired. So we may assume a;b; ¢ E(D). By 2-connectivity of
H;, there is a path A in H; from a; to D and internally disjoint from D. One can
easily check that C; exists in AU D.

If we find Cy, then let P, := Cy — a;_1b;_1 when t # 1 and P, := Cy when t = 1.
In this case, P := QUP,UX gives the desired path for (1). So assume that we find C}.
Let P, := Cf if t = 1, and otherwise let P, := C} — az_1b;—1. Let H := Hyyq ... Hp.
If © € {v,w}, then we find a cycle C' in H through a;b; and vw and containing no
separating edge of H (except a:b; and vw), and P := QU P, U (C" — {abs, vw}) gives
the desired path for (1). Therefore, we may assume = ¢ {v,w}. Let H' be obtained
from H by a T-transform at {z,vw}, let 2’ denote the new vertex, and let H” be
obtained from H’ by deleting all separating edges of H different from a;b;. Then H"
is a 2-connected graph. So there is a cycle C” in H” through a;b; and za’. Now
P:=QUP,U(C"—{a,a:b:}) gives the desired path for (1).

Therefore, we may assume ¢t = u. We claim that there is a path Q; in H; from
{as, by} when t # h, or from = when ¢t = h, to some z € {p,q} U {v, w} such that (i)
ai—1bi—1 € E(Q:) (or f € E(Q¢) when t = 1), (ii) pg € E(Q:) or vw € E(Qq), (iii) if
pq € E(Qy), then z € {v,w}, and vw ¢ E(Q;) unless vw = f, and (iv) if vw € E(Qy),
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then z € {p,q}, and pg ¢ E(Q;) unless pg = f. This is easy to see if H; is a cycle
chain (because pg # vw). Otherwise, it follows from Lemma 2.8 or Lemma 2.9 when
f ¢ {pq,vw}, and follows from 3-connectivity of H; when f € {pg,vw}.

Assume without loss of generality that a; is an end of ;. When ¢t # h, we find a
path R from a; to x in (Hiyq ... Hp) — by containing no separating edge of H. When
t=n"h,let R=0. Let P, := Q; when t = 1, and otherwise let P, := Q; — a;_1b;_1.
Then P := QU P, U R gives the desired path for (1).

We may assume that vw € E(P) and p is an end of P, since the case pg € E(P)
is similar.

(2) Note that G} := G1 + {yp,yq, pq} is 3-connected, A(G’l) <d+1,and y,p,q
are the possible vertices of degree d + 1 in G}. If G} = K4, then we can find a
path P, from p to y in G} — ¢ such that |[E(P)| =2 > (lGlI) +1. If G} # Ky,
then by Theorem 1.2(a), there is a cycle C; through py in G} — ¢ such that |Cy| >

L( (d=D|G]
2\ dh

p and y. Let Py := C; — py; then |E(Py)| > (IC:‘;I) +1.

(3) Note that G4 = G2 + {yv, yw, vw} is 3-connected, A(G4) < d + 1, and
y,v,w are the possible vertices of degree d + 1 in G}. If G} = Ky, then we can
find a path P, from v to w in G5 — y such that |E(P)| = 2 > 2(|G2|) +1. If
Gl % K4, then by Theorem 1.2(a), there is a cycle Cy through vw in G4 — y such

that [Cy| > §(“=HI%lyr 12 where t; < d — 1 is the number of neighbors of y in G4

distinct from v and w. Let Py := Cy — vw; then |E(FPs)| > (le‘) +1.
Let C* := ((P —vw)U Py U Py) +e. Then C* is a cycle through e and f and

|C*| > |E(P)| + |E(P2)| +1

)" 42, where t; < d—1 is the number of neighbors of ¢ in G distinct from

= ((fz) (1) s oy @ wma )
> % < ¥ (b-1) |G2|) +3 (by Lemma 3.1 and since |G1| > |G2|)
> % (C; - |G1|)r +3  (by Observation 3 and since |Gs| > o(H))
1
2 (3) +

As before, the desired cycle C' can be obtained by modifying C*. |

5. Cycles through one edge. We now reduce Theorem 1.2(c); our proof
implies an O(E) time reduction. Here we use Lemmas 3.2 and 3.3, and need
b = max{64,4d + 1}.

