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ABSTRACT

In this paper, we present a fast frequency tracking
algorithm for orthogonal frequency division multiplexing
(OFDM) applications. Based on a novel cost function of the
carrier frequency offset (CFO), an improved gradient
method is proposed to construct the recursive formula. The
modified S curve is also employed for the purpose of
accelerating frequency tracking. Performance of the
proposed algorithm is investigated analytically as well as
by simulation. In comparison to the previous methods, the
proposed method has faster tracking speed, larger tracking
range and lower implementation complexity.

1. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM)
has been suggested and standardized for a variety of
applications such as terrestrial and satellite digital audio
broadcasting, digital television broadcasting and wireless

" local area networks. As a broadband transmission scheme
of high spectral efficiency, OFDM is robust against many
channel impairments [1], and thereby significantly reduces
the complexity of receivers. However, OFDM is
susceptible to the carrier frequency offset (CFO) arising
from transceiver oscillator mismatches and/or  Doppler
shifts, which may lead to the loss of subchannel
orthogonality and the severe degradation of system
performance [2]. Therefore, frequency synchronization is
one .of the fundamental tasks performed by OFDM
receivers. Generally, the process of frequency
synchronization is split into an acquisition mode and a
tracking mode, and different algorithms are employed in
these two modes to accommodate their different
requirements [3-8]. In this paper, we only address the issue
of frequency tracking.

In [6], a feedback frequency synchronizer based on
maximum- likelihood principle is discussed by Daffara and
Chouly. The computation load of this method is heavy due
to the two Fast Fourier Transform (FFT) operations
required by each iteration. Another frequency tracking
scheme is introduced by Daffara and Adami in [7], which
exploits the redundancy associated with the cyclic prefix.
In comparison with [6}, the computation burden of [7] is
reduced but the tracking range is decreased as well. In [8],
Morelli, D'Andrea and Mengali make different

mathematical approximation to the cost function developed
by [6] and obtain a simplified recursive formula. Due to the
narrow convexity region of their cost function, the tracking
range of both [7] and [8] is limited to a fraction of the
subchanne! spacing. Additionally, their tracking speed is
relatively slow as ‘a result of the non-uniform restoring
force of their S curve. ‘

In this paper, a fast frequency tracking algorithm with
larger tracking range and lower implementation complexity
is proposed. Based on the CFO-induced phase rotation, a
novel cost function about the CFO is developed, and the
issue of frequency tracking is simplified into the recursive
maximization of this cost function. To accomplish fast
frequency synchronization, methods for accelerating the
tracking process are also discussed.

The rest of this paper is organized as follows. Section 2
describes the system model and discusses the formulation
of the novel cost function. Section 3 presents the new
frequency tracking algorithm. Performance analysis of the
proposed algorithm is conducted in Section 4. Finally,
conclusions are drawn in Section 5.

2. SYSTEM MODEL AND PROBLEM
FORMULATION

CFO
Tracking

Fig.1 OFDM System Model

The system model of OFDM is shown in Fig.1. Let
A={ap a; ... an.;} denote the frequency-domain samples of
the pilot OFDM symbol, where N is the number of
subchannels. The inverse FFT (IFFT) is applied to 4 and
the resultant sequence represented by B={b, b; ... by.;} is
passed through the transmitter filter to form the baseband
signal. The baseband signal is then up-converted to the
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Fig.3 S Curves of Eq.(11) and (12)

Equation (11) is normalized and plotted in Fig.3 for
JaTe{-1, 1]. It is noted that this S curve has a similar shape
to those presented in [6-8]. An obvious drawback
associated with these S curves is that their magnitude is not
uniformly distributed over the tracking range and decreases
monotonically when [fj] goes beyond the frequency
locations of their local extrema. Consequently, even if f;
beyond such thresholds can be tracked, the tracking process
is lengthy due to the small restoring force of S(f) at the
beginning. Actually, this situation often occurs when the
tracking mode first takes over from the acquisition mode.

To circumvent this drawback, we propose to modify the
S curve by i

S =RUDSU, (12)
where x{(f;) is a f;—dependent factor used to reshape S(f),
and S*(f;) represents the modified S curve. To maintain the
polarity of S(f3), the condition of x(f;)>0 for |[f/<T"' should
be satisfied.