LEMMA 5.1. Let n > 6 be an integer, and assume that Theorem 1.2 holds for
graphs with at most n — 1 vertices. Let G be a 3-connected graph with n vertices and
A(G) < d. Then for any e € E(G), there is a cycle C through e in G such that
IC| > In" +3.

Proof. By Lemma 1.3, we may assume n > (4d+1)2. Let e = 2y € E(G). If G~y
is 3-connected, then let y’ be a neighbor of y other than x. Clearly, G' := (G—y)+xy’
is 3-connected, A(G’) < d, and 5 < |G’| < n. By Theorem 1.2(c), there is a cycle C’
through ' in G’ such that |C’| > £(n—1)"+3. Now let C := (C' —ay/)+{y, zy,yy'}.
Then C'is a cycle through zy in G and, by Lemma 3.1,

1 1
|C :|C/|+1Zi(n—l)r+l+325nr+3.
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Therefore, we may assume that G — y is not 3-connected. Since G — y is 2-
connected, we use Theorem 2.1 to decompose G — y into 3-connected components.

Suppose all 3-blocks of G — y are cycles. Let £L = Li...L; be a cycle chain in
G —y such that (i) z € V(Ly), (ii) L is an extreme 3-block of G —y, and (iii) subject
to (i) and (ii), |£| is maximum. Because G is 3-connected, each degree 2 vertex in
L is a neighbor of y or is contained in a 3-block of G — y not in £. Hence, it is
easy to see that there is some 3y’ € V(L) — {z} such that £ contains a Hamilton
path P from z to ¥’ and G has a path @ from ¢’ to y disjoint from V(L) — {y'}.
Let C := (PUQ) + {y,zy,yy’'}, which is a cycle in G. Then |C| > |£] + 1. If
V(G —y) = V(L), then |C| = n > n" + 3 (since n > 5 and by Lemma 3.4).
So we may assume V(G — y) # V(L£). Write B := L;. Because x € V(L) and
xzy € E(G), it follows from (iii) that |£| > % + |B| = w7 where
t is the number of extreme 3-blocks of G — y distinct from L;. So 2 <t < d—-1
(because V(G — y) # V(L)). Then |C] > |L|+1 > w + 1. Note that
IC| -3 > % 2 > =4 (since |B| > 3). Using elementary calculus, we
can show that the function =% — 127 is increasing when = > (4d + 1)2. Hence
ntt=d > In” (because t < d —1 and n > (4d + 1)?). Therefore, |C| > in" 4+ 3 and C
gives the desired cycle in G.

Hence, we may assume that not all 3-blocks of G — y are cycles. We choose
a 3-connected 3-block Hy of G — y with |Hy| maximum. Let H = HoH1Hs...Hp
be a block chain in G — y such that either h = 0 and z € V(Hp), or h > 1 and
x € V(Hp) — V(Hp—1), and if H, = Cy...Cy is a cycle chain with k& > 2 and
V(Hp-1 N Hy) = V(Cy NCy), then © € V(Ci) — V(C—1). For 0 < i < h—1, let
V(Hi n Hi—i—l) = {ai, bl}

If V(G —y) # V(H), there is a block chain £ := L1Ly...Ly in G — y such that
V(HN L) = V(H N Ly) consists of two vertices ¢y and dy, L is (or contains) an
extreme 3-block of G — y, and if Ly = Cy...C} is a cycle chain with £ > 2 and
V(Ll ﬂLz) = V(Ck ﬂHz) when ¢ > 2, then cody € E(Cl) and {C(), do} #* V(Cl N CQ)
For 1 <i<{¢—1,let V(L; N L;y1) = {ci,d;}. If L exists, we choose L so that o(L)
is maximum.

(1) We may assume V(G —y) # V(H), and o(L) +2 > %.

Suppose V(G — y) = V(H). When h = 0, let 2’ be a neighbor of y in Hy — z,
otherwise, let 2’ be a neighbor of y in Hy — V(H1). Let G’ be obtained from H + za’
by suppressing all degree 2 vertices and deleting separating edges of H. Then G’ is
3-connected. By Theorem 1.2(c), there is a cycle C' in G’ through zz’ such that
IC'] > 3|G'|" + 3. Let C* = (C" — a2’) 4+ {y,yz,y2’}. Since A(G) < d, |G'| >
(n—1) — (d—2). Hence, |C*| =[C'|+1 > L(n—d+1)"+1+3> in" +3 (by
Lemma 3.1). Clearly, the desired cycle C can be obtained by modifying C*.

So we may assume V(G — y) # V(H). Note that any vertex of G not contained
in any A(H;), 1 < i < h, either is counted in o(L') + 2 for some block chain £’
defined as £ except the maximum requirement (the constant 2 counts the vertices in

V(HNL")), or is a degree 2 vertex in G — y (and hence a neighbor of y). Therefore,
since zy € E(G) and A(G) <d, o(L)+2 > %

(2) There exists a path P in H from z to {cg,dp} such that cody ¢ E(P) and
E(P)| > §[Hol" + 3 ({5 i # 0 and H; € By(H)}) + (3 {max{1, [A(H;)| -2}
i # 0 and H; € Bi(H)}) + 1. In particular, |[E(P)| > 3(c(H))" + 1.

The first part of (2) follows from Lemma 3.7(i). The second part of (2) follows
from Lemma 3.1. When applying Lemma 3.1, we express max{1, |A(H;)| — 2} as the
sum of 1, and we use b > 4d + 1, (b — 1)(|A( )l —2) > |A(H;)| when |A(H;)| > 3,
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and the fact that |Hy| > |H;| for all 3-connected H;.

(3) We may assume o(H) < 271

Suppose o(H) > %. Without loss of generality, assume ¢y is an end of the
path P in (2). By Lemma 3.6(i), there is a path @ in £ — dy from ¢y to some
y' € N(y)NV(Le) such that |[E(Q)] > 2(ZE) 1. Let C* := (PUQ) + {y, yy/, yz}.
Then

0 = [B(P)| + |B(Q)| +2 > L(o(H)) +1+ 5 (U<d£>> s

Ifo(H) < %#, then by Lemmas 3.3 and 3.1,
ool .
|C*| > 5(40(7vt)+1) +3> 3" + 3.

If o(H) > @#, then by Lemma 3.2 and since b > 4d + 1,

%] > % <U(H) + %# +o(b— 1))T+3

> ~(o(H) + (4d+ 1)o (L) +8d)" + 3

> —n" + 3.

N —= N =

The final inequality holds by (1) and o(H) < n — 1. Now the desired cycle C' can be
obtained from C* by replacing virtual edges in C* with appropriate paths in G.

(4) We may assume |Hy| + 4(oc(H) — |Ho| + o(L£)) < n. In particular, o(£) <
n717|H0|

%uppose |Ho| + 4(c(H) — |Ho| + o(L£)) > n. Without loss of generality, assume
that the path P in (2) is from x to ¢y. By Lemma 3.6(ii), there is a path @ in
L — dy from ¢ to some i € N(y) NV (Lg) such that [E(Q)| > (X {(A%dyr. 1, e
Bi(£)}) + (O {max{1,[A(L;)| — 2} : L; € By(L)}) + 1.

Let C* = (PUQ)+{y,yy,yx}. Then by (2) and above, |C*| = |[E(P)|+|E(Q)|+
2 > L Ho|" + S(C{(BU) i £ 0 and H; € By(H)}) + (X {max{1, |A(H;)| - 2} -
i #0and H; € Bo(H)}) + 3(C{(2G) 2 i € Bi(£)}) + (O {max{1, |A(Ly)| - 2} :
L; € B2(L£)}) +4. Because |Hp| is maximum among all 3-connected 3-blocks of G —y,
it follows from Lemma 3.1 and the fact that b > 4d + 1 that

r

h ¢
a1
(C* = 5 | [Hol +4 | D JAH) + Y _|AL)] || +4
j=1

i=1
= %[|Ho| +4(c(H) — |Ho| +o(£))]" +4

1, 3
> 2n + 3.
As before, the desired cycle C' can be obtained by modifying C*. This proves (4).
We need to consider block chains other than H and £. A block chain M :=
MiMs ... M,, is called an HL-leg if M, contains an extreme 3-block of G — y and
VM N (HUL)) consists of two vertices z¢ and yo such that {zo,yo} C V(M;) and
{zo,yo} # V(M1 N M3) when m > 2, and if My = Cy...C} is a cycle chain with
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k > 2 and V(Cx N M3) = V(M; N M) when m > 2 then {zg,y0} C V(Cy) and
{zo,yo} # V(C1NCs). We view degree 2 vertices of G —y (which are neighbors of y)
as trivial HL-legs.