A convenient way of shifting the thresholds of S(fy)
towards 7" | the bounds of tracking range (see Section 4.1
for details), is to multiply it by the reciprocal of
Re(Z W y+a, where o is a positive constant, For notational
convenience, the time index k is omitted from Z, and W, in
the following wherever appropriate.

Threshold-Shifted S Curve

A 0.5 0 0.5 —
Normalized Frequency Offset

Fig.4 The effect of ¢ on the threshold
shifting of S curve
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SUa)

T for

Fig.4 plots the normalized curve of

different values of o.. From this figure, we observe that as ¢
decreases, the thresholds shift towards 7. Nevertheless,
some quantity still needs to be added to the reciprocal in
order to obtain a modified S curve with uniform magnitude.
For this reason, a simple but effective x(f;) takes the form
of

k()= f+—ik

Re(Z'W)+a (3

San=Ja»

where f and yare two positive constants that are dependent
on ¢. For the purpose of normalization, B and y are
calculated by B=(AA3)” and y=(AA;)”7, where
A = max[S(f,)], T and

A= mfzj,x{ K:(E[Z'W])m}
SUa) o

sy -
£ m}. The characteristics of S*(f)

Ag= n}?x
depend on the choice of a. If o is chosen too large, the
shape of S*(f;) reduces to that of S(fy) and there is not much
improvement. On the other hand, if « is too small, the
shape of S*(f;) oscillates, which is undesirable as well.
Since (13) is a nonlinear function of f; theoretical
determination of suitable « is a prohibiting task Thereby,
computer simulation has been conducted to find the proper
range for o, which indicates the appropriate choice should
be ae(0.15,025). To illustrate the impact of x(fy), S*(f;) is
also plotted in Fig.3 for =0.01,0.2 and 2. The choice of
0=0.2 results in a close to ideal S curve (square wave),
whereas the curves for 0=0.01 and o=2 reflect two non-
ideal cases resulted from inappropriate choice of a.
Inserting (13) into (7) finally leads to the feedback
frequency tracking algorithm proposed in this paper:

JSawn= P [Pl aartix (V5 - (14)

In contrast to [6] and [8], no FFT operation is involved in
generating the error signal V; as well as the modification
factor x(f;:). Combining (8), (12) and (14), it is found that
each iteration of the proposed algorithm requires a total of
(4N+9) real multiplications and (4N+2) real additions.
Consequently, the implementation complexity of the
proposed method is much lower than that of [6] and [8].

4. PERFORMANCE ANALYSIS

4.1 Tracking Range

Let fimax and fmin denote the upper and lower frequency
bound within which the tracking algorithm is effective, and
the tracking range can then be given by fimax—/min. To find
the tracking range of the proposed algorithm, we substitute
(13) into (12) and obtain

1— —j2efT N-|

Sy = N‘Zx(fd)lm[-l—;:mﬂ;nejlmrm:l' 15y

For (15), the first pair of zero-crossing points with opposite
signs are located at f,=T " and f=F . Therefore, the
tracking range of the proposed algorithm s
T'—(=T™")=2T"!, which equals twice the symbol rate of
the OFDM system.
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Fig.5 Normalized S Curves of different
feedback CFO tracking algorithms

To compare the tracking range of the proposed
algorithm and other feedback schemes [6-8], their
normalized § curves are all shown in Fig.5. It can be seen
from this figure that the proposed algorithm has
significantly larger tracking range than previous methods
that can track CFO in a fraction of the subchannel spacing
only.

4.2 Transient Tracking Behavior

To illustrate the efficacy of the modified S curve S*(f}),
simulations are carried out to compare the performance of
algorithm (7) and algorithm (i4). Unless otherwise stated,
c=0.2 is employed by the reshaping function given by (13)
in the following simulations. Fig.6 plots trajectories of
transient tracking behavior for both algorithms under

N
E/N/~0dB, whereE, /N.,i|K|2(No’)"Z|b,.|z. The system
i=0

parameters used in this experiment are:
=(5x10° symbols/second)™,
S40T=—-0.99,
1=0.01,
N=512.

It can be observed from Fig.6 that (14) settles to the
steady state much faster than (7), which demonstrates the
modified S curve S*(f;) has faster tracking speed than its
counterpart S(f;) due to its more uniform restoring force.