(5) We may assume that there is an HL-leg M such that o(M) > Iy > 4d+2.

Note that each extreme 3-block of G—y contains a neighbor of y. Since A(G) < d,
there are at most d — 2 H/L-legs in G — y (including those trivial ones). Choose an
HL-leg M such that o(M) is maximum. Note that every vertex of G — y is either
a degree 2 vertex (hence covered in a trivial HL-leg), or is counted in o(H), or in
o(L) + 2, or in g(M) + 2 for some HL-leg M. Hence, because o(H) < 271 (by (3))
and o(£) < 2=l < 228 (by (4) and |Ho| > 4), o(M) + 2 > 2o o022
2&7:32). Since we assume n > (4d + 1)%, o(M) > 4(d 5y > 4d+2.

Let M be an HL-leg in G —y with o(M) > a3y BY (5), M is nontrivial. Let
xo and yo be the vertices in V(M N (H U L)). We consider three cases.

Case 1. M may be chosen so that = ¢ {zo,yo} N {co,do} and {zo,v0} Z V(H).

Then we may assume {xzo,yo} C V(L) with {zo,y0} # {ct—1,ds—1}.

We claim that there is a path P’ in H from = to z € {co,dp} such that (i)
\E(P)| > L(Holyr 41, (i) cody ¢ E(P'), and (iii) if z ¢ {co,do} N {x0,0}, then
{Co,do} n {ZEo,yo} = @ or {Co,do} N {Io,yo} g V(P/) Choose 2’ S {Co,do} such
that, if possible, 2/ € {co,do} N {xo,y0}. Suppose cody € E(H;...Hy). Deleting
separating edges of Hj ... H} results in a 2-connected graph, which contains disjoint
paths Q1, Q2 from z, 2’ to ag, by, respectively. In Hy we use Theorem 1.2(c) to find
a cycle Cy through agby such that |Cy| > %|H0|r + 3. If cody € E(Q2), then P’ :=
(Co—apbo)UQ1U(Q2—2') gives the desired path; otherwise, P’ := (Cp—agby)UQ1UQ2
gives the desired path. So we may assume codg ¢ E(H; ... Hy). Suppose h = 0. We
apply Theorem 1.2(a) to find a cycle Cy in (Ho+{zco, zdo})— ({co,do} —{z'}) through
22" such that |Cy| > (lHO‘) + 2; then P’ := Cy — x2’ gives the desired path. So let
h > 1. Then cody € E(Ho) and {co,do} # {ag,bo}. Without loss of generality, we
may assume ag ¢ {co,dop}. Let Q" be a path in (H; ... Hp) — by from z to ap and not
containing any separating edge of H. If 2z’ = by we use Theorem 1.2(c) to find a cycle
Cy through agby in Hy such that |Cy| > %|H0\T +3, and P’ := (Cp —agbp) UQ’ (when
codo & E(Cp)) or P':= (Co—bo) UQ' (when cody € E(Cp)) gives the desired path. So
assume 2’ # bg. If 2/ € {co,do} N {z0, Yo}, then 2z’ has at most d — 1 neighbors in H
(since {xo,yo} # {co,do}), and in (Hp+{aoz’, 2’by}) — by we apply Theorem 1.2(a) to
find a cycle Cy through agz’ such that |Co| > % |H°|) +2; then P’ := (Cp—apz')UQ’
gives the desired path. So we may assume 2z’ gé {co, do} N {xo,y0}. By the choice of
2', {co,do} N {xo,y0} = @ (so (iii) is automatic). Let H} be obtained from Hy by
an H-transform at {agbg, codp}, and let a’,z’ denote the new vertices. By applying
Theorem 1.2(c) we find a cycle Cy through o'z’ in Hj) such that [Co| > £|Ho|" + 3.
Now Cy — {a’, 2’} is a path from some z € {cg,dp} to some V' € {ag,bp}. Then
Co—{a',2'} and a path in (Hy ... Hp) — ({ag,bo} — {b'}) from x to b’ (not containing
any separating edge of H) gives the desired path P’.

Without loss of generality, we may assume that P’ is from = to ¢y. Then dy ¢
V(P’) or dy ¢ {xo,yo}. Therefore, since each L; is 3-connected or is a cycle chain,
there exists a path Q in |J_, L; from ¢; to some z € {¢;,d;} U {0, y0} such that (i)
codp € E(Q) @ contains no separating edge of £ except possibly c;d; and zoyo, (i) @
avoids dy if dy € V(P’) (since in that case {zo,yo} N{co,do} = 0), (iii) if z € {et, di },
then zoyo € E(Q), and c¢;dy & E(Q) unless xoyo = cdy, and (iv) if z € {zg, yo}, then
cidy € E(Q), and zoyo € E(Q) unless zoyo = cidy.
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Suppose z € {c¢;,d;}, and assume the notation is chosen so that z = ¢;. By
Lemma 3.6(ii) there is a path P; in (Ly41...Ly) — d; from 2z to some y' € N(y) N
V(L¢) and containing no separating edge of £ such that [E(Py)| > 5(3°{( ‘A(L ALy
t+1<i<{land L; € Bi(£)}) + O_{max{1,|A(L;)| — 2} : t—|—1 < S ¢ and
L; € B2(£)}) + 1. By Lemma 3.5, let P; be a path from z( to yo in M such that
|E(Py)| > %(W)" + 1. Let n* := Zf:tﬂ |A(L;)|; then by the choice of L,
n* > o(M)—2. Let C* := (P'U(Q — xoyo) U PLUPy) + {y,yy’, yz}. As in the proof
of (4),

C* 2 [E(P")| + |E(Py)| + | E(P: )|+2

zé[( )+2+Z( i)—i—ZmaX{l |A(L:)| — 2}

+ (=) } 4
> = (2 +O-1)n"/d)"+ ((d—-1)o(M)/d)"] +4 (by Lemma 3.1)

> %[2 +n* 4+ (b= 1)(d = Do(M)/d]" +4 (by Lemma 3.1)

> %(4(d —1)o(M))"+3 (since b >4d+ 1)
> %nr +3 (by (5)).

As before, the desired cycle C may be obtained by modifying C*.

Now assume z € {xg,yo}, and that the notation is chosen so that z = xy. By
Lemma 3.6(ii), there is a path P, in M — yo from z¢ to some y” € N(y) NV (M,,)
and containing no separating edge of M such that |E(P)| > (> {(*=72 ‘A(M Wyr s w; e
Bi(M)}) + O {max{1, |A(M;)| — 2} : M; € Bo(M)}) + 1. By Lemma 3 5 there
is a path Py in L4y ... Lg from ¢; to dy such that |[E(Pp)| > $((d — 1)n*/d)". Let
C*:= (P'U(Q — ¢idy) U PLUPy) + {y,yx,yy”}. Then by applying Lemma 3.1 as in
the above paragraph (by swapping the roles of L; and M;), we have

1
€71 2 S[E+o(M))" + (d = 1)n" /d)"] + 4
If (d—1)n*/d < 2+ o(M), then by Lemma 3.1 and because n* > (M) — 2,

|C*| > (2 +o(M)+(b—1)(d-1)n*/d+2(b—-1))"+3

> %(4((1 —1)o(M))"+3 (since b > 4d + 1)
> %TLT +3  (by (5)).

So assume (d — 1)n*/d > 2+ o(M). Applying Lemma 3.1 and (5) again, we have

1 1
|C*| > 5((al —1)n*/d+ (b—1)(2+a(M)))" +4 > (4da(M))’” +3> inr + 3.
As before, the desired cycle C can be obtained by modifying C*.
Case 2. M may be chosen so that x ¢ {zo,y0} N{co,do}, {co,do} # {z0,y0}, and

{z0, 90} C V(H).
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We may assume that {co,do} C V(Hs) and {co,do} # {as—1,bs—1}, and
{zo,yo} C V(H¢) and {zo,yo} # {at—1,b:—1}. Note that a_; and b_; are not de-
fined. We consider only the case s < t, since the case s > t is similar. By the choice
of £ and by (5), 0(£) 2 0(M) = 17

We claim that there is a path Py in H from x to some z € {co,do} U {z0,y0}
and containing no separating edge of H (except possibly cody or xoyg) such that (a)
|E(P0)| > %(|H0|/d)r + 1, (b) cody € E(Po) or TolYo € E(Po), (C) if cody € E(Po),
then z € {xg,yo} and zoyo ¢ E(P), and (d) if zoyo € E(Fp), then z € {cp,dp} and
codo ¢ E(FR).