4.3 Steady-State Tracking Behavior

In order to analyze the steady-state tracking behavior of
the proposed method,V, is split into a deterministic part
S(f2+) and a random part w, . Hence, (14) can be rewritten
as

fd,m‘_" (1+p)fd,k"pf.1,lx-|+“s#(fd,k )ﬂ“((fdg )ﬁ),‘ s (16)

where w, can be expanded into

N N=1
W, =N - {2 Wim (WQ.A— mZQ.k_) "2 wo, (W, —nZ 1, )}
m=0 n=0

N-IN-1

_N—zz zwl,mwQ,n(m_n) )

=0 m=0

17

— Eq.(14)

By

S of

Y

o

£

8 '

E 0.8 /' 1
: . . A ]
[ 50 100 150 200 250

Iteration Number &

Fig.6 Transient tracking behaviors of
algorithm (7) and (14) under E/Ny=0 dB

and the variables in the form of X;; and X,;; denote Re(X))
and Im(X)), respectively. Following the standard method of
[11-13], the first and second moments of w, are found to
be

E[W,1=0 (18)

and
N-1 N-1 N-1

E[W, W, 1=8(DYOs N Y, 3 Y (mynyt ni-2nyn,)

m=0 ny=0ny=0
cos[27Tf ,, (n,—n,) IN1+0 (6N ) (N =1},
(19)
respectively, where &p) is the Kronecker function. When
p=0 and f; is sufficiently small, (19) reduces to

jlingo E[W]] = (N+267)(N*-1D(12N?) "7, (20)

Since we are interested in the steady-state behavior only,
the assumption f;,=0 is well justified in obtaining (20).
Furthermore, (16) can be approximated linearly by

Saia =U+p+uK N, ~PS gir HUIK, W, 2n
A
where K, z ,“‘.‘30 AS*" ()] /a(fd) and k,=x(0). It follows

from (21) that {w,} and {f;}can be viewed as the input
and output of a linear system with the transfer function of

Ko z™
o I)=1-(l+p+uu;<l)z"+pz‘z ' @2
In accordance with [11], we have
E[f,1=0 (23)
and
E[fd,kfd,k+p I= E[ﬁ]kwh»p ]ORQQ (p), (24)
where the operator © denotes discrete convolution,
Rog(p) =(4 +B)r"e(p) + (B + C)rfe(p) 25)
+(A+Bye(-p=1)+(B+C)r;’e(-p-1),
1 p20
e(p)= {0 p<0 (26)
r;and r, being the roots of equation r-(I+p+KJr+p=0,
A8 B _ &ihn and C = X'

nP0=-)’ T T trn)lGinD T P a-g)

204



Particularly, the variance of f; is given by

02 =03 Ryy(0) =02 (A4+2B+C). @n
Equation (23) indicates the proposed method is
unbiased. Besides, ‘7;,1 , the normalized variance of

steady-state frequency jitter [8], can be obtained by
oi,=T0} . (28)
The steady-state tracking behavior of those algorithms
in [6-8] can also be evaluated by invoking the linearization
approach above. Fig.7 shows o7, the normalized

variance of frequency jitter, as a function of E¢/N, for the
proposed algorithm and those presented by [6-8] over the
AWGN channel. The subchannel utilization efficiency [6-
8] is assumed to be 1 and the number of guard interval
samples [7] is set to 50. The other system parameters used
in this simulation are the same as those in obtaining Fig.6.
Monte Carlo (MC) simulation is also carried out to

calculate the time average of ‘7},1 and the simulation result

of 10 runs is represented by circles in Fig.7. Examination
of this figure indicates that the MC simulation result agrees
well with the analytical analysis (28). Moreover, the
proposed method has smaller variance than [6] and [7], and
its accuracy is comparable to that of [8].

107
— Eq.(28)
To. -0- Ref[6]
3 o, . -o0- Ref[7]
10 e e -+~ Ref[8)
- o Simulation

Normalized Variance of Frequency Jitter

5 10 15 20 25 30
E/N, (dB)

Fig.7 Normalized variance of frequency jitter for
the proposed algorithm and those presented by [6-8]

5. CONCLUSION

In this paper, a fast feedback frequency tracking
algorithm has been proposed for OFDM applications. A
novel cost function of CFO has been developed and a
simple type of differential filtering steepest descent method
has been selected to construct the recursive formula. To
further accelerate the speed of frequency tracking, the
modification of S curve has been discussed and a simple
but effective reshaping function has been derived.
Performance of the proposed method has been analyzed
and compared with previous feedback schemes presented
by [6-8].
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