Suppose h = 0. We may assume x ¢ {xo,yo} (the case x ¢ {cg, do} is symmetric).
Let H|, be obtained from Hy by a T-transform at {x, zoyo}, and let 2’ denote the new
vertex. By Theorem 1.2(b) we find a cycle Cy in H|, through cody and zz’ such that
|Co| > (|Ho|/d)" + 3. Now Py := Cj — 2’ gives the desired path.

So we may assume h > 1. Let H' be obtained from H; ... Hj by deleting all
separating edges of H different from agbg, codg, and zgyg. Note that H' is 2-connected.

Assume s = t = 0. Since cody # Toyo, Wwe may assume oYy # agby (the case
codo # apbo is the same). Suppose codg = agbg. By Theorem 1.2(b) we find a cycle
Cop in Hy through agby and xgyo such that |Cp| > %(|HO|/d)T +3. In H' —bg we find a
path P’ from x to ag. Then Py := (Cy — agbg) U P’ gives the desired path. So assume
cody # apbyg. Let H| be obtained from Hy by an H-transform at {zoyo,aobo}, and
let 2/, a’ denote the new vertices with o’ subdividing agbyg. By Theorem 1.2(b), there
is a cycle Cp in H} through cody and a’z’ such that |Co| > 1(|Ho|/d)" + 3. Let P’
be a path in H' — apby from x to the end, say v, of Cp — {a’, 2’} adjacent to o’ and
avoiding {ag,bo} — {v}. Then Py := (Cy — {a’,2'}) U P’ gives the desired path.

Now assume s = 0 < t. Then zoyg # agbg. By 2-connectivity of H’, let P’ be
a path in H' — agby from z to z € {ag, by} through z¢yo. By choosing appropriate
notation, we may let z = ag. Suppose agby = codp. By Theorem 1.2(c), we find a
cycle Cy in Hy through agbg such that |Cp| > %|H0\7" +3. Now Py := (Cp — agby) UP’
gives the desired path. So we may assume agby # codo, and let ¢o ¢ {ag,bo} (by
choosing appropriate notation). If dy € {ag,bo}, then let 2’ € {ag,bo} — {do}, and
apply Theorem 1.2(a) to find cycle Cy in (Hp + 2'¢o) — by through agcp such that
|Co| = £ (|Hol|/d)"+2; then Py := (Co—agco) UP’ gives the desired path. Now assume
do ¢ {ag,bo}. Let H| be obtained from Hy by a T-transform at {ag, codo}, and let ¢/
denote the new vertex. We apply Theorem 1.2(a) to find a cycle Cy in (H{j+boc") — b
through agc’ such that |Cy| > 1 (|Ho|/d)" + 2. Now Py := (Co — ¢/) U P’ gives the
desired path.

Finally, we may assume s > 1. By exactly the same argument as for (1) of
Case 2 in the proof of Lemma 4.2, with agbg, cody, Toyo playing the roles of f, pq, vw,
respectively, we find a path P’ through agbg in H' from z to z € {co,do} U {z0,y0}
such that P’ satisfies (b), (c), and (d). By Theorem 1.2(c), we find a cycle Cy in Hy
through agbg such that |Cp| > %\HOV +3. Now Py := (Co — agbo) U (P' — agby) gives
the desired path.

Suppose zoyo € E(Fy). Without loss of generality, assume z = ¢y. By
Lemma 3.6(ii) there is a path P, in £ — dy from ¢y to some y' € N(y) N V(L)
and containing no separating edge of £ such that |[E(Py)| > 5(3{(|A(L;)|/d)" : L; €
Bi1(£)})+ O {max{1,|A(L;)|—2} : L; € Bo(L)})+ 1. By Lemma 3.5, there is a path
P, from zg to yo in M such that |[E(P2)| > 3((d — 1)o(M)/d)" + 2. Let C* be the
cycle obtained from (Py U P;) + {y,yy’,yx} by replacing zoyo with P,. Then, as in
Case 1 (with o(£) playing the role of n*), by Lemma 3.1, and since o(£) > o(M),
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we have
C*| > |E(Po)| + |E(P1)| + |[E(R)| +1

> %[(2 +0(L£)" + ((d—1)g(M)/d)"] + 4

> %[(b C1)(d = 1)o(M)/d]" +3
> %n +3 (by (5)).

Now assume cody € E(FP). Without loss of generality, assume z = xg. By
Lemma 3.6(ii), there is a path P; from zg to some 3’ € N(y) N V(M,,) in M — yq

such that |E(P)| > 5 (C{(JAM:)|/d)" - M; € Bi(M)}) + (3 {max{1, |A(M;)| - 2} :
M; € By(M)}) + 1. By Lemma 3.5, there is a path P, from ¢y to dp in £ such that

|E(Py)| > %(M) +2. Let C* be the cycle obtained from (PyUP;)+{y, yy', yx}
by replacing cody with P,. Then as in Case 1 and by Lemma 3.1,

C°] > [B(PO)] +|B(Py)| + [E(P)] +1
> 12+ o (M) + ((d — o (£)/d)] +4

If (d—1)o(L)/d > 2+ o(M), then by Lemma 3.1 and by (5),
c*| > ((b— Do(M))" +4 > = (4da(/\/l))r+3 > %n’"—i—&

Now assume (d — 1)o(£)/d < 2 + o(M). Then by Lemma 3.1 and (5) and because
o(L) > o(M),

%] > ((b—l)( Vo (L£)/d)" +4>%(4(d—1)o(/\/l))’“+3>%nr+3.

As before, the desired cycle C' can be obtained by modifying C*.

Case 3. For every choice of M with (M) > 4(d 5y, We have x € {cg, do {0, yo}
or {co,do} = {z0,y0}-

Let M;, 1 < i <k, denote the HL-legs with o(M;) > I(d=y- Since S {o(M ) :
M is an HL-leg as in Case 1 or Case 2} < (d4(§ ;“))" and because n > (4d + 1)2,
follows from (3) and (4) that

k
n—1 n—-1 (d-2-kmn n
) )>(n—1)— - - - -,
. o(M;)>(n-1) 1 1 =2 2d>4

Let G; denote the graph obtained from G by deleting all components of (G —y) —
V(M;N(HUL)) not containing any vertex of M;. Let z € {cg,do} such that z = z if
x € {cg,dp}. Since we are in Case 3, z € V(M;) for 1 <i < k. Let ¢; be the number
of neighbors of z in G; different from y and not in V(M; N (H U L)). Then ¢; > 1.
We claim that )., t; < d — 1. This is clear when z = & because yz is an edge of G.
Now suppose z # z. Then {cg,do} C V(M;) for all 1 < i < k. Since z is incident
with edges in both H — cpdy and L — cody, we have Zf 1t <d—1.

Let 1 < s < k such that | :l is maximum. Then |G I > 4(d g
the following result (which can be proved by mductlon onk): faj+ - +ap>a
and t; + -+t = m, thenmax{%:lgigk}z &,

This follows from
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For convenience, let {xs,ys} = V(M,; N (H U L)), and assume, without loss of
generality, z = x5 = ¢o. Note that Gf = Gs + {yxs,yys, Tsys} s 3-connected,
A(G%) < d+1, and any vertex of degree d + 1 must be incident with =,y or z,ys. By
Theorem 1.2(a), there is a path Q2 from ys to y in G* — x5 such that

1 /(d—-1)|Gs| " 1 /n\"
|E(Q2)|22<dts ) +12§(@) + 1.

Suppose ys € V(H). By 2-connectivity of H, there is a path Qo from z to ys

in ‘H through cody. By Lemma 3.5, there is a path @ from ¢y to dy in £ such that
|B(Q1)] > (1B 4o Tet 0% := ((Qo — codo) U Q1 U Qo) + ya. Then

o2 1B@o) +1B@)I > 3 [ (L) + (1) 45

If @=Doll) 5 n then by Lemma 3.1 and since b > 4d + 1,

d = 4d>
1L/(b-1n\" 1
Crl> - (V) L3 Sy,
| |—2< 4d >+ Zpm T

Now assume (d%.)ig(ﬁ) < 13- By Lemma 3.1 and since o(£) > o(M) > iy (by

(5));

o L[-1)(d-1)o(L)]"
S

+3> lnr + 3.
2
As before, the desired cycle C can be obtained by modifying C*.
Thus, we may assume ys ¢ V(H). Then z = x and ys € V(L) for some 1 <t < ¢
(t # £ by the choice of £). Let n* := 35_, | |[A(L;)|. Note that n* < o(L1 ... Le).
By our choice of £, n* > o(M) — 2. By 2-connectivity, let Qg be a path from x
to ys through ¢;d; in Ly...L;. Note that |E(Qo)| > 2. By Lemma 3.5 there is

a path Qi from ¢; to d; in Ly;... Ly such that |E(Q1)| > %(%)T 4+ 1. Let
C* = ((Qo — c+dy) UQ1 U Q2) + yx. Then

2 B@ol+ B@aI+22 3 [ o (1) ] 40

If % > then by Lemma 3.1 and since b > 4d + 1,

1/(b=1n\" 1
> 2 2 > —n” 4+ 3.
|C|2< 1 >+32n+3

>
Now assume % < 14- Then by Lemma 3.1 and since n* > o(M) -2 > ﬁ -2
(by (5)),

| > % ((b_l)(j_l)"* +2(b— 1)>T+3 > %[4(d—1)n*+2(b—1)]r+3 > %nr+3.

Again, the desired cycle C can be obtained by modifying C*. ]
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6. Conclusions. We now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Let n,d,r,G be given as in Theorem 1.2. We apply
induction on n. When n = 5, G is isomorphic to one of the following three graphs:
K5, K5 minus an edge, or the wheel on five vertices. In each case, we can verify that
Theorem 1.2 holds. So assume that n > 6 and Theorem 1.2 holds for all 3-connected
graphs with at most n — 1 vertices. Then Theorem 1.2(a) holds by Lemma 4.1,
Theorem 1.2(b) holds by Lemma 4.2, and Theorem 1.2(c) holds by Lemma 5.1. This
completes the proof of Theorem 1.2. 0

Our proof of Theorem 1.2 implies a polynomial time algorithm which, given a
3-connected n-vertex graph, finds a cycle of length %nr + 3. When combined with the
next two results [8], our proof implies a cubic algorithm.

LEMMA 6.1. Let G be a k-connected graph where k is a positive integer. Then
G contains a k-connected spanning subgraph with O(V') edges; such a subgraph can be
found in O(E) time.

LEMMA 6.2. Let G be a 2-connected graph and let e, f € E(G). Then there is a
cycle through e and f in G, and such a cycle can be found in O(V') time.

Lemma 6.2 is actually an easy consequence of a result in [8] which states that,
in a 2-connected graph G, one can find, in O(V') time, two disjoint paths linking two
given vertices. Our algorithm is similar to that in [3]. Therefore, we give only an
outline and omit complexity analysis.

ALGORITHM. Let G be a 3-connected graph with A(G) < d, and assume |G| > 5.
The following procedure finds a cycle C in G with |C| > |G| + 3.

1. Preprocessing. Replace G with a 3-connected spanning subgraph of G with
O(|@G|) edges.

2. We either find the desired cycle C, or we reduce the problem to Theorem 1.2
for some 3-connected graphs G;, for which |G;| < |G| and each G; contains a
vertex which does not belong to any other Gj;.

3. Replace each G; with a 3-connected spanning subgraph of G; with O(|G;])
edges.

4. Apply Lemma 4.1 to those G; for which Theorem 1.2(a) needs to be applied.
Apply Lemma 4.2 to those G; for which Theorem 1.2(b) needs to be applied.
Apply Lemma 5.1 to those G; for which Theorem 1.2(c) needs to be applied.

5. Repeat steps 3 and 4 for new 3-connected graphs.

6. In the final output, replace all virtual edges by appropriate paths in G to
complete the desired cycle C.

Acknowledgment. We thank the referees for their suggestions that helped im-
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